YHUBEP3UTET Y HOBOM CAAY OBPA3AIL 6.

IMPUPOJHO-MATEMATHUYKHU ®PAKYJTET

MN3BEHITAJ O ONEHU JOKTOPCKE JUCEPTAIINJE

I MMOJAIIM O KOMUCHJIHN

1. JlaTyM u OpraH KOjH jeé IMEHOBAO KOMHUCH]Y
16.7.2015. rogune, HacraBHO-HayuyHO Behe [IpupoaHo-MaTeMaTHIKOT (akyaTeTa
Yuusepsurera y HoBom Camy

2. CacTaB KOMHNCHje ca Ha3HAKOM MMEHA M NPE3MMEHA CBAKOT WIaHA, 3Baba, HA3UBa yXKe HaydHEe
00JacTu 3a Ko0jy je u3abpaH y 3Bame, JaTyma u30opa y 3Bambe U Ha3uB (DakyireTa, YCTAHOBE Y
KO0jOj je 4JlaH KOMHUCH]j€ 3aIl0CIIeH:

1. np Xenena 3apuH, penoBuu npogecop [IpuponHo-maremaruukor dakynrera Y HuUBep3urera y
Hosom Cany, yka HayuyHa objacT HyMepu4yka MaTeMaTHka, u3abpaHa y 3Bame 1.12.2013,
Hpe/ICeTHIK
2. np /JparocmaB Xepuer, penoBHu mnpodecop [IpupomHo-maremaTHykor —¢axynreTa
Yuusepsurera y HoBom Cany, yxa HaydHa 00nacT HyMepHuKa MaTeMaTHKa, H3a0paH y 3Bame
25.5.1989, menTop
3. np Jbmwpana Teodanos, Baapenuu mpodecop Paxynrera TEXHUIKUX HayKa YHHBEp3UTETa Y
HorowMm Cany, yxa HaydHa 00JIacT MaTeMaTHka, n3adpaHa y 3Bame 1.12.2014, qwran
4. Torsten Linss, Ph.D. Full Professor, Fern Universitaet Hagen, Germany, member (pexoBHH
npodecop YHuUBEp3uTeTa y XarcHy, 4iaH)

II TOJALU O KAHAUJAATY

1. Hwme, uMe jeHOT pOAUTEIbA, IPE3UME
T'opan, Ciobonan, Panojes

2. Jlatym polema, ommtruHa, apKaBa
20.5.1979, Hoeu Can, CpOuja

3. HasuB ¢dakynrera, Ha3uB CTYAMjCKOI MpOrpamMa TUILUIOMCKHAX aKaJeMCKHX CTyAHja — MacTep U
CTEYEHU CTPYYHU Ha3UB
[IpuponHo-matemaTnuku ¢akynrer YHuBep3urera y Hosom Cany, cTyaujcku mporpam:
npodecop maremaTHke, CTpydHH Ha3MB: IPoQecop MaTeMaTuKe

4. TonuHa ymuca Ha JOKTOPCKE CTYIH]e U HA3UB CTY/IUjCKOT Mporpama TOKTOPCKUX CTYIHja: -

5. HazuB akynrera, Ha3UB MarucTapcke Te3e, HaydHa 00JIaCT U IaTyM Oj0paHe
[IpuponHo-matemaTnuku Qaxynrer YHusepsurera y Hoom Cany, ,lloBumeme TauHocTH
cruiajH audepeHiHe meme 3a pemasame kontypaux CIIIT, Hymepnuka maremaruka, 6.7.2010.

6. Hayuna obnact U3 Koje je CTeU4eHO aKaJeMCKO 3Bamhe MarucTpa Hayka: Hymepudka maremarnka




IIIT HACJOB JOKTOPCKE JUCEPTAIIMJE
III TITLE OF THE DOCTORAL DISSERTATION

KonokaiyoHu mocTymiy 3a pelaBamke CHHTYIAPHO MepTypOoBaHuX mpobieMa
Collocation methods for solving singularly perturbed problems

IV OPEIIEJ JOKTOPCKE JUCEPTALIMJE
IV OVERVIEW OF THE DOCTORAL DISSERATATION

HaBectu kpaTak cazgpikaj ca Ha3HaKOM Opoja cTpaHa, OTJaBJba, CIMKA, [IeMa, TpagUKOHA U CIL.

JlokTopcka aucepranuja je HammcaHa Ha 134 crpaHe Ha cprickoM je3uky. Caapxu 6 moriaBiba y
cnenehem pengocueny:

1. YBon / Introduction

2. [Ipernen ocHoBHUX neduHUIM]a 1 Teopema / Overview of the background material

3. [NonmromHM crmajHoBH / Polynomial splines

4. AnarrruBHe Mpexe / Layer-adapted meshes

5. Cnmaju xonokaruonu moctymmu 3a CIIIT / Spline collocation for SPP

6. Komokanmonn noctymak 3a 21 mpobnem peakuuje-audysuje / Collocation method for 2D reaction-
diffusion problem.

Hucepranuja caapxu u oudanorpadujy ca 84 oubiauorpadeke jeaunuiie, onorpadujy kanaumata, 23
ciuke, 69 Tabena m aBa npwiora. [lopen HaBeneHOr, caipXM M KJbydyHE JOKyMEHTAI[H]jCKe
nH(popMalmje Ha CPIICKOM M SHITIECKOM jE3UKY, TPEJAroBOp, 3aXBAIHHILY M CIIHCAK O3HAKaA.

The doctoral dissertation contains 134 pages and is written in Serbian. It is made up of 6 chapters
listed above. Besides that, the dissertation contains the bibliography with 84 references, short
biography of the candidate, 23 figures, 69 tables, two appendices, key words documentation both in
Serbian and English, preface, acknowledgements and notation.

V  BPEJHOBAIGE HOJEJUHUX JEJTOBA JOKTOPCKE JUCEPTAIIUJE
V. EVALUATION OF THE INDIVIDUAL PARTS OF THE DOCTORAL DISSERTATION

HacmoB noktopcke aucepraimje je jacHo GopMyJIrcaH 1 oJipakaBa TEKCT M CaJipiKaj UCTPaKUBaba.

The title of the dissertation is clearly formulated and corresponds to the content and research
presented in the dissertation.

VY mpexaroBopy AucepTanyje je yKpaTKo NpeicTaBJbeHAa MOTHBAlMja 33 HM3YYaBamke CHHIYJIAPHO
neptypooBanux npobdnema (CIIIT) u maT je kparak mperiien caapkaja.

Preface of the thesis in brief presents a motivation for studying singularly perturbed problems (SPPs)
together with a short thesis summary.

Haxon yBenenux Hajuerihe kopuinieHUX O3HaKa, y TMPBOM IOTJIAB/bY YBOJ j€ MPEICTaBJbEH MPEAMET
u3ydyaBama JIUCEpTaluje — JUHEeapHH MpodieM peakiyje-audysuje y jeaHoj W ABE TUMEH3H]C.
HaBenenu cy OCHOBHH IMJb M TIPUCTYIH y KOHCTPYKIMjH ITOCTYIAaKa 3a HyMepu4ko pemiaBame CIIIT.
IMorom je pmar mpuka3 mnoctojehux pesynrata w3 JuTepaType KOjU C€ OJHOCE HA MPHUMEHY
KOJIOKAI[HOHUX METOJa Ca CIUIAjHOBMMA PA3JIMYUTOr CTElEeHA M IJIATKOCTH HAa CII0JHO-aIalTHBHUM
Mmpexama. OCHM MITO CY UCTAaKHYTH [JIABHH Pe3yJITaTH JOOHMjEHH Y JUCePTALHUjH, OMIUCAHE CY U JAPYre
BpCTE JUCKpETH3alja mpodiiemMa (KOHAYHO-AU(EPEHIHN MOCTYIIIH, OCTYIIH KOHAYHUX eJIeMeHAaTa)
y Imby KacHujer mnopehema ca OpUTHHATHHM pe3yiaratuma teze. M30op pedepeHim 3a
jemHOIMMEH3HOHAHE TIpobiieme je mobpo omabpan m oOyxBaTa HajBRKHHjE€ CaBpeMeHe MeTone. 3a
npobiiemMe y ZBe AMMEH3Hje je HaBe/IeH OrPaHnyeH CIHCAK MIO3HATUX Pe3ysTaTa y JUTepaTypH, a youeH
j€ ¥ HeloCTaTaK MprKasa OIIITE anoCTePHOPHE aHAIM3€ 32 HECHHTYJIApHO MepTypOoBaHe mpobieme.

After introducing necessary notation, in the first chapter Introduction, the research topic of the
dissertation has been presented — linear reaction-diffusion problems in one and two dimensions. The
aim of the research as well as different approaches in the construction of numerical methods for SPPs
have been described. A review of the existing results from the literature on spline collocation methods




with various degrees and smoothness on different meshes has been given. Besides indicating main
results in the dissertation, different problem discretizations (finite difference, finite element methods)
have been described in order to further provide comparison with the original results of the thesis. For
one-dimensional problems, the cited references are well-chosen, containing most important methods.
For problems in two dimensions, a limited list of references has been presented; moreover, there is a
lack of a review of a posteriori analysis in a more general non-singular case.

Hapenno mornaeibe je mocehieHo mperneny u3abpaHux o3Haka, AeQUHUIM]A, 0COOMHA U TBphema w3
obnactu uHTepnonayje, JIexKaHIPOBUX MOIUHOMA, MATPHIA, Ka0 W MPEryie;ly OCHOBHUX IOjMOBa
Be3aHuX 3a rpanudHe ciojeBe kKoa CIIII u KOHCTPYKIU]Y CIOjHO-aaNTHBHIX MPEKA.

The next chapter is devoted to an overview of notation, definitions, properties and theorems on
interpolation theory, Legendre polynomials, matrices, as well as to a short review of basics related to
layers in singularly perturbed problems and a construction of layer-adapted meshes.

VY TnaBu 3 cy Hajupe NpeiCTaB/bEHU IMOJMHOMHH CIUIAJHOBH M HABEJCHE Cy HEKEe OJi TO3HATHUX
ocoOuHa, ca moceOHUM OocBpTOM Ha b-crutajHoBe. 3a pazinuuute ctenene nonmHoma (k = 2,3,4), natu cy
ememenTH 6ase oxropapajyhmx Bextopckux mnpoctopa C'-crmajHoBa umje cy moaaTHe OCOOMHE
nasezene y Ipuory A. Paau yonmTerma npukasa CITajHa MPOM3BOJBHOT cTereHa kimace C', n3BeaeHa
je u 0aza koja ykJbyuyje XepMHUTCKe cIutajHoBe U bubble dynkimje. Ha kpajy oBe riaBe cy gokaszaHa
TBplherba Koja ce 0JJHOCE Ha JIBE BPCTE KBaJAPAaTHE CILIajH HHTEPIIONaIlHje.

In Chapter 3, polynomial splines have been introduced together with some of the well-known
properties, with special emphasis on B-splines. For different polynomial degrees (k = 2,3,4), basis
elements of the corresponding vector spaces of C'-splines have been given. Appendix A contains
additional properties of these functions. In order to generalize representation of arbitrary order C'-
splines, a basis that includes Hermite splines and bubble functions has been derived. This chapter ends
with theorems on properties of two classes of quadratic spline interpolations.

VY 4eTBPTOM IIOTJIaBJbY Te3¢ OIMCAHE Cy IMO3HATe Mpexe Auckpern3anyje Thia lllnmkuaa n baxsanosa
32 jeJHOAMMEH3MOHAIHM TpoOiieM peaknuje-audysuje: cranmapaHa [lumkuHOBa — Mpexa,
MoxudukoBana lumkuHoBa Mpeka, Mpexa baxsanoBa n BymanosuheBa Mpexa. Kao antepHatusa,
NpeICTaBJbEHA je U PEKyP3UMBHO T'eHEepUCaHa MperKa Koja je y AUCepTalujH afanTHpaHa 3a II0CMaTpaHu
npobieM. Y nomohHHM TBphemiMa Cy W3BEAEHE OCOOMHE KOpaka Mpexe, YCTAaHOBJbCHA je Besa
u3Mely nepTypOalyoHOr mapaMeTpa U IapaMeTapa Mpexe, H yBeeHa je TeOpHjcKa MPeTIoCTaBKa O
KOHCTPYKLMjH oapeheHuX Tadaka pPEeKyp3uBHO TIeHepucaHe Mpexke. OmnpaBaaHoCT yBohemwa oOBe
NPETIIOCTaBKE HIj€ YOUCHA Y HyMEPUYKHUM eKCIIepUMEHTHMA.

In the fourth chapter, the layer-adapted meshes of Shishkin- and Bakhvalov-type for a one-dimensional
reaction-diffusion problem have been described: standard Shishkin mesh, modified Shishkin mesh,
Bakhvalov mesh and Vulanovi¢ mesh. As an alternative to previous meshes, a recursively generated
mesh has been introduced, now adapted for the considered problem. Lemmata on properties of mesh
step sizes have been proved, a relation between perturbation parameter and mesh parameters has been
established, and a theoretical assumption on construction of certain mesh points has been introduced.
The necessity for introducing this assumption has not been observed in numerical experiments.

OpuruHaiHu JIONIPUHOC JIUCepTalMje NMpUKaszaH je y mocjielme aBe riase. [1aBa 5 je nocseheHa
HYMEPHYKO] aHaIM3U U NPUMEHH CILUIajH KOJOKAIMOHUX IOCTyIaKa 3a JIMHeapHH Npo0JieM peakiiuje-
mudysuje y jeaHoj TuMeH3Mju. Y3 no3Harte nHdopmaluje o IMOHallakby TaYHOT pPeliekha U HEerOBHX
M3BO/JIa, 32 JIOBOJHHO TIJIATKE I0JIa3He (YHKIHMjE JOKa3aHe Cy TeOpeMe O IPELIly HHTEepIIoaltje 3a IBe
BpCTe KB3JpaTHOT HHTEpIOJaHTa Ha MoaupukoBaHOj IIIMIIKMHOBO] M PEKYP3MBHO T€HEPHCAHO]
mpexu. [loToM je mpencraB/beH KOJOKAIMOHW IIOCTYINAK KOjH TEHEpHIIe NPUOIMKHO peIIeHhe Yy
o6muky C'-kBampatsor cruiajHa. Ilopen crabuiHocTH ofroBapajyher JMCKpPETHOT omepatopa, y
CyIpeMyM HOPMH Cy JIoKa3aHe YHH(OpPMHA apHOpHA OLIEHA I'PEIIKe Ha TOMEHYTHM MpeXama, HOTOM
JIBE allOCTEPHOpHE OLIEHE Ipelllaka Ha IPOU3BOJEHO] MPEXH M ITPHUKA3aH je aJalTHBHH aJlrOpUTaM KOju
KopHcTH anoctepropae nHdopmanuje. Jlobujenn pesynraru cy BepudukoBanu Befium OpojeM 100po
oabpaHuX HyMEpPHUYKHX EKCIIepHMEHaTa, a M3BPIICHO je M HEOINXOXHO mopelheme mpencTaBbeHor
MOCTYIKa ca n3abpaHuM MeToaaMa u3 YBojaa. OpurHHAIHU pe3yaTaTH OBOT Jieja Te3€ KOjU ce OJHOCe
camo Ha MoaudukoBany LIumknHOBY Mpexy cy mybnukoBanu y Numerical Algorithms (M21 gacommc
ca SCI mucre). Y HCTOM MOINABBY je y HACTABKY NPHMKAa3aH H KOJOKALHOHM moctymak ca C'-




CIUIajHOBMMA MPOM3BOJEHOT CTENEHAa 3a KOjU je JOKa3aHa amocTepHopHa oneHa rpemke. OBaj meo
JUcepTanyje 3aBpIIaBajy m3abpaHn HyMEpHYKH €KCIIEPHMEHTH KOjH TOTBPlYjy TEOpeTCKH mobujeHe
OIICHE, JIOK je BHUIIe pe3yiTara u3aBojeHo y 28 tabena u npencrasibeHo y [Ipuiory b. Cea tectupama
(y oBOM 1 HapeTHOM TOTIIABJbY) Cy 00aBJbEHA Y IpOTpaMcKuM naketnma Mathematica n Matlab.

The original contribution of this dissertation is presented in the last two chapters. Chapter 5 is devoted
to numerical analysis and application of spline collocation methods on the linear one-dimensional
reaction-diffusion problem. With a priori information on the solution behavior and for sufficiently
smooth data functions, theorems on interpolation errors have been proved. These theorems consider
two classes of quadratic interpolants on the modified Shishkin mesh and recursively graded mesh. After
presenting a C'-spline collocation method, stability of the corresponding discrete operator has been
confirmed. Moreover, in the supremum norm, a priori uniform error estimates have been proved on the
aforementioned meshes together with two a posteriori error bounds on general meshes. An adaptive
algorithm that uses a posteriori information has been applied. Theoretical results have been verified on
a large number of well-chosen numerical examples, together with an inevitable comparison of the
presented method with methods from Introduction. The original results from this part of the
dissertation related to modified Shishkin mesh have been published in Numerical Algorithms (M21
journal from the SCI list). In the sequel, an a posteriori error estimate has been proved for a
collocation method with arbitrary order C'-splines. This chapter ends with selected numerical tests
that confirm theoretical results, while more experiments have been summarized in 28 tables given in
Appendix B. All tests (both in Chapters 5 and 6) have been performed in Mathematica and Matlab.

IMocnenme mornasike je mocBehieHO TBOAMMEH3HMOHATHOM JIMHEAPHOM IIPOOIIeMy peakiiyje-qudysnje u
FETOBOM HYMEPHYKOM pelnaBamy momohy KOIOKamMoHOr mocTynmka ca  C'-GukBampaTHHM
crrajHoBuMa. OCHM Tpe/CTaBJbarba OATOBapajyhier AMCKpeTHOr mpoblieMa W HaBOlema MO3HATHX
pesynrata o ['puHOBOj (QyHIMjH, Y HACTABKY je J0Ka3aHa TEOpeMa O alloCTePUOPHOj OLCHH IpeliKe,
IITO NpeICTaB/ba OPUTHHAIHH pe3yiNTaT OBOT Jena Te3e. Ha jemHoM TecT mpuMepy ca IO3HATHM
TJIaTKUM Ta4YHUM peIleHheM Cy IMpHKa3aHW pe3yiiTaTh HYMEpUUYKUX eKCIepHMeHara Ha Mpexama
omucanuM y Tpehoj raBu. ExcnepumenrtanHo je moTtBplieHa u  yHH(OpPMHA KOHBEPTEHI[H]ja
pa3MaTpaHor MOCTyIKa, 0e3 u3Boljema 1 JUCKYCHje O alpHOPHOj OlleHH rperike. [Ipuka3anu MHICKC
e(pMKaCHOCTH, 32 Pa3JIMKy O IPETXOIHOT MOTJaBJba, OBl TyOH Ha PEJICBAHTHOCTH YCIIE/l 3aBUCHOCTH
O]l HEINO3HAaTHX KOHCTaHTH M3 oleHa |'puHoBe QyHKimje. Ha apyrom tect mpumepy je H3BpIIECHO
nopeherbe ca AUCKPETHU3alMjoM TO3HATOM Y JIMTEPATypH U H3BEICH j€ 3aKJby4ak O JIOOHjCHUM
pesynratuma. Kako je o0BO mormaBjbe mocBeheHO HYMEpHYKOj aHAIM3W  MapIlMjaTHAX
TUQepeHIjaTHAX jeJHaYHA, PEIICBAHTHUJHU TECT MPUMEpH O Tpebalu Ja yKJbyde TayHa pelieHmka
Mame TJIATKOCTH, KOja, Ha MpUMep, 33J0BOJbABAjY YCIOBE KOMIIATHOWIIHOCTH CaMO HYJTOT M MPBOT
pena.

The last chapter has been devoted to a two-dimensional linear reaction-diffusion problem and its
numerical solving with a collocation method with C'-biquadratic splines. After deriving the
corresponding discrete problem and citing results on Green's function, an original theorem on a
posteriori estimate has been proved. On a single test problem with a known smooth exact solution, the
method has been tested on meshes from the third chapter. A uniform convergence has been
experimentally confirmed, without its proof or a discussion on a priori analysis. Unlike the previous
chapter, the efficiency index here loses its relevance due to the presence of unknown constants in
bounds of the Green's function. On the second test example, a comparison with a well-known
discretization has been given and a conclusion has been derived. Since this chapter covers the
numerical analysis of partial differential equations, a more realistic tests with exact solutions with less
smoothness (e.g. with only zero- and first-order compatibility conditions) should have been included.

VI CIIMCAK HAYYHUX 1 CTPYUYHHUX PAJTOBA KOJU CY OBJAB/bEHU NJIN
INPUXBAREHMU 3A OBJABJBUBAIBE HA OCHOBY PE3YJITATA HCTPAKHUBAIBA Y
OKBUPY PAJIA HA JOKTOPCKOJ IMCEPTALININ

TakcaTHBHO HaBECTH HA3MBE PAJIOBa, IJie ¥ Kajaa cy 00jaBibeHH. [IpBO HaBECTH HajMambe jeiaH paj 00jaBibeH Hin
npuxsahieH 3a o0jaBbuBame y yaconucy ca ISI nmcTe 0JHOCHO ca JIHCTe MUHHUCTApCTBA HAIUIGKHOT 33 HAyKy
KaJa cy y MUTamy JPYLITBEHO-XyMaHUCTHUKE HAayKe MJIM PajJoBe KOjU MOTY 3aMEHHTH oBaj ycioB o 01.janyapa
2012. romune. Y cnyyajy pamoBa npuxBaheHHX 3a 00jaBjbHBarbe, TAKCATHBHO HABECTH HAa3WMBE PasioBa, TAC U
kasa he OUTH 00jaBJbEHU M MIPHUIIOKHUTH MOTBPAY O TOME.




T. Linss, G. Radojev, and H. Zarin. “Approximation of singularly perturbed reaction-diffusion
problems by quadratic Cl—splines”, Numerical Algorithms 61 (1) (2012), 35-56. (M21)

T. Linss, G. Radojev. “Robust a posteriori error bounds for spline collocation applied to singularly
perturbed reaction-diffusion problems”, accepted for publication in Electronic Transactions on Numerical
Analysis (M21)

VII  3AK/bYYIIU OJHOCHO PE3YJITATHU UCTPAKUBAIbBA
VII CONCLUSION LE. RESULTS OF THE RESEARCH

[Ipobnemu koju cy HOCMAaTpaHH Yy OBOj JIOKTOPCKOj IUCEPTalMjU Cy CTallMOHAPHU CHHIYJIApPHO
neptypOoBanu mpobieMu Oe3 MPBOI M3BOJAA Yy jEAHO] W ABE IMMEH3Uje M NoOujeHu cy cienchu
pesyaTaTH:

—  3a jeIHOAMMEH3MOHATHH CIIydaj je TpHKA3aH KOJIOKAIMOHM mocTymak ca C'-kBampaTHHM
CIUTQjHOBMMA KOjH KOPHCTH CpeIWHE HWHTEpBajla Kao KOJOKAI[MOHE Tadke. YHH(pOpMHA
anpuoOpHa OIIeHA TPEUIKe Y MAKCHMYM HOPMH je JIoKa3zaHa Ha MoaudukoBaHoj IMmIKnHOBOj 1
PEKyp3UBHO TI'eHEepHCcaHO] Mpexu. IIoToM cy HU3BeneHe amoCTepUOpHE OLCHEe TIpellaka Ha
NPOU3BOJBHUM MpeXama AUCKPETH3AIH]je U IPUMCEHCH j€ aJallTUBHU aJrOPUTaM.

-~ 3a jeJHOAMMEH3HOHAIHHM Clydaj je Takolje MPHKA3aH M KONOKAMOHM moctymak ca C'-
CIUIajHOBMMa IPOM3BOJBHOI CTEIEHa KOjU KOPHUCTH Hyne JlexaHIpoBHX IOJMHOMA Kao
KOJIOKaIlMoHe Tauke. Jloka3zaHa je amocTepropHa OLeHa TpeIlIKe y CYINPEeMyM HOPMH,
NPUMEHBEH je M aJanTHBHU QJIropuTaM, JOK je alpHopHa OlEHA TIpelike HyMEepHYKU
noTBphena.

— VYV [BOAMMEH3MOHATHOM ClIy4ajy je NpoOjeM IOCTaBJbeH Ha jEOUHHYHOM KBAApaTy |
JIMCKPETH30BAH je oMohy KoloKaruoHor mocTynka ca C'-GukBaapaTHuM crmajHoBuMa. Kao
KOJIOKAI[IOHE Ta4YKe Ce KOPHCTE TEXKHIITA NPaBOyraoHHKa Mpexe. CIOKSHHjOM aHAIU30M je
NOKa3aHo JIa ce UJeje U3 jeIHOIMMEHHOHAIHOT Cly4aja MOy IPUMEHHUTH Ha CIMYaH HauuH U
JOKa3aTH aloCTepHOpHA OLCHA TIPEIIKe Yy MaKCHMyM HOPMH Ha MPOU3BOJBHO] MPEKH
JUCKpETH3AIIH]C.

— CBH TEOpETCKHM pe3ylNTaTH Cy HYMEepUuKH Bepu(UKOBaHM Ha OpOjHMM IpHMepuMa,
Bapupajyhin mocMaTpaHd TecT MpoOJieM, CJIO0jHO-aJalTUBHE MpPExe U onarosapajyhu Opoj
Tayaka, CTeleHe CIUIajHOBAa, Kao W BPEJHOCTH  MNEepTypOalMOHOI  Mapamerpa.
ExcniepumenTanna nopehema ca NMo3HATHUM HYMEPHUUYKMM MeToJaMa IOKasyjy e(pHKacHOCT
0BAKO KOHCTPYHMCAHHX KOJNOKALMOHMX MOCTYMAKa, a Ko HHXO0Ba MpeaHocT HaBoau ce u C'-
IJIaTKOCT J00HjEHOT HyMEPHYKOT peliekha.

In this dissertation, stationary singularly perturbed problems without first-order derivatives in one and
two dimensions have been considered and the following results have been obtained:

— In a one-dimensional case, a C]-quadratic spline collocation method has been introduced that
uses midpoints of mesh subintervals as collocation points. A uniform a priori error estimate in
the maximum norm has been proved on a modified Shishkin mesh and recursively graded
mesh. A posteriori error estimates have also been derived on arbitrary meshes and an
adaptive algorithm has been applied.

—  Moreover, for the one-dimensional case, an arbitrary order C'-spline collocation method has
been derived that uses zeroes of Legendre polynomials as collocation points. Similarly, a
posteriori error bounds in the supremum norm have been proved, the adaptive algorithm has
been implemented, while a priori estimate has been numerically demonstrated.

— In the two-dimensional case, the problem has been posed on a unit square and further
discretized with a C]-biquadratic spline collocation method. The midpoints of the mesh
rectangles are chosen as collocation points. Application of a more sophisticated analysis
shows that the ideas from a one-dimensional case can be similarly applied. Thus, on an
arbitrary discretization mesh, a posteriori error estimate in the maximum norm has been
proved.

— Al theoretical results have been numerically verified on a large number of experiments,
varying test problems, layer-adapted meshes and corresponding number of mesh points,
spline degrees as well as values of the perturbation parameter. Experimental comparison with
other numerical methods shows the efficiency of the aforementioned collocation methods;
moreover, a C'-smoothness of numerical approximations has been indicated as their
additional advantage.




VIIIT OLHEHA HAYUHA IMPUKA3A U TYMAYEIbA PE3YJITATA HCTPAKKUBAIBA
VIII EVALUATION OF THE PRESENTATION AND INTERPRETATION OF THE
RESULTS
EKCIUTMIIUTHO HABECTH MO3UTUBHY WIIM HETATHBHY OLICHY HaYWHA MPHKa3a U TyMauera pe3ysTaTta HCTPaKUBaba.
Explicitly give a positive or negative evaluation of the presentation and interpretation of the research results.

Pesynrate uctpaxkuBama JOOMjEeHHX Yy OBOj JJOKTOPCKO] AMCEPTALMjH, KaHAMIAT je IpHUKa3ao
CHCTEeMaTHYHO M TnperienHo. M3mokeHa marepuja je INpe3eHTOBaHA Ha aJeKBaTaH HAa4MH M 3a
npobJieMe y jeZIHOj AMMEH3UjH U3BpIIEHa je 100pa celekiyja JUuTepaType ca NO3HaTUM pe3yJTaTHMa.
Teopercku pe3yiraTH Cy MaTeMaTHYKH KOPEKTHO JIOKa3aHH KpO3 BHIIE JeMa M TeopeMa, a OLeHE U3
OpuUTHHAIHUX TBphema cy TecTUpaHe Ha Behem Opojy mpumepa. Pesynratm excnepuMmeHaTa cy
NpHKa3aHu TabenapHo W IpadMuKy, ¥ W3BEICHHU Cy jaCHU M NPENU3HM 3akibydnu. Y mopen yodeHor
HeZocTaTka O HasHAIlM MOTYhHX JaJbuX IpaBalla HCTPaXKUBamka, KOMUCHja IIO3UTHBHO OLCHYje HAYNH
IpHKa3a U TyMadema pe3yiiTaTa HCTPaKUBAbA.

The research results obtained in this doctoral dissertation have been clearly and systematically
presented by the candidate. The material of the thesis has been adequately laid out and, for problems
in one dimension, a good choice of reference list has been made. Theoretical results have been
correctly proved through a number of lemmata and theorems. The estimates from the original
assertions have all been tested on a large number of numerical examples. The results of experiments
have been presented in tables and figures, and clear and precise conclusions have been further
derived. Despite a lack of indication of possible future research directions, the Committee positively
evaluates the presentation and interpretation of the research results.

IX KOHAYHA OIEHA JOKTOPCKE JUCEPTALIUJE:

IX FINAL EVALUATION OF THE DOCTORAL DISSERTATION
EXCIUTMIINTHO HaBECTH Jia JIM TUCEpTaLHja jecTe WM HHje HalKMCcaHa y CKIaay ca HaBeACHHM 00pa3iiokemeM, Kao
U J1a JIX OHA CaAp>KH WM HE CaJp)Ku CBe OWTHeE eieMeHTe. J{aTtu jacHe, Mpelu3He U KOHIM3HE OAToBOpe Ha 3. u 4.
MUTAEbE.
Explicitly state whether or not the dissertation is written in accordance with the provided elaboration, as well as

whether or not it contains all of the relevant elements. Provide clear, precise, and concise answers to questions 3
and 4.

1. Jla v je mucepTalyja HalUCaHa y CKIIAy ca 00pa3lioKeheM HABSICHUM Y MPHjaBU TeMe?
1. Is the dissertation written in accordance with the elaboration stated in the submission of the topic of
the dissertation?

JlokTOpCKa IucepTanyja je y HamiucaHa y CKIaay ca 00pasioKemheM HaBeICHUM Y TIPHjaBy TEME.

The doctoral dissertation is written in accordance with the elaboration stated in the submission of the
topic of the dissertation.

2. la v aucepTaImja caip>Ku CBe OMTHE eleMeHTe?
2. Does the dissertation contain all of the relevant elements?

JlokTopcka aucepraiiija je mperjieaHo U A00po Hamucana. OpraHu3oBaHa je y MIECT MOTJIaBjba, PU
yemy BehwHa MaTepujana y NpBa YeTHPH MOIJaB/ba MMa 3a IMJb Ja YIO3HA YHMTAola ca TEMOM
HCTpaXKBarba, 0O3HaKaMa W Beh mo3HaTuM pesynaratnma. CBa OpHTIMHAIHA TBphema Cy J0KaszaHa, a
JIOKa3W Cy MaTeMaTH4KH KOPeKTHO u3BeneHn. CITHCcak JuTepaType Ha Kpajy AUCEpTaldje Ce CACTOjU OJT
84 pedepeniie Koje cy y TEKCTy IIMTHpPAHE HA MCIPaBaH HauWH. [IpeMa CBOM CajpiKajy U HaBEJACHUM
apryMeHTHMa, JIOKTOPCKa JUCepTalhja 3aJ0BOJ/baBa KPUTEPHUjyME 3a CTHIAKE JOKTOPCKOT 3Bamba U3
00JIaCTH MaTeMAaTHYKHUX HAYKa.




The doctoral dissertation has been systematically and well written. It has been organized in six
chapters, where most of the material of the first four chapters aims to introduce a reader to a research
topic, notation and already known results. All the original assertions have been proved and the proofs
have been carried out mathematically correct. The literature at the end of the dissertation consists of
84 references that have been correctly cited within the text. According to its content and arguments, the
doctoral dissertation satisfies the requirements in obtaining the PhD degree in mathematical sciences.

3. 1o weMy je aucepTanyja OpUrHHAJIAH JOIIPUHOC HAYIH?
3. In what way does the dissertation constitute an original contribution to science?

Jucepranuja caiapXu OpPUTHMHAIHM HaydyHH JONPUHOC U3 00JAacTH HyMEpHUYKe MaTeMaTHKe.
JlebuHucann cy KONOKALMOHM TOCTymmu ca C'-CIUIajHOBHMA HPOM3BOJLHOI CTENEHA 3a Mpobieme
peakuuje-audysuje. V3BpiieHa je mUXOBa TEOpHjCKa aHAJIM3a U IOKa3aHE Cy: alpuopHa OlleHa 3a
KBaJIpaTHE CIUIajHOBE M YHH(OpPMHA KOHBEpreHLMja (CKOpO) ApPYror pega Ha MOAWGHUKOBAHO]
HIMmKHHOBO] WM PEKyp3UBHO T'€HEPHCAHO] MpEXH, allocTepHOpHa OLEHA TIpelIKe 3a CIUIajHOBE
MPOM3BOJEHOT cTemeHa (y jeqHOj AWMEH3HMjH) M OWKBaapaTHE CIUiajHOBe (y OBE IWMEH3Hje) Ha
NPOU3BOJBHO] MPEXHU IHCKpeTh3anuje. TeopHjcKH pe3yNTaTH Cy eKCIePHMEHTAJIHO IOTBphEeHH Ha
pEJIEBaHTHUM IIpUMEpHMa.

The dissertation contains an original scientific contribution in the field of numerical mathematics.
Collocation methods with arbitrary order C'-splines for the reaction-diffusion problems have been
introduced. Theoretical analysis of these methods has been carried out and the following results have
been proved: a priori estimate for quadratic splines and uniform convergence of (almost) second order
for the modified Shishkin and recursively graded mesh, a posteriori estimates for splines of arbitrary
order (in one dimension) and biquadratic splines (in two dimensions) on an arbitrary mesh.
Theoretical results have been experimentally verified on relevant examples.

4. HenocTaiy AucepTaidje U ’bUXOB YTHUIIA] Ha PE3YITAT UCTPAKUBAHA
4. The shortcomings of the dissertation and their influence on the results of the research

Komucuja yowaBa HejocTatak HIMper crnucka pedepeHid NocBeheHOr HYMEPHUYKOM pelliaBamby
JIBOAMMEH3MOHAIHUX MpobieMa peakuuje-nudy3uje U OMIITe anocTepuopHe aHamusze. M3Boheme
aripropHE OLIEHE TPEelIKe KOJ PeKYp3MBHE MpEXe H3HCKyje yBoheme TeopeTcke IpeTIOoCTaBKe Koja
HHUje U HyMEPHUYKU OIpaBlaHa, ITo Hamehe 3ak/bydak O MOTpedu apyrauujer npuctyma. Ocum Tora,
M30CTaBJbEH je€ M OCBPT Ha ampHOpHY aHanu3y npobiieMa y JBe IUMEH3Mje, Kao U Ipobiema
KOHBeKIMje-nndy3uje Kao joul jeJHe Kiace CHHryJlapHo neprypOoBaHux npobiema. HaBenena
npoOJieMaTHKa CBaKaKo OTBapa BHUILE HOBHX I10Jba paja Koja MOTY Jia MPEACTaBsbajy MPEAMET Aaber
HAYYHOT UCTPAXKHMBAMKha KAH/IU/IATa, T€ HE YTHYE Ha J00UjeHe pe3yaTaTe UCTPaXKHUBaba.

The Committee has noted a lack of a wider list of references corresponding to numerical solving of
two-dimensional reaction-diffusion problems as well as general a posteriori analysis. The proof of a
priori error estimate on a graded mesh requires a theoretical assumption that has not been numerically
Jjustified, thus suggesting that another approach should be applied. Moreover, there is a shortcoming of
a discussion on a priori analysis for problems in two dimensions, and also on convection-diffusion
problems, yet another class of singularly perturbed problems. These remarks indicate to open problems
that can represent tasks for future research, without influence on the research results of this
dissertation.




X HOPEMJIOT
X  PROPOSAL OF THE COMMITTEE

Ha ocHoBy ykyIHe orieHe aucepranuje, Komucuja npemmake a ce JOKTOPCKa AUCEPTaNldja KaHIHaaTa
Topana PajojeBa, moa HasuBOM KonoKayuoHu nocmynyu 3a peulaséare CUneyiapHo nepmypooeanux
npobiema, IPUXBATH, a KAHJIUIATY 0700pHu of0paHa.

Based on the overall evaluation of the dissertation, this Committee suggests that the doctoral
dissertation of the candidate Goran Radojev, entitled Collocation methods for solving singularly
perturbed problems, be accepted, and the candidate be granted the right to defend it.

Y Hoom Cany, 14.10.2015.
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