YHUBEP3UTET Y HOBOM CAY OBPA3AIL-6
IMPUPOJHO-MATEMATHUYKHU ®PAKYJITET

MN3BEIITAJ O OHEHU JOKTOPCKE JMCEPTAIIMJE

I HogAIoIx O KOMUCHIHN

1. Jlatym U opraH Koju je IMEHOBAO KOMUCH]Y:

2. 10. 2023. HacraBHo-HayyHO Behe IIpuponHo-mMaTeMaTHukor (axkynrera
YuuBep3urera y HoBom Cany

2. CacraB komucHje y ckiany ca Ilpasunuma 0okmopckux cmyouja Yuusepzumema y

Hoeom Caoy:
L. Ip Cp6ospy6 Cumuh pen. mpodecop MaTemMaTHIKO MOJISITHPAhE
Dr Srboljub Simi¢ Full Professor Mathematical modeling
NpeE3NME U UME 3BAKHC YKa Hay4YHa obmact
[Tpuponno-maremaruuku ¢akynret, Hosu Can MIpeICeTHUK
Faculty of Sciences, Novi Sad president
yCTaHOBA y KO0jOj je 3aIociieH-a (dyHKIHja y KOMUCH]H

2. Jlp Bana BojaoBuh
Dr Ivana Vojnovié

BaHp. mpodecop | AHanmuza U BepoBaTHOha
Assoc. Professor | Analysis and probability

npe3uMe U UME 3BamkbeC Y’Ka Hay4YHa obiact
[Tpuponno-maremaruuku ¢pakynrer, Hosu Can YIaH
Faculty of Sciences, Novi Sad member
YCTaHOBA Y KOjOj je 3amocaeH-a (hyHKIHja y KOMHCHH
3. p Jenena Manojnosuh pexn. npodecop Maremartuka
Dr Jelena Manojlovié Full Professor Mathematics
pe3rMe U UMe 3BamBE y’Ka Hay4Ha 00JacT
[Tpupogno-matemaTiuku dakynreT, Humr YjiaH
Faculty of Sciences and Mathematics, Ni$ member
YCTaHOBA Y KOjOj je 3arocaeH-a (hyHKIHja y KOMHCH)I
4. Jlp dapko Murposuh pen. mpodecop [Taprujanae
Dr Darko Mitrovi¢ Full Professor nudepeHirjaiHe jeTHaTHe
Partial Differential Equations
npe3ume U UmMe 3BaAKLC yKa Hay4YHa obJacT
[TpuponHo-maTeMaTH4ku GaKyIiTeT, YJlaH
Yuusepsuret Lpue ['ope member
Faculty of Science and Mathematics, University

of Montenegro
yCTaHOBA y KO0jOj je 3aIloCIIeH-a (dyHKIHja y KOMUCH]H




II  TNOJAIM O KAHAMIATY

1. Ve, mMe jemHOT pOIUTEIba, IIPE3NME:
Maja (dymran) Jomuh / Maja (Dusan) Joli¢
2. Jlatym pobhema, ommrrHa, ApKaBa:
18. 10. 1991, Kukunna, P. Cpouja / October 18, 1991, Kikinda, R. Serbia

3. Hasu dakynrera, Ha3UB MPETXOJHO 3aBPIICHOT HUBOA CTyAWja M CTCUECHH CTPYYHH/aKaJeMCKH
Ha3UB!

[Mpuponno-maremaTnyku Qaxkynrer, Yuuep3urer y HoBom Camy, Mactep akamemcke
cTyamje, Mactep maremaTnyap
Faculty of Sciences, University of Novi Sad, Master studies, Master in Mathematics

4. TopuHa ynmca Ha JOKTOPCKE CTY/Hj€ M HA3UB CTYAHjCKOT IpOrpaMa JTOKTOPCKHUX CTyIHja:

2016, JloxTopcka mkona matematuke / 2016, PhD School of Mathematics

III HACJOB JOKTOPCKE JUCEPTAIIUJE:

Henuneapun npoOiemu yIipaBibama ca 1 6e3 ppaKIMmoHUX N3BoJa

Nonlinear control problems with and without fractional derivatives

HNPETJIEJ JOKTOPCKE JUCEPTAIIMJE:

JlokTopcka aucepraiyja HamucaHa je Ha €HIVIECKOM je3uKy, Ha 122 crpane. [logessena je y 5
MOTJIaBJba, UMa HaBeleHHX 65 OHONMOrpadCKUX jeIMHHIA M CAAPXKHU jemHy ciluKy. Ha mouetky
JUcepTalyje JlaTa je Kiby4Ha JJOKyMEeHTallijcka nH(opMaiija, 3aTUM clie/ie: KpaTak pe3uMe pajia
Ha CPIICKOM j€3UKy, CaApiKaj paja, aliCTPaKT Ha CPIICKOM je3HKY, allCTPAKT HA €HITIECKOM jE3UKY
U TIPEIroBOp.

HaxoH Tora npencTaBibeH je TeKCT AUcepTalyje, MoaesbeH y cieneha noriaassba ¥ MOTIOTIABIbA:

1 VBox
1.1. VYBomnHm 1ojMOBH U TBphema
1.1.1. IIpoctopu dyHkHuja
1.1.2. IllaynepoBa Teopuja pUKCHE TauKe
1.2. OcHoBe TeopHje yIpaBbaba
1.3. Kpatka ucropuja Teopuje yrnpaBbarmba
2  ®pakuuoHu payyH
2.1. ®pakuuoHU omepaTropu
2.2. Murar-Jlednepore GpyHkuuje
2.3. Cucremu QppakiuuoHUX JUQepeHINjaTHIX jeJHaAYHA
2.3.1. [locrojama 1 je IMHCTBEHOCT peliemha
2.3.2. Jluneapuu cucremu OJ1J
2.3.3. Henuueapas cucteM
3 JluneapHo ymnpaBibame
3.1. Teopwuja ynpassbama 3a muHeapHe cucreme OJ1J
3.1.1. KontponaaOuiaHOCT
3.1.2. XunbepToB METO/ jeAUHCTBEHOCTU U OTICEPBAOMIHOCT
3.1.3. ,,Bang-bang* ¢pyHKIH]je ynpaBspama
3.2. Teopwuja ynpasibama 3a JuHeapHe cucreme OJ1J
3.2.1. KoHTpOoaaOUIHOCT




3.2.2. ARjyHrOBaHU CUCTEM H OIICEPBAOHIHOCT
4 HenuHeapHO ynpaBibambe
4.1.1. KonTponabumxoct HenuHeapHor cuctema O/1J
4.1.2. KonTtponabuiHoct HenuHeapHOT cuctema OJ1J
5 3axkipydax

Ha xpajy je HaBenena OuOnuorpaduja kopuinhieHa y QucepTalvj, 3aTUM HHACKC MOjMOBa H
ouorpaduja ayropa.

This dissertation is written in English language and contains 122 pages. It is divided into 5
chapters, it has 65 references and one figure. At the beginning of the dissertation, the key work
documentation is given, following: short summary in Serbian, table of contents, abstract in
Serbian, abstract in English and preface.

Then, text of the dissertation is presented, divided into chapters and sections as follows:

1 Introduction
1.1. Preliminaries
1.1.1. Function spaces
1.1.2. Schauder fixed point theory
1.2. Basics of control theory
1.3. A brief history of control theory
2 Fractional Calculus
2.1. Fractional operators
2.2. Mittag-Leffler functions
2.3. Systems of fractional differential equations
2.3.1. Existence and uniqueness of the solution
2.3.2. Linear systems of FDEs
2.3.3. A nonlinear system
3 Linear Control
3.1. Control theory for linear systems of ODEs
3.1.1. Controllability
3.1.2. Hilbert uniqueness method and observability
3.1.3. Bang-bang controls
3.2. Control theory for linear systems of FDEs
3.2.1. Controllability
3.2.2. Adjoint system and observability
4 Nonlinear Control
4.1.1. Controllability of a nonlinear system of ODEs
4.1.2. Controllability of a nonlinear system of FDEs
5 Conclusion

At the end of the dissertation, the bibliography used during the writing process is provided,
together with an index of subjects and biography of the author.

BPEJHOBAIGLE NOJEJUHUX JTEJIOBA TOKTOPCKE JUCEPTALINJE:

Jucepranuja cajpu CBE HEONXOJHE eJleMEHTe ojpeheHe BakehuM NpaBUIHULIMMA,
UCIIPABHO je CTPYKTypUpaHa U UMa jacaH HaYMH U3Jiarama.

Komucuja cmarpa na je HacioB JOKTOpCKe aucepranyje (GopMylucaH MNPEHU3HO U
HEJIBOCMUCIJICHO, U JIa JaCHO yKa3yje Ha pa3MaTpaHy MpoOIeMaTHKY.

JIoKTOpCKYy AucepTanujy YMHU TET TOoTrjiaBjba, KOja MMajy JIOTWYaH cliell U 100po cy
CHUCTEMAaTH30BaHa.




[IpBo morIaBbe AUCEPTAIIHjE j€ YBOAHOT KapakTepa U MOAE/bEHO je Y TP MOTIIOTIaBIba.
Y mpBOM TOTHOTIIAaBJbY yBEACHA je HOTallMja, maT je Mperjea mpoctopa (yHKIHUja U
Teopema (pUKCHE Tauke, KOju he ce KOPUCTUTH y JajbeM pany. Y APYroM MOTIOTTIaBIbY
MPEJICTaBJbEHU CY OCHOBHM IOJMOBH W KOHIICITH TEOpHje YIpaBlbama, JOK Tpehe
MOTIIOTJIABIbE CAAPIKU KpaTak UCTOPH)CKH IMPETJIe] pa3Boja TEOpHje yIpaBbarba.

Komucuja 3akmyuyje oa cy yeooume oopedHuye, momusayuja u OONPUHOCU AOEKEBAMHO
oepunucanu, kao u 0a je Oam Kpamaxk UCMOPUJCKU OC8PM, €A AKYEHMUMA Ha
Hajoumuuje padose uzyuasame npodremamure Koju nocmoje y iumepamypu.

Jpyro nornassbe nocBeheHo je (hpakimoHOM pauyyHy. AyTop HajIpe HaBOAM AeUHHUIIN]Ee
U OCHOBHE OCOOMHE (QPAKIIMOHUX WHTETPATHUX H JU(EPECHIMjaTHUX OIepaTropa
KanyroBor u Puman-JluysunoBor tumna. Hakon Tora 6aBu ce cucteMuMa (QpakIMOHUX
IuQepeHIjaTHuX jeTHaunHa U MPECTaBJba HEKe Of] KJIIACHUHUX pe3yJTara Be3aHHX 3a
MOCTOjalbe€ M JEIMMHCTBEHOCT pelICHkha CHUCTeMa. 3aTHM aHajIu3HMpa JMHEApHE CHCTEME
¢dpakunonnx audepeHnnjaTHuX jeIHauYnHa, a MOoceOHy Maxmy mocBehyje MaTpuiama
npejacka CcTama. AyTOp HABOIW II03HATE pE3yJTaTe BE3aHE 3a pEryJlapHOCT |
OrpaHHYCHba OBUX MAaTpuIla, Ka0 W OpHTHHAIHE pe3yjirare y KojuMa cy noOujeHe
CTPO’KHje OIICHE OBUX MaTpHIla 3a je[HY CIIeIUjaiHy Kiacy cucreMa. Takole, HaBoau
OpUTHHAIIHE pe3yJTaTe Be3aHe 3a IOCTOjare, PETyJApHOCT M OTPAHUYEHOCT pelleHmha
jemHe Kilace HEIWHEapHHX CUCTeMa IudepeHlMjaTHuX jeaHaunHa ca KamyToBum
U3BOJIOM.

Komucuja nozumusHo oyersyje opyeo noenagme noceeheno GpakyuoHom payymy, y Kojem
CY U3JI0JCEHU U OPULUHATHU CAMOCMATHU pe3yImamuy Kanouoama.

Y 1pehem moriaBby H3y4yaBaHM Cy JIMHEApHU TPOOJIEMHU YIpaBibama. Y TPBOM
MOTIOTJIABJbY TPEACTABIbEHH CY KJIACHYHHU PE3YJTaTH TEOpHje JIMHEApHOT YIpaBibamba,
3a cHcTeMe Yy Kojuma (Qurypuiie W3BOJ TPBOT pela. YBEIECHH Cy MOjMOBH:
KOHTPOJIAOWITHOCT, [ paMoBa MaTpwuiia, orcepBaOMIIHOCT U aJjyHIrOBaHH TipooOsieM. Jlatu
Cy CKBUBAJICHTHH YCJIOBH 332 KOHTPOJIAOWITHOCT M ONKCAaHU Cy TIOCTYIIH 32 HaJaKeHhe
onTuMaiHe (QpyHKIHUje yrpaBibamba y npocropuMa L> u L”, 3acHoBaHM Ha XWIOEPTOBO]
METOJM jEJMHCTBEHOCTH M TEXHWKaMa BapHjallMOHOT padyHa. [Ipyro moTmoriarsbe
Ca/ip’kl OpPHTHMHAJHE pe3yjiTaTre M3 TEOpHje JIMHEApHOT YIpaBJbama 3a CHUCTEME ca
KanyroBum m3Bogom pena o usmehy O m 1. [Ipobnemu nmHeapHOT yIpaBibama ca
($pakuMOHUM M3BOAMMA JIO Ca/ia Cy U3y4aBaHU CaMo y CIydajy cHcTeMa ca KOHCTaHTHUM
KOCHIIMjeHTHMa, JIOK ayTop IOCMaTpa OIIITH OOJMK CHCTeMa ca HEKOHCTAHTHHM
Koe(UIMjeHTHMA U YOTIIIITaBa pe3yiITaTe MO3HATe 3a CHCTEME ca [EI00POjHUM H3BOJIOM
Ha Clly4aj cucTeMa ca u3BoJoM pena o uzmehy 0 u 1. 300r nmpupoae GppakiuoHOT U3BOIA
U CHHTYJIApUTETa KOJU C€ jaBJba Y MATPHIIM TpeJiacka CTama, Koja (PUTypHIle Y periewmy
cucTeMa, ayTop YBOAM MoaudukoBaHy ['pamMOBYy MaTpuily KOHTPOJAOWIHOCTH H
onTUMaIHy (DYHKIHMjy yHpaBibama TPaXd y TEKUHCKOM L? mpocropy. JletasmHo cy
00pasnokeHn u300p aJjyHrOBAaHOI CHCTEMa M M300p TexuHcKkor L’ mpoctopa, y3
HAIIOMEHY Jia je 3a clyd4aj Kaja je pen u3zBonaa Behu ox 1/2 ontumanny QyHKimjy Mmoryhe
Hahu m y kimacuunoM mpoctopy L?. Baxkno je ucrahu na ce mo0WjeHH yoOIIITEHH
pe3ynTaTH y ciydajy Kaja je pell u3Boja jenHak 1 cBoje Ha MO3HATE KIIACUYHE PE3yJITaTe
JIMHEapHE TEOpHje YIPaBIhamba.

Komucuja nozumusno oyeryje mpehe noenasmwe nocseheno nuneapnum npodiemuma




yhpasmara ca u 60e3 QpaKyuoHux u3ze00d, y KojeM Cy U3N0NCEHU OPUSUHATHU
CAMOCMANHU pe3yImamu KaHouoama.

Y 4eTBpTOM TOTJAB/by JaT je€ OPWUTHHAIHM JONPUHOC Yy BHUAY HOBOT pe3yJiTara
KOHTPOJaOMIIHOCTH je[HE Kilace HeMMHeapHHx cucreMma. [locmarpan je cimyuaj cucrema
ca IEeJUM HM3BOJIOM M ca (paKkIMOHMM H3BOIOM pena o uaMehy 0 m 1. YV oba ciydaja
J00WjeHU Cy JIOBOJAHH YCIIOBH 332 KOHTPOJIAOMITHOCT CUCTEMa, KOja je JJOKa3aHa METOI0OM
JMHEapH3alije U TMPUMEHOM TeopeMe O (UKCHOj TayKu. 3a Cllydyaj CHCTeMa ca IelTUM
M3BOJIOM TIOCTOje TMO3HATH PEe3yNTaTH y JHUTEpaTypH, NMpH YeMy je y AUCepTaIHju
NpPEJCTaBJbeH OPUTHHAIHA METOJ KOHCTPYKIMje pellickha JTHHEApU30BaHOT CHUCTEMA.
Merto/ Koju je pe/ICTaBIbeH 3aCHUBA CE HAa KOHCTPYKIIM)U PEIICha 10 JICJIOBUMA, IITO Yy
ClIy4ajy Helejor u3Boja (KOju je HeJoKallHe MPHUPOJE) 3aXTeBa Y3UMame y 003up U
MeMopHje caapxaHe y camoMm u3Boay. Crora je, y ciydajy cucreMa ca (ppakiuoHUM
U3BOJIOM, ayTOp KOPHCTHO JIpyrauvju TPHUCTYI KOHCTPYKIHUjH peniewma. Hauwme,
NPUMECHOM OPHMIMHAIHMX pe3yJTaTa W3 JIpyre IJaBe BE3aHUX 3a OCOOMHE pelIeHka
HEJIMHEapHOTI CcHCTeMa, Kao M pesynrata aodujeHux y Tpehoj riaBu 3a mpobieme
JUHEApHOT YIIpaBJbamha, ayToOp JOJNa3u J0 KOHCTPYKIHMje KOja Jaje HEOIXO/Ha
OrpaHWYCHa pelllekha CUCTeMa W (QYHKIHUje yIpaBbamka, HMIDIMOUPajyhn nabe
nocrojarbe (UKCHE Tadyke Koja TMpEJICTaBhba pEIICHE HEeJNIWHeapHOr TmpodieMa
yIpaBJbama.

Komucuja nosumueno oyeryje uemepmo noziagme noceeheHo  HeluHeapHum
npobiemuma ynpasmara ca u 60e3 @OpakyuoHux u3eo00d, y Kojem Cy U3N0AHCEHU
OPUSUHATIHU CAMOCATHU Pe3yImamu KaHouoama.

VY netom MoryaBiby Aat je KpaTak Iperiie]] J001jeHUX OPUTHHATHUX pe3yaTara Koju
Npe/CTaBbajy HayYHH JOTPHHOC TUCEpTalHje.

Komucuja nosumusno oyersyje nocrnedrwe nemo noenasme y Kojem je 0am npezieo
OPUSUHATIHUX HAYYHUX OONPUHOCA ucepmayuje.

Komucuja nosumusno oyeryje cee denose dokmopcke mese kanouoamxurbe Maje Jonuh,
KAO U HAYUH HA KOJjU CY pe3yimamu oucepmayuje npuxka3anu u mymadeHu.

Dissertation contains all the required elements determined by the wvalid books of
regulations, and it is well structured with clear way of presentation.

The committee regards that the title of the dissertation is formulated precisely and
unambiguously, and that it clearly reflects the topic considered.

Doctoral dissertation consists of five chapters which are given with logical order and are
well systematized.

The first Chapter of this thesis is introductory and it is divided into three sections. In the
first section the notation is introduced, then, it is given an overview of the function spaces
and fixed point theorems which will be used throughout the thesis. In the second section
basic notions and concepts of control theory are presented, while in the third section a
brief historical overview of the development of control theory is given.




The committee concludes that basic notions, motivation and contributions are adequately
defined, and that the short historical background is presented, with accents on the most
important papers of this topic that exist in the literature.

The second chapter is dedicated to the fractional calculus. Firstly, author states
definitions and basic properties of fractional integral and differential operators of the
Caputo and the Riemann-Liouville type. Afterwards, the author considers systems of
fractional differential equations and presents some of the classical results related to the
existence and uniqueness of the solution. Then, linear systems of fractional differential
equations are analyzed, and special attention is paid to the state-transition matrices.
Author states some of the known results related to the regularity and boundedness of
state-transition matrices, as well as the original results in which sharper estimates were
obtained for one special class of the system. Also, the original results related to the
existence, regularity and boundedness of the solution, for one class of nonlinear systems
of fractional differential equations with the Caputo derivative, are stated.

The committee gives a positive opinion of Chapter 2 dealing with fractional calculus,
which additionally contains original individual scientific results of the candidate.

In the third chapter linear control problems are studied. In the first section classical
results from linear control theory are presented. The notions of controllability, Gramian
matrix, observability and adjoint problem are introduced. The equivalent conditions for
controllability were presented as well as the methods for finding an optimal control
function in the spaces L? and L”, based on the Hilbert uniqueness method and techniques
from variational calculus. Second section contains original results from linear control
theory, for the systems with the Caputo fractional derivative of order a between 0 and 1.
So far, linear control problems with fractional derivatives were studied in the case of the
systems with constant coefficients, while the author considers general class of linear
systems with time-varying coefficients and generalizes the results known for the systems
with integer-order derivative to the case of the systems with derivative of order o between
0 and 1. Due to the nature of the fractional derivative and singularity which occurs in the
state-transition matrix, figuring in the solution of the system, the author introduces the
modified Gramian controllability matrix and finds an optimal control function in the
weighted L* space. A detailed clarification of the choice of the adjoint problem and
weighted L? spaces is provided, with a remark on the case when the order of the
derivative is greater than 1/2, and when it is possible to compute the optimal control in
classical L? space. It is significant to point out that the obtained general results reduce to
the classical results in the case when the order of the derivative is equal to 1.

The committee gives a positive opinion of Chapter 3 dealing with linear control problems
with and without fractional derivatives, which contains original individual scientific
results of the candidate.

In the fourth chapter, original contribution is given in the frame of the novel result on
controllability of the one class of nonlinear control problems. The cases with integer and
fractional derivative of order a between 0 and 1, were considered. In both cases,
sufficient conditions for controllability were obtained, and controllability was proved by
the method of linearization and application of the fixed point theorem. Although in the
case with integer derivative there are known results related to the controllability of this




class of systems, in the dissertation an original method for the construction of the solution
of the linearized problem was presented. The used method is based on the construction of
the piecewise solution, which, in the case of the non-integer derivative (which has
nonlocal nature), requests to take into account the memory accumulated in the derivative.
Hence, in the case with fractional derivative the author used a different approach to the
construction of the solution. Namely, using the original results from the second chapter
related to the properties of the solution of the nonlinear system, with results obtained in
the third chapter for linear control problems, the author comes to a construction which
provides necessary bounds of the solution as well as of the control function, further
implying the existence of the fixed point, i.e., the existence of the solution of the
nonlinear control problem.

The committee gives a positive opinion of Chapter 4 dealing with nonlinear control
problems with and without fractional derivatives, which contains original individual
scientific results of the candidate.

In the fifth chapter, a brief overview of the obtained original results, which present a
scientific contribution of this dissertation, is given.

The committee gives a positive opinion of the last Chapter 5 that provides an overview of
the original scientific contributions of the dissertation.

The committee positively evaluates all parts of the doctoral thesis by the candidate Maja
Joli¢, as well as the way of presentation and interpretation of the results in the thesis.

VI CIIMCAK HAYYHHUX U CTPYUYHUX PAJJOBA KOJH CY OBJAB/bEHU NN
IMPUXBAREHU 3A OBJAB/BUBAILE HA OCHOBY PE3YJITATA HCTPAYXKUBAIBA Y
OKBUPY PAJJA HA JOKTOPCKOJ JUCEPTALIUIN:

1. M. Joli¢, S. Konjik, D. Mitrovi¢, On solvability for a class of nonlinear systems of
differential equations with the Caputo fractional derivative, Fractional Calculus
and Applied Analysis, 25:2126-2138, 2022, doi: 10.1007/s13540-022-00085-5
(M21a)

2. M. Joli¢, S. Konjik, Controllability and observability of linear time-varying
fractional systems, Fractional Calculus and Applied Analysis, 26:1709-1739,
2023, doi: 10.1007/s13540-023-00171-2s (M21a)

3. M. Joli¢, S. Konjik, D. Mitrovi¢, A New Approach in Solving Fractional Nonlinear
Control Problems, 2023 International Conference on Fractional Differentiation
and Its Applications (ICFDA), Ajman, United Arab Emirates, 2023, pp. 1-5, doi:
10.1109/ICFDA58234.2023.10153172 (M33)




VII

SAK/bYUIIM OJHOCHO PE3YJITATU HCTPA’KNBAIbA:

JlonmpuHOCH OBe naMcepTaldje orjiefiajy ce y pesyiTaTuMa KOju C€ TEeMaTCKH MOTy
NOJENUTH y cieneha Tpu aena:

[IpBu neo ogHOCH ce Ha MOOMjeHa OTpaHUYCHa MAaTPHUIlA Mpeacka cTama Koja cy
Jajbe KopHImheHa y JI0Ka3dy IIOCTOjama pelleha jelHe Kace HEIMHEapHUX
cuctema AudepeHnrjartHux jenHaunHa ca KamytoBum u3BogoMm. Meton Koju je
kopumrheH faje yHH(GOPMHY OTPaHHYCHOCT PelieHha OBOT HEJTMHEAPHOT CHCTEMA.
Jpyru 1eo 0JHOCH ce Ha YONIITeHa pe3yJiTaTa U3 KIaCHYHE TeOpHUje JTMHEAPHOT
yhnpaBbatba Ha cucreme ca KamytoBum wu3BojgoM pema o usmehy 0 u 1.
Jlocamammy pe3ynTaTi U3 JMHEapHe TeopHje yIpaBibamba 3a CHCTEME ca HEelleInM
M3BOJIMMA OJTHOCE C€ Ha Clyyaj KaJa je MaTpula cUcTeMa KOHCTaHTHA, JIOK je y
JUCepTaliji  TOCMaTpaH ONIITH OOJIMK CHUCTeMa ca  HEKOHCTAaHTUM
koeuuujeHTMa. [lata je merasbHa aHaidM3a JHMHEAPHUX NpoOJjeMa yIpaBibamba
ca KamytoBuM un3BomOM M3 acmekra KoHTpomadbwiHocTH. Jlaske je yBeneH
NpUIPYKEHH aJljyHIOBaHU CUCTEM, Y KoM ¢urypuiie Puman-JlnyBunoB u3zson, u
MoKa3aHa je€ eKBUBaJeHIIMja wu3Mel)y KOHTpPOJAOUMITHOCTH TOJIA3HOT CHUCTEMa H
OTICepBaOMIIHOCTHU aJIjyHTOBAHOT. 300T CHHTYJIapUTETa KOjU CE€ jaBJba Yy pELICHY
aJIjyHIrOBAHOT CHCTEMA, ayToOp YBOAM TEKHMHCKe L? mpocTope y KojuMa Tpaku
ontumanHy (yHKUMjy ynpaBibama. OBO Tpe[cTaB/ba HHOBAaTHBHU IPUCTYI
pemaBamy mpodsieMa yrpaBibamkba KOJU je Y CKIaay ca MPUPOIOM (PpaKIHOHOT
U3BOJIa, a TaKohe ce CBOJM Ha KIIACHUYaH CIIy4aj Kaja je pell u3Boja jenHax 1.
Tpehu neo omHocu ce Ha pesyiTare y KOjUMa j€ JOKa3aHa KOHTPOJAOMIHOCT
jenHe Kilace HeMMHEapHUX NpoOiieMa yrpaBibama. JlaT je OpUrHHAIHN METOA 3a
KOHCTPYKIIM]y pelleha JIMHEapu30BaHOT CHCTEMa, KOjU Ce Orjie[a y TOMe Jia ce
Iy>KWHA WHTEpBala, y KOM JAejcTByje (pyHKIIM]ja yrpaBibama, ckpahyje kako 0u ce
no0nina yHu(GOpMHA OTPAHHUYEHOCT PEIleHha, HEOMXOHa 3a IOCTOjame (PUKCHE
Tauke. Y Cllydajy cCHCTeMa ca HeLeJUM HM3BOAOM, MoceOHa maxkma rmocseheHa je
HEJIOKAJIHUM OcoOMHaMa (hpakIMOHUX M3BOJA KOje Cy y3eTe y 003Hp NPUIHKOM
KOHCTPYKIIWje pelemna.

Contributions of this thesis are given through results which can be divided into the
following three parts:

First part concerns obtained bounds of the state-transition matrices, which are
further used in the proof of the existence of the solution for one class of nonlinear
system of differential equations involving the Caputo fractional derivative.
Furthermore, the applied method, also provided uniform boundedness of the
solution of a nonlinear system.

Second part concerns generalization of the results from classical linear control
theory to the systems involving the Caputo fractional derivative of order a
between 0 and 1. The results from linear control theory for the systems with non-
integer derivatives, that are obtained so far, are related to the case when the matrix
of the system is constant, while in this thesis a general type of the system with
time-varying coefficients is considered. A detailed analysis of the linear control
problems with the Caputo derivative is provided, from the aspect of
controllability. Furthermore, the associated adjoint system is introduced,




involving the Riemann-Liouville fractional derivative, and the equivalence
between controllability of the initial control problem and observability of the
associated adjoint problem is proved. Due to the singularity which occurs in the
solution of the adjoint problem, the author introduces the weighted L? spaces, in
which an optimal control function is founded. This presents an innovative
approach in solving control problems, which is consistent with the nature of the
fractional derivative and, furthermore, it reduces to the classical case when the
order of the derivative is equal to 1.

Third part concerns the results in which controllability of one class of nonlinear
control problems, is proved. An original method for the construction of the
solution is stated. This method is based on the idea of the compression of the
interval in which control acts on the system, which will further provide uniform
boundedness of the solution, necessary for the existence of the fixed point. In the
case with non-integer derivative, special attention is paid to the nonlocal
properties of the fractional derivatives which are taken into consideration.




VIII  OHNEHA HAYMHA ITPUKA3A 1 TYMAYEIHA PE3YJITATA HCTPA’KUBAIDBA:

[Tpuka3 cBUX pesynTaTa UCTpAKUBAkA j€ T0OpPO OPraHU30BaH MO TEMATCKUM LEIUHAMA,
W HaBeJEeH je JOTUYKUM pemociieqoM. Dopmynaija pesynraTa je Mperu3Ha U jacHa.
Tymaueme pe3yiTara je KOPEKTHO IMPHKAa3aHO, Ca OCBPTOM M Ha TIOCIEIHIE KOje H3
TJIABHUX pe3yiTara ciefe.

Texct nucepranuje je mpoBepeH y codTBepy 3a AETEKIHjy miarujapusMma ilhenticate y
bubnuorern Jlemaprmana 3a matematuky W uHpopmatuky I[IpupomHo-maTeMaTHYKOT
¢daxyntera y HoBom Cany, u kao pe3ynTar aHainusze A00HjeHa je BpeIHOCT pe3ynTyjyher
uHaekca cnuyHoctu 44%. Ha ocHOBY pesynrara nposepe, Komucuja je koHcTaToBana aa
je Hajehu oOuM moxynapHocTd (TpBa JBa HaBEACHA NpeEKJanama) TeKCTa JAUCepTallyje
0OMjeH ca HAyYyHUM paJioBHMa KaHauaaTKumbe. Pamu ce o nBa o0jaBibeHa pajga. Y THUM
panoBuMa KaHIuAaTKumka Maja Jonuh je mpBu ayTop, a caMH pajJioBU CaJpikKe pe3ysraTe
aucepTamje. Y HEmTo MameM oduMy codrBep je youmo Ilpexnamame ca aenoBuma
TEKCTa APYTUX ayTopa Koje je codTBep AETEKTOBAO je 3aHEMapJbUBO, Mame o1 1%, u To
Cy yoOWuajeHe je3WYKe KOHCTPYKIHMje Y MaTEeMaTHYKOM TEKCTy, (opmysialnyje HEKHX
neguHuMja, 1eMa, Teopema u ci. Komucuja Takohe KoHcTaTyje na je y aUcepTaluju
YBEK HaBeJleH H3BOP IIUTUPAHOT PE3yJiTaTa, U OTy/a HE MOCTOje eIeMEHTH IIarujapusma.
Crora ce 3akJpydyje Ja je MOKTOPCKAa JHCEpTalldja OPUTHHAIHO ayTOPCKO JEJ0
kaHaunatkumbe Maje Jomuh. Ca M3BemrajemM o moayapHOCTH YIIO3HATH CY CBH WIAHOBU
KOMHUCH]E.

Ha ocnoBy nHaBenenor, Komucuja je noHena MO3WTHBHY OIEHY 3a HAuuH NpUKa3a U
TyMauema pe3ynrara, ca 3aKk/bydKOM Ja je JOKTOpCKa JAWCepTalfja OpPUTHHAIHO
ayTOPCKO JIeJI0 KaHauaTkumbe Maje Jonmh.

Presentation of all results of the research is well organized thematically, and it is given
with logical order. Formulation of the results is precise and clear. Interpretation of the
results is correctly presented, with a review of consequences that follow from main
results.

Text of the dissertation has been checked by the plagiarism detection software
iThenticate at the library of the Department for Mathematics and Informatics at Faculty
of Sciences in Novi Sad, and as a result of the comparison analysis a similarity index of
44% was obtained. Based on the results of this analysis, the committee has determined
that the largest amount of similarity (the first two overlaps) is with scientific articles of
the candidate. These are two published papers. Candidate Maja Joli¢ is the first author of
these papers, and the former contain results from the dissertation. The software has also
spotted negligible overlaps with parts of the text of other authors, less than 1%, and these
are common language constructions in mathematical text, formulations of some
definitions, lemmas, theorems, etc. Since in the dissertation there is always a reference of
the cited result, the committee concludes that there are no elements of plagiarism.

Therefore, the overall conclusion is that the doctoral dissertation is the original individual
work of the candidate Maja Joli¢. All members of the committee are familiar with the
Similarity report results.




In view of the conclusions presented above, the committee gives a positive opinion for
the presentation and interpretation of the results, with the conclusion that the dissertation
is the original individual work of the candidate Maja Joli¢.




IX KOHAYHA OLHEHA JOKTOPCKE JUCEPTAIINJE:

Ja 1 je aucepraliyja HaIMcaHa y CKIIAAy ca 00pa3iioKemheM HaBeICHUM Yy TIpHjaBu TeMe?

I[I/ICepTaHI/Ija je Yy OOTIIYHOCTH HallMCaHa y CKIaay Cca O6paBJ’IO)K€H:eM HaBCJICHUM Y HpI/IjaBI/I TEMC.

Is the dissertation written with respect to the guidelines stated in the dissertation application?

Dissertation is completely written with the guidelines stated in the dissertation application.

Ja mu mucepTanuja caapku cBe OUTHE eeMeHTe?

Jucepranyja y MOTIYHOCTH Caap»H CBe moTpebHe enemenTe. JlaT je BpioO Mpenu3aH yBOA Y TEOPHjCKe
KOHIIENTE KOjU Ce KOpHCTe KacHHuje y paxy. Opranusaiuja noriaasiba je jacHa u ornyna. HaumH usnarama
je jacan u xonkpetaH. Crnucak OuOnuorpadcekux pedepeHiu cBemnound o A00pOM MO3HaBaWky 00IAaCTH, U
KBaJIUTETHO j€ CACTaBJbCH.

Does the dissertation contain all the vital elements?
Dissertation definitely contains all the vital elements. A very precise introduction to theoretical concepts to

be used is provided. The organization of the chapters is clear and logical. The interpretation is clear and
concrete. List of bibliography references witnesses a well knowledge of this topic, and is well written.

ITo uemy je auceprarnyja OpurnHaIaH AONPHHOC HAYIN?

JlokTopcka nucepranuja KaHauaatkumwe Maje Jonuh mpenctaBiba OpUTHHANAH HAYYHH
pan ca BHUIIIE TEOPHjCKHX JOMPHUHOCA KOjU CE TEMAaTCKH MOTY IOJICIUTH Y TPH IICIHHE.
[TpBa nenuHa OHOCH ce Ha cucTeMe (PpakIMOHUX AU(EpeHlnjaTHuX jeHaYlHa, ApyTra
Ha Pa3BOj TEOpHj€ JIMHEAPHOT YIIPaBJhakha 33 CHCTEME Ca HEIENUM H3BOJIOM, JIOK Ce
Tpeha 1enuHa OJHOCH Ha HEJMHeapHe MpolbiieMe ynpaBibamka. VICTAKHYTH OpUTHHAIHU
JIOTIPUHOCH JIMCepTallfje MOTY C€ OMHUCAaTH Mo cieaehuM taukama:

1. U3BeneHa cy cTpora oOrpaHMYema MaTpulla Ipelacka cTramba jelHe Kiace
JUHEApHUX cuctemMa ca ¢pakuumoHuM wu3BoauMma KamyrtoBor u  Puman-
JlnyBunoBor Ttumna. JloOujeHH cy pe3yiTaTH KOjU C€ OJHOCE Ha IO0CTOjame,
JEAMHCTBEHOCT M OTPAaHMUYEHOCT pElIeHka jeHEe Kilace HEeIMHEapHHX CHCcTeMa
nudepeHnrjaTHuX jeqHaunHa ca KamyToBuM u3Boiom.

2. Tlo3Hatw pe3ynTaTd W3 TEOpHje JIMHEAPHOT YIpaBJbarba 3a CHCTEME Ca IEIUM
M3BOJIOM YOIIITEHHU Cy Ha cucteMe ca KamyToBum u3BosoM pena o uzmely 0 u 1.
Tume je naT HOBU MPHUCTYI aHAJIU3H JIMHEAPHUX TpodiiemMa yrpaBibamkba y KOjuMa
¢burypuiry GppakiuoHu U3BOIH.

3. IlpumeHom pesyaTtara u3 Tauke 1. U 2., JOKa3aHa je KOHTPOJAOWUIIHOCT je/He
KJIace HeJIMHeapHHUX MpolieMa yrpaBibamba.

By what means the dissertation can be considered as an original contribution to science?

Doctoral dissertation by the candidate Maja Joli¢ represents an original scientific work
with several theoretic contributions, which can be divided into three parts. First part
concerns systems of fractional differential equations, second part is related to the
development of linear control theory for the systems with non-integer derivatives, and
third part concerns nonlinear control problems. Original contributions of the dissertation
which stand out can be described in the following way:
1. Sharp estimates of the state-transition matrices for one class of linear systems of
differential equations, involving fractional derivative of the Caputo and the




Riemann-Liouville type, were derived. Results related to the existence,
uniqueness and boundedness of the solution of one class of nonlinear systems
with the Caputo derivative were obtained.

2. Known results from linear control theory for systems with integer-order derivative
were generalized to the systems with Caputo derivative of order a between 0 and
1, which provides a new approach to the analysis of linear fractional control
problems.

3. By the application of the results obtained in point 1. and 2., controllability of one
class of nonlinear control problems was proved.

Koju cy HemocTamu aucepranyje U KakaB je I(MXOB YTHIA] Ha PE3YIITaT HCTPaKUBamba?
Jucepranuja Hema HeJOCTaTaKa.
What are the shortcomings of the dissertation and what is their impact to the result of the research?

Dissertation does not have shortcomings.

X HOPEJJIOT:

Ha ocHOBY HaBeJieHOT, KOMHCH]a NpeJUIaxKe:

Nmajyhu y BuIy cBe NPETXOOHO HABEACHO, KOMHCHja TMpeajake Ja Ce IOKTOpCKa JucepTalija
KaHauaaTkumwe Maje Jonuh nox HasuBoM ,,HenuneapHu mpoOremu yrpaBibamba ca U 0e3 (pakiHoHuX
M3BO/Ia” MPUXBATH, U 12 e KAHIMIATKHILU 0100pH 010paHa ucTe.

Taking into consideration the findings of this evaluation report, the committee recommends that the
dissertation entitled ,,Nonlinear control problems with and without fractional derivatives” written by

candidate Maja Jonuh is to be accepted and the candidate allowed to proceed with its defense.

Mecto u natym: HoBu Can, Humm, [Toaropuma / Novi Sad, Nis, Podgorica, 6. 10. 2023.

1. Ip CpOosby6 Cumuh, penoBuu npodecop
Dr Srboljub Simi¢, Full Professor

, IpeficeTHuK / president

2. llp iBana BojroBuh, Banpeaan mpodecop
Dr Ivana Vojnovi¢, Associated Professor

, 4JIaH / member

3. Ip Jenena Manojnosuh, penoBau npodecop
Dr Jelena Manojlovi¢, , Full Professor

, wIaH / member

4. Ip Hapxo Mutposuh, penoBau mpodecop
Dr Darko Mitrovi¢, Full Professor

, 41aH / member

HATIIOMEHA: YUnan koMuCH]j€ KOjU HE KEJU Ja MOTIUIIIE U3BEIITa] jep ce He ClIaXKe ca MUIUbCHEeM BehrHe
YJIaHOBAa KOMHCH]E, Iy’KaH je Jla YHECE y M3BEIITa] 00pa3ioKeme OJHOCHO pasjiore 300r KOjuX HE JKElU Ja
MOTITHINE U3BEIITA] U 1a UCTH TIOTITHIIIE,
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