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Abstract

This thesis is dedicated to the problems arising in the mathematical modelling of polyatomic gases,
and mixtures of monatomic and polyatomic gases, in the context of the kinetic theory of gases and
fluid mechanics. The kinetic theory of gases (Boltzmann equation and its variants) is a very active
field of applied mathematics. At the same time, continuum theories of physics have quite similar aims
and very often treat the same problems as kinetic theory, although from a different point of view.
The issues related to their mutual relationships are rather involved and call for the application of
mathematical techniques, as well as elaborate physical explanations of modeling problems.

Kinetic theory is a way of modelling a system that consists in a huge number of particles, thanks
to the concept of distribution function. The distribution function is defined on the so-called phase
space, constituted of typical macroscopic variables, time and position in space, but also of microscopic
variables which describe the state of the particles, such as velocity. It aims at describing species (each
species when mixtures are concerned) of the gas. The main equation of kinetic theory is the Boltzmann
equation. It determines the evolution of the distribution function and introduces the collision operator
as a measure of change of the distribution function (due to collisions with other particles). With the
help of the distribution function and the corresponding Boltzmann equation, the balance laws for the
usual macroscopic observable quantities, such as density, momentum and energy, can be obtained in
suitable limits.

For one single monatomic gas, a large literature is available on very different topics of kinetic
theory and fluid mechanics. Some aspects are recalled in the introduction part of the thesis. However,
in the framework of gaseous mixtures, the models are much more intricate. It is indeed necessary to
treat systems of Boltzmann-like equations, rather than one single equation, with multi-species collision
kernels (describing the cross interactions between the different distribution functions). The complexity
of the models grows dramatically if exchanges of internal energy and chemical reactions are taken into
account. The derivation of macroscopic equations from kinetic models remains a very active topic
for mixtures, both at the mathematical level and for deducing relevant macroscopic equations based
on the modelling of microscopic binary interactions. The aim of this thesis is to establish reliable
mathematical models for non-equilibrium processes in polyatomic gases and mixture of monoatomic
or polyatomic gases starting from the kinetic theory of gases, that will be compared with models of
extended thermodynamics.

Considering polyatomic gases, our aim is to derive a macroscopic model for 14 moments starting
from kinetic theory. At the microscopic level, one single parameter is introduced and it becomes an
additional argument of the distribution function that enables to recover the proper equation of state
at the macroscopic level. We first propose two independent hierarchies of the moment equations for
polyatomic gases, which allow to obtain conservation laws for mass density, momentum and total
energy of a gas. Such hierarchies are usually truncated at some order. A method which provides an
appropriate solution to the closure problem when one performs such a truncation is the maximization
of entropy method. We formulate a variational problem for polyatomic gases, and give the solution
for any number of moments. We explore in detail the physical case of 14 moments, in which the
appropriate approximative distribution function yields the closed system, that is further compared
with the model arising from extended thermodynamics. In particular, we compute production terms,
and obtain the explicit expressions for relaxation times in terms of two parameters that can be fitted
in order to obtain a correct value of the Prandtl number and/or temperature dependence of viscosity.
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When dealing with mixtures of polyatomic gases, the hydrodynamic approximation in which col-
lisions between molecules of the same component of a mixture are much more frequent than collisions
between the molecules of different components is studied. It leads to the so-called maxwellization
of a distribution function: the distribution function of each species converges towards a Maxwellian
distribution function, each with its own bulk velocity and temperature. With the help of this specified
distribution function, balance laws for mass density, momentum and energy can be obtained for each
component of the mixture, that can be compared with the multitemperature models for mixtures of
Eulerian fluids coming out of extended thermodynamics. In particular, if we restrict the attention to
processes which occur in the neighborhood of the average velocity and temperature of the mixture, the
phenomenological coefficients of extended thermodynamics can be determined from the source terms
provided by the kinetic theory.

Regarding mixtures of monatomic gases, we discuss the diffusion asymptotics of the Boltzmann
equations. It amounts to scale the macroscopic arguments of the distribution function - time and space
position - with the help of a small parameter interpreted as the mean free path. This asymptotics
corresponds to a slow dynamics in space and an even slower one in time. The Hilbert expansion of
each distribution function yields two equations. The first equation allows to state that the mixture is
close to equilibrium. The second equation is a linear functional equation in the velocity variable. We
prove the existence of a solution to this equation. On the one hand, when molecular masses are equal,
the techniques introduced by Grad in order to prove the compactness of one part of the kernel can be
extended to the multispecies case. On the other hand, we propose a new approach based on a change
of variables in velocities for the same issue, which only holds when molecular masses are different.



Résumé

Cette these est dédiée aux problemes de la modélisation mathématique des gaz polyatomiques
et des mélanges de gaz monoatomique et polyatomique, dans le contexte de la théorie cinétique des
gaz et de la mécanique des fluides. La théorie cinétique des gaz (I’équation de Boltzmann et ses
variantes) est un domaine tres actif des mathématiques appliquées. En méme temps, les théories de
la physique des milieux continus ont des objectifs assez similaires et traitent tres souvent les mémes
problemes que la théorie cinétique, bien que d’un point de vue différent. Les questions relatives a leurs
relations mutuelles sont complexes et nécessitent ’application de techniques mathématiques, ainsi que
des explications heuristiques.

La théorie cinétique permet de modéliser un systeme constitué d’un grand nombre de particules,
grace a la notion de fonction de distribution. La fonction de distribution est définie sur I’espace des
phases, constitué de variables macroscopiques d’une part, comme le temps et la position dans I’espace,
mais aussi d’autre part des variables microscopiques qui décrivent 1’état des particules, telles que la
vitesse. Elle vise a décrire les especes (chacune des especes lorsque des mélanges sont concernés) du gaz.
Une équation essentielle de la théorie cinétique est I’équation de Boltzmann. Elle détermine 1’évolution
de la fonction de distribution et fait appel a un opérateur de collision qui mesure la variation de la
fonction de distribution (due aux collisions avec d’autres particules). Grace a 1’équation de Boltzmann,
les lois pour les quantités macroscopiquement observables habituelles, telles que la densité, le quantité
de mouvement et I’énergie, peuvent étre obtenus dans des limites appropriées.

Pour un gaz monoatomique, une vaste littérature est disponible sur des sujets reliant la théorie
cinétique et la mécanique des fluides. Certains aspects sont rappelés dans la partie introductive de la
these. Cependant, dans le cadre des mélanges gazeux, les modeéles sont beaucoup plus complexes . 11
est en effet nécessaire de traiter des systémes d’équations de Boltzmann, plutét qu’une seule équation,
avec des noyaux de collision multi-especes (qui décrivent les interactions entre les différentes fonctions
de distribution). La complexité des modeles augmente considérablement si ’échange d’énergie et des
réactions chimiques sont de plus pris en compte. La dérivation des équations macroscopiques a par-
tir de modeles cinétiques reste un sujet tres actif pour les mélanges, tant au niveau mathématique
que pour déduire des équations macroscopiques par une modélisation des interactions binaires micro-
scopiques. L’objectif de cette these est d’établir des modeles mathématiques pour les processus hors
équilibre dans les gaz polyatomiques et les mélanges de gaz monoatomiques ou polyatomiques, a partir
de la théorie cinétique des gaz, qui sont comparés ensuite avec les modeles de la thermodynamique
étendue.

En ce qui concerne les gaz polyatomiques, notre objectif est d’obtenir un modele macroscopique
de 14 moments & partir de la théorie cinétique. Au niveau microscopique, un seul parametre est
introduit dans la fonction de distribution, qui permet de récupérer I’équation d’état au niveau macro-
scopique. D’abord, nous proposons deux hiérarchies distinctes formées d’équations de moments pour
les gaz polyatomiques, qui permettent d’obtenir des lois de conservation de la densité de masse, de
la quantité de mouvement et de I’énergie totale du gaz. Ces hiérarchies sont généralement coupées a
un certain ordre. Une méthode qui fournit une solution appropriée au probleme de fermeture lorsque
I'on effectue une telle troncature est la méthode de la maximisation d’entropie. Nous formulons un
probleme variationnel pour les gaz polyatomiques, et donnons la solution pour n’importe quel nombre
de moments. Nous explorons en détail le cas physique de 14 moments, dans lequel la fonction de
distribution approximative fournit le systéeme fermé, qui est ensuite comparé avec les modeles venant
de la thermodynamique étendue. En particulier, nous calculons les termes sources, et nous obtenons
les expressions explicites pour les temps de relaxation en fonction de deux parametres qui peuvent étre
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fixés afin d’obtenir une valeur correcte du nombre de Prandtl et/ou de la dépendance de la viscosité
en température.

On étudie un mélange de gaz polyatomiques dans lequel les collisions entre les molécules d'un
méme composant du mélange sont beaucoup plus fréquentes que les collisions entre les molécules de
composants différents. L’asymptotique correspondante conduit a la ”maxwellization” des fonctions de
distribution: la fonction de distribution de chaque espéce converge vers une Maxwellienne, chacune
avec sa propre vitesse moyenne et température. Grace a la spécification de cette fonction de distribu-
tion, les lois pour la densité de masse, de quantité de mouvement et d’énergie peuvent étre obtenues
pour chaque composant du mélange, qui peut alors étre comparé avec les modeles multitempératures
pour les mélanges de fluides d’Euler provenant de la thermodynamique étendue. En particulier, si nous
restreignons notre attention aux processus pour lesquels les vitesses et températures restent proches
de la vitesse moyenne et de la température moyenne du mélange, les coefficients phénoménologiques
de la thermodynamique étendue peuvent étre déterminés a partir des termes sources fournies par la
théorie cinétique.

On présente pour les mélanges de gaz monoatomiques ’asymptotique diffusive des équations de
Boltzmann. Elle s’obtient en effectuant un rescaling des arguments de la fonction de distribution — le
temps et la position en espace — avec ’aide d’un petit parametre interprété comme le libre parcours
moyen. Cette asymptotique correspond a une dynamique lente dans ’espace et encore plus lente dans
le temps. Le développement de Hilbert de chaque fonction de distribution donne deux équations. La
premiere équation permet d’affirmer que le mélange est proche de I’équilibre. La deuxieme équation est
une équation fonctionnelle linéaire en la variable de vitesse. Nous prouvons ’existence d’une solution
de cette équation. D’une part, lorsque les masses moléculaires sont égales, les techniques introduites
par Grad afin de prouver la compacité d’une partie du noyau peuvent étre étendues au cas de plusieurs
especes. D’autre part, nous proposons une nouvelle approche basée sur un changement de variables
des vitesses dans le méme but, mais qui est valable lorsque les masses moléculaires sont différentes.
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OBa jmuceprarnuja je nmocseheHa mpobieMuMa MATEMATHIKOT MOJIEIUPakha BUIIEATOMCKUX TacoBa,
Ka0 U MEIIABUHA J€/ITHOATOMCKUX U BUIIEATOMCKUX IacOBa y OKBUPY KMHETUIKE TEOPUje TacoBa M MEXa-
nuke daynma. Kunernuka reopuja racosa (Bosvanosa jeaaunta u mwene MouduKaimje) mpeacra-
BJb& BEOMA aKTHBHO I10/b€ UCTPAXKUBaFha HA I0JbYy IPUMEHEHE MaTeMaTuKe. Y UCTO BpeMme, PU3nIKe
Teopuje KOje MaTepujy TPETUPAjy KAO HEIPEKUIHY CPEINHY UMAjy CJIUYHE IMUJHEBE UCTPAKUBAIbA, Ko
KHHETUYKA TEOPHja racoBa W BPJIO YECTO AHAJU3UPA]Y UCTOBETHE IPODJIEMe, ajli UM MPUCTYIAjy Ha
apyru Hadu. [Iurama mUXOBOT MelycoOHOT oHOCa Cy BeoMa JyOOKa M 3aXTeBajy HPUMEHY ITOCeOHUX
MaTeMATHIKUX METO/Ia, KA0 U JIETAJHHO O0jallliberbe (PU3NIKNX ACIeKATa MOJIECIUPAIbA.

Kunernuka Teopuja je HAUUH MOJeIUparba CHCTEMa KOJjU €€ CACTOJU OJI BEJMKOr Opoja decTHuIa
roMmohy Kourenra GyHkuje pacuogesire. PyHKnuja pacmojese je geduHucana Ha TAKO3BAHOM (Hha3HOM
IIPOCTOPY KOjU Ce CacTOju 0Ji yoOMYajeHnX MaKPOCKOIICKUX ITPOMEHJHUBUX, BPEMEHA U IIPOCTOPA, aJu
7 O/, MUKPOCKOIICKAX ITPOMEHJbUBHUX KOj€ OIHCYjy MUKPOCKOIICKO CTalbe 4eCTHIle, Kao IITO je Op3uHa
gecrure. OHa MMa 32 Wb J1a ONHUIIe YecTHIe (CBaKy OJf KOMIIOHEHATA KaJla Ce MOCMATPajy MEIaBIHe)
raca. OCHOBHa jeqHaunHa KuHEeTHUIKe Teopuje je BommmManosa jeanaanna. OHa ofpelyje BpeMeHCKY eBo-
Jaynujy OYHKIje paciojiesie U YBOJIU KOJIM3NOHHU OIIepaTop Kao Mepy Hpomene (YHKIMje PACIIojesie
(koja ce Mema 3060r cyjapa dectuia). 3axsasbyjylin dyHKuju pacnogese u oarosapajyhoj Bosmma-
HOBOj jeiHadnnu, Moryhe je m3BecTu jegHadnne OaJiaHca yoOMIajeHnX MaKPOCKOIICKMX BEJIUYINHA, KAO
IIITO Cy I'YyCTUHa, KOJIMYUHa KpeTarmba " eHepFHja, n TO y IIOTOJHUM I'PaHUYIHUM IIPOIIECUMA.

3a jeTHOKOMIIOHEHTHHU W jeTHOATOMCKH TacC je JIOCTYIHA MHPOKa JUTEPATYPa HA BPJIO PA3JIMINTE
TeMe KMHeTu4dkKe Teopuje u Mexanuke durynma. Hekn aciekTu ce u HaBojie y YBOJHOM JIeJIy JINCEPTa-
nuje. Mehyrum, y oKBUpY TacHMX MeIIaBHHA MOJIEJU Cy Jlajeko ciioxkenuju. HeonxonHo je yseru y
063up cucrem BosMaHoBHUX jeHAYNHA, & HE CaMO jeJIHY jeJIHA4YMHY, Ca BHIIIEKOMIIOHEHTHUM KOJIN3UO-
HUM oneparopuma (Koju Onucyjy unrepakiujy usmehy pasmmuntux dhyHknuja pacnogesa). CiroxkeHocT
MoJIeJIa ce JpaMaTHYHO oBehaBa YKOJIMKO ce yBey IpOMEHE YHYTpAIlllhe eHePruje Uau XeMUjCKe pe-
aknuje. Vspoheme MaKPOCKOIICKUX jeTHAYNHA U3 KHHETHIKIX MOJIEJNIa IIPEe/ICTaB/hba BEOMa aTPAKTUBHY
TEeMy y CJIy4ajy MeITaBUHA, KAKO HA MaTeMaTHYKOM HUBOY, TAKO U 3a oipehuBarbe pesieBAHTHUX Ma-
KPOCKOIICKUX jeJHAYNHA Ha OCHOBY MOJE/IUparba MUKPOCKOIICKUX OWMHApHUX wHTepakiuja. [lub oe
jnmcepraiyje jecre fa hopMupa Moy3/aHe MaTeMaTuIKe MOJIeJie 38 HEPABHOTEXKHE MPOTIEce y CIIyUajy
BUIIIEATOMCKIX I'acOBa U MEIABUHA jeTHOATOMCKUX U BHUIIEATOMCKHUX racoBa moJazehn oy KuHeTHIKe
Teopuje, Koju he 6utu nopeheHu ca Moje/MMa IPOITUPEHEe TEPMOIUHAMIKE.

[Mocmarpajyhu BuireaToMcKe racose, /b HaM je Ja (OPMUPAMO MaKPOCKOIICKU MOJes 3a 14 Mo-
MeHTa 1ojia3ehu off KUHETHIKEe Teopuje racoBa. Ha MUKPOCKOIICKOM HUBOY Ce YBOJM jeJlaH IapaMerap
KOjU TI0CTaje JOJATHU apryMeHT (hyHKIHje pacrojesie U Koju oMoryhaBa jobujame jeHadnHe CTamba
Ha MaKpOCKOIICKOM HUBOY. Hajpe mpejrazkemMo KOHCTpyHUcambe JIBe He3aBUCHE XHUjepapxuje jeITHauYnHa
MOMEHATa 3a BUIIIEATOMCKE T'acoBe, ITO OMOTyhaBa PelrpojyKoBamhe 3aKOHa 0JIPYKAIba Mace, KOJTUINHE
KpeTrama u yKylHe enepruje raca. OBe xujepapxuje ce 0OMYIHO 0OJICelajy Ha HEKOM peJly MOMeHaTa. JeaHa
0/ METOJIa KOja IPYy2Ka aJIeKBATHO PEIIeibe 3a 3aTBapabe cuTeMa (POPMUPAHOT OJICEIAEeM XUjepapXu-
je MoMeHaTa jecTe MPUHIUII MakcuMyMa eHTpornuje. Hanmve, dpopmysuimemo Bapujammonn mpobjemM 3a
BHIIIEATOMCKE T'aCcOBE U M3BOJMMO Dpelleibe 3a 0o Koju pes Momenara. [loroMm mpoydaBamo ciry4aj
14 momenaTa y KOM ce Ha OCHOBY ojrosapajyhe mnpubsmkHe GYHKIHjE pacroiese 100uja 3aTBOPEHN
CUCTEM KOJU Ce JlaJbe IIOPEeU Ca MOJIEJIOM JOOMjeHuM y OKBHUDY Ipoliupene TepmogunaMmuke. Taxobe,
U3padyHaBaMO IeHEPATHBHE 4JIAHOBE, Ha OCHOBY KOjuX J00MjaMO eKCIUIUIUTHE H3pa3e 3a BpeMeHa
peJlakcalyje y 3aBHCHOCTU OJI JIBa IIapaMeTpa, YKja BPEJIHOCT MOXKE Jia ce OMpa Tako jia ce jobuje
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KOpeKTHa BpeHoCT [IpanTioBor 6poja u/miam 3aBUCHOCT BIHCKO3HOCTH O] TEMIIEPATYPE.

XuJIponHAMUYKA aITPOKCUMAIIHja ¥ KOjOj je YIeCTaHOCT Cy/Iapa MOJIEKYJIa UCTe KOMIIOHEHTE MHO-
ro Beha OJ yYecTaHOCTH CyJapa MOJIEKYJa PA3JIMYATHX KOMIIOHEHTH je aHaJM3MpaHa 3a MeIlllaBUHe
BUITEATOMCKIX TacoBa. OHa JOBOAM 70 T3B. MaKCBeau3almje GyHKIMje pactojene: pyHKIIja Paco-
JieJie CBaKe KOMIIOHEHTe MernaBuie hopMaHO KonBeprupa ka MaKkcBesi0Boj pacioiesin ca pa3induTuM
opsuHaMa u Temueparypama. OnpehuBameM pyHKIMje pacojelie jeaHadnae 6aJaHca I'yCTHHE, KOJIH-
4quHe KpeTarba U eHepruje ce MOI'y M3BeCTH 33 CBaKy KOMIIOHEHTY MeIlaBUHE, a HOTOM YIODEIUTH Ca
BUIIIETEMIIEPATYPHUM MOMEIoM 3a Mermasune OjepoBekux (hiIynia TpoIrmupeHe TepMOIMHAMIKE. Y KO-
JINKO YCMEPHUMO HaIIly IaKiby Ha IPOIece KOjU Ce O/IBUjajy y OKOJIHHU CPeibe Op3uHe U TeMIepaType
MeITaBUHE MOYKEMO OIPEeInuTH (PeHOMEHOJIOMKEe KoeuIlnjeHTe IPOIITHPEHe TEPMOIUHAMUKE HA OCHOBY
TeHepaTUBHUX YJJaHOBa KMHETHUYIKE TeOpI/Ije.

ITTro ce Tnue MenaBrHa jeITHOATOMCKUX IacoBa, JIUCKYTYjeMO Jindy3UOHY aCUMIITOTUKY BoJiMano-
BuUX jequaunna. Hanme, MakpocKoricku aprymenTu (byHKIIN]e PACIIOe/Ie - BpeMe U II0JI0XKA] Y IIPOCTOPY
- ce cKaJimpajy moMoly MaJjior mapameTpa KOju ce MHTepIIpeThpa Kao JIyKuHa cjaobomHor myra. Opa
ACUMIITOTUKA OJrOBapa CIIOPOj MWHAMUIIA Yy IIPOCTOPY M jOII CIIOPHUjOj VY BPEMEHY. XMJIOEPTOB Pa3Boj
cBake (byHKIMje pacmoese HaM Jaje aBe jeanaunte. [IpBa jenraunaa Ham oMoryhaBa j1a KaskeMo J1a je
MeIIaBUHA y CTalby OJIMCKO paBHOTEXKHOM. [Ipyra jemnadnna je inaeapra pyHKIIMOHAIHA jeIHATIMHA 110
Oopsunu. JlokasyjeMo ersucTeHIujy pemrema ose jeanadunne. Ca jegHe crpaHe, Kalla Cy Mace MOJIEKYJIa
jenHnake, TexHuke, koje je yBeo ['pam j1a 6u mokazao KOMIIAKTHOCT OMEPATOPA Y jeTHOKOMIIOHEHTHOM
Caydajy, MOy Jia ce IPOIINpPE W Ha BUIIEKOMIOHEeHTHU ciy4aj. Ca apyre crpane, MpeJjlayKeMO HOBHU
IIPUCTYII 3aCHOBAH HA CMEHM ITPOMEHJ/bUBUX, KOJU je BaJUIAH CaMO KaJa Cy MAce MOJIEKYJIA PA3IUINTE.
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Introduction

The (collisional) kinetic theory is a part of nonequilibrium statistical physics. It was introduced
by Boltzmann at the end of the nineteenth century. It provides an alternative to a deterministic, very
detailed, approach, in which each molecule ¢ of a gas is considered, together with its position x; and
velocity v, and t — (x;(t), v;(t))i=1,.. v solves a system of differential equations, essentially Newton’s
law (we assume that particles obey the laws of classical mechanics - not relativistic, neither quantum).
Apart from the impossibility of prescribing initial data (x;(0),v;(0));=1,.. ~ for each molecule, such
a description would yield an enormous number (N ~ 10%¢ in one cubic meter at normal pressure) of
equations. The solution would be so detailed that it would be impossible to grasp all the information.
Kinetic theory provides a less complete statistical description of the behavior of the gas.

The objective of kinetic theory is the modelling of a gas through the concept of distribution func-
tion. Such a statistical approach makes sense if the number of particles is sufficiently large, so that the
gas can be considered as a continuous medium. In short, the state of the gas (in the case of mixture of
gases, each of its components) is described by a distribution function f that is a nonnegative function
defined on the phase space. This space consists of macroscopic variables (such as time ¢ and position in
the physical space x) but also of variables of microscopic nature & that describe the particle itself (for
example, the velocity of the particle) i.e. f: (t,x,&) — f(t,x,€) > 0, where (t,x,&) € Ry x RV x Q,
and Q C RY™(&), Then f(t,x, £)dxdé quantifies the number of particles in the element dx d¢ of phase
space in the vicinity of the point (x,£) at time ¢.

Once the distribution function is defined as the main object of study of kinetic theory, one wants
to understand its evolution. To that purpose, interactions between particles need to be taken into
account. In order to do so, several assumptions are considered:

(1) We assume that the ratio of the mean free path of the molecules (distance traversed by a
molecule between two collisions) to a typical macroscopic length is of order 1: A ~ L, where
A is the mean free path, and L is a typical macroscopic length.

(2) We assume that particles interact via binary collisions. This means that the effect of interac-
tions involving more than two particles can be neglected.

(3) Collisions are assumed localized both in space and time, meaning that they are brief events
which occur at a given position and a given time.

(4) We also assume that collisions are microreversible. This means that the microscopic dynamics
underlying the collision is time-reversible.

(5) Finally, we introduce a molecular chaos assumption, meaning that collisions involve only
uncorrelated particles. In particular, a couple of particles which have already collided are
expected not to re-collide in the future.

The previous assumptions can be rigorously proven (on a small interval of time), in the case of one
single monatomic gas, under a suitable scaling in which the mean free path of a molecule is of the
order of a characteristic length [46, 24, 32].

17
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Under the previous assumptions, the appropriate model for the evolution of the distribution func-
tion is the Boltzmann equation, precisely described in the sequel of this thesis.

The distribution function is not a directly observable object. It even gives an often unnecessarily
detailed description of the gas. Standard experiments enable to obtain only macroscopic quantities,
such as density, velocity, energy, or pressure tensor, heat flux of the gas. The distribution function is
related to these macroscopic quantities by an averaging over the microscopic state of the molecules &
against specific functions of £&. As a consequence, macroscopic equations (for example Euler or Navier-
Stokes like equations) for a monatomic gas can be derived from the Boltzmann equation at the formal
level |25, 10, 11, 12|, and in some cases rigourously |51, 43, 35|.

For a monatomic gas, the Euler equations of compressible gases are obtained when a local equi-
librium is reached for the distribution function [25]. When dissipative effects are taken into account
(constitutive equations for the stress tensor and the heat flux as gradients of the velocity and temper-
ature of the gas are introduced), the Navier-Stokes equations of compressible gases are obtained [25].
These equations represent a good model when the gas is close to a local equilibrium, but they fail in
the description of rapidly changing processes occurring in rarefied gases.

When nonequilibrium phenomena are studied, as in rarefied gas dynamics, the need for a kinetic
description arises.

The level of rarefaction of a medium can be expressed in terms of the Knudsen number. The
Knudsen number Kn is defined as a ratio of length A of the mean free path and the macroscopic
length L characteristic of the process under consideration, i.e. Kn = \/L. Typically, Navier-Stokes
equations are valid as long as Kn <« 1. This condition fails to hold when the relevant length scale
L becomes comparable to the mean free path A\. This can happen either when A\ becomes large, or
when L becomes small. A typical example of a gas with large mean free path is a high altitude flight
in the upper atmosphere. On the other hand, miniaturization produces smaller and smaller devices —
for example micro-electro-mechanical systems, where the length L approaches the mean free path A.
More precisely, with help of the Knudsen number, flow regimes can be classified [57, 44|:

e Kn < 0.01 — the hydrodynamic regime, which is very well described by means of macroscopic
theory (for example Navier-Stokes equations). When Kn — 0, which corresponds to the
hydrodynamic regime without diffusion, even the Euler equations represent a good model,
provided that suitable boundary conditions are introduced.

e 0.01 < Kn <0.1 - the slip flow regime, where Navier-Stokes equations or Burnett equations,
both supplied with slip boundary conditions, can be taken as models.

e 0.1 < Kn < 10 — the transition regime where the gas must be described in greater detail
by extended macroscopic models. The models that can be used in this regime include the
moment methods [57].

e Kn > 10 — free molecular flow, where the flow is dominated by wall /particle interactions and
Boltzmann equation has to be used [23].

Even in the hydrodynamic regime, where macroscopic equations are already good models, the kinetic
theory plays an important role. Namely, one of its goals is to compute the coefficients that appear in
the equations, and that are of phenomenological nature at the macroscopic level. However, the most
interesting application of kinetic theory is in the description of processes which occur when the gas is
outside of the hydrodynamic regime (with Kn 2 0.01).

This doctoral dissertation deals with the establishment of reliable mathematical models for non-
equilibrium processes in rarefied polyatomic and mixtures of polyatomic gases by the methods of the
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kinetic theory of gases. Those models will be compared to the models based on extended thermody-
namics.

Part 1 discusses the kinetic models coming out of the existing literature that we use throughout
the dissertation.

We first recall the basis of the kinetic modelling in the case of one monatomic gas [23]|. In this
case, the variable that describes the microscopic state of the particles is the velocity of the particles v
(& = v). Moreover, conservation laws of momentum and kinetic energy hold during a collision process
of monatomic molecules. As a consequence, the collision transformation can be easily formulated. This
makes possible a simple definition of the collision operator and of the corresponding Boltzmann equa-
tion. The weak form of the collision operator is presented, enabling the derivation of the conservation
laws at the macroscopic level. The equilibrium distribution function is determined by means of the
H —theorem, which is a manifestation of the second law of thermodynamics.

Then the kinetic model corresponding to a mixture of monatomic gases is briefly presented. In
this case, each species A;, 1 < i < s, of a mixture is described by its distribution function f;(t,x,v),
i =1,...,s. We describe the differences with respect to mono-species gases, that mainly appear be-
cause the masses of the different molecules can differ.

Next, we deal with the modelling by kinetic theory of polyatomic gases. The main feature of a
polyatomic gas is the presence of additional degrees of freedom (other than the translational ones).
This phenomenon can be captured in a variety of ways [33]. We consider the case in which the ad-
ditional degrees of freedom are modelled by means of one single continuous (that is, non discrete)
parameter I € R, the so-called microscopic internal energy of a molecule. This parameter becomes
a variable of the distribution function, i.e. € = (v,I). Moreover, it appears in the total energy of
the system consisting of two colliding particles. The collision transformation is obtained by following
the Borgnakke-Larsen procedure [20], and we formulate it in both w— and o— notation [59]. One
of the main goals of the modelling of polyatomic gases is to recover the proper equation of state at
the macroscopic level. In order to do so, we introduce a weight function () which will follow all
integrations with respect to the microscopic state of the particles [22]. We define then the collision
operator and its weak forms, together with the Boltzmann equation. The proper choice of the weight
function ¢(I) leads to the derivation at the formal level of the conservation laws for a polyatomic gas
[29]. Then, the H—theorem is also presented in this case.

Finally, a kinetic model for mixtures of polyatomic gases is formulated: we consider first the colli-
sion process at the microscopic level, then we define the collision operator in a weighted framework and
its weak forms, which help to write the Boltzmann equation and formulate the macroscopic conserva-
tion laws [30]. The equilibrium properties are discussed and the H-theorem is proven. We indicate
here that another possibility in the modelling of such gases is to consider the weight as a part of the
distribution functions. This approach has been developed in [22] in the context of polyatomic gases.
Following this lead, we established a kinetic model for a mixture of polyatomic gases in the conference

paper [2]:

Laurent Boudin, Bérénice Grec, Milana Pavié—éolié, and Francesco Salvarani. A kinetic model for
polytropic gases with internal energy. PAMM, 13 (1):353-354, 2013.

This model provides a L? framework in both variables v and I, well suited for performing a mathe-
matical study of the diffusion asymptotics, as it was done in [1] for a model without energy exchange.
The results of |2] are not presented in this thesis.

Part 2 deals with the presentation of the results which were obtained during the preparation of
the PhD thesis.
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Chapter 2 deals with the establishment of moment equations for rarefied polyatomic gases and
application of the maximum entropy principle for such gases. It is the extended version of the papers
[3] and [4]:

Milana Pavié¢, Tommaso Ruggeri and Srboljub Simi¢. Maximum entropy principle for rarefied poly-
atomic gases. Phys. A, 392 (6): 1302-1317, 2013.

Milana Pavi¢-Coli¢ and Srboljub Simi¢. Moment equations for polyatomic gases. Acta Appl. Math.,
ONline ISSn 1572-9036, DOI 10.1007/s10440-014-9928-6, 2014.

In a monatomic gas, starting from the Boltzmann equation for f := f(¢,x,v), that is

Ohf+v-Vx=Qf, [),

where @ is a collision kernel, it is possible to construct macroscopic equations of balance type (moment
equations) by means of the integration with respect to the velocity variable against monomials of the
velocity:

F(0) Fjﬂ) p)
Fi(f) Fi(f-) pi<11>
AN RN
(1) at Filigig + Z axj Fi1i2i3j — Piligig 3 Zk 6 {]_, e 3}, Vk E N,
: =1 : :
(n) (n+1) p
211213...1n, i19213...inJ 111213...1n,

where
F i = /IR Ui v, fdv, P = /IR vy v, QU f) dv.

These equations fit into a hierarchical order: the flux in the moment equation of tensorial order n
becomes the density in the moment equation of order (n + 1). The first moments are interpreted
as usual macroscopic quantities: for example, F(©) Fi(ll) and Fi(fi)2 are respectively identified as the

macroscopic density, the momentum density and the momentum flux. Moreover, in a monatomic gas,

the trace of Fi(fi)2 ( ,]Cvzl F kgli)) is interpreted as the total energy density, because in a monatomic gas
there is a link between the internal energy density and the trace of the pressure tensor. The collision
invariants (namely, functions 1, v, % | v|*) make the production terms vanish, which enables to recover
conservation laws of the mass density, the momentum density and the energy density from (1)1, (1)
and one half of the trace of (1)s, respectively.

In the case of polyatomic gases, when one wants to build moment equations and to keep their main
properties: (i) hierarchical order of the moment equations and (ii) possibility to recover conservation
laws; one faces new problems, because of the additional degrees of freedom. Indeed, the collision
invariants for a polyatomic gas (functions 1, v, % |v|*> + I) are not well-suited to the construction
of a hierarchy analogously to the case of one monatomic gas (that is, with the help of the velocities
only). However, moment equations can be generalized to polyatomic gases starting from the Boltzmann

equation for f := f(t,x,v,I)
atf+V'VX:Q(fvf)u

where @ is a collision kernel, by constructing two independent hierarchies which we call “momentum”
and “energy” hierarchies [3]. The “momentum” hierarchy is just a polyatomic version of the usual
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hierarchy for monatomic gases:

F0)
0
3 i
(2) OF+Y 9, F;=P, withF = : LB = // Vi Uiy - vi, [ (DA dv,
j=1 F(n) R3XR+

while the “energy” hierarchy starts with the energy collisional invariant and proceeds with the usual
multiplication by monomials of the velocity:

(3)

G2
(3)
3 Gy
8tG+Z 0:,Gj = Q, with G = : , G,ngi = // (% |v|® + I) Uy -+ Uk, [ p(L)d] dv.
j:1 G(m+2) RSXR+

ki..km

Here, ¢(I) is the weight function which enables to recover the energy law of polyatomic gases. For such
hierarchies, the two requirements hold: (i) the hierarchical structure is conserved, albeit separately for
the two hierarchies, and (ii) macroscopic equations (2)1, (2)2 respectively correspond to the conserva-
tion laws of the mass density and the momentum density, while (3); is identified as the conservation
law of the energy density.

The two hierarchies are then truncated at some order:
3 3
oF M 3" o, FINTY = p) 5,00 1+ N9, gD = ),
j=1 j=1

for N > 0 and M > 2, where

F) 1
£ V;
21 21
Fv | B2 | 2 / / Vi | f (DAl dv,
. RSXR+ .
7,(172 i Vi Vig - - - Viy
and
G(2) 1
G,(CS) Vg
cM) _ . ://RSXR (v +1) . fo(DdIdv.
: n :
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Then, the fluxes Fz(ljl\gﬂz)N j and G,(CZY?JLQ j» as well as all non-vanishing production terms (P(N )N > 2,

and QM) M > 3) remain undetermined, and an unclosed system of equations is obtained.

We detail a computation which provides an appropriate solution to the closure problem, namely
the maximization of entropy. The maximum entropy principle used here is inspired by Boltzmann’s
recognition that entropy counts the number of microscopic states that correspond to a given macro-
scopic state. This macroscopic state can be described by moments of the distribution function. Then,
the maximum entropy principle states that the most likely distribution function (density of microscopic
states) is the one which maximizes the physical entropy subject to the constraints that suitable mo-
ments are prescribed. In other words, the approximate distribution function comes out as a solution
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of the following variational problem:

maxys h
1
vi1
(4) st F(N):// Vi Vi fo(I)dI dv,
RSXR+ :
vilviz UZN
1
Vg
G(M):// (5 1v+1) : fo(DdI dv.
R3XR+

Vky - Vkaso

Finally, the maximizer f enables the computation of the undetermined fluxes and the non-vanishing
production terms. Consequently, the system of equations corresponding to the prescribed moments
FY) and GM) s closed.

For N = 1 and M = 2, the solution to the variational problem (4) is the local equilibrium
distribution function, and the corresponding macroscopic equations are the standard Euler equations
of compressible polyatomic gases.

Then, we investigate the case when N = 2 and M = 3. We obtain in this way a non-equilibrium
distribution function, called 14 moments approximation. With the help of this distribution function,
we compute the fluxes ]*"Z-(l?’i)2 o Gl(:i)j and the production terms Pi(IQZ-)Q, Ql(i) for the simplest cross section
enabling to recover one macroscopic parameter for a simple monoatomic gas, namely the so-called
generalized VHS cross section

B(v,vi, I, 1,7 Rw) = K2R® |v — v, [* |w ML

i

v

with K being an appropriate dimensional constant and s satisfying the overall assumption s > —%.
The following 14 moments system is obtained after a suitable linearization procedure:

3
815:0 + Z 621 (puz) =0,

=1
3
Or(pui) + Y O, (puiuj + pij) = 0,
j=1

Oy (puiuj + pij)

3 —1

7
+) O, {Puiujuk + wipjk + ujpki + Ukpij + (a + 2) (ijn + 4j0ki + qrdis )}
k=1
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The production terms allow to obtain explicit expressions for the transport coefficients (the shear
viscosity, the bulk viscosity and the heat conductivity) as functions of the temperature with the coef-
ficients depending on the parameters o and s [4]. Then it is possible to fit the parameter s in order to
obtain a correct value of the Prandtl number or an agreement with the transport coefficients depen-
dence upon temperature, according to the experimental data for some specific polyatomic gases. For
example, for CO the choice s = 0.262 yields a good approximation for both the value of the Prandtl
number and temperature dependence of the shear viscosity.

Chapter 3 deals with the establishment of Euler-like equations involving macroscopic velocities
and temperatures which are different for each species, when mixtures of polyatomic gases are consid-
ered.

Such models are obtained from extended thermodynamics [54] by following Truesdell’s principles
[58]: (i) all properties of the mixture must be mathematical consequences of properties of the con-
stituents, (ii) to describe the motion of a constituent, we may in imagination isolate it from the rest
of the mixture, provided that we properly take into account for the actions of the other constituents
upon it, (iii) the motion of the mixture is governed by the same equations as is a single body; and by
exploiting the Galilean invariance and the entropy principle.

Our aim is to provide a derivation of those models by kinetic theory. We suppose that each species
A; of the polyatomic gas mixture, 1 <14 < s, is described by a distribution function f; := f;(¢,x,v,I)
that satisfies the Boltzmann equation:

S

(5) Oufi +v - Vi = Qul(fi, fi) + Y _Qij(fir f3), 1<i<s,

j=1

J#i
where @;; is a collision operator for molecules of the same species, and @;; is a collision operator for
molecules of different species. In order to obtain at the formal level a multivelocity and multitemper-
ature model, the following asymptotics of the Boltzmann equations (5) is considered: we assume that
the Maxwellisation steps for each species are of the same order, but that this scale is much shorter

than the equilibration scale between different species. In other words, introducing a small parameter
€, we consider the following system of the Boltzmann equations:

1 - :
Off +v Vff = - Qulf5 £+ _Qu(f5. £, 1<i<s.
=1
J#i
Note that this scaling has also been proposed and studied in [16] in the case of mixtures of gases with

discrete internal energy and in [15] in the case of mixture of reactive monatomic gases. When ¢ tends
to zero, each f; converges at the formal level towards the “mid-equilibrium” distribution function:

N/2 .
fo = (m Y e (st
'@ \2ekT,

I
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with macroscopic number density n; = p;/m;, macroscopic velocity u; and temperature T; depending
on the species and satisfying the system:

Opi + Vi - (piw;) =0,
O (piwy) + Vi (piw; @ u; + p; Id) = Ny,

Oy (%Pz wil? + piei) + Vx - {(%Pz il + Pz’ei) u; +piui} =k, i=1..,s.

The formulation of the model consists in the computation of the production terms T; and Z;, which
are (according to the second principle of Truesdell) a description of the mutual interactions of the
constituents. We perform a computation using the modified VHS model for the cross section, as

previously:

N—-2
B“ V, Vi I [* T R w)=2 1KRSij V — Vi 28ij w *
1] ) P sl )

)

Vv

where the parameter s;; satisfies s;; = s;; and under the restriction s;; > —% (N > 1 being the
dimension of the space). Using the special functions, explicit formulas for the production terms are
obtained:
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sziT' 2}5N l‘lsN 2‘
N;, =- w; —u;) Kpijnin; d
i Jzz:l( i J) Hig 1y JCOI-(Tz‘)COJ-(Tj) (N+23ij)(N+23ij+2)
J#i

-1
2RT; | 2kT;\Y aw (BT jwewP [N -1 N
< = > P Um ) “"'F[z}r[si”a“]

my; m]
. N N 2kT, 2kT;\
x 1F1<sij+2+1;2+1;< -+ J) ]ui—uj\z),
m; mg

-1
m; mj m; mj

B — 4 T,

i <2kﬂ+2ij> <2kTi“Z+2ijUJ> i

: R 2]5" |5
+ 2 Kniny Co.(T)Co, (Ty) (N + 2855 + 2)

Jj=1

y kT, | 2k
X(QkTi 2ij>SJ on - (2520 ol [N—w F[N+2sij]

mi+mj 2 2

m; +m; M”mlij%—mJl@Tl (mz—l—m]) (N—|—2SU—|-4)

_ (N+2s;;+2 N [(2kT, 2kT;\ *
X 1F1 <2Z] ( ! + J) ]ui—uj\2>

Y )
2 m; m;

ms; —myg 1 1
KT+ kT + —— (KT — kT
+<2(mi+mj)(zv+zsij+4)( TR E SNy 2sy) KT )>

. (N+2si; N (2kT, 2kT;\ " )
F J . . J 1 .
X 1 1< 2 727< ™y + m; > ‘ul u]]

Chapter 4 is devoted to the study of the diffusion asymptotics of the kinetic model for a mixture
of monatomic gases (labeled with A;, 1 <1i <'s). It is the extended version of the paper [1]:

Laurent Boudin, Bérénice Grec, Milana Pavié¢, and Francesco Salvarani. Diffusion asymptotics of a
kinetic model for gaseous mixtures. Kinet. Relat. Models 6 (1): 137-157, 2013.
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Each species A; of the mixture is described by the distribution function f; = f;(¢t,x,v). We
consider a set of Boltzmann equations:

Ofi +v-Vfi=) Qii(fi, fi), Vi=1,....s,

Jj=1

where @);; is the collision kernel between species i and j. We perform a scaling of the time ¢ and space
position x, with the help of the scaling parameter ¢ (related to the mean free path), in the following
way (this is the traditional scaling of diffusion, [26]):

t— 52t, X > €X.

Then we introduce new distribution functions with scaled arguments:

tE £

g2’ ¢
and we assume
O ff =0(1) and Vxff =0(1), with f5:= ff (t°,x%,v), Vi=1,...,s.

Hence, for any 7, each distribution function f; must solve the following scaled Boltzmann equation,
that is

1 S
(6) Eatff—i-v.vxff:gZQij( £.f5), t>0,xeR? veR’
j=1

We look for ff as a formal power series in €, replace f7 in (6) and identify the coefficients of the
same order in g, as in [21] in the case of one monatomic gas. We only focus on the first two orders.
Thanks to the H—theorem, the order —1 of (6) allows to find the zero-th order term of the series,
that is the Maxwell functions n;(t,x) M;(v), with macroscopic velocity assumed to be equal to 0
(diffusion limit), and temperature scaled to 1, where n; is the macroscopic density of the species A;
and M;(v) is the normalized, centred Maxwell function
m;

M;i(v) = (*)3/2 eIV vy eR3,

2T

Therefore, each distribution function f;, 1 <i <s, can be seen as a perturbation of the equilibrium:
(7) ff(t,X,V) :Mi(v)ni(t’x)+5Mi(v)1/2gi(tvx’v)+"‘u VtZO, VX,V €R3-

We choose to put M;(v)'/? within the first-order term of f£ in (7), since it allows us to work in a plain
L? framework in the variable v for g;.

Focusing on the zero-th order term in € coming from (6), we obtain a linear functional equation in
the velocity variable, holding for any 1 < i < s,

(8) MY <”z Qi (M;, M} g;) +n; Qi (M2 gi, Mj)) = M} (v Vaens) |
j=1

and we wish to show that it can be solved in the natural functional framework. In contrast to the case
of one single monatomic gas, studied by Grad [39], where only one functional equation appears, for
a mixture of monatomic gases, we have a vector of unknown functions g = (¢g1,. .., gs) satisfying the
system (8). For each component g; of g, we work in L? (in the velocity variable), i.e. we investigate
the existence of a vector g satisfying (8) such that g € L?(R3)%. In order to do so, we first rewrite (8)
in a more suitable form:

9) (K—vid)g= (M.1/2 (V-Vxni)) ,

¢ 1<i<s
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where we introduce the operator K with the i-th component of g

_ - m; 3/4 —lmi v|? —7m~v*2
(10) [Kg]Z(V)_le(Q’]T) //R3X52Bij(w’v_v*)6 4 ‘ | e 2 ]| ‘

™

-\ 3/4 ,
+n; (%) eamilv'l’ gi(v’)] dwdv,,

where B;; are the cross section appearing in Q;j, and v; = v;(v) is defined by

5 -\ 3/2
(11) 0< y(v)= an <T2n—ﬂ]_) //R3 o e 2milvsl’ Bij(w,v — vy) dwdv,.
j=1 *

The main result of our work is given in the following Theorem.

THEOREM. Suppose that the cross sections (B;;) are positive functions satisfying

1<4,j<s
1
Bij(W,V)§a|Sin9HCOSH| <|V’+w’1_5> s VWES2, \V/VER?’,
where a >0, 0 < <1 and 0 is the angle between w and V := v — v,. If we assume that

S
(12) Zni(t,x) does not depend on x,
i=1
then, for anyt, X, there exists g(t,x,-) € L*(R3)* satisfying (9), where K and v are given by (10)—(11).
The proof of this Theorem relies on the application of the Fredholm alternative to the operator

K — v1d, for which the compactness property in L?(R3)* of the operator K is required. Indeed, we
prove the following Proposition.

PROPOSITION. The operator K, defined by (10), is compact from L?(R3)* to L?(IR3)S.

The compactness of the operator K is proven by showing a uniform decay at infinity and an
equiintegrability property. It is crucial to dissociate the cases when m; # m; on the one hand, and
m; = m; on the other hand, because the proofs are quite different. Indeed, for any i, we introduce the
set

M;:={1<j<s|mj=m},
which is non empty since i € M;, and write KC as the sum of four operators Ky,..., K4. For any i, the
i-th component of each Ing, 1 < ¢ <4, is given by

3/4
[’Clg]l (V) e —nl mlmj // e 4m1‘v| e 4m]|V*‘ (V*)
R3 x 52
Jj=

X Bij(w, v —vy) dwdvy,

m m;\ 3/4
[Ic2g]z (v) =n; Z ] J //R3 SQ mz|V| mJIV*l mJIV*l gj(vfk)
X

JEM;

m; 3/2 1 it
Ksgl(v) = 3 (2 / / FmalvP? = gmilvel?
R3><S2

JEMz

X Bij(w, v — vy) dw dv,,

X [niezxml“" g;(V.) +n; eimalv'l’ g,(v’)] Bij(w,v —v,)dwdv,,

-\ 3/2 /
agl (0) = 3 (S2) [ it e i g 1)
7 R3xS2

JEM;
X Bij(w,v —v,) dwdv,.
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For the operators Ky, K3 and K4, the proof given by Grad in the mono-species case [39] can be extended
to mixtures. However, the operator s requires a new approach. Grad’s geometrical argument on the w
variable does not hold any longer. Instead of performing a change of variable w into another unit vector
wt € %, orthogonal to w in the plane Span(v — v, w), we change variables in Ky by transforming
(v, vy) into (v,v}). This argument only holds when m; # m;, and its nature is very different from
Grad’s one.






Notations

e for vectors and tensors, we use boldface letters. For example, vectors of RY are denoted by

a=/[a...an]"

Note that the k-th component of the vector a is denoted by ay, for some 1 < k < N. When
a vector is related to the species A;, we denote it by a;. Its k-th component is then [a;],.

e A tensor T is represented by its components 75 ;,. i,

e round brackets around NN indices represent the symmetrization with respect to these indices,
that is, the sum over all N! permutations of the indices divided by N!. For example,

1
a(ibj) = § (aibj + ajbz-)

1
3 (a; (bjeg + brej) + aj (bicg + brei) + ay, (bjc, + bicj))

1
agbjry = 3 (ai (bjk + brj) + aj (bik + bri) + ak (bji + brj))

(13) agbjcy) =

Hypergeometric Functions. We are led to introduce the Kummer confluent hypergeometric function,
denoted by M (a,b, z) or alternatively by 1Fi(a;b;z), with its integral representation

L'[b—aT !
Lb—allld] 1F1(a;b;2) = / e (1 — )7t dt, for b>a >0,
Nl 0
see [5] p. 505, relation 13.2.1. We refer to 1F’1(a; b; z) as its “regularization” given by
- 1
1Fi(a; by 2) = N0 1Fi(a;b;2z), where —b ¢ N.
The following property holds:
- 1
Fy(a;b;0) = ——.
1 1(&, 70) F[b]

Next, we introduce the following function

- 1 1
Fi(b;2) = e 2V 1F(b— 2;2b— 1;4V/2).
0 1(, ,Z) F[b]e 1 1( 9’ ’ \/g)
We recall integral representations of the hypergeometric functions described above that will be useful
for us in the sequel [42]:

(14) 1Fi(a;b; 2) FL / “tgaml G EF1 (b 2t)dt, for a > 0,
- 1 ! 3 1
15 oF1(;b; 2 1273 2R for b > -,
1
Vrl[b—3] /- 2
I 1 " —2y/zcost (; 2b—2 1
(16) oF1(;b;2) = N %] /0 (sint) dt, forb> 5
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Presentation of models






CHAPTER 1

Description of the kinetic models used in this thesis

In this thesis, we will consider three different contexts: mixture of polyatomic gases (Section 2),
one single polyatomic gas (Section 3), and mixture of monatomic gases (Section 4). The aim of this
Part is to introduce the kinetic models for all three situations. We provide moreover in Section 1 a
description of standard mono-species monatomic gas as an introduction.

1. Description of monatomic gases

In this Section, we describe the kinetic modelling of one monatomic gas, such as it is presented in
[23] for example.

The variable that describes the microscopic state of a monatomic gas is the velocity, denoted by v
(& = v). The state of a monatomic gas is described by a distribution function f := f(¢,x,v), that is a
nonnegative function defined on the phase space that consists of time ¢t € R, , space position x € R
and velocity v € R,

If we consider collisions as the main mechanism of interaction between particles, then the appro-
priate model for evolution of the distribution function f is the Boltzmann equation. In absence of
external forces, the Boltzmann equation reads:

The right-hand side of the Boltzmann equation (that is Q(f, f)) is called the collision integral (opera-
tor). It is a quadratic bilinear operator acting only on the velocity v.

The collision integral Q(f, f) corresponds to the effect of the change of velocities of particles due
to collisions. Indeed, if we neglect the mutual interactions between particles, i.e. take Q(f, f) = 0,
then f satisfies the equation of free transport:

8tf—i—v-fo:0.

This means that each particle will travel at constant velocity along characteristics that are straight
lines. That is, f will be constant along solutions of

dx dv 0

—=v, — =0.

dt Toodt

In that case, f at time ¢ can be computed in terms of f at time 0 as follows:
f(t,X,V) = f(O,X - tV7V)'

The collision integral can be split into a gain term and a loss term

Q(faf):Q+(fvf)_Q_(fvf)

The loss term counts all collisions in which a given particle of velocity v will encounter another particle,
of velocity v, and will change its velocity (thus leading to a loss of particles of velocity v). The gain
term measures the number of particles of velocity v which are created due to a collision.

In order to define the collision integral, let us perform an analysis of the collision process between
two molecules of a monatomic gas.

33



34 1. DESCRIPTION OF THE KINETIC MODELS USED IN THIS THESIS

FIGURE 1.1. Transformation (1.4)

Collision transformation. During the collision, the conservation laws of momentum and kinetic
energy hold (because since the gas is monatomic, no internal energy is present at the microscopic level).
We denote by v/ and v/, the pre-collisional velocities of two colliding molecules, that become v and v,
after the collision. Then, the microscopic conservation laws take the following form:

v+ V; =V 4 Vg,
(12) / 2 / 2 2 2
|v| + ‘V*| = [v["+ [vi]".
Combining these two laws, it follows that the intensity of the relative velocity does not change during
a collision:

(1.3) |v/—v;| =|v—v,l.

The system of equations (1.2), or equivalently (1.2); and (1.3), consists of (N + 1) scalar equations
for 2N scalar variables. We express its solution in terms of N — 1 parameters: typically, a unit vector
of the sphere SV~ Among all possible ways to do it, of great interest for this work will be two
parametrizations: we will call them w— and o—representation. In the sequel, we explain in detail the
w—representation, while we only define the o—representation starting from the w—one and explain
how to pass from one to another.

Model in the w—notation. Choose a vector w € SN~1. Then for a given post-collisional relative

velocity v — v, the pre-collisional one v/ — v/, will lie in a plane spanned by the vectors w and |3i§*\ .

Let us define a transformation T, as the symmetry with respect to the plane {w}+, i.e.

(1.4) T.ly]=y - 2w-y)w, for yeRY.

To illustrate this transformation, we restrict to the case N = 3 and represent a vector T, L:}':X*J in

a plane spanned by vectors w and ~—* in Figure 1.1. We parametrize (1.3) with the help of the

[v—v.|
transformation T,, as follows:

vV — V,

(1.5) V'—v;:]V—V*\Tw[ ] =Tu[v—vs,

V=)

Finally, combining (1.5) and (1.2);, we obtain expressions for the pre-collisional velocities in terms of
the post-collisional velocities:

(1.6)
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Collision operator. The collision operator aims at describing the influence of the other particles
on the particles of velocity v. Indeed, one observes an elementary velocity volume of size dv, and
counts both gains and losses of particles in that volume. The particles that change their velocity into
the velocity v are precisely those that had velocity v/ and that encountered a particle of velocity V..
Also, the particle of velocity v can loose its velocity due to a collision with a particle of velocity vi.
The integration with respect to v, and w captures all possible particles that may have an influence on
gain/loss of particles of velocity v.

Therefore, the collision operator is given by
Qf, Ht,x,v) = // [f'fi = ff] B(v, vy, w) dw dv,
RN xSN-1

for any t € Ry and x € RV, where we have used the standard abbreviations:

f/ = f(t7X’V,)7 f>l,< = f(t7x7v:<)7 f* = f(t,X,V*), f:: f(t7x7v)'

The cross-section B(v, v, w) takes into account the nature of the microscopic interactions. In the case
of monatomic gases, B(v, v, w) is a function of |v — v,| and the angle between w and v — v, only,
V—Vy

V] ) =: B.

The structure of the collision integral reflects the general assumptions mentioned in the Introduc-
tion. Indeed, the fact that the variables ¢ and x appear as parameters reflects the assumption that
collisions are localized in space and time. The appearance of the products f’f. and ff. is a conse-
quence of the chaos assumption.

w .

thanks to the Galilean invariance, i.e. B(v,v,,w) =B (|v — Vi,

The weak form of the collision operator. The formulation of the weak form of the collision
operator Q(f, f) allows to recover moment equations at the macroscopic level, especially conservation
laws. Indeed, the weak formulation expresses the change in the integral f]RN fi(v)dv which is due to
the action of collisions.

PROPOSITION 1.1. Let ¢ : RY — R be an arbitrary function of the velocity v such that the
integral

/ QU )(¥) b(v) dv
RN

makes sense. Then, the following holds

10 [ QU@ )i
1 gt / ’
- _4/RN /RN /SNl [/l = f 1] % [0(vV) + 9 (Ve) = (v) = (vs)] Bdw dv.dv.

PROOF. The weak form (1.7) reflects the microscopic reversibility of the collision operator. Namely,
the form of the collision operator enables the invariance of the weak form with respect to interchange
of pre- and post-collisional velocities (v, v,) — (v/,v}) and of particles themselves (v,v,) — (v, V).
Indeed, starting from

(1.9 Loeunmemav=[ [ (rn-pnlvmBasav.ay.

let us perform the change of the variables (v, v,) — (v, v) with unit Jacobian:

[t nwumac=[ [ [ (g naumopdedva

(1.9)
- [ QN v dv.
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Furthermore, let us consider the change of variables (v, v,) — (v/,v}). The Jacobian of this transfor-
mation is 1 because it is based on the symmetry v — v, — (v —v,) =2 ((v — v4) - w) w:

_ In 0]\ _
)= el i) -
Then, (1.8) becomes

[Latnmemav=[ [ [ (=g e Bawav.ay

- / QU H(¥) b(v') dv

Moreover, performing the change of variables (v, v,) — (v, v) in (1.10) with unit Jacobian, we obtain

[t nwuma=[ [ [ lnr- grleesdedva
/fo V(v dv

Finally, summation of equations (1.8), (1.9), (1.10) and (1.11) lead to the required form of the weak
formulation (1.7). O

Iy —ww? wwT

J(V,V*)H(V'Ni) = AbS <‘ _wa IN +ww

T

(1.10)

(1.11)

Comparing the weak form (1.7) with (1.2), it can be easily seen that the momentum ¢(v) = v and

2
kinetic energy (v) = % of a molecule make the weak form of the collision operator equal to zero.
Such functions are collision invariants, according to the following definition.

We call a function ¢ a collision invariant if it satisfies the functional equation:
(1.12) BV) 4 D(VL) = BV) (V) (v, ve,w) € R x $,

PROPOSITION 1.2. The collision invariants (belonging to L} (RYN)) are linear combinations of
the following (N + 2) functions:

(1.13) Ppv)=| v

[v/®

PROOF. We search for a function (v) such that the equation (1.12) is satisfied. The conservation
laws at the microscopic level (1.2) imply that

(1.14) (V) + P(vi) = SV + Vi, 3 [V + S V).
Let us for some function ¢ introduce the operator
(1.15) Diy = (v — i) (Op, — Op,,) — (Ve — Vsg) (Op, — Oy,,), for k # L.

Applying this operator to ¢, we obtain

Dt (v + Vi, 3 [V 4+ 3 [vil?) = (0k — var) (860 + v D20 — Dpp — Vs Doh)
— (v — Vap) (O + Vi 020 — Ojp — V4 029)
=0.

Thus, in conjunction with (1.14), we obtain

DM (@D(V) + 1/1(V*)) =0.

Differentiation with respect to v yields

O (Dt (0(v) + 9(v.))
= (v = va) (20, = B0) + Do = Do) — (00 = vie) (0% azw*k)) () +(v.))
(116) = (vk = vu) (V) + Do (v) — Db (v.) = (01 = vog) Oath(v) =
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Furthermore, we differentiate (1.16) with respect to v., and obtain

(117 —0B(v) + Ga(v) = 0,
and we also differentiate (1.16) with respect to v,, obtaining
(1.18) ~ (V) = Reb(v.) = 0.

The equality (1.17) would not be possible unless
8,%21/1(v) = const, for every k =1,...,N.

Also, equality (1.18) implies that the mixed partial derivatives are constant, and because of the “minus”
sign, they are equal to zero:

D2b(v) =0, 1<k ¢<N.
Note that the proof presented here holds for ¢» € C?(R¥) if the derivatives are taken in the classical

sense. Using them in the sense of distributions enables to treat ¢ € Li (RY). O

We see that the weak form of the collision integral (1.7) vanishes when the test function ¥ (v) is
chosen to be a collision invariant (1.13). In other words,

1
QULNW) | v | dv=0.

8 v

This property of the weak form of the collision operator enables to recover the conservation laws of
mass, momentum density and total energy density at the macroscopic level. In particular, the fact
that (1.13) are the only invariants that satisfy the functional equation (1.74) shows that there are no

hidden conservation laws in the Boltzmann equation.

Next, we define macroscopic quantities as moments of the distribution function, and link the
evolution of these quantities to the solution of the Boltzmann equation.

Macroscopic conservation laws. Even though it only provides a statistical description, the
Boltzmann equation is still unnecessary detailed for the majority of problems. In fact, one is most often
interested in the moments that can be obtained from the Boltzmann equation by means of integration
with respect to the quantities which describe the microscopic state of particles (the velocity v of the
particles in the monatomic case).

To obtain a general macroscopic law, we multiply the Boltzmann equation by some function of
the microscopic state of particles, say 1(v), and integrate over all possible values of microscopic states
v € RV (assuming that f is smooth with respect to ¢,x, and has good properties of integrability with
respect to v):

(1.19) | @r+v-vanumay = [ Qi pe iy,

Let us transform the left-hand side of (1.19). By interchanging the order of the integration and
differentiation, we obtain
/ (O f)(v)dv = 0 f(v)dv.
RN RN
Similarly,
/ (v-Vxf)e(v)dv = Vi - fvi(v)dv.
RN RN
Then (1.19) can be written in the form

o[ oy Ve [ prumidv= [ QUL v,

This is the general moment equation. Its physical interpretation is obtained by specifying the test
function ¥ (v). In the sequel we precise the conservation laws when test functions are chosen to be
collisional invariants for which the right-hand side of the moment equation becomes zero. But first, let
us define macroscopic quantities.
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When (v) is chosen to consist of monomials in the velocity variable, i.e. ¥(v) = v vi, ... v,
where i, € {1,2,3}, for Kk = 1,...n and n € N, we obtain monomial moments of the distribution
function denoted by Fz(ﬁlln

(1.20) Fi(ﬁl...in(t’x) = / m v, v, ... v, f(t,x,v)dv.
RN

The moments of order n < 2 are interpreted as the mass density, the momentum density and the
momentum flux:

0 £ 1
(1.21) PU; = Fi(l) = / m| v | fdv,
puilj + Pij r? RY ViVj

ij
where p is the mass density, u; is i-th component of the macroscopic velocity, while p;; is ij-th element
of the pressure tensor. The splitting of the second order moment is obtained by introducing the
peculiar! velocity of a particle ¢ = v —u. Indeed, from the first order moment (using the zero-th order
moment) we get:

mvifdv:/ m(ui+ci)fdv:pui+/ mc; fdv,
RN RN RN
and therefore

(1.22) me; fdv =0.
RN
Thus, the second order moment becomes
muv; fdv = pusu; + / mecic; fdv,
RN RN
and

(1.23) Dij = / mc;c; fdv.
RN

Moreover, one half of the trace (equalization of indices and summation over them) is interpreted
as the energy density:

(1.24) / o |v\2 fdv = ;plu\Q—i-/ L \c]2 fdv,
RN RN

using (1.21); and (1.22). This definition illustrates the decomposition of the total energy of a gas into
the kinetic and internal energy at the macroscopic level. Indeed, using the peculiar velocity c = v —u
and property (1.22), starting from kinetic theory we obtain the formula for the internal energy density:

_ m 2
(1.25) pe—/RN 5 |c|” fdv.

Comparing the definition of the macroscopic internal energy density (1.25) to the definition of the
pressure tensor (1.23), it can be noticed that the macroscopic internal energy density is related to the
trace of the pressure tensor. In the case of monatomic gases, the trace of the pressure tensor is linked
to the hydrodynamic pressure as follows:

(1.26) D= %(Pn +p22+ -+ DNN)-
Therefore, the caloric equation of state for a monatomic gas is recovered:
(1.27) pe=5p="0nkT,

IThe term “peculiar” is used instead of the term “relative” when one velocity is the macroscopic one, and the other
one is a microscopic one: in this case, the velocity v is the velocity of the particle, so we refer to it as microscopic, while
the velocity u is the macroscopic velocity of a gas.
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where n is the macroscopic density n = p/m, k is the Boltzmann constant and 7' is the temperature
of the gas defined by
C1m fpvm e fdv
"Nk Sy m fdv
Finally, the energy flux can be defined and furthermore properly decomposed using the peculiar
velocity ¢ = v — u as follows:

N
/RN vy fdv = <%p‘u|2 +pe> Ui +Zpijuj + 4,
j=1

where the i-th component of the heat flux q is defined as

qi:/RNTg\chifdv.

Once we have the physical interpretation of the low order moments of the distribution function,
the corresponding moment equations can be derived from the Boltzmann equation.

PROPOSITION 1.3. Let f be a solution of the Boltzmann equation (1.1) that is smooth with respect
to t,x and rapidly decaying in v. Then the following local conservation laws hold:

Op+ Vx-(pu)=0,

N
8tpui+28xj (puiuj +pij) =0,71=1,...,N,
(1.28) j=1

N N
O (%p!u|2 +pe> + Z@z]. ((%p|u|2 +pe) uj + Zpiju@' +Qj) = 0.
j=1 i=1

They respectively represent the local conservation of mass, momentum and total energy density of a
monatomic gas.

H—theorem. The microscopic mechanics we used until now is time reversible. This means pre-
cisely the following. Suppose that at time ty two particles of velocities v/ and v/, are colliding. After
the collision, at time ty + At their velocities are v and v, respectively, thanks to the collisional rules
(1.6). Let us now perform a mental experiment. Let change the sign of the velocities at time tg + At,
that is we consider two particles of velocities —v and —v, at time ¢y + At¢. Then these particles will
collide and at time ¢y 4+ 2At their velocities can be obtained from the collisional rules (1.6):

(=v) = (=) = (Vi) w)w == (v = ((v = Vi) - w)w) = =V,
(—va) + (—V) = (—V2)) - @) w = — (Vi + (v = v) - w) w) =~V
It can be seen that the velocities are equal to the starting velocities up to a change of sign. Or in other
words, the change of sign of velocities at some time makes the system pass through the same sequence
of states which it went through in the forward direction. We described a reversible process.

Disorder, or macroscopic irreversibility, is measured by means of the entropy that is defined starting
from the kinetic theory by

(1.29) n= /RN f log fdv.

PROPOSITION 1.4 (H—theorem). Assume that the cross section B is positive almost everywhere,
and that f := f(v) > 0 is such that all quantities below are well defined. Then

(a) The entropy production is non-positive, i.e.

(1.30) D)= | QU N oz dv <.

(b) Moreover, the three following properties are equivalent.
i. For anyv e RN

Q(f, f)(v) = 0.
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ii. The entropy production vanishes, that is

D(f)= | QU N¥) log s dv=0.

iii. There existn >0, T >0 and u € RY such that

m N/2 —_m y—ul?
(1.31) f(v):n<27rkT) e~ vl

PROOF. In order to prove the statement (a), we consider the weak form of the collision operator
(1.7), choosing the test function ¥ (v) = log f(v):

D(f) = —i/RN /RN /SN_1 [f' L= £ f] x [log ' +1og f, — log f —log f.] B dw dv.dv
1 ! /_ / /_
B _4/RN /RN /SNl [f i ff*} X [Ing fx Ingf*] Bdwdv.dv.

Noticing that the function (x,y) — (x — y)(logx — log y) is nonnegative for x,y > 0, the assumptions
made on B and f yield the non-positivity of the entropy production D(f).

Let us show the equivalence of the three statements in the part (b). The following implications are
straightforward: (i = ii) and (iii = i). Let us show (ii = iii). Indeed, suppose that ii) holds, i.e.

D) == [ L [ 8= F] < [log o £2 = log f = log £.] B dv.dv .

Thus, log f is a collisional invariant, and by Proposition 1.2, log f is a linear combination of 1, v, | V\Q.
Therefore, there exist constants Ag, Ay, ..., An, Ans1 such that

f — €A0+A1v1+...ANUN+AN+1| V|2 .

m  \N/2 m 9
Ao =Inn ((ZWkT) ) ~ o U

Finally, the choice

m .
Ai:kiT'U/i, ’L:].,...,N,
m
A =——
N+1 QkT’
forn >0, T >0 and u € RY yields the form of the equilibrium distribution function. O

One of the important implications of the H—theorem concerns the additional macroscopic law
obtained from the Boltzmann equation. Indeed, for f and log f rapidly decaying with respect to v
and smooth with respect to (¢,x), the integration of the Boltzmann equation over the velocity space
against the test function log f, in conjunction with (1.30), yields

N
7j=1

where 7; is the entropy flux:
7; :/ v; f log fdv.
RN

It should be noted that in the physical sense, the entropy (1.29) coincides with the usual entropy from
the continuum theories up to a change of sign and multiplication by the Boltzmann constant k. Also,
it represents a dynamical entropy in the sense that it is defined for non-equilibrium processes. In
particular, the macroscopic law (1.32), obtained from the Boltzmann equation using the H—theorem,
matches the second law of thermodynamics which says that the physical entropy of an isolated system
should not decrease with respect to time. In other words, if a gas does not interact with an external
device, its entropy will increase until it has reached the maximum value it can have in accordance with
the values of the conserved quantities — mass, momentum and energy density.
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The o—notation. We now present another possible parametrization of equation (1.3). Indeed,
we parametrize this equation with a unit vector o € SN—1:

(1.33) Vv v =|v-v,o.

The last equation in conjunction with (1.2); yields formulas for the pre-collisional velocities in terms
of the post-collisional velocities and the parameter o:

, VA ve  |[v—vy
\% o

2 2 ’
, VA Ve V=V
v = —
* 2 2

Since this notation will be very useful in further computations, its relation to the w—notation is
discussed in the next paragraph.

Passage from w— to o—notation. The relation between parameters w and o can be obtained
from equations (1.5) and (1.33). Indeed, one can see that
(1.34) oc=7z—-2(w-z)w, wherez= YoV
v
We restrict ourselves to space dimension three (N = 3). We remind that w and o are unit vectors
of the sphere S2. Indeed, the notation w and o hides, in fact, two angles. If we introduce angles
a1, B1 € [0, 7], a, B2 € [0, 27], then actually the following notation has been used

CoS ap cos (31
w:=| sinajcosas |, o:= | sinpicosBs
sin a1 sin ag sin S sin (B9

Also, we recall the notation for elements on the sphere S?:
dw :=sina; daj das, do := sinfydSy dfs.

Therefore, when we say that we pass from w— to o—representation, we actually mean that we change
variables (a1, a2) = (B1,B2). Thus, it will be useful to compute the Jacobian Jia, ay)(3,8,)- The
relation which holds between the two groups of angles is obtained from (1.34). Indeed, for some
Z = (Zla 22, Z3)T
cos 1 =01 = 21 — 2(z1cosag + zgsinay cos ag + z3sin aj sin ag) cos aq,
(1.35) sin 51 cos P2 = 09 = 29 — 2 (21 cos vy + 2o sin vy cos g + 23 sin oy sin ae) sin g cos v,
sin 51 sin fo = 03 = 23 — 2 (21 cos a1 + 22 sinay cos ag + 23 sin aq sin ag) sin g sin ag.

Note that Jia, ap)(8:8,) can be decomposed as follows

J(al,az)H(ﬂlﬁz) = J(al,az)H(Ul,W) ‘](01,02)H(5152)'

It is an easy task to compute the Jacobian Jig, g,)(o,0,) from the first equalities in (1.35):

‘](61[32)'—}(01,0'2) = (Sinﬂl)2 |Sinﬁ2| = |J3| Sinﬂl-

Therefore
1

Tlaven @it = 1o

011,042)’—>(01,02)‘

Computation of the Jacobian Jq, a,)s( requires more efforts, and lead to the result

01,02)
J(ar,00)(01,00) = 4 los| |w - z|sinay, Vze R3.
Summarizing, we obtain
sin 81df1dfBy = 4 |w - z| sin ydagdas, Vz € R3.

At the end, one should note that when w moves over the sphere S?, o moves twice over the sphere
S2. More precisely, both w and —w give one . Since the domain for o remains S?, we should add a
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factor 1/2 in the changes of variable between w and o in the integrals. This leads to the final result,
now expressed in standard notation for kinetic theory:

(1.36) / Flo)do= | F(z—2(w 2)w)2|w- z|dw, VzecS?
S2 52

for any function F' such that the integrals are well defined. For the result in any space dimension, we
refer to [59] and give the final result

(1.37) / F(a)da':/ Flz—2(w 2)w)2V ?|w 2|V ?dw, VzesV1
SN-1 gN-1

2. Description of mixtures of monatomic gases

In Chapter 4 of this thesis, we consider a mixture of monatomic gases. The main problem with
respect to the use of a monatomic, mono-species gas is the possibility for molecules to have different
masses. Although seeming at first sight easy to overcome, this extension leads to new mathematical
problems when, for example, the diffusion asymptoptics of the Boltzmann equation is considered. We
write here a brief extension of the preliminaries of the previous Section (under the assumption that
the space dimension is N = 3) to the case of a mixture of monatomic gases.

Let the gas mixture be constituted of s > 2 species. Each species A; of the mixture, 1 <i < s, is
described by a microscopic density function f;. It depends on time ¢ € R, space position x € R3 and
molecular velocity v € R3, and is nonnegative. More precisely, fi(t,x,v)dxdv allows to quantify the
number of molecules of species A; at time ¢ in an elementary volume of size dx, and whose velocities
equal v up to dv. We can also define at a given point x and a given time ¢ the macroscopic density n;
of each species A; by

ni(t,x) = /RS filt,x,v)dv.

The rate of change of distribution functions is measured by means of collision operators ();; defined
below in (1.41). More precisely, each distribution function f; is supposed to satisfy the Boltzmann
equation

(1.38) Oifi +v-Vyfi= ZQij(fi;fj)a Vi=1,...,s.

Jj=1

In order to define the collision operators, let us analyze a collision between two molecules.

Collision transformation. We assume that the mixture only involves molecular collisions in
which, since the gases are monatomic, kinetic energy is conserved. We consider two colliding molecules
of species A; and Aj, 1 < 4,5 < s. Their masses are m; and m;, and their pre-collisional velocities
v’ and v/,. After a collision, the particles belong to the same species (no chemical reactions), so their
masses remain unchanged, and their velocities become v and v,. Both momentum and kinetic energy
are conserved, i.e.

(1.39) mv' + miv, =miv + m;vy, o '}24—%‘%‘2: M| v+ T v, ]?

Consequently, v/ and v/, can be written in terms of v and v:

o VI Mg
1 40) m; +my; m; +my;
( ’ o miv+mjv* my;
v, = - Tw[v—vi,
m; + m; m; + m;

where w € S? is arbitrary, and T}, is the symmetry with respect to the plane {w}*, i.e.

Twz =2 —2(w - 2z2)w, Vz € R3.
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Collision operators. Let 1 < ¢,j < s. The collision operator associated to the species A; and
Aj; is defined by

(1.41) Quir.a®) = [ 16000 = F¥)gv)] Biy(v.v.) des ..

where v/ and v/, are defined by (1.40), and f and g are two functions of the velocity variable. The
cross-section B;;(v, vy, w) only depends on v, v, and w. In fact, B;; is only a function of |v — v,| and

the angle 6 between w and v — vy, thanks to Galilean invariance. Let us set
(1.42) Bij(v, V., w) = By (]v — vy, s

w .
[Vv—vy]

) =:B;j, VYwe 5% Vv,v, e R
The collisions are also supposed microreversible, which ensures that

(1.43) B (|v—v*], ):Bﬂ (yv—v*\, )

The collision operators can also be written under weak forms, obtained from (1.41) using the
changes of variables (v, v.) + (v4,Vv) and (v, v) — (v/,Vv}) for a fixed w € 5%

/ Qus(f, 9) i(v)dv = —= /R 3 /R 3 /S 2 Vi) = F()g(va)] X [9(v') = 6s(v)] By dw dv. dv,

V—Vy
V=]

V—Vx

w .
V=v.]

w .

) [ Qo umiave [ Qe iy
1 / / / /
72 /R /R /S [F(V)g(vi) = FV)g(va)] X [0i(v)) + 5 (Vi) = 6i(v) = 5(v)] Byj dw dv., dv.

We mention that, if we choose suitable test-functions, the weak forms allow to formally write, for
any ¢ and j, and any functions f and g for which the following equations make sense:

(1.45) [ @srowav=o

(1.46) / Qi;(f.9) ( s |2 ) dv + /W Qjilg, f)(¥) ( %mT:F ) dv = 0.

H—theorem. Let us now write down the H—theorem corresponding to the above defined colli-
sional operators and discuss the mechanical equilibrium. The following properties hold.

PROPOSITION 1.5. Let us assume that the cross sections (Bjj)i<ij<s are positive almost every-
where and that all f; :== fi(v) >0, 1 < <'s, are such that both the collisional integrals Q;; and the
entropy production D are well defined. Then

(a) The entropy production is non-positive, i.e.

D(fi,--, fs ZZ/ Qij(fi, £,)(v) log (fi(v)) dv < 0.

=1 j=1

(b) Moreover, the three following properties are equivalent.
i. Foranyl<i,j<sandveR?

(1.47) Qij(fi, f;)(v) =0
ii. The entropy production vanishes, that is
D(fi,...,fs)=0
iii. There exist T > 0 and v € R> such that, for any i, there exists n; > 0 such that

lv—ul?

e

(1'48) fZ(V) =N, <27TkT 2kT
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PRrROOF. The first part can be proven analogously to the first part of Proposition 1.4, using the
weak form (1.44) and some properties of the log function. Let us focus on (ii=-iii). Considering first
the term corresponding to the same species, Q;; = 0 implies that f; has the required form (1.48)

m; 3/2 — |y —uy |2

but with 7; and u; instead of 7" and u. It remains to prove that T; and u; do not depend on 1.
Let us consider the terms corresponding to the species A; and A;. Then @Q;; = 0, i # j, implies
Li(v) fi(vh) = fi(v) fj(vs), which reduces to

my; ’ 2 m; / 2 my; 2 m; 2
v — —wlf = —w . —
For simplicity, using the o—notation, it can be written
mi | MV + M;Vy m; 2 m; | MV + MV m; 2
v —vilo—u| + — Vv —vio—u
2kT; mi +my m; +m; 2KT; m; +my; mi +my;
my 2 m; 2
— W . —
i, 1Vl gy Vel
Equalization of the coefficients in o yields
mmy o (Lmvamgye 1 L mivdmy, 1N
m; +m; ET;  m;+m; kT; ET;  m;+m; kT;
for any v, v, € R3. Consequently,
MV + M;Vy 1 1 u; u; \ 0
mitm; \KG KT;) \T, T;)
which finally yields T; = T} and u; = u,. O

3. Description of polyatomic gases

It is well known that the macroscopic internal energy of a gas consists of two parts: the part
related to the translational degrees of freedom, and the part related to additional (vibrational and
rotational) degrees of freedom. At equilibrium, a linear relation links the macroscopic internal energy
to the temperature (hydrodynamic pressure) of a (rarefied) gas with a factor of proportionality that
is related to the number of degrees of freedom D. In the monatomic case, D = 3, which means that
molecules can move only in 3 directions in space. The main feature of polyatomic gases is the existence
of additional (vibrational and rotational) degrees of freedom (for diatomic D = 5, for three-atomic
D = 6) which reflects the fact that polyatomic gases have more options or liberty for motion during a
collision process than monatomic gases have.

From the standpoint of continuum theories, a specificity of polyatomic gases is that the internal
energy density is not directly related to the trace of the pressure tensor, as it was in the monatomic
case. Indeed, the internal energy is divided into a translational part and a part related to the additional
degrees of freedom. Only the translational part is related to the trace of the pressure tensor.

From the kinetic point of view, it is not an easy task to grasp all the peculiarities of polyatomic
gases. One approach introduces a discrete set of internal energy levels possibly occupied by molecules.
That is, one may think of a polyatomic gas as a mixture of monatomic gases, and attach to each
molecule, besides a continuous variable representing its center-of-mass velocity, a discrete variable rep-
resenting the internal state [40]. The approach that we consider in this thesis is the following: we
build a model of collision as simple as possible between two molecules, which enables to recover at
the macroscopic level a given correct equation of state for the energy. We refer to |22, 29| for this
approach. We introduce one single continuous parameter I € R, for the microscopic internal energy,
which becomes an additional argument of the distribution function.
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The Boltzmann equation. A polyatomic rarefied gas is described by a distribution function
f >0, which depends on the usual variables: time ¢t € R, position in the physical space x € RV (in
some parts we will take N = 3), velocity of the particle v € RY . but also on a microscopic internal
energy I € R. Therefore, the set of variables describing the microscopic state of a particle is extended:
& = (v, I). The evolution of the distribution function f := f (¢,x, v, I) is determined by the Boltzmann
equation. It reads

(1.49) hf+v - Vxf=Q(f )

The right-hand side of the Boltzmann equation, Q(f, f), is a quadratic bilinear operator acting only
on the velocity v and the internal energy I.

We will assume systematically in what follows that f tends to zero sufficiently rapidly with respect
to v and I, and that it is smooth with respect to t > 0, x € RY.

As in the case of monatomic gases, the collision operator can be split into a gain term and a loss
term

Q(f7f):Q+(f7f)_Q_(f’f)

The loss term counts all collisions in which a given particle of velocity v and microscopic internal
energy I will encounter another particle, of velocity v, and internal energy I, and will change its
velocity and internal energy, leading thus to a loss of particles of velocity v and internal energy I. The
gain term measures the number of particles of velocity v and microscopic internal energy I which are
created due to a collision. In order to define precisely the collision integral, some preliminary work is
needed.

Introduction of a weight. A kinetic model with weight was presented in |29, 30] in the context
of mixture of polyatomic gases with possible chemical reactions. The introduction of a weight aims at
recovering a given energy law. We expose this idea in the framework of one polyatomic gas. Later on,
we will extend it for mixtures of polyatomic gases, i.e. we will recall ideas from [30] in the context of
absence of chemical reactions.

The appropriate energy law at the macroscopic level will be obtained if one defines properly the
macroscopic internal energy density. As all the other macroscopic quantities, the macroscopic internal
energy density is defined as a moment of the distribution function f, i.e. by means of integration of
the distribution function f against some test function with respect to the variables aimed at describing
the microscopic state of a gas — in this case, the velocity v € RY and the microscopic internal energy
I € R;. Moreover, we consider weighted integrals. We define a weight as a function ¢([I) of I satisfying
the condition of nonnegativity ¢(I) > 0.

Let us announce that the weight ¢(I) will appear in the definitions of all the macroscopic quan-
tities. Therefore when taking averages of the distribution function f, the appropriate space will be
Ll(Lp(I )dI dv). In particular, the physical meaning of the distribution function is made clear by

defining
n—// fo(I)dIdv,
RN XR+

as the macroscopic density n of a gas.

Our goal here is to determine a form of the weight ¢(I) which will lead to the proper classical
caloric equation of state for polyatomic gases in equilibrium, which reads

1 k
1.50 elp=———T

where e and T are the respective internal energy and the temperature of a gas, while v represents the
heat capacity ratio, which can be related to the number D of degrees of freedom:
D+2

D
The appropriate values for different polyatomic gases and the corresponding form of their equation of
state is presented in the Table 1.1.

’)/:
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molecule | value of D | value of v | equation of state
monatomic 3 2 elp=35kT
diatomic 5 u elp = g%T
three-atomic 6 % elp = 3%T

TABLE 1.1. Values of number of degrees of freedom (D) and heat capacity ratio ()
for monatomic, diatomic and three-atomic molecules with corresponding equations of
state in the case N =3

In order to get a form of the weight ¢(I), we must connect the equation of state (1.50) with the
definition of internal energy density as a moment of the distribution function.

The internal energy density will be properly defined in Proposition 2.2. Here we only anticipate

that from the standpoint of kinetic theory, internal energy density in equilibrium in space dimension
N = 3 reads
3
(1.51) pe]E—znkT—i—ngl, with (g := Cﬁ(T)_/ Iﬁcp(I)e_ﬁIdI.
0 R,

Comparing to the well-known formula (1.50), we must determine ¢(I) so that

(1.52) 31 X AET,
Co
where A should be some constant. If we introduce the notation 7 = %, it can be written
C1 4G d
= = =——1Io .
o6~ 6 ar s

Combining the last equation with (1.52), one obtains an ODE

d 1
I log (¢p) —)\;,
A

whose solution yields (5 o« 77*. On the other side, note that (y is nothing else but the Laplace
transform of ¢(I), i.e. (o = L (p(I)). Therefore,

o(I) x L1 (T_A) = F%)\] L
where I' is the Gamma function. In fact, in order to remain coherent with [30]|, we will rather use the
following simplified formula for the weight ¢(1):
(1.53) o(I) =17, with a > —1.
For this choice of the weight function, one has

Cp = (KT)’T T [ +1+a], and therefore gl =(a+1)kT.

0

To conclude, we observe that for the choice ¢(I) = I, the last result in conjunction with (1.51) leads
to the following form of the internal energy in equilibrium

(1.54) elp = <a + 2) %T, with oo > —1.
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molecule | value of v | value of «

diatomic % 0

three-atomic

ol
N[ =

TABLE 1.2. Values of heat capacity ratio () and parameter of the model (o) for some
types of molecules

Comparing to the original form of the equation of state (1.50), one obtains the relation between the
two coefficients v and a:

O+ T _2a+7

“2(v-1) T 2a+s5
For later purposes, the values for some structure of molecules are presented in the Table 1.2.

Observe that the case of a monatomic gas (v = 5/3) cannot be recovered from the one with continuous
internal energy, since the value of the parameter a in the monatomic case would violate the overall
restriction o > —1.

Collision transformation. The goal of this Section is to determine all pre-collisional microscopic
quantities as functions of the post-collisional ones.

Let us analyze a collision process between two molecules. Suppose that colliding molecules have
velocities v/ and v/, and internal energies I’ and I, respectively. Those are pre-collisional microscopic
quantities. After the collision they are transformed into post-collisional quantities; velocities become
v and v,, while internal energies transform to I and I,. The conservation laws of momentum and
total energy (kinetic plus internal that captures phenomena related to polyatomic gases) of a system
consisting of two molecules are valid during a collision process:

mv' + mvfk =MV + MVy,
(1.55) 2 2 2 2
PV T+ B VLT T+ L= v+ B v + T+ L
It is convenient to pass to the reference frame of the center of mass. We apply the two body
problem, which describes the motion of the particles under mutual interaction only. We introduce the
velocity of the center of mass G and the relative velocity g via

vV + Vv,

(1.56) G=

and g=v —v,.

From the conservation law of momentum, we immediately get that the post- and pre-collisional veloc-
ities of the center of mass coincide, i.e.

v + v
2

The original velocities v and v, can be expressed in terms of the velocities in the center of mass
reference frame from (1.56):

(1.58) v=G+3g and v,=G-1lg
Finally, substitution of (1.58) into (1.55)2 yields

(1.57) G= el

m|G + 3 |g + 1+ 1 =m|GP + 3 |gf* + 1+ L,

where g’ is the relative pre-collisional velocity g’ := v/ — v,. Now, relation (1.57) implies that the
conservation law of energy (1.55)2 is satisfied if and only if

E=2 -V, +I'+ L ="v—v)* +I+1.



48 1. DESCRIPTION OF THE KINETIC MODELS USED IN THIS THESIS

To conclude, rewriting system (1.55) in the center of mass reference frame, we obtained an equivalent
system
mv’ + mvfk = mV + Mmvy,
<1'59) m |/ /|2 / / 2
E=2 -V "+ I'+ I =%|v-v.[ + I+ I,
which is easier to handle.

Laws (1.59) represent the connection between post- and pre-collisional microscopic quantities.
Thus, they can be seen as a system of (N + 1) scalar equations in (2N + 2) scalar unknowns. It
is natural to expect that the solution of this system will be expressed in terms of (N + 1) parame-
ters. To finally express post-collisional quantities in terms of pre-collisional ones, we use the so-called
Borgnakke-Larsen procedure [20].

The Borgnakke-Larsen procedure. This method is based on the repartition of the total energy F.
At first, the total energy FE is divided into kinetic energy and microscopic internal energy. We introduce
a parameter R € [0, 1] in order to impose a part RE of the total energy as pre-collisional kinetic energy,
and the rest (1 — R)E to the microscopic internal energy (of the two colliding molecules):

(1.60) RE="1|v' —v.|*,
1-RE=1+1.

Further, with the help of another parameter r € [0, 1], the internal energy itself is distributed between
two molecules:

I'=r(1-R)E,
(1.61) I=(1-r)(1-RE.

For later purposes, let us introduce here the extra parameters R’ € [0,1] and 7’ € [0, 1] by the following
identities

2y v, =RE, I+L=(01-R)E, I=r(1-R)E, L=(1-1)(1-R)E,

or more precisely,

R = —|v—-v,|?,
4F
(1.62) T
Y=

To summarize, we obtained the pre-collisional internal energies as functions of the post-collisional
quantities by introducing two parameters R and r, as expressed in equations (1.61). It remains to
determine the pre-collisional velocities. This will be done by means of a parametrization of the equation
(1.60) with the help of (N — 1) parameters. Indeed, in the w—notation, for some unit vector w € SN-1
we parametrize (1.60) as follows:

E — Vi
(1.63) Vv =2, /8 Tw[v M ]
m v — v

where T, [y] =y — 2(w - y) w, for y € RY. Combining (1.63) and (1.55);, we obtain expressions for
the pre-collisional velocities in terms of the post-collisional quantities:

, VAV, RE V — Vi
v = + T 5
2 V. m v — v
V},k:v—i—v*_ RETw V — Vi .
2 V. m v — v,

Another possible choice consists in using the o- parametrization, leading to

(1.65) v — v :QWR—EU.
m

(1.64)
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The last equation in conjunction with (1.59); yields formulas for the pre-collisional velocities in terms
of the parameter o:

V,:V+V* n REO_’
2 m

, VvV + Vi RE
V, = — 4/ o.
2 m

The passage from one notation to another can be done by means of the change of the variables de-
scribed by (1.37).

To summarize: we have introduced (N + 1) scalar parameters — those are R, r,w — with the help of
which we managed to express the microscopic pre-collisional quantities in terms of the post-collisional
ones. With that tool in hand, we can define the collision operator. But first, it is necessary to analyze
more deeply the transformation that is defined by the collisional rules.

Collision transformation. For a fixed w € SNV~!, we define the collision transformation

S : RPNV x R2 x [0,1) — R*N x R% x [0, 1)
(v,vi, [, I, R) — (v/,v,, I' I., 7'\ R))

by the relations (1.64), (1.61) and (1.62). We collect its main properties in Lemma 1.6.

LEMMA 1.6. For any w € SN™1, the transformation S,, is an involution of the set R*N x Ri X
[0,1)2 and its Jacobian determinant is given by

N = =

PROOF. In order to prove the involution property of .S,,, we inverse it. This leads to the following
relations:

E=2 -V, +I+1,
v+ v, R'E v — v/ v+, R'E v —v!
— T * .= *_ T * ,
T T Clvewil T v =il
I=+(1-R)E, L =(1—+)1-R)E,
I/
v -

r=— R=—
I'+1 4F *
As a consequence, the transformation S, is an involution.
To compute the Jacobian, we first pass to the reference frame of the center of mass by changing
velocities v and v, to the relative velocity g and the velocity of center of mass G, both defined in
(1.56), i.e. we perform the change of variables with unit Jacobian

(v,vi, I, L7, R) — (g,G, I, L., R).
Moreover, we pass to the spherical coordinates for the relative velocity g:

(g7G7I7I*7T7R) — <’g‘7g7G7[7I*7T7R> .

8|
These two transformations result in an easier computation of the Jacobian Jg_, which now takes the

form
1

e '
g <|g\,%,G,I,I*,T,R>¢—>(|g/|7|:7/|7G/7[/7]i,r/7R/)

JSw = )

g|"
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the last transformations being defined by

E /
g =2/ 2L, g,sz[g}, G =G,
m | gl
I

I'=r1-RE, I'=(1-r(1-RE, v'=—— R ="lg?,
( ) (L =r)( ) E-mgP 1z 8l

where £ = ¢ ]g|2 + I + I,.. Note that the second transformation is just a rotation of the unit vector,
and thus has a unit Jacobian. In addition, we can eliminate G from our consideration. Therefore,

g\
IS = <®> (gl 1L, R) (| |1, 1L RY) -

It seems convenient to change variable I, to E with unit Jacobian, so that

/ N-—1
o ()
Sw = ’g‘ (|g‘7I7E77‘7R))_>(‘g/‘71/7[i77"/7R,).

Now we expand the determinant Jg_ along a column containing the derivatives with respect to I, and
since only the expression for v’ depends on I, we easily obtain:

JS :<g,’>N_11J Er.R |\ T I R
w ‘g| E o % ‘g|2 (Ig‘v T )’_)(|g Iv sl )

The same strategy is used for the column containing derivatives with respect to |g|, and noting that
only R’ is a function of |g| yields

g\ 1 m
o= \lel) B ggeam ® Mmnmmteiry
4

At the end, we simply compute the derivatives

gl N 1 m % 0 7%5%
=\ el ————— 5|8l Ab
e ( 8| > E—m|g|* 2E gl Abs r(1-R) (1-RE  —rE

1-r(1-R) —-(1-RE —(1-rE

g\ 1 mE
() ViR 0-n
Y

_ <|g'|>N—1 ((1 ~R)Jgl

gl 1-R) gl
Then, combining expressions for |g’| and R’, we notice that
g’ _R
’g‘Q R ’

which leads to the final expression for the Jacobian Jg,
o _0=m) g\ =R (R\E
- \lgl) TOa-m)\R)

After proving this Lemma, all the preliminary work for the construction of the collision integral
is done. In the sequel we define the collision operator and present its properties. Before going into
details, let us mention the standard abbreviations that we use

f/ Z:f(t,X,V/,I,), fi ::f(tvxaviali)v f* I:f(t,X,V*,I*), fZ:f(t,X,V,I).

0
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Collision operator. The collision operator corresponding to the distribution function f is defined
for any t € R, ,x € RN by

e QN = [ [ R B0 - R R dwedrdRdL v,

where Q = RY x R, x [0,1]? and v/, v, I’, I/ are defined in (1.64) and (1.61). The cross section

B:=B(v,v.,I,I.,r R,w) is a nonnegative function that satisfies the microreversibility assumptions:
B(v,vi, I, I,,r,Rw)=B(vy,v,[,,],1 -1 R w),

(1.68) T R

B(v,v.,I,I,,r,R,w) =B (V v, I LY R ,w) )

The cross section B describes the nature of the microscopic interactions.

As we already mentioned, the collision operator represents the rate of change of the number of
particles having velocity v and internal energy I. Indeed, on one side, with the sign “+” i.e. with the
term f’f., we count particles that had some other velocity and internal energy before the collision,
and after the collision have velocity v and internal energy I. By the collisional rules, these velocity
and internal energy will be created after a collision of particles having precisely velocities v/, v/, and
internal energies I’ and I before the collision. As a byproduct, the other particle will have velocity v,
and internal energy I, after the collision. That is why the “prime” quantities are called pre-collisionals.
On the other side, the term with the “-” sign, i.e. the term f f,, counts particles that loose velocity v
and internal energy I, which happens when a collision occurs with some other particle of velocity v,
and internal energy I,.

Weak form of the collision operator.

PROPOSITION 1.7. Let ¢ : RN x Ry — R be function of the velocity v and microscopic internal
energy I, such that the integral

[, eupnenewnemaa
RN xRy

makes sense. Then, the following holds

(1.69) //me Q(fs f) (v, I) (v, I)p(I)dvdl
- _i//RNXR /Q/SM [f'fi = ff] x [0V ) + (Vi 1) — (v, I) — ¢(vs, L)]

x B (1 - R)R? 'dwdrdRdl, dv, dI dv.

PROOF. The proof of this Proposition relies on the application of Lemma 1.6. Indeed, we first
write the full expression

(1.70) / /R o QUMD Uv DplD) dvar

:// // [f'f. = ff]o(v, ) B (1= R)R? " dwdrdRdI, dv, dI dv.
RV xRy JQ JSN-1

Then we perform the change of variables (for w € SV~ fixed)
(v,ve, I, I, R) — (V’,V;,I’,Ifk,r',R’) .

Using the invariant properties of the cross section (1.68) and Lemma 1.6, we obtain

am [ QU vl D e avar

_// // [ffe— P A0, T)B (1— R)R> ' dwdrdRdl, dv,dI dv.
RN xR, JQ JSN-1



52 1. DESCRIPTION OF THE KINETIC MODELS USED IN THIS THESIS

Further, we mimic the interchange of particles by means of the change of variables
(vivi, [, I.,7,R) — (vi,v, [, I,1 =1 /R), forwce SN fixed,

first in the integral (1.70), and then in (1.71). Again, using the invariant properties of the cross section
(1.68), we get

ar) [[ QU D) v D et avar

://RN R /Q/;W 1 [f/fi _ff*] (v, 1) B (1_R)RgildeTd]‘_L)dI*dv*dIdv7
xRy -

and
am) [ QU D) v D et avar

:// // [ff.— £ 1] ¢(., 1) B (1 - R)R? " dwdrdRdlI, dv, dI dv.
RN xRy JQ JSN-1

Finally, summation of all four expressions (1.70), (1.71), (1.72) and (1.73) yields the result. O

In the sequel, we investigate when the weak form of the collision operator (1.69) is equal to zero,
which amounts to looking for the collision invariants.

Collision invariants. We call a function v a collision invariant if it satisfies the functional equation
(L.74) ¥ (v, vi, [, Ly, Ryw) € RPV R < [0, 12 < SN (v, D)+ (vs, L) = (v, I') + 9 (V] 1),

The following Proposition shows that the collision invariants are precisely quantities invariant during a
collision — that is the functions whose invariant property can be seen on the microscopic conservation
laws (1.55).

PROPOSITION 1.8. The collision invariants belonging to Llloc are linear combinations of the fol-
lowing (N + 2) functions:

1
(1.75) v =| mv
L ]v\z +1

PROOF. The proof relies on the proof for collisional invariants in the case of a monatomic gas
described in Proposition 1.2. Indeed, we look for a function (v, I) such that (1.74) holds. The
collisional rules (1.55) yield

(1.76) VD) + O(viu L) = $(v 4 v, B[V + B v + 1+ L),
for some function ¢. We use again the operator Dy introduced in (1.15), that is
Do = (0r = vsk) (Oo, = Bu,) — (Ve = 0se) (Do, — D) -

Proceeding as in the proof of Proposition 1.2, we obtain

Oggw(v, I) = const, O2pb(v,I) =0,
which ensures that v is a polynomial of degree 2 with respect to the velocity variable, more precisely
(1.77) Y(v,I)=a(l) +b(I)-v+c(I)2|v|.
In order to make clear the dependence of 1(v, I') with respect to I, we apply the operator 9y — 7, on
identity (1.76), and get

oy (v, I) — 0, (va, I,) = 0.
Now, using the form (1.77), we obtain
a'(I)+b(I)-v+ (D2 |v]* = d (L) + b (L) vi+ (L) 2 ||
This identity can hold only if
a'(I) =const, b'(I)=0 and (I)=0,
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which implies that a is an affine function of I and b, ¢ are pure constants. Inserting this function into
(1.77), the required form of the collision invariants is obtained:

¢(V7]) =C- '(:D(Vv[)?
for some constant vector ¢ € RV12,

As in the monoatomic case, the differential operators are taken in the sense of distributions in the
computation above. [l

According to Proposition 1.7, for any f such that the integrals converge, the following holds
1

(1.78) //R v, QDD . p(I)dIdv = 0.

H—theorem. The microscopic model described by the collision transformation S, is time re-
versible. Indeed, suppose that there are two particles of velocities v/, v/, and internal energies I’ I
at some time tg, that are going to collide. After the collision, at some time tg + At, their state is
precisely S, (V/, Vi, I' I, 7' R") = (v,v, I, I.,r, R). If we change the sign of the velocities, i.e. if we
consider particles of velocities —v, —v, and internal energies I, I, at the time tg + At, then they will
collide, and at the time to 4+ 2At, their state will be S, (—v, —vy, I, L, 7, R) = (—v', Vv, , I' I, ' R.).
Therefore, if the sign of the velocities of the particles is changed, the system passes in the reverse
direction through the same sequence of states which it went through in the forward direction (there
will be a change only in the sign of the velocities).

We now introduce the entropy production functional, whose explicit form is given by

— [[, QU1 togf (v.D)etn)dIav.
RN xRy

It is well defined when f is nonnegative and satisfies some suitable assumptions of regularity, lower
bound, and decay at infinity. The following properties hold.

PROPOSITION 1.9. Assume that the cross section B is positive almost everywhere and that f > 0
1s such that both the collisional integral Q and the entropy production D are well defined. Then

(a) The entropy production is non-positive, i.e.
D(f) <0.

(b) Moreover, the three following properties are equivalent.
i. ForanyveRN, ITcR,

QUf, f)(v,I) =0.
ii. The entropy production vanishes, that is
D(f) =o.

iii. There existn >0, T >0 and u € RY such that

__n L N/2 fﬁ %\vfu\Q I
FI) =2 (27rkT) el .

where (o(T') is given by (1.51):

(1) = [ elneiar,

PROOF. To prove statement (a), let us consider a weak form of the collisional operator for the
choice log f for test function. Then (1.69) implies

(179) D(f) = — //R . / /S PR 18] % Tos (£1£1) ~ log (£1.)]

x B (1—R)R? 'dwdrdRdI, dv, dI dv.
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Note that for z,y € R the function (z,y) — (x —y) (logz — logy) is nonnegative. Since all other
functions under the integral are nonnegative on theirs domains, the non-positivity of the entropy
production D(f) follows.

As regards the second part of the theorem, note that the following implications are straightforward:
(i=1ii) and (iii = i). Let us now show (ii = iii). Suppose that ii) holds, i.e. D(f) = 0. From the
full expression for D(f), already written in (1.79), log f is a collisional invariant. Then, Proposition
1.8 implies that log f is a linear combination of 1, muvy, 5 \v[2 + I, for k=1,...,N, ie. there exists
Ao, A1, ..., An, An+1, all constants, such that

f= 6A0+mA1'U1+'"+mAN'UN+AN+1 (%| V|2+I)

For the choice

n m  \N/2 m 9
Ao =In <(0(T) (27rkT) >_2I<:T al”,

1 .
Al—ﬁuz, 1§Z§N7
1
A =——,
N+1 kT
where n and T are chosen to be positive, and u € RY, the required form of the equilibrium distribution
function is obtained. O

Let us point out an important detail. The necessary condition for Q(f, f) = 0 to hold is that f is
the local Maxwellian distribution function, i.e. that f takes the following shape

n(t, x) m N (v u(x
(1.80) fe(t,x,v,I) = G (QFkT(t,X)) e FTiE (3 ),
where the quantities n, T, u are allowed to depend on time ¢ and space position x. For this distribution
function, the gas is in equilibrium with respect to the velocity and microscopic internal energy, but
not with respect to the time and position variables.

Although the local Maxwellian (1.80) makes the entropy vanish regardless the form of n(t,x),
T(t,x), u(t,x), it does not in general provide a solution to the Boltzmann equation. Indeed, the left-
hand side of the Boltzmann equation imposes conditions on the change of the hydrodynamic quantities
with respect to ¢ and x.

Macroscopic conservation laws. We multiply the Boltzmann equation by some function of the
microscopic state of particles, say (v, I), and integrate (with the weight ¢(I)!) over all possible values
of the microscopic states (v € R, I € Ry ). Similarly to the monatomic case, interchange of the order
of the integration and differentiation leads to the general moment equation:

(1.81) 8t//RN><]R fi/}(V,I)gp(I)dIdv—l—Vx-//RNXR fv(v,I)p()dldv

- / / QU f) (v, 1) (v, T) p(I) AT dv.
RN xRy

In order to identify this general equation with some well-known physical laws, let us define the macro-
scopic quantities appearing in the theory of polyatomic gases.

Definition of macroscopic quantities. We recall the definition of the macroscopic density
n:// fe(l)dldv,
RN XR+
or mass density

(1.82) p:// m fo(I)dldv =mn.
RN xRy
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The momentum density of a gas is obtained by means of integration against velocity v

pu:// mv fo(l)dl dv,
RNXR+

where u represents the macroscopic velocity of the gas.
The total energy density is defined as the integral against the energy collision invariant 3 | V|2 +I:

(1.83) total energy density = // (% |v|? + I) fe(I)dI dv.
RNXR+

Classically, the total energy density is split into the kinetic and internal energy density. In the case of
polyatomic gases, the internal energy density pe is further divided into the translational part p er and
the part related to the internal degrees of freedom pej. This splitting is followed by the decomposition
of the energy collision invariant. Indeed, if we introduce the peculiar velocity ¢ with respect to the
macroscopic velocity u by the relation ¢ = v — u, then we can rewrite the energy collision invariant as
follows
%\v]Q—i—I: %]u\2+mu‘c+%|c\2+l.

Substitution of this decomposition into (1.83) in conjunction with (1.82) yields the decomposition of
the total macroscopic energy density itself:

total energy density = %,0 lu)? + pe,

where % 1) |u|2 is the kinetic energy of the gas and pe is the macroscopic internal energy density that is
additionally decomposed:

(1.84) pe—// <%|c\2—i—[) fo(I)dIdv =per+pey.
RNXR+

The translational part of the macroscopic internal energy density is defined as the polyatomic version
(in the sense that we just have additional integration with respect to I) of the internal energy density
in the monatomic case:

(1.85) per = // el fo(I)dl dv,
RNXR+
while the part related to the internal degrees of freedom defined as
(1.86) p@[:// Ifo(l)dldv
RN XR+

captures the specific properties of polyatomic gases.
One can then decompose the momentum flux:

momentum flux = // viv; fo(I)dl dv = pu;uj + pij,
RNXR+

where p;; is ij—th element of pressure tensor defined by

(1.87) Pij = // meic; fo(l)dldv.
RNXR+

Comparing (1.85) and (1.87), the following difference with respect to the monatomic gases can be
immediately noticed: the internal energy density of a gas pe is not anymore equal to one half of the
trace of the pressure tensor p;;. Namely, in the case of polyatomic gases, only the translational part
of the internal energy density per given by (1.85) is related to the trace of the pressure tensor:

1
per = 5(1)11 +po+ -+ pNN)-

Furthermore, the pressure tensor can be divided into the equilibrium and non-equilibrium part with
the help of the local equilibrium distribution function (1.80):

(1.88) pij://RN . mcicjngo(I)dIdv—l—//RN . meic; (f — fe)e(I)dl dv.
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Defining the hydrodynamic pressure p and the non-equilibrium part o;; of the pressure tensor by

a8 p=k [ mlel fpearav, oy = [[ mac (- so)emara.

the splitting of the pressure tensor (1.88) can be rewritten:

(1.90) pij = P oij + 0ij,

where d;; is Kronecker symbol. Moreover, we can write o;; in the following form
oy = 1655 + pijy

where p;;) is a traceless part of the pressure tensor and 1I is the so-called dynamic pressure defined by

(1.91) =1 // m |c* (f — fg) p(I)dI dv.
RNXR+

Finally, the pressure tensor is structured as follows

(1.92) pij = (p+10) 0ij + peijy-

Comparing definitions (1.85) and (1.89);, one more difference between polyatomic and monatomic
gases can be noticed: in the case of a polyatomic gas, only a part of the internal energy density
(namely, the translational part) is related to the the hydrodynamic pressure

(1.93) perlp = 3p,
and this only happens in equilibrium. Moreover, defining temperature with
- ilffRNXHh m |C\2 fep(I)dIdv
Nk ffRNxR+fSO(I) dl dv ’
the equation of state can be recovered:
(1.94) p=nkT.

Finally, the energy flux is decomposed as

N
(195 energy fiux = [[ (B IvP 1) Fotardy = (3ol + pe) uy+ 3 poi+
R+ i=1
where the heat flux q is defined by

qj:// (%\c|2+1>cjfcp(l)dldv, j=1,...,N.
]RNXR+

Having in mind all these definitions, the next question which arises is the determination of the
identities that the quantities defined above satisfy.

Local macroscopic conservation laws. Using the definitions of the macroscopic quantities given
above, (1.81) and (1.78), we can derive macroscopic identities for these quantities that will be valid for
any solution of the Boltzmann equation.

PROPOSITION 1.10. Let f be a solution of the Boltzmann equation (1.49) that is rapidly decaying

with respect to (v,I), and smooth with respect to (t,x). Then the following local conservation laws
hold:

Op+ Vx-(pu)=0,

N
Ospu; + Z@xj (pujuj +pij) =0, i=1,...,N,
(1.96) j=1

N N
O (% plul® + pe) + Zaxj ((% plul® + pe) uj + Zpiju,- + qj> = 0.
j=1 i=1

Those are respectively the local conservation of mass, momentum and total energy density of a poly-
atomic gas.
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The entropy law. One of the consequences of the H—theorem is the entropy law. Let us define the
entropy and the entropy flux by

(1.97) 17—// flog fo(I)dIdv, nj—// vj flog fe(I)dldv, 1 <j <N.
RNXR+ RNXR+

Then, the integration of the Boltzmann equation against the test function log f in conjunction with
Proposition 1.9 (a) yields the entropy law (valid when f and log f are rapidly decaying with respect
to (v, I) and smooth with respect to (t,x))

N

J=1

4. Description of mixtures of polyatomic gases

Mixture of polyatomic gases are considered in this thesis in Chapter 3. We wish to describe a
mixture of s species — namely species A;, 1 < ¢ < s — thanks to the introduction of s different
distribution functions, in such a way that each distribution function f; describes the species A;, 1 <
1< s.

The constitution of a kinetic model for such a mixture requires ideas from the previous Section.
Indeed, we capture additional degrees of freedom with one continuous parameter, that is the microscopic
internal energy I € R. The derivation of the correct equation of state for each species can be achieved
through the introduction of a suitable weight ¢;(I) (which can be different for each species) appearing
in the integration with respect to the microscopic state of the particles.

The distribution function f; describes the species A;, 1 < ¢ < s. It is supposed to be a non-
negative function that depends on the usual variables, time ¢ > 0 and space position x € RY, the
velocity v € RN of a particle, together with its microscopic internal energy I € R,. Any change in
the i—th distribution function along the trajectory of a particle in phase space is due to collisions
both with molecules of the same kind, and with molecules of the other species. Therefore, the collision
integral in (1.49) should be replaced by a sum of similar integrals, each of which takes into account
the collisions of the molecules of the species A; with molecules of the species A; (including i = j):

(1.98) Ofi+v-Vufi=Y Qi(fi, fi)(v,I), 1<i<s.

J=1

Thus, the change of state of an s—component mixture is described by a system of s equations for the
s distribution functions f;, 1 <1i < s.

In order to provide formulas for the collisional operator );;, we perform an analysis at the level of
two colliding particles.

The microscopic model. Let us consider two colliding molecules of the species A; and Aj,
1 <14,5 < s, with masses m; and m;. Suppose that their pre-collisional velocities are v’ and v/, and
internal energies I’ and I, respectively. Since we exclude chemical reactions, after collision, molecules
belong to the same species, and their masses are unchanged. Velocities become v and v, while internal
energies transform to I and I,. During that collision process, conservation laws of momentum and
total energy — that consists of kinetic plus microscopic internal energy of particles — remain valid:

MV + m;vy = mv' + mjV;,
(1.99) . 2 | my 9 mi |2, my o |2 ! /
Dv + B v T+ L= |V |+ S VL + T+ L

We pass to the reference frame of the center of mass by means of introducing the velocity of the center
of mass G and the relative velocity g:

m;V + m; vy
G=——717"%

and g=vVv—v,.
mi—i—mj
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Then system (1.99) is equivalent to the system

miv 4+ myv, = miv' +m;v.,
(1.100)

E= v v, 4 T+ L=t |V~ [+ T+

This system consists of (N + 1) scalar equations in (2N + 2) scalar unknowns (v/,v,, I’ I}), and its
solution will be expressed in terms of N + 1 scalar parameters — those will be R,r € [0, 1] and a unit
vector of the sphere SV—1. More precisely, we use again the Borgnakke-Larsen procedure in order to
express the pre-collisional quantities in terms of the post-collisional ones. In w—notation, it yields

miV + m;Vvy m; 2RE V-V
R

mi+my o m A+ my [ [V — v
;MY My m; 2RE V=V
vV, = - ,
* mi—i—mj mi+mj Hij @ |V—V*|
(1.101) I'=r(1-R)E,
I=(1-r)(1-RZE,
R % v —v.|*,
1
I+1°

where T,z = z—2 (w - z) w, Yz € RY. Alternatively, v/ and v/, could be expressed in terms of a vector
o € SV~1in the following manner
;o TV vy m; 2RFE MV -+ m;Vv, m; 2RFE

vV = o, \— - o.
m; + mj mi +mg\l g m; + my; m +mj | i

It is easy to pass from one notation to the other one by means of the change of variables o = Tz, Vz €
RY, as described by (1.34).
Lemma 1.11 collects properties of the collision transformation in w—notation.

LEMMA 1.11. For any w € SN=1 the transformation (v,v., I, L., 7, R) — (V',v.,I',I..v' R
given by the relation (1.101) is an involution of the set R*N x R% x [0, 1]? and its Jacobian determinant
18

N
(1-R) (R\*'_ (1-R) (vV-vi\"7?
(1102> J(v,v*,I,I*,r,R)»—)(v’,v;,I’,I,",r’,R’) = (1 - RI) E = (1 IR R/) |V _ V*| .

The proof of this Lemma will be omitted, since it is completely analogous to the proof of Lemma
1.6. It can be found in [30].

Collision operators and their weak forms. Let 1 <4, j < s. The collision operator associated
to species A; and A; is defined for any ¢ € Ry, x € RY by
1

(1'103> Qij(fa g)(V,I) = /Q/SN1 [f/g; - fg*] Bij (1 — R) R%—l SOi(I)

where v/, v/, I’ and I are defined by (1.101), @ = R x R, x [0,1]%, and f,g : RV x R, — R are two
functions. The cross section Bj; := B;j (v, v, I, I, 7, R, w) is supposed to satisfy the microreversibility
assumptions:

dwdrdRdl, dv,,

104 Bij (v,ve, I, Ii,r, R,w) = By (v, v, [, [,1 — 1, R,w) ,
(1.104) Bij (v,vi, I, I, 7, R,w) = Bjj (V’,Vi,[’,]i,r/,R',w).

In the sequel we describe the weak forms of collision integrals. Because of the presence of different
species, two different weak formulations are presented.
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PROPOSITION 1.12. Let ¢; : RY x Ry — R be functions such that the integrals
I, QoD ueDaWvd ad [[ Qe )0 v v Dy (Davar
RNXR+ RNXR+
make sense. Then, the following holds
) [[ QoD s e avar
]RNXR+

_ _// // [f'g. — fgu] x [0 (V. I') — s (v, )] Bij (1 — R) R> "' dwdrdRdI, dv.dI dv,
RN xR4

(1.106)
/ / Qij (f9) (v. 1) i (v.T) i (I) dv I + / / Qi (g F) (v, ) 5 (v, I) oy (1) dv
RN xR+ RN xR+

M / / J fg* [¢z (V/,ll) + w] (V/’ l,) — ¢z (V’ I) ¢] (‘, , [ ):|
RNXR+ *y Lx

PROOF. Let us write the full expression
won) [ Qo) (D) v v D) s (1) dvar
RNXR+

// / / f fg* Y (v, 1) Bij (1-R) R>!dw drdRdl.dv,dIldv.
RNXR+

In order to get formula (1.105) it is enough to perform the change of variables
(1.108) (v,ve, [, L,r, R) = (V V., I, I.,7',R)  for w € SN! fixed,
with Jacobian (1.102). Using property (1.104)s we obtain

a0 [ @y D wv DD dvar

= // / / [fg* — f’gﬂ Yy (V/,I/) Bij (1—-R) R>1 dwdrdRdl,dv,dldv.
RNXR+ QJS2

Summing equations (1.107) and (1.109), we obtain the formula (1.105).
The second part of the proof uses the same strategy. We write the second integral appearing in
the left-hand side of (1.106):

// Qji (9, f) (v, I) ¥j (v, 1) p; (I)dvdl
RN xRy

:// // g mjv+ml-v*+ m; QRETU_,|:V_V*:|,T(1—R)E
RN xRy JQ Js2 mi +m; mi +m; ij ‘V—V*‘

Xf<mjv+miv* m; 2RET [v—v*

m; + m; m; + m; Hij

|:| ,(1—7’) (1_R)E) —g(V,I)f(V*,I*)]

|v — v,
x ;(v,I) Bij (1 - R) R* 'dwdrdR dl.dv,dIl dv.
We mimic the interchange of particles in the last integral by changing variables

(v,ve, [, I.,7,R) — (vi,v,I,,I,1 =7 R), forwe SV fixed,
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so that we obtain

I, @ienwn e mava
RN xRy

N1
(95 ' = g« f] ¥ (vi, L) Bij (1= R)Rz ' dwdrdRdl, dv,dldv.
RNXR+

Next, we perform the change (1. 108) and get

I @it vene mavar
RN xRy

// // 9. f — 9] ¥; (V.. I.) By (1 — R)R2 ' dwdrdRdI, dv, dI dv.
RNXR+

Finally, summing the last two formulas together with the form (1.105) of the first integral appearing

in the left-hand side of (1.106), we obtain the expression (1.106). O
In the case of mixtures, collision invariants are linked to each species of the mixture. Namely, a

set of functions v;, i = 1,...,s is called collision invariant if the functional equation

(1110) VZ,]: 17"-787 wz(VJ)‘f‘%(V*yI*) :wz(v/7[/)+w](v;7li)

is satisfied for every (v, v, I, I,,r, R, w) € R*V x Ri x [0,1]% x SN—1,

PROPOSITION 1.13. The collision invariants corresponding to the species A;, that belongs to Llloc,
are the following (N + 2) functions:

1
lpi(V’I) - m;v
mvE 41

PRrROOF. The proof uses ideas of the proof for the corresponding Lemma 1.8 for one polyatomic gas.
We search for a function 1; such that it satisfies equation (1.110), for 1 < 4,5 < s. Collisional rules
(1.101)1—4 imply that functions of the pre-collisional quantities, i.e. the right-hand side of (1.110), can
be expressed with the help of a function ¢ as follows:

(1.111) Vi(v, 1) + i (Vi, L) = d(miv + myvi, 2 [ v + 5L vl * + T + L).

Let us introduce the operator ngjz corresponding to the species A; and A;, 1 < 4,5 < s, for k,{ =
., N and k # ¢

DI?Z = (Q}k — Q}*k) (m%ﬁw — %av*e> (’Ug — U*é) ( 1 8vk — %jav*k) .
Applying the operator DZ@ to the function ¢, similarly as in the proof of Proposition 1.8, we obtain
chjg P(miv +mjv,, 5 \v]Q + % ]v*]2 +1+1,)=0,
which yields
DZkJK (¢i(V7 I) + wj("*? I*)) = 0.

Differentiating with respect to vy, we obtain
(1.112) m%ﬁg vi(v,I) — mij(‘)g (v, L) + m%(vk — V)R (v, I) — m%(vg — V)02 i(v, I) = 0.
Furthermore, we differentiate (1.112) with respect to v.s, obtaining
L Oty (Vs L) + - OBatpi(v, 1) = 0,

while differentiation of (1.112) with respect to v, yields

Ly (e L) — R, 1) = 0.
The last two equalities imply

8,%2¢i(v, I) = m; const, 8£€¢,~(v, I)=0,
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which ensures that 1) is a polynomial of order 2 with respect to the velocity variable with coeflicients
depending on the species and I, more precisely

(1.113) Ui (v,I) :ai(I)—l—bi(I)-v—l—c([)%|v|2.
In order to make clear the dependence of 1(v, I) with respect to I, we apply the operator d; — J;, on
identity (1.111), and get
oy (v, I) — 0, (vy, I.) = 0.
Now, using the form (1.113) we obtain

ai(I) +Bi(I) - v+ ¢ (1) | v]* = (L) + Di(L) - v + ¢ (1) 5 Vsl
which imposes conditions on coefficients:

a;(I) =const, bi(I[)=0 and (I)=0.

)

Thus, a; takes the form a;(I) = al + a;, while b; is a constant that depends on the species, and ¢ is a
pure constant. Finally, (1.113) becomes

’l/JZ(V7I)—aZ+bZ V+C(71’V| +I)
2
D

Let us point out an important difference between mixtures and single-component gases. In order
to define the collision invariant for the species A;, it is necessary to consider simultaneously two species
Aj; and Aj;, since the collision process itself is formed by two (possible) different species. Moreover, the
weak form (1.106) is defined for species A; and A; simultaneously. Therefore, considering the species
A; and taking the weak form of the corresponding collision operator 2;21 Q;j, in order to get the
right-hand side of (1.106), one needs to add Qj;’s for all j = 1,...,s. Consequently, the cancelation
of the weak form can be obtained only for mixture as a whole, when 1; from (1.106) is chosen to be
a collision invariant. An exception is the weak form (1.105), since it vanishes for the first collision
invariant when only one species, e.g. A; is considered.

Macroscopic conservation laws for mixtures. In order to formulate macroscopic conservation
laws for mixtures, we define macroscopic quantities. Mass density, momentum density and total energy
density of the species A; are defined as the following moments of the distribution function:

m;
(1.114) plul / / miv | frou(I) dl dv.
A AT

If we introduce the peculiar velocity that corresponds to the specie A; with ¢; = v — u;, then pressure
tensor and heat flux corresponding to the species A; are defined as follows

1 (20 = fLo (i ) itiraran

The conservation laws are specified in the following Proposition.

PROPOSITION 1.14. Let f; be a solution of the Boltzmann equation (1.98) which is rapidly de-
caying with respect to v and smooth with respect to t,x. Then the conservation law of mass density for
a species A; and conservation laws of momentum and total energy density for the mizture hold:

(1.116) Opi +Vx-piw;=0,i=1,...,s
(1.117) Z (Oepivi + Vx - (piw; @ u; + i) =0,
i=1

a118) 3 (0 (3ot il + pier) + Voo (31 huil? + pier) i+ prws + 1) ) = 0.

i=1
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PROOF. The conservation law of mass density for the species A; (1.116) is obtained by means of the
integration of the Boltzmann equation (1.98) with respect to v and I, using the definitions (1.114); o
and the property (1.105) of the weak form which ensures that the right-hand side of (1.116) vanishes.
Starting from the Boltzmann equation (1.98), the integration against m; v yields

8tpzuz+v (quz®uz+pz Z//]R ® sz fz:f])( )miV@i(I)dVdL
X4

using definitions (1.114)y and (1.115);. If we sum the last equality over i, then the property (1.106)
makes the right-hand side equal to zero, and therefore the conservation law of momentum (1.117) is
obtained. Finally, integrating the Boltzmann equation (1.98) against 5 | v|*> + I, the same procedure
yields the conservation law of energy (1.118). O

H—theorem. We conclude this Section by writing down the H—theorem corresponding to the
collisional operators we defined and by determining the mechanical equilibrium.

PROPOSITION 1.15. Assume that the cross sections B;;, 1 < 4,5 < s, are positive almost ev-
erywhere and that all f; > 0, 1 < i < s, are such that the collisional integrals Q;; and the entropy
productions D(f1,..., fs) are well defined. Then

(a) The entropy production is non-positive, i.e.

D(fio s fs) : ZZ// - Qulfi ). 1) g (v D) (D) dl av <.

(b) Moreover, the three following properties are equivalent.
i. Foranyl<i,j<sandvcRN IcR,

Qii(fis ) (v, I) = 0.

ii. The entropy production vanishes, that is

D(flv"‘afs)zo

iii. There exist T >0, u € RY and for anyi=1,...,s there exists n; > 0 such that

n; mi \NZ L migy w2y
fi(v,I) = o(T )(27r/<:T> emir( ),

PROOF. The proof follows the same strategy as in [30]. The part (a) can be proven, using the
properties of the weak form (1.106) for v;(v, I) = log f;(v, I) and nonnegativity of the function (z,y) —
(x —y)(log x —logy). Concerning the part (b), the implications (i= ii) and (ii= i) are straightforward.
Let us suppose that ii) holds and let us prove iii). Then, the collision integral corresponding to the
same species Q; is equal to zero, which implies that there exists n; > 0, u; € RN and T; > 0 such that

(1.119) filv,I) = ”i < = )N/2 —r; (5Hv—wilP+1)
. v e K\ 2 ‘ .

Co.(Ty) \2mkT;
Then, it remains to show that u; = u; and T; = Tj for every i # j. Using the terms correspond-
ing to the collisions between particles of the species A; and Aj, we can write f;(v/, 1) f;(v.,I}) =
fi(v, I)f;(Vs, L), which simplifies into

2
1 m; miv+mjv*+ mj QRETw[V_V*}—ui +r(1— R)E
kKT, \ 2 mi +m; mi +mj\| g v — vy
1 2RFE ?
T A AL Tw["_"*]—uj +(1-r)(1-RE
KT} 2 mi + my; m; + m; Lhij ‘V—V*|

1 m; 2 1 m; 2
- (et g (R 4 2)
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Considering the coefficients of the degree 1 in r, we get

1 1
— =0,

which implies T; = T;. Moreover, the coefficients of degree 1/2 in R yield u; = u;. ]
The entropy law. Let us define for each species A;, i = 1,...,s, the entropy and the entropy flux
by
771':// fi log fi i(I)dI dv, 77ij=// vj fi log fipi(I)dldv, 1 < j <N,
RN XR+ RNXR+

under the assumption that each f; and log f; are rapidly decaying with respect to (v, ) and smooth
with respect to (¢,x), for every i = 1,...,s. Then Proposition 1.15 (b) implies the entropy law:

S

N
Do\ O+ 0nm; | 0.

=1 j=1
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CHAPTER 2

Maximum entropy principle for polyatomic gases

Extended thermodynamics is closely related to the mathematical theory of hyperbolic systems [50].
Indeed, the basic equations of extended thermodynamics that aim at describing a monatomic gas are
the balance laws:

3
(2.1) OF +) 0, F; =P,

i=1
where F, F; are densities and fluxes of macroscopic quantities (fields) and P are production densities.

Ordinary thermodynamics already uses such field equations, but it restricts the vector F to have
five components — the densities of mass, momentum and energy, which define the state of a fluid
[27, 48]. In that case (and in absence of chemical reactions), the production terms P vanish, so that
the field equations are in fact conservation laws. The closure of the system is achieved by relating the
fluxes F; to the densities F' through constitutive relations.

The simplest constitutive relation is the thermal equation of state, which relates the pressure at
one point and time to the densities of mass and energy at that point and time. By neglecting viscosity
and heat conduction, one obtains the Euler hyperbolic system for compressible fluids.

The other well-known constitutive equations are those of Navier-Stokes and Fourier for viscous
stress and heat flux. These laws rely on the assumption that the fluxes F; at some position depend on
F as well as on the gradients of F. This enables to write down Navier-Stokes-Fourier equations, which
include derivatives of second order with respect to x in the momentum and energy equations.

Extended thermodynamics extends the state F in order to include further densities, typically the
densities of the fluxes of momentum and energy. In such a way, extended thermodynamics can describe
processes with steep gradients and rapid changes. Whatever the additional variables are, all the basic
equations have the structure of balance equations, although not all of them are conservation laws [50].
The closure is achieved by constitutive equations for the fluxes F; and the production terms P, that
are local and instantaneous so that F; and P at one point and time depend only on the state at
that point and time (and not of the gradients). Moreover, the constitutive equations are restricted to
satisfy two universal principles: the objectivity or relativity principle (stating that the field equations
(2.1) have the same form in all Galilean frames) and the entropy principle (requiring that the entropy
inequality holds for all solutions of the field equations (2.1) and that the entropy density is a convex
function). The two principles together ensure that system (2.1) is symmetric hyperbolic [17, 55, 50|.

Extended thermodynamics is connected to the kinetic theory of gases. Indeed, moments of the
distribution function — solution to the Boltzmann equation — can be identified with field variables.
Then, moment equations can be obtained from the Boltzmann equation by integrating with respect
to the variables that describe microscopic states of the gas against some test functions. It is worth
mentioning that kinetic theory of monatomic gases forces the moment equations to have a hierarchical
structure: the flux in one equation becomes the density in the next equation, so that the fluxes in
the moment equations are in fact also densities. This is not the case in general for fluxes in field
equations arising from extended thermodynamics. Namely, when moments of distribution function are
interpreted as macroscopic fields, we refer to extended thermodynamics at a kinetic level, contrary to
extended thermodynamics at a macroscopic level in general [19]. An important aspect that enables
hierarchical arrangement in the case of monatomic gases is the the simple relation that holds between

67
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the internal energy density and the hydrodynamic pressure, that is the trace of the pressure tensor.

The moment method builds an infinite number of moments starting from the Boltzmann equation.
Apart from the intractability of an infinite number of equations, the description that it suggests is too
much detailed. On the other side, it is common in extended thermodynamics that an approximation
of a thermodynamical process under consideration is obtained by means of a finite number of field
equations. As a consequence, moment equations are usually truncated at some order. Then, an
important aspect of the contact between extended thermodynamics and kinetic theory becomes the
closure problem.

For a monatomic gas, the most popular system that describes its behavior (beyond the usual Euler
and Navier-Stokes equations) is the system of equations for 13 moments — precisely:

mass density 1
momentum density 3
5 = 9(full matrix)

— 3(symmetry of pressure tensor)
—1

pressure tensor

(relation of the trace of pressure tensor and energy)
energy density 1
heat flux 3,

whose closure is at the heart of the following three procedures: (i) Grad’s moment method, (ii) extended
thermodynamics of viscous, heat-conducting gases and (iii) maximization of entropy. It was shown
[50] that in the case of 13 fields these three procedures yield the same macroscopic equations.

The Grad’s moment method is focused on finding an approximate non-equilibrium velocity distri-
bution function f(¢,x,v) which closes the system of balance laws for the 13 moments. The celebrated
solution, given by Grad [37], is based upon the expansion of the distribution function in terms of
tensorial Hermite polynomials. It enables to compute fluxes and production terms and in such a way
closes the system.

The extended thermodynamics [50] yields the same set of equations by imposing universal principles
of relativity and entropy inequality (with a convex entropy).

Motivated by the similarity of extended thermodynamics and moment equations derived from the
Boltzmann equation on one hand, and the observation that Grad’s distribution function maximizes
the entropy [44] on the other hand, a maximum entropy principle was established [31, 47]|. In [50]
this procedure was extended for any number of moments of a monatomic gas.

The moment method and procedures for solving the closure problem when moment equations are
truncated at some order described above were established only within the theory of monatomic gases.
Aiming to go beyond this framework — one wishes to consider rarefied polyatomic gases or real (dense)
gases, one immediately faces a new problem. The simple relationship between the trace of the pressure
tensor and the internal energy density does not exist any more, which disturbs the nice hierarchical
structure of the moment equations.

In the macroscopic framework, an extended thermodynamics theory for real (dense) gases [9] was
only very recently developed. It involves 14 fields:

mass density 1
momentum density 3
6 = 9(full matrix)

— 3(symmetry of pressure tensor)

pressure tensor

energy density 1
heat flux 3.

The presence of one more parameter in the pressure tensor (dynamical pressure) is also a feature
of rarefied polyatomic gases, and its consideration leads to the same problems as in dense gases. This
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Chapter deals first with the construction of moment equations for rarefied polyatomic gases. Another
aim of this Chapter is to establish the maximum entropy principle for rarefied polyatomic gases. To
that end, a variational problem is formulated and solved thanks to the following result [7]: When
F,G € O? with respect to all variables, if a function x = x(t), t € [a, b] is a critical point of the integral

J(z) = ff F(t,z,z") dt that satisfies the conditions
b
K(x) = / G(t,z,2Ydt =L, z(a)=A4, z(b)= B,

then there exists a constant o € R such that the function = z(t) is an extremum of the extended
functional £ = f; (F — a@G)dt, i.e. the Euler-Lagrange equation holds for the extended functional £:

oc d oL

oxr dtox

The moment method and the maximum entropy principle for monatomic gases is recalled, in order to
point out the main problems that appear when polyatomic gases are considered. Then, some ideas
— that were originally developed within the extended thermodynamics theory of dense gases [9] —
about how to overcome these problems will be presented. Finally, the kinetic theory for polyatomic
gases contributed to the justification of these ideas and the establishment of moment equations for
polyatomic gases. Afterwards, the maximum entropy principle is applied in order to close the system
for 14 moments.

(2.2)

1. The state of the art for monatomic gases

In a monatomic gas, the macroscopic quantities are averages of the distribution function f (¢,x,v)
over the velocity space against monomials in v. Therefore, one naturally obtains evolution equation for
the macroscopic quantities by taking moments of the evolution equation for the distribution function
(that is the Boltzmann equation) — integrating with respect to v after multiplication by some monomials
of v. Moments are therefore governed by the moment equations of balance type:

1 1
Viq Vi
Uiy Vig 3 Uiy Vig
(2.3) 8,5/Rsm f(t,x,v) dv+zaxj/Rgmvj : f(t,x,v)dv
=1
Ull PR /l)ln ‘7 /UZI DY U’Ln

1
’UZ‘1

Vi1 Uiy
—[m| T eunm v ie{123) VkeN.
R3 .

The main characteristic of this infinite sequence of equations is that the flux (the term after the
derivative with respect to x) in the moment equation of tensorial order n becomes the density (the
term after the derivative with respect to ¢) in the moment equation of order n+ 1. Fluxes and densities
essentially coincide — the flux in one equation becomes the density in the next equation.

We remind (1.13) that the collision invariants for monatomic gases are 1, v, | v|*>. Consequently, the
first two equations are the conservation laws of the mass density and the ¢;-th component of momentum
density. In addition, one half of the trace (equalization of indices and summation over them) of the
third equation is interpreted as the conservation law of the total (kinetic + internal) energy density.

Let us devote more attention to the last property. The total energy density (1.24) is defined as the
moment of the distribution function against the energy collisional invariant and it can be decomposed
into macroscopic kinetic and internal energy. The macroscopic internal energy density is related to the
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hydrodynamic pressure (which is, according to (1.26), one third of the trace of the pressure tensor) via
the caloric equation of state for ideal gases (1.27):

(2.4) pe =5 (pi1+p2+ps3)=3p.
where k is the Boltzmann constant k = 1.38 - 10723 J /K.

The description by an infinite number of moment equations is equivalent to the description by
the distribution function. Its presentation is perhaps more physically intuitive, since one is usually
interested in the evolution of macroscopic observable quantities, but an infinite number of moment
equations is untractable, and also too much detailed. Therefore, the hierarchy of macroscopic equa-
tions (2.3) is usually truncated at some order of moments, say N.

A method which provides an appropriate solution to the closure problem when one performs such
a truncation is the maximization of entropy method [44]. It is well known that each solution f of the
Boltzmann equation of monatomic gases satisfies the extra entropy balance law:
3
(2.5) Oih + Y Oa;hj =% >0,
j=1

where
(2.6) h:—k:/RSflogfdv, hj:—k:/RSvjflogfdv, E:—k/RSQ(f)logfdv,

k being the Boltzmann constant (this result with factor —k dropped is known as H—theorem, see
Proposition 1.4 in Introduction, equality being satisfied when f is the Maxwellian distribution (1.31)).
In other words, the entropy inequality (2.5) automatically holds for the infinite hierarchy. But, when
the hierarchy is truncated at some order, the entropy inequality (2.5) needs not be satisfied anymore.
In fact, it becomes a strong restriction for the choice of the distribution function that satisfies the
truncated moment equations. At the same time, it is known that the local Maxwellian distribution
(with hydrodynamic variables which depend on ¢t and x), as well as Grad’s distribution, maximizes the
physical entropy h.

These results motivated the formulation of the maximum entropy principle. It states that one can
use in the closure problem the distribution function f which maximizes the physical entropy under the
constraints that its moments are prescribed:

maxy h
(2.7) st. FNtx)= [ m®WN(v) f(t,x,v)dv,
R3

where F(V) := F(N) (¢, x) is the truncated vector of moments up to tensorial order N, and ) g
the vector W given in (2.11) truncated at order N:

1

Ui1

WM (v)=| Vil
’U“ . Uz‘N

Thus, the distribution function used in the closure problem comes out as solution of a variational
problem with constraints.

The problem can be put on physical ground in the following way: the maximization of entropy is
the search for the most probable distribution function. On the other hand, the only information we get
about the system is its macroscopic state, described by the moments (2.7) of the distribution function.
Therefore, we look for a distribution function f within the set of functions compatible with a given
macroscopic state which maximizes the entropy. To be more precise we should write f(V) instead of f,

et us remark an abuse of notation: in some Sections N denotes a dimension of space. However, in this Section,
the dimension of space is 3, and N denotes an order of truncation of moment (equations).
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but to avoid a cumbersome notation we omit the index N. Nevertheless, it is important to note that
f (N) i not solution of the Boltzmann equation (1.49) and it is an open problem to prove that fN)
converge to the solution f of the Boltzmann equation when N — co.

The variational problem with the constraints (2.7) is solved by introducing the vector of multipliers

AN — ( A0 D 4@ A\ >T
21 1112 e 11%2...0N

and yields the following solution f := f (t,x,v)2%

(2:8) f=F() =78,

where

3 3
x =AM . gW 0) 4+ Z )\(l)v“ + Z )\212221}1‘17)1'2 + -+ Z )‘EIL_)._Z‘”Uh ce UG,
i1=1 i1,i2=1 01 yeenyin=1

Finally, plugging the solution (2.8) into constraints of the problem (2.7), we obtain algebraic equations

for the multipliers A,
POV — m e ) e(—1—% AN g (N
Rg
where we have denoted by F(Y) the densities evaluated at the maximizer f Note that the multipli-
ers, and consequently the distribution function, depend on ¢ and x through the moments, AW =
AN (EFWN (¢ %)),

Once the maximizer f is determined, one can compute all macroscopic quantities and in such a way
obtain a closed system of macroscopic equations that determines their time rate of change. Indeed,
truncating the hierarchy (2.3) at the order N and choosing f for the distribution function, we obtain
the following set of macroscopic equations

3
(2.9) o FW) Z axj]f:‘;NH) —p),

dv,

where F( U and P™) are respectively the fluxes and the production terms evaluated at the maximizer
f :

ﬁEN*”: mo @M () fav, PN = [ meM©)Q(f, fdv
R3 R3

means that we consider moments up to the order (n + 1) (starting from the ﬁrst order moment, smce
n > 0) with indices containing index j. More precisely,

Ja0 rY

F(1) ) F](Z)
F) — ' , FUHD = i1

1112 Jin Fi(1i2.~-)inj

Note that, by definition, the moments are symmetric with respect to change of indices, for example
FO _ p@
1112 1211°

However, the solution of the variational problem (2.7) does not provide, in general, an integrable
function (in particular, when N is odd).

One way to overcome this problem is to approximate the solution f by assuming that processes
are not far from local equilibrium. In order to do so, let us first characterize the equilibrium state from
the standpoint of maximum entropy principle.

2With f = f(t,x,v) we denote a solution of the variational problem under consideration.
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If the densities of mass, momentum and energy (densities of Euler system of equations) are taken
as constraints:

p 1
F® = pu; = / m| v | fdv, i=1,23,
2 ; 2
aplul” + pe =\l
the maximum entropy principle yields an equilibrium distribution function (that is, a local Maxwellian
function) as a maximizer, i.e. determines )\SEN):
T
(N) . _ k m_\3/2 1 1
Ap = (—mlog (n (27rkT> —gU 0y 0 ... 0)

fori,j =1,2,3 and d;; representing the Kronecker delta. In such a way, we obtain x at local equilibrium

state (xg = )\SEN) g )), and consequently the solution of the variational problem is

f=F(xe) = fe,
where fg is the local equilibrium distribution function of the form (1.31) with coefficients that depend
on (t,x).
Aiming to expand the maximizer (2.8) in the neighborhood of the local equilibrium [44], we assume
that x = yg or A ~ )\SEN), for a given N, which yields that the exact solution f of the variational
problem (2.7) is approximated as:

fa~F(xe) (1-% K- xp)-
Since F(xg) = fE, the approximate distribution function reads

(2.10) it (1- m XN p™), AN A _ A,

Plugging this approximate distribution function into constraints (2.7) we obtain a linear system of
. . (N . . . .
equations for the coefficients )\( ), and consequently the distribution function expressed in terms of

the known densities F(Y). Finally, the substitution of such distribution function into the moment
equations (2.9) closes this system.
Let us consider an example of (2.10). Taking the following moments as constraints

p 1
PU; (%
(3) = = t ] e
F 1 ) PU;U; —i—pig’ /R3 m 1 Uz‘Ug [ dv, 1=1,2,3,
(50 lul” + P@) wi + 35 Pijuy + G AL

and considering the solution (2.10) for N = 3, we obtain the Lagrange multipliers

3 2 2
0) 1+2P%Zi’j:1p<ij>uiuj—5”?q.u \u[ —1—1%(].11

_e N3+ L a4 222 g ug — Ba
j:lp(zj>uj+5p3 |u| Q’L+5p3q Uqi — 24

St 3 Mt D

;1 (3) ) 2

A== " p 202 s — P 5o
&) 2prPli) T 5t T g AT ROy
(3 Iy
ijk ﬁéj

Then the approximate distribution function (2.10) for N = 3 for this choice of A® coincides with
Grad’s 13 moments distribution function:

3
m 3/2 m 2 1 2
_ — sl el _r P O 2 ithe = v —
=n e~ 2kT 1 -Cc+ iNCiCi + “leclfc], withc=v—u,
fa (27rkT> 24 2 MZ_IPM it g s | cl
based upon expansion of distribution function in terms of Hermite polynomials [37]. Consequently,
the two approaches yield the same set of balance equations for 13 moments. At the same time, at the
macroscopic level the same set of balance laws is obtained by the maximum entropy principle on one

side, and extended thermodynamics on the other side [19].
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Let us present another possibility about how to overcome the convergence problem. Grad’s distri-
bution can be regarded as finite-dimensional approximation of a non-equilibrium distribution function.
At the same time, it provides a solution to the closure problem for the truncated set of moment equa-
tions. A brief comment may be given about the closure procedure provided by Levermore [47] and
the one given here. Namely, the aim of [47] was to give a nonperturbative closure for the moment
hierarchy, thus imposing integrability condition to the exact solution of the variational problem (2.7)
(typically, it amounts to take into account only some even powers of the velocity variable in F& )). This
condition is rather stringent and eventually rules out the exact solution at Grad’s level as inadmissible,
since it is not integrable. However, its approximation in the neighborhood of Maxwellian is integrable.
To put the derivation of Grad’s distribution, or any higher order one, to a firm mathematical ground,
one has to make a compromise and drop the condition of integrability of the exact solution. The way
out is to search for a solution of the variational problem (2.7) among the set of admissible functions of
the form:

[=17E (1+a(N)-\Il(N)>,

for a properly defined equilibrium distribution fg, where o) is the vector of functions which has to

be determined from the variational problem. Two additional requirements are needed:

(1) the equilibrium distribution fz has to be taken exact solution of the variational problem with
constaints F(Q);

(2) a smallness assumption has to be imposed on a™) - v,

The first condition ensures that fr is Maxwellian, while the second one implies that admissible func-

tions are small perturbations of the equilibrium distribution. Under these assumptions, it can be shown

that o™ = —(m/k)A®) is the solution of the constrained variational problem.

In this Chapter, we will build a moment hierarchy for polyatomic gases. A problem that arises in
such a construction is that there is no simple relation between the internal energy density and the trace
of the pressure tensor, such as (2.4). Indeed, the evolution equation of energy cannot be recovered
from any moment equation hierarchically structured as (2.3). This happens for polyatomic rarefied
gases in which we are interested, but also for dense gases. Considering dense gases [9], the system of
field equations was adapted to a different hierarchy than (2.3). We will validate this idea from the
standpoint of kinetic theory in the context of rarefied polyatomic gases [3].

Afterwards, the maximum entropy principle in the case of polyatomic rarefied gases will be pre-
sented. In particular, for the 14 moments case, the obtained model can be compared with the model
arising from the extended thermodynamics [9], as it was done in the 13 moments case for monatomic
gases.

2. Heuristic viewpoint of the model for dense gases

Let us briefly survey the development of ideas for building two independent hierarchies in the case
of dense gases [9].

The Navier-Stokes-Fourier theory can be seen as a limiting case of extended thermodynamics
obtained by carrying out the Maxwellian iteration (see [9] and references therein), i.e. as an approxi-
mation of extended thermodynamics when the relaxation times of dissipative fluxes (viscous stress and
heat flux) are neglected.

The Navier-Stokes-Fourier system consists of the usual conservation laws

3
j=1
3

j=1

3 3
O (%P\UF + P€> + Y O ((%P uf? + Pe) uj+ Y pijui + Qj> =0,

j=1 i=1



74 2. MAXIMUM ENTROPY PRINCIPLE FOR POLYATOMIC GASES

and recalling the structure of the pressure tensor (1.92): p;; = (p + I1)d;; + p(j), the constitutive
equations for the traceless part of the pressure tensor, dynamic pressure and heat flux write
Diij) = 2,ua , II=—-vVx-u, q=-kVxT,
Zj)
where p is the shear viscosity, v the bulk viscosity and x the heat conductivity. This system can be
rewritten as follows:

3
O p +Zaxj (puy) =0,
j=1

3

O (pus) + Zaxj (puiuj + pij) =0,
j=1

3 3
% (%,0|11!2 " pe) * Zaxj ((;mu’Q + pe) uj + Zpijui +qj> =0,
=1 i=1
3
S,
Z a:vk (Uz 5jk + u; Oik — %uk 51]) _ (z5) :
k=1

3
II
Z@xjuj = — ;,
Jj=1

0y, T S

RS

Then, it can be seen as a degenerate (some derivatives with respect to time are missing) balance-type
system of 14 equations for the 14 unknown variables: p, wi, e, i, p(;), 1L, for 4,5 = 1,2,3. It seems
natural to build a hyperbolic system, i.e. to include missing terms with time derivatives, and then
to see the above system as a partly steady case of the new hyperbolic system. Indeed, the following
structure of balance laws is assumed in extended thermodynamics of dense gases [9]:

3
O F + Zaijj =0,
j=1
3
OiFiy + Y04, F; 5 =0,
j=1

3 3
8tFi1i2 + Z aa:ijizj = Pi1i2’ 0G + Zaijj =0,
=1 j=1

3
atle + zax]lej = Qk17
=1

where F' is the mass density, F;, is the momentum density, Fj,;, is the momentum flux, G is the total
energy density and G, is the total energy flux. Then Fj ;,; and Gy, ; are fluxes of F; ;,, Gy, , respec-
tively, and P;,i,, Qk, are productions with respect to Fj ;,, G, respectively. This structure makes
sense when Zf‘:l F; is not simply related to G.

We describe in Section 3 how it is possible to obtain the same (and in fact an even more general)
set of moment equations in the context of kinetic theory of polyatomic gases.

3. Moment equations for polyatomic gases

From the kinetic point of view, it can be easily noticed from the structure of the energy collision
invariant (% \V|2 + I) that the energy equation will never fit into any of the moment equations built
as (2.3), i.e. with the help of velocities only. Indeed, the moment corresponding to the energy collision
invariant is not equal to one half of the trace of the second order moment anymore, because of the
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presence of an additional parameter I. Thus, the kinetic theory confirms that the hierarchy of moments
equations cannot be constructed in the same fashion as in the monatomic case.

Motivated by the idea stated in [9] within the framework of dense gases, we build moment equations
for rarefied polyatomic gases [3] by constructing two independent hierarchies starting from the kinetic
theory of polyatomic gases. One of them called “momentum” hierarchy, or F'—hierarchy, will be similar
to the classical hierarchy of monatomic gases; the other one, called “energy” hierarchy, or G—hierarchy,
begins with the moment related to the energy collision invariant and proceeds with standard increase
of the order through multiplication by velocities.

Starting from the kinetic model of polyatomic gases, we define moments of the F'—hierarchy in the
usual way:

F(t,x)—//RNXR m¥(v) f(t,x,v,I)p(I)dIl dv,

where ¥(v) is the vector of monomials:
(2.11) Y(v) =

Then, the integration of the Bolzmann equation (1.49) leads to the balance laws for the F'—hierarchy:

3
(2.12) OF +Y 0., F; =P,
j=1

where fluxes and productions of the F'—hierarchy are defined as:

F;(t,x) = //R3 . muv; ¥(v) f(t,x,v,I)o(I)dldv,
(2.13) e
P(t,x) = //RBXR m¥(v)Q(f, f)(t,x,v,I)p(I)dl dv.

Since the second hierarchy aims at recovering equations for the energy density (1.83) and energy
flux (1.95), the first two densities of this hierarchy have to be defined by means of integration of the
distribution function against (% |v|?+ 1) and (% |v|* 4 I) v;, for some 1 < j < 3. Therefore, it seems
natural to define moments of the G—hierarchy by keeping energy collision invariant and proceeding as
before — multiplying by monomial of velocity:

G(t,x) = //R?’XR OW,I) f(t,x,v,I)p(I)dIdv,

where
ZIvP+1
(% \v]Q + I) Vg,
(% |v[* + I) Vky Uk
v, I) = . - (% |v\2+1) T(v).

(%‘V|2+I>vk1"’vkm
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The corresponding fluxes and production terms are defined in the usual way:

G;(t,x) —//]R3 . v; OV, 1) f(t,x,v,I)p(l)dl dv,
(2.14) e
Qtx =[] ewneUtxv. e,

Then, the balance laws for the G—hierarchy obtained from the Boltzmann equation (1.49) read:

3
(2.15) aG+Y 0,,G;=Q.
j=1
Note that the minimal order of the moment in the F'—hierarchy is 0, while the minimal order in the
G—hierarchy is 2. Then, the property that the flux in the moment equation of order n becomes the den-
sity in the moment equation of order n+ 1 holds, albeit separately for the F'— and for the G—hierarchy.

Let us introduce some notations. We represent the moment of the F'— (G—) hierarchy of the order,

say n, componentwise with Fl(”i i (GZ(ILZ){2 i,_,) for any integer n > 0 (n > 2) and 4 = {1,2,3} for
every k =1,...,n. When we deal with moments of the F— (G—) hierarchy up to some order, say n,

then we write them in vector form F( (G(™).

Then FO is the mass density, Fi(ll) is the i1-th component of the momentum density, while FZ(1 1)2
is the 4199-th element of the momentum flux:

(2.16) F(O) =p, F(l) = P U, F(2) = P Uiy Uiy +pi1i2'

21 1112
3)

As desired, G is the energy density and G 5, is the kj-component of the energy flux:

3
3 2
(2.17) a2 — ,0 ’u‘ + pe, G§<31) (%p lul” + p€> Ug, + Zpiklui + qk, -
i=1
Furthermore, the first two moment equations from the F'—hierarchy have physical meaning of the con-
servation laws for the mass and momentum, while the first moment equation from the G—hierarchy
physically is interpreted as the conservation law of the total energy.

Central moments for polyatomic gases. In practice, “full” moments are too heavy to work with.
Even more, any physical problem we deal with should not depend upon the (value) of the macroscopic
velocity u. Therefore, it will be very useful to define the central moments — moments centered around
the macroscopic velocity u.

Central moments are defined with help of the velocity ¢ = v — u. For the F— and G— hierarchy,

they read
Fe //HM+ ¢) fo(l) dldv, G = //RNX]R+ (e, D) f p(D)dl dv.

We recall the physical interpretation of the first few central moments:

(2.18) FO=p FV=04, F =pii, 69 =pe, GV =q,.

i1 i1 12
It is useful to express “full” moments in terms of the central ones. Indeed, the N—th order moment

for the F'—hierarchy Fi(lj.\.].)m can be written with the help of the central moments of order N and lower
than N as follows

(V) (V) A
Fll AN ‘7:21 z1\r+z< ) (41.. zN kulN—k-H"'uiN)?

where we have used the notation (13). In particular,

FO — 70, O _ FOu, F® _ £ + FOuy uy,.

1 1122 1172
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Furthermore, we rewrite the (M + 2)-th order moment for the G—hierarchy G2 i terms of the

1100

central moments for the G—hierarchy of the order (M + 2) and lower than (M + 2), as well as the
moments for the F'—hierarchy of orders (M — 1) and (M + 1):

3
(M+2) _ (M+2) Z GM+2-k) Z M) L 2 (M)
(219) G’L1 dar 11 Y + ( ) ’ll da— kui]y[,k+1...u ]g@l zM_§|u‘ Fil...’ij\/j'
k=
The first two moments are therefore:

3
G®? =g 4 ZukF/gl) -1 lu|? F(©)

3
GP =GP+ GPu;, + > wF — Ll FY
k=1
The dependence of the moment for the G—hierarchy upon moments of the F'—hierarchy observed in
(2.19) is crucial for the determination of the relation between the orders of truncation N and M.
Namely, it is clear that the F'—hierarchy should contain at least moments necessary for expressing the
(M + 2)-th moment (2.19) for the G—hierarchy. Since the highest order of the F'—hierarchy appearing
n (2.19) is (M + 1), we obtain the following restriction: N > M + 1 [8].

4. Maximum entropy principle for polyatomic gases

Like in monatomic gases, infinite sequences of moment equations for polyatomic gases may be
truncated to form a finite set of balance laws:

3
(2.20) oF™N) 4 ZacrgF (N+1) _ P(N), 0,GM) ¢ ZaijgMJrl) _ Q(M)~

7j=1
for N > 0 and M > 2. On the other hand, truncation calls for the solution of the closure problem. We
present one method that aims at solving the closure problem, namely the maximum entropy principle,
in the context of polyatomic gases.
In the case of polyatomic gases, entropy is defined by the following relation:

(2.21) h= —k//RS . flog fo(I)dl dv = —kn,
xRy

where 7 is given in (1.97);. The maximum entropy principle amounts to stating the following variational
problem:

maxy h

o //RSX]R+ (v) fe(I)dI dv,
//R?*><1R+ (v, 1) fe(I)dIdv,

with

\Il(N)(V) _ Vi, Uiy and @(M)(V,I) — (% |v]2 + I) \II(M)(V).

Vi Viy -+ - Vi

This variational problem is solved by introducing the vector of multipliers

AT
NG B R RET N
L\ (M)

1N Hry ks
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Then, the appropriate extended functional £ reads

L=h-AM. (//RSXR m &N (v) fo(I) dIdc> — pM) (//RBX]R oM (v, 1) gp(I)dIdc).

The Euler-Lagrange equation (2.2) reduces to 6£/6f = 0, which is satisfied if and only if
—k(ogf+1)— mAWN) (V) _ 'u(M) .M _ .

Therefore, the solution f = f(t,x,v, I) to the variational problem (2.22) is

(2.23) f=e 7% AN W)L (). @)

Plugging the solution f into densities, fluxes and production terms from (2.20), a closed system of
equations is obtained:

3 3
(N H(N+1) _ BN A (M A(MA+1) _ A(M
(2.24) OFN) +3 "0, BV =PI 9,GOD 1379, G = QD
j=1 j=1

where F(N), Fg.NH), P(N), G(M), Gg.MH), Q(M) respectively denotes quantities F(V), Fg-NH), P,
GM), Gg-MH), Q™M) evaluated at the maximizer f

As in the case of monatomic gases, our attention is focused on the convergence problem. Namely,
not every variational problem yields an integrable function f. To ensure the convergence of the quan-

tities appearing in (2.24), we are led to approximate the exact solution f to the variational problem
(2.22) around an equilibrium state. We anticipate that this assumption amounts to suppose:

m \3/2
— <10g (mcg(T) (27rk1T) / ) + 1) + o luf? 1
N) o AV oY vy o0 _ |0
A o AP = 0 , pM = ) = :
: 0
0

The multipliers )\(EN) and u%M) will be derived in Proposition 2.1. In particular, the equilibrium
distribution function fr will be obtained. It will be shown that

_1—m AWV (V) 1 (M) g(M)
(2.25) fe=e 17k As ¥ gy O

In order to expand f in the neighborhood of local equilibrium state, let us denote
y=mAWM gl 4 “(M) .M,
and
Then, introducing the function F', (2.23) can be rewritten as follows
f=Fl)=e'"i,
Assuming that x ~ xg, a Taylor expansion yields
F(x) = F(xe) (1 -1 (x — xp)) -

Taking into account (2.25), the exact solution (2.23) to the variational problem (2.22) can be approx-
imated around a local equilibrium state as follows

P (1 1 (A ™ @<M>)> |

(N) — AN _ )\SEN) and gM) .= (M) _ “SEM).

for A

In the sequel, we describe the Euler approximation obtained for the choice N =1 and M = 2, and
the 14 moments approximation obtained by choosing N = 2 and M = 3.
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5. Euler approximation for polyatomic gases obtained by means of the maximum
entropy principle

Our first aim is to recover the equilibrium distribution function and appropriate field equations for
hydrodynamic variables (i.e. transfer equations for moments) via the maximum entropy principle.

5.1. Equilibrium distribution function for polyatomic gases. The maximum entropy prin-
ciple is expressed in terms of the following variational problem: determine the distribution function
f = f(t,x,v,I) such that

maxs h

1
2.96 t. F(1>—( P ) —// ( > I)dI dv,
(2.26) s P o, ™ v fe(I)dldv
G ;pyu|2+pe:// (5 1vP+1) fenyaray.
R3><R+

Due to Galilean invariance, the problem can be reformulated using the velocity ¢ = v — u in such a
way that it does not depend upon the macroscopic velocity u:

maxy h

(2.27) st. F= < (i- >=//RSXR+m ( 3 ) Fo(I)dl de,

G —pe :// (1P +1) fo(r)dlde,
]R3><R+

bearing in mind that the velocity argument of the distribution function is translated i.e. f = f(¢,x,c+
u, I). The solution is given as follows.

PROPOSITION 2.1. The distribution function which comes out as a solution to the variational
problem (2.27) has the form:

: _ p m \3/2 L (mpy a2yl
(2.28) f=7e= mo(T) (27rkT> el " )’
where
(2.29) Co(T) :/R e~rrlp(I)dl.

T
PROOF. In order to prove the statement, we introduce the vector of multipliers AW = ()\(0) )\51)>

,for i = 1,2, 3, and the multiplier (2 := u(?). Superscripts indicates the tensorial order of the moment
to which the multiplier is related. The appropriate extended functional is defined as follows:

(2.30) L£=h-XO // m fo(I)dI dv — ZA // muv; fo(I)dI dv
RsXR+ R3XR+

e // % | v[? +I> Fo(D)dI dv.
R‘;XR+

Since L is a scalar, it must retain the same value also for zero hydrodynamic velocity u = 0, due
to the Galilean invariance. So, in order to work with the reformulated problem (2.27), we introduce

. . . T
/\(1) = ()\(0) )\1(1)) ,1=1,2,3, and ;1(2) = ;2(2), via

(2.31) AO) = X0 _ Z)\k ug + 2 jaf?; )\Z(-l) = 5\1(-1) — 1Py, forany i =1,2,3; u® =@,
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Then using relations that hold between full and central moments (2.16), (2.17), (2.18), the following
extended functional is obtained:

(2.32) £:—k/Rs /Ooflogfcp(l) dl dc — A© //RSXR m fo(I)dI de

g A //RSXRerczfcp( )dl de — 2>//R3XR+ 2o +1) Foll) I de.

The Euler-Lagrange equation d£/df = 0 is satisfied if and only if
f= 6_1_% [mS\(O)+m z?:l <;\§1> Ci)+ﬂ(2)(%| 0\2'”)] .

Plugging the solution into the constraints of the problem (2.27), we precisely obtain the following

system:

; 2 50
p= me—l—%)\@) < 27?{2)) o (%) e2lm(2) >i- 1( ) ,
mfi

B _1_m3© [ 27k 1 3(1)
0; = —me ¥ ( V2> 6o () 2 A,

mi®
. ) 9 ko 1 G (%)

where

Then, we immediately obtain:

B _1_m3(0) 2rk
p=me k <mﬂ(2)> CO (u(z))

The first term of the internal energy is its translational part and comparison to (1.93) yields final
formulas for the zero velocity multipliers in terms of the hydrodynamic variables:

. 3/2 . 1

9. —1—mX(0) _ P m )\(1) — F=1.92 -(2) —

(2:33) ¢ m o(T) (27Tk:T> ’ ! 0, 1=123, a T’

with {o(T) defined by (2.29), which completes the proof. O

The distribution (2.28) is the generalization of the classical Maxwellian equilibrium distribution
in the case of polyatomic gases. It was derived in [30, 22| by means of the H—theorem. The model
chosen to describe the polyatomic structure, i.e. the measure ¢(I)d!l, determines (2.28) through (o(7).

5.2. Euler equations for polyatomic gases. Once the equilibrium distribution function (2.28)
is determined, it enables to derive a closed system of macroscopic variables which corresponds to
truncated moments that were constraints in the problem (2.26). As a matter of fact, for the proper
choice of the weight function ¢(I), we obtain Euler equations for polyatomic gases.

PROPOSITION 2.2. In equilibrium, the internal part of internal energy e; has the following form:

L am = [ relneian
Ry

(2.34) erlp = m Co(T)’
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Moreover, if the weight function is chosen to be o(I) = I, the internal energy of a polyatomic gas in
equilibrium reads:

5 k
(2.35) el = (2 + a) ET’ a>—1.

PROOF. We recall the definition (1.86) of the internal part of the internal energy density:

pejz// Ifo(I)dldv
R3XR+

To prove (2.34), one only has to put the equilibrium distribution (2.28) into (1.86). Furthermore,
choosing ¢(I) = I%, and taking into account the identity:

GT) = [ Pl ar = ()T + 14 a),

for § > 0, auxiliary functions can be expressed in terms of the Gamma function:
(2.36) GO(T) = (KTY°T(1+a), G(T) = (KT)*°T(2 + a),

with overall restriction o > —1. With the help of the relation I'(z + 1) = 2I'(z), one obtains
G(T)/¢(T) = (1 + a)kT, which in turn leads to (2.35) by combining with translational energy
(1.85). O

If the hydrodynamic variables p, u and 7' in (2.28) are constants, the distribution function identi-
cally satisfies the Boltzmann equation. If they are functions of (¢, x), we have so-called local Maxwellian
distribution, that is not in general solution to the Boltzmann equation, but at least the hydrodynamic
variables — moments of distribution function — cannot be arbitrary: they have to satisfy the transfer
equations for moments. As a matter of fact, these equations are the Euler gas dynamics equations for
polyatomic perfect gases.

PROPOSITION 2.3. If (2.28) is a local equilibrium distribution, then the hydrodynamic variables
p:=p(t,x), u:=u(t,x) and T := T(t,x) satisfy the following systems of equations (Euler system):

3
Op + Z axj (puj) =0,

j=1
3
(2.37) Oi(pus) + > Oy (pusuy +pdiy) =0,  i=1,2,3,
j=1
3
o (%p|u|2 —I—pe) +Za%' {(%p!uﬁ +pe —I—p) uj} =0,

j=1

(where 0;; is Kronecker delta) and

k k
p=—pT and e:<5—|—a)T, a > —1.
m 2 m

PRrROOF. Equations (2.37) are obtained as moment equations (2.20) for N = 1 and M = 2, i.e.
moment equations that correspond to moments appearing as constraints in (2.26), evaluated for the
distribution function (2.28). In fact, in Euler approximation, fluxes and production terms can be
explicitly computed using

Pl — // (1> v fel®dldv, GY = // (% 1vP+ 1) fo1*arav,
R3xR; \Vi R3 xR,
Pl =0

Q? =o.
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In particular, when the pressure tensor p;; and heat flux ¢; are evaluated as fluxes of local Maxwellian
(2.28), one obtains:

k
pz‘j:// meicj fpl1®dlde = — pT bij = pdij,
R3 xR m

q]':// (%‘C|2+I)ijEIadIdC:0,
R3><R+

which completes the proof. O

Note that equations (2.37) have the same form in the case of monatomic gases, except for the fact
that the internal energy in the monatomic case is strictly e = %%T

6. The 14 moments approximation for polyatomic gases obtained by means of the
maximum entropy principle

It is shown that the local equilibrium case (equations (2.37) from previous Section) is recovered for
N =1 and M = 2, with closure achieved through the equilibrium distribution (2.28). For higher order
approximations, the closure problem remains open. In this Section, we shall study the most interesting
physical case of non-equilibrium, involving 14 moments.

6.1. The 14 moments distribution function. In this Section, we apply the maximum entropy
principle in order to close the following system of moment equations for 14 moments:

(2.38) oF® 10, FY =pP®, 9,6® 19,,GY =Q®.

For the entropy defined by (2.21), the following variational problem can be formulated, expressing the
maximum entropy principle: determine the distribution function f := f(¢,x, v, I) such that

maxy h
(2.39)
p 1
st. F® = P U :// m | v | fe(I)dldv,
p Ui Uj + Pij ROxRy Vi Vj
3o lul* + pe

1
G¥= 3 :// miy2 4T ( ) I)dI dv.
(%P’u|2+/’€)ui+ leijuj+qi R3xR+<2‘V’ ) Vs fe) v
j:

Note that (2.39) determines 14 constraints for 14 scalar moments of the distribution function, in
contrast to 13 moments in the case of monatomic gases. The number of constrained moments is
increased since Z?Zl Fi(;) # G in polyatomic gases.

As in the previous Section, the full moments can be replaced by central moments, due to Galilean
invariance. Indeed, the problem (2.39) can be reformulated as:

maxy h
P 1
(2.40) st. FA=[ o0 :// m Ci fe(I)dIdc,
Dij RExR+ Ci Cj

() e (1) () g

The solution of the problem for the choice ¢(I) = I¢ is as follows.
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PROPOSITION 2.4. The linearized distribution function which mazimizes the entropy (2.21) sub-
ject to constraints (2.40) for the choice of the weighting function ¢(I) = I, has the form:

(2.41) f(t,x,c+u,])%f14(t,x,c—|—u,l):fE(t,x,c—i—u,I){l—pq C
p?

Z { ( a> <1+a)1n5ij] s

4,7=1
2

2(1ia)mppn<m\cy +I) (;+a)_lnfp;,,q-<’§\c!2+l>c},

where fg is the equilibrium distribution (2.28) and (o(T') is the auziliary function (2.29).

PrOOF. To solve the problem we shall introduce the following vectors of multipliers:
. . . . T T
AP = (3O 3 A a® = (6@ ) =123,

where 5\(2) corresponds to constraints F) and 1(® corresponds to constraints G3)
The extended functional for the constrained variational problem reads:

(242) L= <//R3><]R m B3 )fIadIdc) ) (//RMR cI)I“dIdc)

The solution of the Euler-Lagrange equation d£/0f = 0 is given by:
f= 6_1_%X, X = mA® . @)+ a® .00 (1.

To ensure the convergence of moments of the distribution function, we shall replace the exact form of
the maximizer by its expansion in the neighborhood of the local equilibrium:

(2.43) Fr oty <1 - % (m AP w@ () + 5® . @), 1))) ,

where fg is the equilibrium distribution (2.28) and AP — A ;\g), a® = pB — ﬂg’), where
subscript E indicates the values of the multipliers at the local equilibrium state:

i (108 (sckry (mir)™”) +1) !
S\g) _ 0 | ﬂ(3) _ 8
0 0

Insertion of (2.43) into the constraints (2.40) yields the appropriate equations for multipliers.
Indeed, the following system of algebraic equations emerges for ¢,5 = 1,2, 3:

3
_ 500 1) RAWE)
0=m\ +kT(Z)\kk>+kT<a+2),u :

k=1
0=V 1 (ot L) F®
¢ 2/ m i
ET? - kT
(244) pij=—2——pA + 85— p (1 - Tﬂ@)) ;
m m
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The equations (2.44);_3 come out from the constraints (2.40) concerning the F hierarchy, while
(2.44)4—5 come out from the G hierarchy. Equations (2.44)25 in conjunction with (1.94) yield the

following solution
k(T 2
i == < +a> P .
m D
k
)\(1) p

Using (2.35) and taking the trace of (2.44)3 with the help of (1.92) and (1.94), equations (2.44)3 4 yield
the following system

3 3
S =2, (Z X@)) +3°p(1-Ta®)
m kk ’
k=1 k=1
3
_ 52 9\ -2
0= Zx\kk + a+2 A
k=1

whose solution is

(2.45)

H
@ m 2 (a+1) )
which implies A(¥) = 0 by (2.44);. Combining (2.44)3, (1.90) and (2.45); we obtain

< k
AEJZ) = {p@]) + (2 +0‘> (I+a)” IH(S@J}

m 2p?
and thus the non-equilibrium velocity distribution (2.41) is obtained. ]

A remarkable property of real gases, anticipated at the beginning of the Section, is the existence of
the dynamic pressure, which does not appear in monatomic gases. Namely, in the monatomic case, i.e.

classical Grad’s distribution, constraint (2.40)3, or equivalently the trace of (2.44)3 yields 5\1(12 ) = 0, and

consequently II = 0. The additional term ﬂ(2) is due to the presence of the internal energy parameter
I in the equilibrium distribution (2.28).

An interesting feature of the non-equilibrium distribution (2.41) is its compatibility with other
distributions obtained in the context of polyatomic gases. Firstly, it reduces to the velocity distribution
obtained by Mallinger [49] for diatomic molecules (o = 0). Furthermore, a comparison could be made
with the semi-classical model [60], which assumes that molecules can occupy discrete states of internal
energy. It may be observed (see [45], Section 5.2) that the auxiliary function (o(7) plays the role
of the partition function Z = ) _ exp(—eq/kT). The complete compatibility with the corresponding
non-equilibrium function can be observed when [ is substituted by e, and macroscopic quantities are
defined by summation over « instead of integration over 1.

6.2. The 14 moments system. The non-equilibrium distribution function (2.41) can be re-
garded as an approximation of the exact solution of the Boltzmann equation expressed in terms of
moments. It is a way by which closure of the transfer equations for moments is achieved. As already
noticed, fluxes in transfer equations of order n become densities in equations of order n+ 1. This leaves
the fluxes in equations of order n + 1 undetermined, as well as all the production terms.

Closure of the flures. Once the distribution function is obtained via maximization of entropy sub-
ject to constraints (2.39), it enables to compute the fluxes:

(1)
F.
% (3)
®_ | p@ @ _ [ G;
A T ‘<G<‘*>>'

z]k



6. THE 14 MOMENTS APPROXIMATION 85

Taking into account the Galilean invariance, the fluxes above can be expressed in terms of non-
convective fluxes as follows

3
Fz(]k) = puitjug + wipjk + WiPki + UkPij + Dijk;
3 3 3
4
ng) = (% plul* + Pe) iy + Zuiukpjk + Z ujurpik + 3 [l pij + Z UkPijk + qitj + qjui + gij-
k=1 k=1 k=1

Starting from kinetic theory, the non-convective fluxes are defined as:

Dijk = // meicjerf(t,x,c+u,I)¢(l)dl dc,
RNXR+

Gij = / / (el + 1) eiesf(t.x. e+, I) (D) dI de.
RNXR+

PROPOSITION 2.5. The non-convective fluzes p;;r and q;; in the 14 moments approximation and
for the choice (1) = 1%, o > —1, have the following form:

7\ L

(2.46) Pijk = <a + 2) (90 + qj0ki + qrdij) ,
9 2

(2.47) qij = <a + 2> %pij - %6@-.

PROOF. Expressions (2.46) and (2.47) for non-convective fluxes are derived in a straightforward
way by plugging (2.41) in the above given definitions. O

It must be emphasized that the structure of non-convective fluxes (2.46) and (2.47) implies a gen-
uine coupling of two hierarchies — the heat flux ¢; appears in the F'—hierarchy, whereas the pressure
tensor p;; appears in the G—hierarchy. It also resembles the structure of the non-convective fluxes in
Grad’s approximation for monatomic gases and can be regarded as its generalization. However, it is
not only the parameter o which brings the flavor of polyatomic gases, but also the pressure tensor
whose trace contains a dynamic pressure (apart from the ideal gas one).

The 14 moments equations. At this step, the explicit form of the 14 moments equations is given,
up to production terms. The equations of the F'—hierarchy have the form (for any ,7 = 1,2, 3):

3
Op+ O (pui) = 0,
=1

3
(248)  Oelpwi) + > a; (pusu; + pij) =0,
j=1
9 (puivj + pij)
3 7\ !
+ Z O, {pUinUk + uipjk + UiPki + UpPi; + (a + 2) (¢i0jk + q;0ki + Qk(Sij)} = Pilj4;
k=1
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while the equations of the G—hierarchy read:

3 3
O (%P ul* + Pe) + Y O, <%P uf® + P€> wi+ > pijuj + ¢ p =0,
i=1 =1
(2.49)

3
O <%p |11|2 + pe) u; + Zpijuj' + g
j=1
3 3
+) 0n { (%P uf? + Pe) wing + Y (wiugpjy, + wjugpsr) + 3o [ul* pij
=1 k=1

+ a—i—g a—i—z 71(’u’+ iu;) + a—i—z 71u dij + a—i—g L ’-—p—?&« = QM
9 9 qiuy + 45U 9 q 0ij 9 pp’bj P ij ¢ = &

where the production terms are given by:

(2.50) Py = [ QU a0 D D) dl v,
RN xR

(2.51) Qi = / /]R o (BIVP D) nQU v D el av.

The internal energy e is determined by (2.35) and (y(7") by (2.36). We also exploited expressions for
non-convective fluxes (2.46)-(2.47).

The system (2.48)-(2.49) coincides with the equations of extended thermodynamics. To obtain this
result, one must take into account (1.92), use the material derivative ()" = 9;() + Z?Zl u;0;( ), and
exploit the relation between av and the number D of degrees of freedom o = (D —5)/2. In such a way,
the system (2.48)-(2.49) is transformed into Eq. (67) given in [9], which represents the 14 moments
system of extended thermodynamics for dense gases in the rarefied gas limit. In this way the same set
of equations arises from maximum entropy principle and extended thermodynamics, as it was the case
for monatomic gases [31, 19].

Production terms. All the analysis performed thus far is independent of the collision cross section.
Therefore, it is valid for any model of interaction of the molecules. However, the closure of the mo-
ments system (2.38) needs an explicit computation of the production terms Pj;, Q; given by (2.50) and
(2.51). Zero entries which appear in the right hand sides of moments equations are due to collision
invariants. A typical obstacle in the computation of the production terms is the complicated structure
of the collision integral Q(f, f). And so, even for an approximate form of the distribution function
like f14, the explicit computation of production terms is tedious. It is therefore common practice to
make further approximations and determine production terms as a linear form of the non-convective
macroscopic fluxes. In this Section, the appropriate approximations for source terms that correspond
to the distribution function (2.41) will be determined using one simple model of collision cross section.

We recall the structure of the collision integral (1.67) in the case N = 3:

arpn=[ [ 1fr-rr]BO-RR

0y J 52 e(I)
where 23 = R® xR, x [0, 1] x [0, 1]. As in the classical case, the model of interaction between molecules
is reflected on the collision cross section B, and its choice is of the utmost importance in the study of
macroscopic transport processes. The more realistic the model of interaction is, the more complicated
are the computations of collision integral and production terms. We shall use the following form of the
cross section:

dwdrdRdI, dvy,

(2.52) B(v,vi, [, 1,7, Rw) = K2R®|v — v,|* |w -
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where K is an appropriate dimensional constant and the parameter s satisfies the overall assumption
5> —%. This cross section resembles the variable hard spheres model and enables the derivation of
the production terms in closed form.

As usual, computations are facilitated when one deals with the velocity
(2.53) c=v-—u

Indeed, let us rewrite the collision transformations from Section 3. As one expects, they take the
same form as for the velocity v, since in general the problem should not depend upon the macroscopic
velocity u. The conservation laws at a microscopic level (1.55) in terms of ¢ read:

mc +mc, =mc+me,,

(2.54)
2w T T = e B e T L

They allow to write the pre-collisional velocities in w—notation as follows

,  CHcy RE C — Cy
Cc = + Tw ’
2 V. m lc — ¢4

(2.55)
, C + Cy RE C — Cy
Cy = - Tw )
2 V. m lc — ¢4
where
2.56 E=mld —c P4+ ="|c—c.]>+1+1.,
4 * * = ]

and T,[y] = y — 2(w-y)w (for any y € R3). We recall the invariant properties of the collision
operator (1.78):

1

(2.57) // v; Q(f, f)(v,I) o(I)dIdv =0, forany i=1,2,3.
RORe \ 2 y[? T

Combination of the first two properties yields

(2.58) // G QUf, f)(v,I) o(I)dIdv =0, forany i=1,2,3.
R3xR4

The decomposition of velocity v = u+ ¢ in conjunction with properties (2.57) and (2.58) leads to
the following form of the production terms:

PP = // m (ujuj +ciuj +ciui + ¢ ci) QU f) (v, I) p(I)dI dv
RBXR+

(2.59) = //R3><R me;c; Q(f, f) (v, I) o(I)dl dv
and

o = [ ((FivE e r)us (5l muces Flel+1) o) QUL (1) plD)dldv
(2.60)

3
_ ;ukp,i? -/ /R oo (GleP 1) a0 etarav

Furthermore, the cross section (2.52) takes the following form

BV, v L Lo Bow) = K2R v = v o+ 0
V — V.
(2.61)
= K2R |c—c.|* |w- ]C C*| = B(c,cs, I, L, 7, R,w).
C — Cy
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For this choice of cross section, we aim to compute the production terms in the 14 moments approxi-
mation obtained by plugging (2.41) into (2.59) and (2.60):

Pi1j4 = //Rstmcz'CjQ(fm,fm) (v,I) o(I)dIdv,
:// / mc; G (f{4f{4*_f14fl4*)
R3xR, JQ3 J 52

(2.62) x B(1 — R) R? dwdr dRdI, dv, dI dv,

3
14 _ 14 T 2 '
Qi _;ukpki +//R3><]R+ (2 | cl +I> ¢i Q (fia, f1a) (v, I) p(I)dIdv

3
m
= E :Ukpklfl‘*‘// / / <5|C\2+I) ¢i (flaflas — frafias)
k=1 R3xR4 JQg J 52

(2.63) x B(1 — R) R? dwdr dRdI, dv, dI dv.

Moreover, we shall assume that the state of the gas during the processes is not far from local equilibrium.
Therefore, the products of non-equilibrium distribution functions which appear in the collision integral
will be linearized with respect to the moments of the distribution functions, i.e. the stress tensor p;;
and heat flux ¢;.

PROPOSITION 2.6. The linearized production terms in the 14 moments approximation for the
choice (2.52) read:

—u 22T (kT kT\® 3

20 5 »
<K (p“” T s 527 <O‘ + 2) (a+1) Hé’”) ’

209 @ =3 () - (Tea)
k=1
2545 (s s ( )2 s
K arnmr e () T3 o

PROOF. As non-equilibrium effects are supposed small, we linearize products of the distribution
functions appearing in the collision integral with respect to the non-equilibrium quantities manifested
in our setting — the traceless part of the pressure tensor p(z, the dynamic pressure II and the heat
flux g,,. Using the microscopic conservation laws (2.54), we are led to

(2.66)

3

p 5 _

flafiaw—Fafias = fefEs E 22 [pw) + (2 + a) (1+a) 11‘[5/{4 (hh + CopChp — CiCe — CutCar)
e f=1

3 1
! P m, ;2 m ,
(5 0) (Gl e 1) e (Gl r)

(1 s en (Bl 1) o))

The insertion of (2.66) into (2.62) and (2.63) leads to a suitable approximation for the source term

P#, denoted by F;;l , and for the source term Qlu, denoted by @ll .

Let us start the computation of the production terms with an analysis of parity of their ingredients.
From (2.55), we can see that both ¢’ and ¢/, are odd functions of (c, c,) for w fixed i.e. ¢/(—c, —cy,w) =
—c/(c, ¢y, w) and ¢ (—c, —c4,w) = —c,(c, ci,w). Consequently, (2.66) consists of two parts: one part
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that is even and the other one that is odd with respect to (c,c,). Likewise, the cross section is an
even function of (c,c,). This consideration leads to the conclusion that only the even part of (2.66)

is of importance for the computation of the production term ﬁ;;l , whereas only the odd part of (2.66)

contributes to the production term @Zl : Therefore, if we introduce the following notation:

Pijkg:// / meic; fr(t,x,c+wu,l) fg (t,x, ¢ +u, 1)
R3xR, JQ3 J 52

) / /
X (ckcg + Cyp.Cop — CkCp — c*kc*g)

C — Cy

s—‘,—l 2s
X K2(1—-R)R*"2|c —c,|” |w dwdrdRdI,dc,dI dc,

¢ — ¢4

sz// / / (@\c\erI) cife(t,x,c+ul) fg(t,x,ci +u, L)
R3xR, JOs Jg2 \ 2
m 2 m 2
X ((5‘0" —i—I’) c;—i-(E‘c;‘ +Ii) e

() (Fe n) )

X K2(1—R) Rz e — c,* |w - ‘z - Z*| dw drdRdl, de, dI de,
it can be written:
=14 5 _
(2.67) P = # [pW) + <2 + a) (1+«) 1H5k€:| Pijke,

3 3 )
—14 =14 7 P
Q; :;ukpki +nZ:1 <2—|—a) W%Qm-

Note that P;;; vanishes unless indices are equal by pairs — the integral is non-zero when ¢ = j and
k={lori=kand j=/¢ori=/{and j=Fk. By symmetry, the last two terms lead to the same result
and thus P;;z; may be represented in the form:

(2.68) Pije = P16ij0ke + P2 (6irdje + iedjn) -

Combining (2.67) and (2.68) in conjunction with (1.90) and the symmetry of the pressure tensor, we
can extract some more information

3
-H14 p 3 -1
P = 22 <2p<ij) P2+ E (2 + a> (1+a) HPijtt)

t=1
P 1 ) >
(2.69) =27 2pijy P2+ gdij <2 + Oé) (1+a) 'l Z Prrit

rit=1

The term Ps can be determined from the system of equations obtained from the representation (2.68):

3 3
Y Pou=9P1+6Ps, > Prup=3P1+12P,

rit=1 rit=1
whose solution is

Zi t=1 2 PTTtt - Prtrt Zi =1 3 PTtrt — PTTtt
731 = : 15 s 7)2 = 2 30 .

Therefore, (2.69) reduces to

Zi t=1 (3 Prtrt - Prrtt) 1 51 _1 3
i T o2 Dig) 5 + 3 i (2 + a> (I+a) 11 Z Prrtt

rit=1

(2.70) =2
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On the other hand, one can see that Q;, vanishes unless ¢ = n. Therefore, it can be written

Pl b2 1<
2.71 P — = = .
( ) Z Uk L g5 < +a) mpg%?);er
The rest of the computation is straightforward.

In order to compute P we have to compute only the contractions Zf +—1 Prrtt and Zi +—1 Prirt-

17
Let us begin with the computation of 23,1&:1 Prrit. Its full expression reads

Proit = K2 // // o (e e [2) ~ g (11.)
thl t m(’o( 27T]€T R3xR, JQ3 J 52

<o (o' + [ei]* = e ~ le]?)
% (1—R)R*3 |c —c* |w- ‘Z — C*’ dw dr dRdI, de, dI de.
We perform the following change of variables with unit Jacobian
(2.72) (c,cy) — (g:c—c*,G:C—;c*>,
which allows to express
c:G+%g, c*:G—%g.
By microscopic conservation law of momentum (2.54), it holds % =: G’ = G. Also, using (2.55),

we can see that

(2.73) gh=d-d = 2\/R7ET‘0 [ e ] ’
m ’C—C*|

and therefore

1 1
c’:G+§g’, c’*:G—§g’

We are led to rewrite the terms under the integration sign using new variables

112 /2 2 2 1 /2 1 2 1 /2 1 2
}c} + b =1l = les|” = G+§g - G—|—§g + G—gg - G—ig
1 1
—(eriE@re) @ -0+ (c-{@Ee) (-8
1
= (e - 1)
1 > 2R
= (R-1)gl’+ (I +1).

The terms appearing in the power of the exponential read:

2 2

1
+1G—--g

1
2 2

tle?=|G+=
c” + |cu| ‘ 58 5

1
(2.74) :2](;.\2+5 g®.
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Passage to velocities g and G and insertion of the formulas above yield

Prrtr = K 2 // / / ¢ #1IGP o~ dirlel’ o~ irl o pr e
Z t mC()( 27T]{7T R3xR, JQ3 J 52
<(lePrc g+ tig?) (2r-negr s 2 asn
4 2 m *

-3

g

Next, we pass to the o— notation and recalling (1.36) we obtain the following expression

§ : — P’ m |G ER L1
Prrer = Co(T) ZTrkT //]RsxR+ /QJ /S2 e~ |Gl o= dErlel’ o= Lo~ 7
« (162 +G g+~ 1g?) (2 (R—1) g+ 22 (1 + 1)
4 2 m *

x (1 — R)R*"2 |g** do dr dRdI, dg dI dG,

x (1— R)R*"2 [g|** |w

’ dwdrdRdl,dgdl dG.

which is easy to compute. We proceed step by step. First, let us integrate with respect to o and G

3
— P’ gl Ea
mentt— 471/ /64kngkT6kT
i m (o(T)? 27rl<:T R, Jos

3 kT ) s 2R )
x =4 S(R-1D|gfP+=(I+1.
(4\/§m Sﬂ\g!><2( ) lgl”+ = ( )
x (1— R) R*"2 |g** dr dRdI, dgdI.

Next, we integrate with respect to I and I,

2 3
— p m 2 i s —1erlel’
Z Prrae = Co(T)? (27rkT /Rd /[0 1) /01 e

KT 1 1 AkT
<3+| |><2(R 1) |g[? +R>( — R)R**2drdRdg.

Now, we proceed with the integration with respect to r and R

p2 m T 4
Z Prrt = Co(T)? (27rkT> V2 (kT)’ (25 +5) (25 4+ 7)

rt=1
m kKT 1 2 kT
2s — - |g|? P A PP B 2 45 ge.
X/ngl € 5l (2$+3)\g|+ ) de

Passage to spherical coordinates yields

e

p2 m \2 72 16
Z Prre = Co(T)? (zﬂkT> V2 (KT)’ (2s+5) (25 +7)

rit=1
m 1 45 (kT kT2
—lgl? [ _ 2546 2544 | 19 2542\ g
X/R+€ akT 28+3\g! 553 U gl 12 ) gl g

We perform the following change of variables

(2.75) ig]* — with d|g| =

4kT
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so that the integral above becomes

_ p? m o \5 w2 9 16
2 Pron =K s (zmz)” 5 &) (@5 45) (25 +7)

rit=1
X 1/ e—x _ 1 ( m )_s_;x8+g+ 48 k7T ( m )_s_ng‘i‘S
2 Jr, 2s+3 \4kT 2s+3 \m 4kT

FTN? [ mo\--3

Factorizing, we obtain the following integral

_ P> m \3 7 9 16
D Prrtr = ngo(T)2 (27rl<:T> NG (kT) (254 5) (25 4 7)

rit=1
4z
o 92546 ET\* 2/ e [ 1 e ST xs+gf1+§xs+gfl de.
m Ry 2s+3 2543 4

Comparing this identity to the definition of the gamma function, we conclude that

2 kT s 22s+8
ZP gy " f(m> 25+ 5) (25 1 7)

1 7 s 51 3 3
- I ls+ + Dls+2|+20|s+2]).
( 25+ 3 {S+2}+25+3 [8+2]+4 [S+2D

Now, using the property of the gamma function I" (z 4+ 1) = zI" (2), we obtain the following result

p? ET\® 92548 3 (s+32) s 3
> P G (WL\E(m) @51 3) <2s+7>r[5+2} <_22+2+4>’

rit=1

which leads to the final result using (1.94)

92s+7 mp* ET\°® 3
2. rr )T 20"
( 76) rtzlp tt — 28 I 5)(28 + 7) PZCO(T)2\/7>T ( m > [8 + 2:|

Let us compute the integral Z?,t:l Prrt given by

p L c2 c.|?)—-L I+1,)
PTT_KQ // //esz ‘+||)kT(
thl trt mCo( 27TkT R3xR4 JQ3 JS2
X <(c : c')2 + (c- c;)2 —(c-¢)?—(c- c*)2>

C —

x (1 - R)R*2 [ — c,|* |w dw drdRdl, de, dI de.

c—c
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As in the previous case, we first pass to the new variables (2.72). We are therefore led to express

(C.c’)2+(c.c/*)2 (c-c)? —(c-c,)?

= (e (¢ +0)) (e (¢ <)) + (e (€L +e)) (e (¢l — <))
(e o bt n)) e ton (o (s i) e )
= (e (&~ 9) (c (& +8))
25((C'g/)2—(0‘g)2)
Z%(G'g')QﬂL%(G'g’) (g‘g’)+é(g'g')z—%(G‘g)Q—%(G'g)\gV—%Ig\“,

so that it can be written

P ol
Prirt = K 2 // / / e wrlG ? e —awrlel? e~ wrd e RT*
Z rirt m Co( 271']{1T R3xRy JQ3 J 52

X(é(G-g’)—(G g)’+ 2(g g) (G- g)—f\gl( )+é(g g)’ —;Igl‘l)

x (1— R)R**2 |g** |w dwdrdRdI, dgdI dG.

Integration with respect to G simplifies the integral which now takes the following form

Z Prirt = K2 P 29-3 / / / —awr el o~ gl o~ wrls
bt = e e *Tle
=1 trt CO( ) 27TkT Ry JQ3 JS2
1
x (m (e —1eP) +3 ((g-8)" - Igl4)>

x (1= R) R gl |w

|’ dwdr dRdI, dgdI.

Next, we pass to the o—notation and using (2.56), we are led to express

2 4RE 4R
lg|"=——=Rlg+—I+1L),
m m

1RE

(- e) =0 g0 = (Rl + D (141 (g 00",

so that we can write
’ P2 lg|? LI
P, =K e4kTgekTekT*
D Prun m Co(T)? 27rl<:T /R+ /93 /52

rit=1
X {k;: ((R— 1) gl + % I+ I*)> - % ((R\gP + % (I+ I*)> (g o) — \gy4>}

x (1 — R) R**2 |g|** do dr dRdI, dg dI.

The integration with respect to o gives

1
Zprtrt— p( ) (QTrkT 272 71'/R+ /936 worlel? e wrl e " L

o x {knf <(R—1)Igl2+f(1+1*)> +% <<§_1> |g|4+:$(1+1*)|g’2>}

x (1— R)R*"z2 |g[** dr dRdI, dg dI.
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Now, we integrate with respect to I and I,

p _3 2
E Prir 2 k T / / / e~ o7 8l
trt = ( ) (ZTFICT) R3 Jo [0,1] J[0,1]

rit=1
kT 8kT 1 /(R . 8kT .
il -1 - —~_1 -
X{m<( )|!+mR>+2<(3 )g|+3mR\g!>}

x (1— R)R*"2 |g|** dr dR dg.

Integration with respect to r and R gives

2 3
p mo\32 2 1 25 __m |g|?
Z Prore = Co(T)? (27rkT> V2m (k1) (25s4+5)(2s +17) /Rs gl e

rit=1

m (2s+3) & m 3(2s+3) & 3m & 8

Passage to spherical coordinate yields

P’ mo\3 4
7;1 Prire = R T2 (27rl<:T> V2r? (kT)? 5 3T

m 2 T T\?
X/ e~ atrlel —(8+9)\gl25+6+88<k )' =+ <k> g+ dlg.
R, 3(2s+3) 3(2s+3) m

Applying the change of variable (2.75) we obtain the following result

3 2 3
_ P m o \2 2 2 4
T,;l Prere = K m Co(T)? (27rkT> v2mt (k1) (2545) (254 7)

Xl/ . (2s+9) ( m >S§x5+g+ 8s kT ( m )ngerg
2 Jr, 3(25s+3) \4kT 3(2s+3) \m 4kT

Now, the factorization leads to

2 m
Z Prert = p(T)2 (27rkT>

rit=1

3
2

, 4
V2rt 1) e s e v )

7
kT\°t2 (25 +9) .7 2s 5 1 .3
225+6 / —x [ _ s+5—1 s+3—1 - ost+5—1 der.
X <m> w, 3@2s13)° 3@ty 0 ¥ )«

Comparing the last integrals with the definition of the gamma function, we obtain

2 kT s 22s+7
ZP”” 340( 7 (k1) f(m) (25+5) (25 +7)

rit=1

X (—mr [s+;] +3(2§S+3)P [s+;] +%F [s+g]>

Using the property of the gamma function I' (z + 1) = 2T" (z) we get the following result

m 2 12 3

o (2s+5)(2s+7)

Z Prirt = COQ(T) (kT)* V7 <k:T>S 925+7 r [8 N 3] (_(25 +9)(2s+5) L5y
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which leads to the final expression

i 225%5(39 4 4s(s + 6)) mp* kTN ® 3
=0 thlp”” ~ S s+ p%(TVﬁ(m) " {” 2]‘

Injection of the computed integrals (2.76) and (2.77) into (2.70) allows us to write the final expression

for the linearized production term which corresponds to the equation for the flux of momentum:
(2.78)

14 925+ ) (K T)? kT\® 3 20 5 .
Pij = Ry ey v <m) r [5 + 2} (pW) T a)Es ) <O‘ + 2> (a+1) m”) ’

which completes the first part of the proof.

In order to compute production term @ZI 4, the following integral has to be computed:

2

3
1Y m 3 m 2 _l(|c|2+|c*|2)—i(l+l*)
rr =K?2 m 7
;Q m2 CO(T)Z <27T]€T) ‘/\/R3><R+ /Q3 \/;2 (2 ‘C| + > e 2kT T

< ((Slef+r) et (Tlef+1) e e (S lef+1)c e (5 e + 1) cuc)
2 2 2 2
C — Cy

c—ec

w .

x (1= R)R**2|c — c,|* dwdr dR dI, de, dI de.

We are led to pass to the variables (2.72). Indeed, let us express terms appearing in the integral above:

c (% (‘c"gc/ +le el —|effe— |c*\2c*> +(I'd + Ic, —Ic—I*c*)>
=c- (7; (\c’f (G+ ;g’> + \c;f (G - ;g’> —|cf? <G + ;g> — . <G - ;g>>
el or (e te) rlcsle) 1 (c L
+ <I<c(-;<+G2<gg? (Jrc:(JrGka;g>c;<Zj)2+g2’ +; <(j - j*g>>>>
(e (j0 - 1) e (1o~ ) + 5 (= 1) - e (1 - 1))
.. <T (& (¢~ ¢)) - (¢ ) ~glle—c)-(ete)) + og (I~ 1)~ Lu(l - m)
— (G + ;g> . (T (g’ (&' 2G) —g(g-2G)) + %g’ (I'-1,) - %g (I — I*)>
-G+ (2:8) (8 G) — e’ (8- G)

1 1 1 1
“(I'-1) (g G+-g-g)--U-1)(g-G+=lg
+5( *)<g +38 g) 5 ( )(g +2\g!>,
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which in conjunction with (2.74), yields

P’ — G o~ gt lel i L o L
= K2 kT kT ®T kT
ZQ’”’" 2T 2wkt //RR /Q /s ‘ cre

(5g-c+—\er + T gl +1)

(-G 3 T G) (g g) (g G)- Ig\Q(g-G)

(I' - 1) <g -G+ g g> <g G+\g|)}

x (1= R) R [g]** |w

_l’_

—
[\DM—AM‘S

: é ' dwdr dRdI, dg dI dG.

Considering integral with respect to G, we first discard all vanishing terms due to parity

3

1
Zer:K 3 // / / e irlGP o~ airlel’ o— i o~ wr -
— m Co( 27TkT R3xR, JQ3 JS2

(T;gG{T(g‘g’) (g’-G)—Tglz(g‘GH;(I’—Ii)g'-G—z(I—I*)gG}

+5 G T (e G)Z—%(g-G)”i(I’—F)g g—l(f I)\gIQ}
+<Tg\g|2—|—l>{ZL(g’-G)Z—Tg(g-G)2+i(I’—Ii)g.g’_4([—1*)]g|2}>

w. &

' dwdrdRdlI,dgdl dG,

and then

3 2
ZQT‘T: 2p / / / e 4’€T‘g| e ! e — 5l
- m? Go(T) Ry JQ3 /52
: 1 1
m 2
{4((g-g’) —|g|4)+2(I’—Ii)g-g’—Q(I—I*)IgIQ}

5
m 3 (kT\2 (5 3
2t (B0) Lo (1 i) + 5 (- s - - 116}

3
m s (KT\2 (kT 1 1
# (gt )at (S0) {5 (e - 1e7) + (- g - - 1) |g|2})

-3

g

7~
e
3
jw
N
x>
3‘%
N———
|

x (1— R) Rz |g|* |w

‘ dwdrdRdIl,dgdl.
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A rearrangement yields the following integral

3 P é el 1
Qpr = 2/ //e4kTg6kT€kTI*
; " mZCO(T WkT Ry JQ3 /52
1 m
(3 (4kT+8\g|2+f> (- 158~ (- 1)l8f")

+mTIZT (1P (1&]* - 31eP) +2 (- &)°)

(b Zar)ir (1 - )

x (1= R) R [gf** w5

|g|

’ dwdrdRdI,dgdl.

Next, we pass to the o—representation with Jacobian (1.36). Recalling (2.73) and (2.56), we express

4R
&= Rlgf + -~ (I +1),

RE
g-g=2/—g-o,
m

2 4R
(@g) = (Rlg+ 20 1) (g0,
and consequently consider the following integral

2

3 3
p 1 m 5 i
Q=K Z / / / e 4kT|g|@ kTe &T 1
; mQCQ( 8 7TkT R4 Q3 J 52
1 m 2 2
(-3 (Grr+ P er) a-1)e
mkT 4R 4R
70 (el (-9 P+ 2 ) 2RI+ T 0410 (2 0)?)

32
+ <i]+156kT) kT ((R—U |g|2+%f(1”*)>>

x (1 — R)R*"2 |g** do dr dRdI, dgdl.

Integration with respect to o is easy and we are led to proceed in that direction:

3 2 3

14 T 5 gl ol
EQ: //e4kTgekT@kT
ot " m2Co(T)2 2 ﬂ'kT R’y JO,

{1 Grra e er) a-nlelt+ "o e ((§r-3) e + G (1)

4
<4I + fng) kT ((R —1) g]* + WR (I + LJ)} x (1— R) R**2 |g|** dr dRdI, dgdI.
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Next, integration with respect to I and I, yields

3
TZler: mQQ“po( 5 7rk:T /Rs/[ol]/me e
{fomter+ 22T ep ((Sr-3) ) 1 + m (o1)°)
+ (o (-0 e+ 2 eryt)

+%(sz)2 ((R 1) (kT)*|gl* + R(k:T) >>}><(1—R)R5+§ lg|** drdRdg.

A rearrangement leads to

3 2 3

P T m 3 3 _m |2
E O =K - kT / / / e sirlel
= m? (o(T)? 2 <7T’fT) T e 0.1 /10,1]

4 AT 13N e M BN py el 2
<32 <3R 3> gt + kT <48R o ) el + 5 (k7)) (1 - R)R**3 |g]* drdRdg.

Integration with respect to r and R gives the following result

2 3
2

3
P m 3 2 2s — | ‘2
rr — K kT —2 .
; ° m? CO(T)27T (WkT) (kT) (25 + 5) /R3 g™ e” mT

m 5 3 47 13 (kT)* 11
(32 (3(25+7) N (23+3)> gl* +&T <48(2s+7) N 16(25—1—3)) 8"+ 2(2s+7)> de.

A rearrangement and a passage to the spherical coordinates lead to

3 3
_ 14 2 ( M \2 3 8 — gl
ZQW’_Km?gO(T)ﬂ <7rkT> k1) 5555 /Rf

- (s+6) 2546 | . (4s — 33) ssra | (KT)? 11 2542 | 4
g™ + gl 8| gl
12(2s4+3) (2s+7) 12(25+3) (2s+7) m  2(2s+7)

Now, we perform the change of variable (2.75)

p? m o\3 8
ZQ” Kot @e™ (srg) 077 25 +5) (25 +7)

7

(s+6) mo\TST3 45 (4s — 33) mo\TST3 .3
S kT S
- ( "2 (25 + 3) (4]<:T> v 2+< 12(25 + 3) (4kT> v

(kT)’11 / m \—s=3 .1
T ?(4kT) ze ) de.

l\')\)—l

A factorization yields the following integral

_ PP o m NE g 8
;QM_KW@(TW <7rkT) CT) G5 s+ 7)

7
kT\°t2 _ (5 +6) r o, (45—33) 5, 11 s
22s+6 / z [ s+5—1 s+35—1 - st5—-1 dez.
" (m) 2, 22s+3)" 0 Twesint T TRt )@
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Comparing to the definition of gamma function, we obtain
2

3 s
_ 4 5 /1 ﬂ
;Q’“’"—Kmsgomz (kT) f(m) (

225+9
25+5)(2s+7)

(e et et )

and then using the property of the gamma function I' [z + 1] = 2T [z] yields

2

3
ZQTT :Kﬁ (kT)5ﬁ<
r=1

kT\* 22s+9
> (25 +5) (25 +7)

T [Hs} <_(s+6)4;25+5) N (459—633) +§> |

Go(T)

m

Using (1.94) we can rearrange once more

3 2 s
BT (RTNT22 (s (25 415) +30) L[ 3
2 9= Kcom?pf(m) 3(25+5) (25 + 1) F[ *2]'

Finally, insertion of this result into (2.71) together with (2.78) lead to the expression for the linearized
source term corresponding to the equation for the heat flux in the 14-moments approximation:

> -1 525+5 9 s
—14 —14 7 2 (s(2s+15)+30) p (kT) ET 31
Qi —;Ukpik _K<2+a> 9(25—}—5) (25+7) mCO(T)2ﬁ<m> I |:s—|—2:| G-

This completes the proof. [l

Transport coefficients. The results obtained here are a consequence of the model of interaction
between the molecules. The production terms thus represent the macroscopic dissipative effects. How-
ever, their structure reflects the mesoscopic mechanism of interaction without any prior recourse to
phenomenological relations.

Since the maximization of entropy and extended thermodynamics obtain the same set of moment
equations, it enables explicit computation of the relaxation times of the extended thermodynamics
model, g for viscous stress, 77 for dynamic pressure and 7, for heat flux, from our production terms.
Indeed, It is in the spirit of extended thermodynamics, as well as the theory of hyperbolic systems of
balance laws, to recast the production terms in the following form:

1 1 1
14 _ = 14 _ 14 ,
Pz’j = ;Sp(ij) + Eﬂézy Q" =uw by — qu i,
where 7,, 71 and 7, are appropriate relaxation times. They estimate the rate of decay of non-equilibrium
quantities. It is easy to recognize from (2.64)-(2.65) that:

1 925+4 ) (kT)? ET\® 3
— =K Sl 2T 2
& mCo(T)2ﬁ< m ) [S+ 2] ’

; =K <0‘ + ;) (a+ 1)_13(25 +2§>s)zs +7) ﬂ[;(CIZ(TT);ﬁ <k;”T>F [8 " ;] |

(o) It A o)

On the other hand, it was shown [9] that the relaxation times can be related to the transport coefficients
— shear viscosity u, bulk viscosity v, and heat conductivity :
41+ a)

e
=prs, V=D, K= |a+=|=7g
p=pTs 3(5+2a)7 ™ 2) T
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so that one obtains:

15 m? e
N o EKT [s + 3] (B
(a1 (254+5)(25+7) ms et 5
(2.79) =~ ot 57 53543 VART 55 9] (kT)" a(T)",
B N? 9(2s+5)(2s+7) k m? e
" <O‘ * 2) 2555 (5 (25 1 15) + 30) m KT [ 4+ 3] ° 1) (T

Although we arrived at (2.79) by an ad-hoc procedure, in contrast to the standard asymptotic methods
like Chapman-Enskog one, it gives some hint impression about the dependence of transport coefficients
with respect to the collision model.

In [3] results similar to (2.79) were obtained in the special case s = 0. Generalized form of the
transport coefficients, obtained in [4], leaves the possibility to adapt the collision cross section and
match certain macroscopic quantities. For example, we can choose s to obtain the appropriate value of
Prandtl number, Pr = ¢,u/k. A theoretically obtained value for Prandtl number for polyatomic gases
is given by Eucken’s relation, Pr = 4+/(9vy — 5), while from (2.79) one obtains:

7) 110 (s (25 4 15) + 30)

Pr:<o‘+2 3(25+5)(25+7)

Matching these two relations, with the aid of the restriction s > —3/2, the following values of parameter
s are obtained:

TABLE 2.1. Prandtl number and values of the parameter s

Gas y @ Pr S

diatomic 7/5 0 28/38 0.678
three-atomic 4/3 1/2 16/21 —0.311

Since we only have one free parameter in the model, we can adapt it to match only one macroscopic
quantity, while for the others we may expect just better or worse matching. One of these important
properties is the dependence of the viscosity with respect to the temperature, for which it is easy to
determine from (2.79); that pu oc T2¢T5~1 For the values from Table 2.1 one can determine that
one obtains p o< T%3%2 for diatomic gases, and p oc T23! for three-atomic gases, both results being
unsatisfactory when compared with experiment.

However, a different strategy can be applied: first to adapt s to match the temperature dependence,
and then to compute the corresponding Prandt] number. According to [25], for CO one has p oc 70734,
which gives s = 0.262 and yields Pr = 0.781, which is in satisfactory agreement with the theoretical
value for diatomic gases (Pr = 0.737 from Table 2.1). For three-atomic gases the results are a bit worse.

Entropy density and entropy flur. Another important feature which we need to discuss is the
structure of entropy density and entropy flux for non-equilibrium distribution (2.41). Macroscopic
entropy is defined by (2.21):

(2.80) h:ps:—kABAmflogfw(I)dIdv,

while entropy flux has the form:

(2.81) hj = psuj + hj, hj= —k/ / ciflog fo(l)dldv,
r3 Jo

where ﬁj is a non-convective entropy flux. As a first step, we shall derive them for the equilibrium
distribution (2.28).
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PROPOSITION 2.7. The entropy density and the non-convective entropy flux for polyatomic gases
i local equilibrium state have the following form:

p p m \3/2 5 =
2.82 =—k— 11 —{= hilg = 0.
(282) psle m { °8 (mCO(T) (27rkT> ) <2 ta)p hle=0
Moreover, Gibbs relation holds in equilibrium:
1 P
2.83 dslgp = {deEdp},
(283) b= 7 {dels =4

where e is the internal energy density of polyatomic gas (2.35).

For both relations (2.82) and (2.83) the proof is straightforward. They are derived by direct
insertion of the equilibrium distribution (2.28) into (2.80) and (2.81). Gibbs relation comes out after
differentiation of (2.82);.

We can conclude from the last Proposition that the equilibrium entropy density is a generalization
of the one for monatomic gases, and that the form of Gibbs relation is also preserved. The form of
the non-equilibrium entropy density and entropy flux is dictated by the form of the non-equilibrium
distribution function, and thus can be expressed in terms of 14 scalar fields.

PRrRoPOSITION 2.8. The non-equilibrium entropy density and entropy flux for polyatomic gases in
the 14 moments approximation have the following form:

3 1 2
1k p 1 /7 p
ps = ps|p — Zapijﬂ (P<z‘j>2?<z'j>) D) (2 +04> %lgq'q
3 /(5 4k p
2.84 - (= 1 R |
-1 3 -1
s ¢ kp (7 Z kp (7 .

PRrROOF. To prove these results, it is sufficient to follow the procedure used in the derivation of the
entropy density and the entropy flux in the case of Grad’s distribution function [37]. First, one has to
put the non-equilibrium distribution function (2.41) into (2.80) and (2.81). Since we shall restrict our
study to second order terms with respect to non-equilibrium densities — pressure tensor p;;, heat flux g;
and dynamic pressure IT — we shall exploit the approximation log(1 + x) ~ z — 2 /2, valid for |z| < 1.
Under these assumptions, the relations (2.84)-(2.85) are obtained after tedious, but straightforward
integration of (2.80) and (2.81). O

The non-equilibrium entropy density (2.84) comprises the equilibrium one psgp and non-linear,
quadratic terms related to pressure tensor, heat flux and dynamic pressure. It is a generalization of
Grad’s entropy density since it contains the polyatomic parameter a and term II? which do not exist
in the monatomic case. Moreover, it fulfills the convexity conditions provided o > —1 (or equivalently
D > 3), ensuring that the 14 moments system (2.48)-(2.49) can be put into symmetric hyperbolic form
[18].

The entropy flux (2.85) shares the same properties as the entropy density. It contains the lin-
ear term, g;/T', typical for linear theory, but comprises non-linear terms p;;yq;, present also in the
monatomic case, and Ilg; which is the non-linear contribution specific of polyatomic gases. The co-
efficients contain the parameter of the model «, as well. The results presented above are in perfect
agreement with the ones of extended thermodynamics [9].






CHAPTER 3

Multivelocity and multitemperature models of Eulerian polyatomic
gases

Mixtures of Eulerian (inviscid) gases are usually described by monovelocity and monotemperature
models, where the state of the mixture of s species is determined by the mass densities of each con-
stituent p;, i =1, ..., s, the mixture velocity u and the common temperature T or the internal energy
density e. They stay in the framework of ordinary thermodynamics, and the corresponding equations
write, as long as chemical reactions are not taken into account [50],

Opi + Vx - (piu) =0, forany i=1,..,s,
9 (pu) + Vx (pu®u+pld) =0,

O (%plu\g —i—pe) + Vx - {(%p|u]2 +pe> u—i—pu} =0,

where p = >°7 | p;. They become complete once state laws are written for the pressure p and the
energy e in terms of the mass densities p; and the common temperature 7.

Models involving one velocity and one temperature/internal energy per species (resp. called u;
and T;/e;) have lately been developed in the context of extended thermodynamics. Let us recall that
the first rational model of homogeneous mixtures was proposed by Truesdell in the context of rational
thermodynamics [58]. It is based on three principles that we briefly comment:

(1) All properties of the mixture must be mathematical consequences of properties of the con-
stituents.

(2) In order to describe the motion of a constituent, we may in imagination isolate it from the
rest of the mixture, if the actions of the other constituents upon it are properly described.

(3) The motion of the mixture is governed by the same equations as in a single body.

Roughly speaking, the first principle asserts that the whole is just a sum of its parts and the third
that a body, in its motion as a whole, behaves in the same way whether it is a mixture or not. The
second principle implies that each component of the mixture obeys balance laws of mass, momentum
and energy. We mention that these laws are not conservative, because of the mutual interaction of the
constituents. Indeed, if the mixture is constituted of s species: A1, ... As, and if chemical reactions
are excluded from our consideration, then the species A; satisfy the following system of equations

pi + Vx - (pini) =0,
(3.1) 9 (piwi) + Vx (piw; ® w; + p;) = Ny,
O (%Pz wif” + piei) + Vx - {(%Pz wil” + pi€i> u; + piu; + qi} =E;, forany i=1,..,s,
p; being the density, u; the velocity, e; the internal energy, p; the pressure tensor and q; the heat

flux of the species A;. In order to recover conservation laws of mass, momentum and energy for the
mixture as a whole, the production terms must satisfy the following relations:

(3.2) ZN =0, ZE = 0.
=1 =1

103
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In fact, the third principle implies that the mixture obeys conservation laws identical to those of a
single fluid:

Op+ Vx-(pu) =0,
(3.3) 9 (pu)+ Vx(pu®@u+p) =0,

Oy (%,0|u|2 +pe> + Vi - {(%p|u|2 —I—pe) u+pu—|—q} =0,

where p is the density, u the velocity, e the internal energy, p the pressure tensor and q the heat
flux of the mixture. At the same time, these field variables have to be deduced from the ones of the
components of the mixture, by the first principle. They are defined with the following relations:

S
p= Z Di mass density of mixture,
i=1
1 S
u=-— Z pill; mixture velocity,
P
S
U, =uw; —u, with Z piU; =0 diffusion velocity,
i=1
S
p= Z (pi + piU; ® Uy) pressure tensor,
i=1
1 S
e=— Z i (ei +3 |U¢|2) internal energy,
p “
=1

S
q= Z (%‘ + pi (6i +3 !UHQ) + piUi) flux of internal energy.
i=1

Then it is easy to recover the conservation laws for mixture (3.3) by summation of balance laws for
constituents (3.1), having in mind (3.2).

In the general form of a model for a mixture given in (3.1), the closure problem immediately
appears. Namely, system (3.1) needs constitutive equations for the pressure tensor p; and the heat
flux q;, as well as an expression of production terms N;, E; in terms of field variables p;, u;, e;. This
problem has been studied in the framework of extended thermodynamics. In this theory, it is required
that a model satisfies two fundamental principles — the objectivity principle, that assumes invariance of
the field equations with respect to Galilean transformations, and the entropy principle (or accordance
with entropy inequality) for all thermodynamic processes.

We recall first that as far as (inviscid) fluids are considered, off-diagonal parts of the pressure tensor
and the heat flux vector vanish. In other words,

(3.4) p; = p; 1d, qQ=0, i=1,...,s,

where p; is the pressure of the constituent A;, and

is the total pressure. Therefore, multivelocity and multitemperature Eulerian fluids obey the following
set of equations

Oipi + Vi - (piw;) =0,
(3.5) 9 (piwi) + Vx (piwi ® u; +p; Id) = N;,
O (%Pz i |* + Pi€i> + Vx- {(%Pz g |* + Piei) u; +Piui} =FE;, i=1.,s,

by means of (3.1) and assumption (3.4). It now remains to determine the production terms N; and
E;.
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Following [54], balance laws for the species A; are replaced with the mixture conservation laws.
In such a way, instead of (3.6), the following system of equations is considered:

Op+ Vx-(pu) =0,
9 (pu) +Vx(pu@u+pld) =

0,

O (%p|u|2 +pe) + V- {(2p1u| +pe) u+pu} 0,
8t/0i + Vi - (,0@ u'L) =0

O (piw;) + Vx (piu; @ u; + p; Id) =

O (%Pz Juif? +pi€i) + Vx - {(%Pz ;| +/)z'67;> u; +pz'uz'} =FE;, i=1..,s-1,

I

N,

As in [53], the objectivity principle is applied to general hyperbolic systems of balance type. It is
required that the field equations are invariant with respect to the Galilean transformations:

Tt x—x"=x+tc, u—u"=u+c,

where c is some constant vector. This principle applied to the system (3.1) in the absence of chemical
reactions implies the following structure of the production terms [54]:

Ni - Nia

(3.7) o
Ei=u-N;,+E;, i=1,...,s—1,

where ~ denotes a quantity that does not depend on the velocity u.

Another important restriction comes from the entropy principle that requires accordance with the
entropy inequality, seen as an extra balance law. It is achieved through the following procedure. First,
it is proved that the entropy density of the mixture is a convex function with respect to the variables
related to a species A; i.e. (p;, piui, %pi ]ui\g + pie;). Then, the production terms are determined
through the application of the residual inequality: the internal parts of production terms are chosen
in such a way that the entropy production is quadratic form [54]:

s—1
- u; u 1 1
N, = — ai-(w)<]—s—u<—>>,
D T, Ts T, T

j*l

R 1
Ei:—Z@] <_+Ts> Vi=1,...,5—1,

]

(3.8)

where a and 3 are positive deﬁmte (s — 1) x (s — 1) matrix functions of the objective quantities
w. We recall that a quantity is objective if it is invariant with respect to Euclidean transformations
that are more restrictive than Galilean ones: a Euclidean transformation is a time dependent rigid
transformation of frame from (¢,x) to (t*,x*) defined by

(3.9) tes ., xext = Q) x + c(t),

where Q(t) is an orthogonal tensor and c is a vector [50].

It will be useful in the sequel to reformulate production terms (3.8) in a such a way that the sum
involves terms corresponding to species A; and A;, rather than 4; and A,. We are thus led to add
and subtract (u;/T; +u/T;) in the term N; and add and subtract 1/7} in E;. Then, source terms (3.7)
read

(3.10)
! u;, u 1 1 ! u, u 1 1
NZ_ 1 7‘]_71_ P — 1 78_71_ - = 9
;a”(w)(Tj T, <1} T>)+ ;“](w) <Ts T, (TS T))
JF#i
1 = 11
- N ? T leal 7 R T |
SR (-g+7)* 2y (z+7)
J#Z
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foranyi=1,...,s—1.

The coefficients a¢ and 3 are of phenomenological nature, and extended thermodynamics cannot
determine them in the general case. They can be only compared with experimental data for some
particular cases. Our aim is to obtain a system of equations describing mixture of Eulerian polyatomic
gases starting from the kinetic theory, and to compare the obtained production terms with (3.10). In
particular, the purpose is to compute the coefficients o and 3.

Our contribution to the closure problem is based on a completely different approach, directly related
to the kinetic theory of mixtures of polyatomic gases. Let us first recall that the approach to equilibrium
for a mixture of gases is much more intricate than for a single component gas, because many different
scales appear. Namely, the approach to equilibrium can be divided roughly into two processes [34].
One of the processes is the approach of each distribution function to a Maxwellian distribution which
we call the Maxwellisation step of a species. Typically, it takes place on the scale on which the pressure
tensor of that species becomes isotropic or, equivalently, the scale on which the heat conduction relaxes.
The Maxwellisation step is followed by another process, namely the equilibration of the species, i.e.
vanishing of differences in velocity and temperature among the species. Equilibration proceeds at the
macroscopic scale without an ordered pattern: equalization of velocities and temperatures can occur
on a different scale or on the same scale.

This Section aims at obtaining at the formal level a multivelocity and multitemperature model,
as an asymptotic limit of the Boltzmann equations (1.98). For that purpose, we assume that the
Maxwellisation steps for each species are of the same order. Moreover, we assume that this scale is
much shorter than the equilibration scale between different species. This is achieved by assuming that
the typical mean free path for collisions between molecules of the same species are much shorter than
the mean free path for collisions between molecules of different species (which is assumed to be of the
same order as the macroscopic scale). This scaling has also been proposed and studied in [16] in the
case of mixtures of gases with discrete internal energy. Also, the multitemperature model is derived
from the kinetic model in [15] within the framework of mixture of monatomic gases with possible
chemical reactions, by assuming the dominance of non-reactive collisions between molecules of the
same species. Therefore, if we introduce a small parameter e that represents the Knudsen number for
the fast processes, the Boltzmann equations take the following form:

1 S
5tff+V-fof:ng'i( T f) + E Qi (fi, f5), 1<i<s.

j=1

J#i

As a consequence, when € tends to zero, f; converges at the formal level towards the “mid-equilibrium”
distribution function (1.119) with coefficients depending on ¢ and x:

N/2 _

1 m 71_(ﬁ|v7u¢\2+1)
311 L= kT; 2
31 e coim)(mﬂ) ’ |

where

1
(o (T}) = / oi(D)e 7l
Ry

and the number density n;(t,x) =: n;, the velocity u;(t,x) =: u; and the temperature T;(t,x) =: T; of
the component A; satisfy the system (3.6)

Opi + Vi - (piw;) =0,
O (piwg) + Vx (piw; ® u; + p; Id) = Ny,
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with source terms N; and F; given by

N; = s : i) B ) (1) dvdl,
J#i

E; — g%//RNX]R+ (% Iv|? + 1) Q% (fa, f,) (v, I) ps(I) dv dl.

We recall the special form of the internal energy (1.54) for the choice (3.11) and ¢;(I) = 1%, with
a; > —1foreveryi=1,...,s:

5
piei‘fi:fEi = <Oé1; + 2) kn;T;.

It remains to compute the production terms. To that end, we will use the modified VHS model for the
cross section

N-2
(3.12) Bij (v, va, I, 1,7, Ryw) = 2V LK RS |v — v, |29 |- —— %

)

' v — vy

where the parameter s;; satisfies s;; = s;;, and K is an appropriate dimensional constant. We will
also assume that N > 1 and s;; > —%. The interest of this model is that it depends on one unique
parameter s;; for each couple of species, which can be fitted by experiments involving only macroscopic
quantities.

Let us mention that our computation of the production terms N; et E; is much alike the compu-
tation of the production terms obtained by the same hydrodynamic limit of the kinetic model with
discrete energy levels [16].

1. Computation of the production term for the momentum exchange

The production term IN; that corresponds to the balance law of momentum of the species A; for
the Euler fluids and the choice (3.12) reads

N, — Z / / /Q /S v (f (V) iy (V1) = f, () fi, (v, 1))

J#i
N v—v, |V7?
x 2V IK(1 - R)R T2 v — v, |* |w . ——=

w dwdrdRdl,dv,dI dv.

v =i

Performing the change of variables (v,v,,I, L, r,R) — (V/,vi,I'. I, .7/ R') for w fixed in the first
integral, with Jacobian (1.102), we get

J#i
N v—v, V7?2
x 2NTUK (1 — R)R% s+ 271 v — v, |0 :

w dwdrdRdIl,dv,dldv.

A

Let us pass to the o—notation with Jacobian (1.37). Expressing

, m; 2RE
V—-—-vVv=——""—"—||—-Vv+v,+ ol,
m; +my Hhij
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we obtain
- n;nj MM 5 9 RE
Ni :;Kéoi(ﬂ)coﬂ}) (47r2 k2 :nTj) //RN%/Q/SN_IM (—v+v*+ o g)
i
o AR T () oy gt ¥ 1y v, P o drdR AL dv. dTdv.

Integration with respect to o, and then with respect to all variables except velocities v and v, leads
to:

Z

S B\
B n;n; mim; > ° N-1] .2 4
3.13) N; = K i |9 kT
S ; Go,(T3)Go, (T5) <4772 RTT;) M | L (N +2s35) (N + 255 + 2)
j#i

~ g vl - g ve -yl 2
X (—v+vi)e *F i |v — vi|™ dvdv,,
RN xRN

where

V1] = / do.
SgN-1

In order to obtain a final formula, which is as explicit as possible, we pass to the center of mass reference
frame

(3.14) (v, va) > (g v v..G = mV+mV)

mi +m;

with unit Jacobian. Moreover, we seek the expression in the power of the exponential in (3.13) under
the form

(3.15) — (aij|g+bij|2+cij |G—|-dijg+eij|2) ;

where a;;, bij, ¢ij, dij, e;; are coefficients to be determined with a;; and ¢;; positive. Inserting (3.14)
into (3.15), and comparing the obtained formula with the expression in the power of the exponential
(3.13), leads to the system of equations for coefficients:

2 2
2 m; m; m;
a—|—cd+ C+ Cd:
Yo (mi—i—mj)2 K m; +m; U okTy
2m; m;
2aijbij + 2 ¢ij dij €ij + ——— o G ©i = T
% i 7
2
m; 2m; m;
2 J J J
a+cd+ Cii — Cd:
R (mi—i—mj)2 “ m; +m; R 2KT;’
2m; m;
J _ J
-2 aijbij — QCU dij €;; + 777% Ty Cij €ij = _TiTj u,,
2 mimj mj —m;
m; m; % J
2 2 i 2 my 2
a~b~+c~e~~: w; + u.
] g YA ¥ Qkﬂ‘ l| sz]| .7|
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This system is overdetermined ((2N + 4) equations for (2N + 3) unknowns), but consistent, and has
the following solution:
(2 KTy 2kT; > !
ajj = + ;
m; m;

bij =u; — ug,

i — my; mj
(3.16) YO2kT 2kTy

G (g N 1
=i\ okt T 2k T, 2KT; 2kT;)°

e = — i + il - i u; + i u;
Y \2kT 2k 2kT; " 2KT; 7 )

Summarizing, (3.13) becomes

NP4

S
ninj mimj N—1 2 4
N, =-Y K [N KT
L e, @) <4w2 = TT) |8 3 N + 2o 1 9)
J#i
" // g e~ lg+bis " —cij| Gtdi; gtess i[> dg dG,
RN xRN

where coefficients are determined by (3.16). Note that
L _ARTT,
5 g
i MM

(317) aij-

Integration with respect to G yields integrals which only involve the relative velocity g:

s k2T, T; 48N aij\ 2
318) Nyj=— Kuijnin, 2 (J>
(3.18) ; P G0, (T3) 6o, (Ty) (N + 2s45) (N + 2835 +2) \
i

X/ g ’g‘QSij e—aij|g—(ui—uj)\2dg_
]RN

In order to treat the scalar product of g and u; — u;, we consider the orthonormal basis

{ ‘Ef:i]:' S Vi -- ,yN_l} and decompose the vector g with respect to this basis:
iy
g= (g- — ) — 4+ ) (8 Ym)Ym-
i —uy| ) Jug—uy| e~
Let ¢1 denotes the angle between g and |32:3§| Therefore, its cosine is
u; —ujy
Cos 1 = —

gl u—wyl

Next, we pass from RY to the spherical coordinate system, with angular coordinates denoted with
©1,92,...,oN—1, where @n_1 ranges over [0,27) and all the others angles range over [0,7]. We

express g in terms of its spherical coordinates with axis ;iﬁj‘ i.e. we choose the polar angle to be
i~ Uj

1. Thus, we perform the following change of variables

cos (1

sin 1 €os @3

sin (1 sin 9 cos @3 L Cos 1
(3.19) g—lgl | . =:|g| [ sin 1 @ ] ’

sin 1 sin 9 - - - sin Y —_2 COS YN —1
sin 1 sin 9 - - - sinpy_92sin Yx_1
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where @ represents the element of sphere SV =2, The computation of the Jacobian of this transformation
gives (note that we do not need an absolute value since all sine functions are positive on the considered
domain):

dg = |g|" " (sin1)" 7 (sinp2) " - sinpy - d[g| der dips . den
(3.20) = [g|" " (sine1)" ™ dg| g da,
where, according to the standard notation in kinetic theory, we denoted
d@ = (sin @2)N73 cesinpy_odps...donN_1.
Finally, the integral (3.18) becomes

S K 1T, 4|5V («W)JJ
_ T 2
2 PHIT G (T)o, (T7) (N +2555) (N + 235 +2)
JF#i
—u; = 2 2
o[ (osormm rsings 3 Gy, | oot
SN 2 R+ ’L ‘ m=1
X \g[25”+N (sirupl)N_2 d|g| d¢1 dw.
Integration with respect to the element & of the sphere SV=2 yields
7 (2
st T o (T )Coj( 5) (N + 2s45) (N + 2845 + 2) lu; — uy|

J#i
25,5+ N 2 [T 2 N-2
i —as el —u, | cos . -
X/ lg|* N e aiz|gl / cos g1 e aiz|g|[us—u;| cos o1 (sin 1) de: d|g| .
R, 0

Let us concentrate on the integral with respect to the angular variable ;. We change variable cos ¢ +—

p,
1 _

™
(3.21) / cos g e ilglluimusleoser (g YN=2 gy = / p(l—p*) 7= e?aislelvi—wlp g
0 -1

N-3 N-3
where we expressed (sing)Y 2 = (sing?) > = (1—-p*) 2, which is allowed since the sine function
is positive on the considered interval. Next, we perform a partial integration with

u = eQaij|g||ui_uj|p = du = 2&1] ‘g’ ‘ui _ 11]’ 62aij|g||ui_uj|p’

2 N-3 1 9 N-1
do=p(1-p7) 7 dp = v=—mmg(1-p)
so that
1 _
/ p(l—p2)¥ 62aij|g|\ui—uj\pdp QCL” ‘g| |ul u]|/ 2(1”\g||ul uj|pdp
-1
_ 2a; Igl qu—ugl N+1] =~ ( N 2
I|f—— F 1; —u;
N 1 e 5 ofi (15 + 1L aZ; gl [u; — vyl

N -1 ~ N
= aij |g||u; —u;| /7T [2} ol <; 5 + 1;%23' |g!2 lu; — uj|2> ;

by means of comparison with the integral representation (15). Note that in the case when N = 3, the
computation of the integral (3.21) is particulary simple and it can be done directly, without need for
representation through special functions. Denoting A;; = 2a;j |u; — u,||g|, for N = 3 we obtain the
following result:

1
2
/ peti?dp = —o (Aij cosh Ayj — sinh Ajj) .
-1 Aij
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Next, we focus on the integral
/R+ g TN eaulel Fy <; g + 1503 |gf* [u; — Uj|2> dlgl.
We perform the following changes of variables: |g| — |g|2 =:x and x — a;;x =: T, that yield
/R+ g2 TN gmaislel 7y <; % + 103 [u; — ) Ig\2> d|gl

1 N o o~ (N
_ = rSiit g e i T oF1 ;——i—l;a?j ]ui—uj\Qw dx
Ry

2 2
1 ~ - N
= N1/ Tutre ™ o Fy (; — +1ay u — uj|2x> dz
2aj;j+7+ Ry 2
1 N - N N 9
:WF[SQ‘F2+1} 1F1<Sij+2+1;2+1;Gij|ui—uj|>a

v

for s;; > —N/2, where we used the representation (14). Therefore, we can write N; in closed form as
follows:

s _ _
k2T, T; 2 |SNL| SN2 si; 1=N 2
N; =— E w; —u;) Kpiingn; J a5 e o ai|ui—y;
1 j:1( 1 J) FLZ] 1 ]COZ(T;,)CO](T’]) (N+281])(N+28”+2) 1]
J#i

N -1 N ~ N N
XF|:2:|F|:8,']‘+2+1:| 1F1 (sij+2+1;2+1;aij\ui—uj|2>.

Finally, the source term N; corresponding to the balance law of momentum of the species A; for Euler
fluids in the case of the VHS model for cross section reads

s —_ f—
K2 T, T; 2‘SN 1HSN 2‘
392) Ni= -5 (0 — w) K m;n; j
( ) i jzz:l( i ]) Hig 10 15 Coz(E>COJ(TJ> (N+2sij) (N+23ij+2)
JF

-1
2RT; | 2kTy\Y aw (B4 2T) juewP [N -1 N
< f+ > Pt Gmitet) ‘”'F[z}r[sij*a“]

my; m]’
. N N 28T, 2kT:\ !
x 1F <3ij+2+1;+1;< -+ J) yui—uj\z).

2 m; mg

2. Computation of the production term for the energy exchange

The full expression of the production term FE; corresponding to the energy balance law of the
species A; in the case of Euler fluids and model (3.12) for the cross section reads

- 1 !yt 1oyt
E; _j;//IZQNXR+/S2/9N—1 <2mi |V‘2+I> (sz (V 7I)ij (V*al*) _fEi (VvI)ij (V*vl*))

J#1
N v—v, |[N72
x 2N TIK(1 — R)R* 027 v — v, |* :

w dwdrdRdI,.dv,dIdv.

v

Its computation resembles the computation of the production term IN;.
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The first step consists in the change of variables (v, v, I, L., r,R) — (v/,v,,I',I.,7" R') for w
fixed with Jacobian (1.102). We obtain

S
1 2 1
E’:Z// // —m; ‘v" + I ——my |v =1 fe, (v, 1) fB; (Vs, L)
o IRy Ja Jsv-1 \2 2
J#

N-2
dwdrdRdIl,dv,dIldv.

V — Vy

x 2N (1 — ]-'i)]%fs”'Jr%*1 v — v |w -

V=)

The term in the first parenthesis can be expressed in terms of non-prime variables as follows:

}mi ‘v'f—i—]'—lmi |v|* —

2 2
m; mg
= —Wij (V. — Vy) - v+ Vi
Hij ( ) <mz +m; m; +my >
m; my V — Vy,
20 RE | Ty | ——
VS (mrHWV+mH4WV> WLV—WJ

tv—v. 2l R <—(mj)+7“>

2 mi—i-mj

+I<mj R+r(1—R)—1> s <mj R+r(1—R)>.
m; +my; mi +m;

We pass to the o notation, and integration with respect to this variable yields

N
”1”3 mim; ® N1
Fi= Y Koo (i) 19

J#Z
. 1 mg 2
% // /ele(mZVuiz+I) _TTJ-(T”V*—UJ'\ +1.) v —v |25i]( R)Rsz]—l-——l
*
RNXR+
m; m;
. L v+ v,

m; + my; m; + m;

Flv—v 2“2” (1- R) (—Mw)

+1 (m"‘RJr r(1—R) — 1> + 1, (ijJr r(l— R)) } drdRdI, dv, dI dv.
m; +my; mi +m;

Next, we pass to the reference frame of the center of mass by means of the change of variables (3.14).
We rewrite the part concerning velocities in the exponential as (3.15). The following integral is obtained

N
141 m;m; * N1
E; = K S
Z Go, (T3)Co, (T}) (4 72 k2 TZTJ> | |

J#%
// / —a;;lg+bis| P — CZJ|G+d’LJg+eZJ| lTj I ’g|25ij (1 _ R>R3ij+%fl
RNXR+
/%J m;j
G 2 -R)| -7
o e g - (~ )

4T (ij+r(1 ~R) - 1> s (ijJrru - R))}drdeI*dngdG.
m; +my; mi +my
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Then, integration with respect to G in conjunction with (3.17) gives

B = ZK n;n; ’ N 1} alj / / —aulg+b”| e W e ﬁ |g|2si]( R)Rs”—i-——l
Go, (T7)Co, (T, Ry

J#%

2 Mij my
X {Mijg'(dzjg+ezj)+|g| = (1-R) <_M+T>

i, (ij+r(1 ~R) - 1) + 1. <ij+r<1 - R))} drdRdI, dgdl.
mi +my mi +m;

Integration with respect to I and I, and grouping coefficients of the same degree in g, yields

k2 T T a N
E =S Kn, N-1 m / / / 1251 ¢—ouslg— (i) () _ gy gty -1
Z M G (1) Co, (T5) Co; (T ‘S ‘ &Y J[0,1] /o, 1] ‘ -8 ’

J?él
1 m;
X {Mz‘j <dij t3 (1-R) <—m+]m + 7“>> I§
i T mj
tHij€ij - 8

ET (ijwu ~R) - 1) +ET; (””Rwu —R))} drdRdg.
m; +my;

m; +m;

Next, integrating with respect to r, we get

k2T, T a N
E; = E Knin; SN ! Zj / / 28” e —agjlg—(ui—u;)[? — R Rsij'i'?_l
! COz )COJ ‘ ‘ RN J[0,1] ( )

J#z
. ,
X {Mm‘ <dm + m (1—- R)) g
+Hijeij - g

mj —m 1 m m 1
T p 2 pr (2T py 2 gR .
T <2<mz+m]>R 2)* J<2<mz+m]~>R+2>} fide

Integration with respect to R gives

k2T, T; 418N an Y 955 —asilg—(us—ur)?
Ez‘ = ann Y / Sij e_alj‘g_(uz_u])l
2 ity e T ><N+2sw+z>( )", e

i m; — m,; 1
X § e | dij +
{(N+2sij) ( 9 g+ my) (N+2sij+4)> 8]
Hij
+(N+28ij)ew g
mj—mi 1 1

+ KT+ kT)) + oo
2(mz —|—mj) (N + 23ij +4) ( ]) 2(N + 281']‘)

(kT — kn)} dg.
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Comparing with (3.18), we recognize that the coefficient of e;; is —Nij, where —Nij is such that
N; = >7-1 Ny;. We are then led to write

JFi
k2T, T; 415N i\ 2 g 2
N K ( ]> / 2si5 ,—aij|lg—(u;—uy)|
Ze” ”*Z i o (T, (Ty) (N + 255+ 2) o L
J#z J#Z

7% kT; — kT, m; —m 1 9
X J Hij + : ‘g|
(N + 28@‘) mzk'T] + mjk‘Tz (ml + mj) (N + 28U + 4)

my M (k:TjkE-)} dg.

+
2 (ml + mj) (N + 231‘]’ + 4)

kT 4+ kT, —_
(KT + j>+2(N+28ij)

Next step consists in passing to spherical coordinates for g, using the change of variable (3.19) with
Jacobian (3.20), and expressing

g — (i —w)|* = [gf” — 2|u; — ] |g| cos o1 + |u; —uy[*.

We obtain the following integral

2 N-1||gN=2| . N
Ze@] Nl] +ZK’I’LZTLJ CO k T T 4|S ‘ ‘S ‘ (ai) 2 e_aijlui—llj2

Ti)Go; (T5) (N +2si5+2) \m
J#Z J#Z
></ |g|23ij+N_1 o—aislgl? /7r e2aijlui—u;||g| cos ¢1 (Singol)N_2 dey
Ry 0
T kT; — kT m; —m,; 1
s (Wit + s ) e
(N + 251']‘) mlij + mjkTZ (m; + mj) (N + 285 + 4)
m; —m; 1
o ET+kT) + ———— (kTj — kT;) pdg]|.
2(m¢ —I—mj) (N + QSij +4) ( ! ]) 2(N-|— 2Sij) ( J 2)} ’g|

The integral with respect to the angular variable ¢; can easily be represented using (16), i.e

" 2a;|u;—uy||g|cos 1 (o N-2 N-1 [ N 2.2
ettt (singy)™ “dey = /7T 5| of1 {5 az; [ —uy|*[g* ) .
0

In particular, when N = 3, the computation is quite simple: denoting A;; = 2a;; |u; — u;||g|, we use
the change of variable cos @1 — p, and obtain

T 1
2
/ eAij cos 1 sincpldgolz/ eA”'pdp:A sinh A;;.
0 —1 i

In the general case, we write

2 N—-1 N—-2 AN _
e g S () o [

)Coj( 1) (N+2s;;+2) \'m
J#% 7751

% ’ ‘QSij—I—N—l efaij|g|2 F ﬁa2|u _u’2’ |2
R+ g 041 I 27 1] 7 Vi g
. kT, — kT; ;—m; 1

At (i + ) e
(N + 2s5) mikTy +mikT; — (mi+my) (N + 2sij +4)
mj—mi 1
kT, +kT; —— (kT; — kT;) pdlgl.
+2(mi+mj)(N+28ij+4)( o J)+2(N+28z'j)( ’ Z)} gl
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We perform the following change of variable a;; | g[2 — x, and get

FTT  AISY ISV a5 w2 N -1
Zez] NU—FZKW”]COZ )COJ-( J) (N+2SZ]—|—2) (7) e J J \/77—F |:2 :|

e = N 2
X/ e z 0F1 <;2;aij\ui—uj| X
Ry

J#% J#%

{ Hij ( k15— kT m; —m; : ) 1 SR Nemer
i = Qi T 2
(N + 282']') mZij + mjkTi (77”LZ =+ mj) (N + 281']' + 4) 24
m; —m; 1 1 1 N2y Nt2s55 4
kT, + kT; — (kT; —kT;) | =a,. 2 2 dx.
+<2(m,~+mj) (N+28ij+4)( ot j)+2(N+2Sij)( J Z)> 2a” v .

Comparing these integrals with representation (14) yields

RTT 4SSV rai\ ¥ e jarou N-—1
Zez] Nl]+ZKnanCOZ )Coj( ]) (N+23ZJ+2) (7) e J 3 \/77-(-]_1 |:2:|

J#z J#Z

143 kT; — kT, m; — m; 1
X Ihij +
(N 4 2si5) " mikTy + mkT; — (m;+my) (N + 2545 + 4)

N2t TN 28,5 42 N + 2s; +2N
Xfaz.j 2 F[ 21] } L 1( 21] 2 a”]uz uj‘z)
mj—mi 1 1
kT, +kT) + ——— (kT; — kT;
e e e LR e )
1 _NEiG TN 4 25,5 - (N+2s;; N 9
oy T[] (2 ) )

Substituting the coefficients, we get the final expression for the production term that corresponds to
the energy balance law of the species A; of Euler fluids, in the case of a cross section of VHS type:

~1

my m; m; ~.

23) E; = J L, T ow )N
(3:23) Z(Qk:T 2ij> <2kTi“l+2ij“f> i

J#l
KT.T; 2|SN-1]|gN-2
S iy T 2085
= Co, (T3)Co; (T5) (N + 2845 + 2)
i
2T, 2kTi\°% 1w —(M+ﬂ)_l|m—u-\2 N -1 N + 2s;;
x( L4 J) Tz e \T T JF[ }F[ ”]
my m; 2 2

{(m]kﬂ—i—mlkY})( /i'Tj—k‘Tl mi —m; 1 )
X Hij +
m; +my; mZij —|—mjkTi (mz —i—mj) (N + 28@' —l—4)

. (N+2s;; +2 N [2kT, 2kT:\ *
« 1F1< + 52]+ ( z+ ]> ’ui_uj|2>

) )
2 2 my; m]’

mj—mi 1 1
kT, + kT; —— (kT; — kT;
+ (2(mi+mj) (N+28ij +4) ( + ]) + 2<N+28ij> ( J )>

—1
oy (N2 N 2R 2R lw; —w* | §
2 2 m; mj
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3. Comparison of the models built thanks to extended thermodynamics and those built
thanks to kinetic theory

This Section aims at comparing the source terms (3.10) obtained by means of extended thermody-
namics and the source terms (3.22) and (3.23) obtained with the help of kinetic theory. The comparison
is motivated by the intrinsic limitations of extended thermodynamics — phenomenological coefficients
cannot be completely determined within its framework. In that sense, kinetic theory seems to be more
complete. Once the model of interaction is fixed, the structure of source terms can be completely
determined in principle.

Comparison of source terms (3.10), obtained in extended thermodynamics, with the source terms
(3.22) and (3.23) from kinetic theory, is not possible in general, since they have a completely different
structure. Namely, (3.10) is proportional to w;/T; — u;/T; and 1/T; — 1/T;, while kinetic source
terms are highly nonlinear with respect to macroscopic state variables. We can establish the relation
between them only in the limit u; = u and 1; — T, for every i = 1,...,s. More precisely, we are led
to approximate the source terms N;(u;, u;, T;,T;) and E;(u;,uj,T;, T;) around the point (u,u,7,T")
retaining the first order terms, i.e.

(3.24)
N; := N;j(w,u;, T3, Tj) = Ny (0, u, T, T) + VN;(w,u, T,T) - [w; —u uwj—u T,-T T;-T]"
Ei = Ei(uiyujaj—‘iaj—‘j) ~ Ei(ua uvTa T) + VEi(ua u7T7 T) ' [ui —ua u; —u T'z -T T] - T]T
which holds when (u;, uj,T;,Tj) is close to (u,u,7T,T), for any i, =1,...,s

Regarding source terms (3.10) issuing from extended thermodynamics, such an approximation
yields

s—1
1
Z CKZ] — —u;) + Z ozz-j(wo) T (us — w;),
j=1

J#z
s—1 1 s—1 1
(3.25) E; ~— jz; aij(wo)fu (uy —wg) + ; aij(’wo) fu- (us — u;)

J#i

s—1 1
- ﬁzy = (T; =Ti) + Zﬁij(wo)ﬁ (Ts = To)
i=1
J#l ’

where w® := w(u,u, T, T) denotes an objective quantity w evaluated at the point (u,u, T, T).
Approximating source terms (3.22) and (3.23) coming from kinetic theory, we obtain

(3.26)

1 5 25ij 647T1/2 F[Sij + %] —(aita;)+si;
K™ nen, KT~ s (g —

J#z

2% 641/2 Llsij +3 o)
ZKHI Sljninj J T [S’L] 2] (k;T)f(az+a])+s” u- (u] _ uz)
3(254; + 3)(2s1; + 5) Dlaw + 1]T[a; + 1]

J#z
250167/ Tlsij + 3]
+> Kk 2
Z payin I (255; + 5) Dl + 1T [oy + 1]

7j=1
J#i

(kT) —(eitaj)+si;

o (m; — mj)2(23ij +3)+ (m; + mj)2(25ij +7)+ 2(25@‘ + 3)(25@' + 7)mimj (T, — T))
(mi +m;)?(2si5 + 3)(2s5 + 7) S
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Then (3.25) and (3.26) can be directly compared to obtain explicit expressions for matrices o and
B in equilibrium. First, we obtain the off-diagonal terms:

2% 6471/2 T(s;; + 5]
(281‘]‘ + 3)(281‘]‘ +5) F[O{Z‘ + 1]F[Ozj + 1]
e 2%9167Y2 Dsy + 3
Pij(w’) = K™ nin; (251, +5) Doy + 1J]F[a2j 1]
(mi —m;)*(2sij +3) + (my + my)*(2sij +7) + 2(2si5 + 3) (254 + T)ymim;

(mi +m;)?(2s;5 + 3) (28455 + 7) ’
foranyi=1,...,s—1and for 1 <j < s —1 such that j # i¢. Next, we get the diagonal terms:
2%is647!/2 T'[sis + 3]
3(2s;s + 3)(2sis + 5) T'[ey; + 1T s + 1]

aij(wo) = —K'U,Zlisﬂnznjg (kT)_(ai""O‘j)""sij T,

(kT) (it Fsis 2

X

Oéu'(’wo) = Ku.l_sisnms (k;T)*(aHras)JrSis T

1=sij 2% 64m F[Sij + 2] — (i) +si4
+ K . ”n'n ; kT i j ij T,
; Hij S g 8) 2oy + 5) Tl + ey + 1] )
J#i

L2%s16mY/2 Tlsis+ 3]
0 —s w2
.. — K T Ois .
Bia(w?) = Ky nans (25is + ) Dja; + 1T ]as + 1]
(mi —ms)?(2545 + 3) + (my + ms)2(28i5 + 7) + 2(28:5 + 3)(28i5 + T)mims
(mi + m5)2(23,~5 + 3)(28@‘5 + 7)
s—1 -
o 28”1671'1/2 F[SZ + 3]
K HS'LJ . J 2
+ ng Hig —Thmy (QSij + 5) F[Ozi + 1]F[Ozj + 1]
J#i

(kT)*(Oti+as)+sz's kT2

X

(kT)—(ai-i-Oéj)-i-Sij kT2

(mi — mj)2(2sij + 3) + (mz + mj)2(2sij + 7) + 2(281‘]‘ + 3)(28@‘ + 7)mimj

X
(mi + mj)2(28ij + 3)(28@‘ + 7) ’

where i =1,...,s — 1.

In conclusion to this analysis, which has mostly formal character, we have to say that kinetic theory
model of VHS yielded the source terms of macroscopic balance laws of momentum and energy at Fuler
level. Both thermodynamic (3.10) and kinetic (3.22), (3.23) source terms describe the rate of change
of momentum and energy of the constituents due to mutual interaction with other constituents. Even
though we restricted the attention to the hydrodynamic limit at the Euler level, both source terms are
nonlinear, but different in structure, and their explicit comparison is not possible in general. However,
they can be reduced to considerably simpler form, (3.25) and (3.26), if we restrict the attention to
processes which occur in the neighborhood of the average velocity u and the average temperature T’
of the mixture. Under this assumption, we can linearize the source terms (3.10), (3.22), (3.23) and
determine the phenomenological coefficients o and 3 of extended thermodynamics for u; = u and
T,=T,i=1,...,s, from the source terms provided by the kinetic theory. Although rather restrictive
at first sight, these assumptions lead to important results for thermodynamic model, since extended
thermodynamics, regarded as macroscopic theory, does not provide any mean for explicit determination
of phenomenological coefficients.






CHAPTER 4

Diffusion asymptotics of a kinetic model for the mixtures of
monatomic gases

The interest about the derivation of macroscopic equations starting from kinetic theory goes back
to Hilbert [41] in his lecture at ICM in 1900. He pointed out the importance of developping “mathe-
matically the limiting processes which lead from the atomistic view to the laws of motion of continua”.
This problem has been a very active field of research, and many results have been obtained, both at a
formal level and in the context of rigorous limits. We tackle, in this Chapter, the asymptotic behavior
of Boltzmann equations for mixtures.

The main tools are based on asymptotic (Hilbert, Chapman-Enskog) expansions with respect to
the mean free path, see for instance [25]. The translation in a rigorous mathematical language has been
performed in a series of pioneering papers by Bardos, Golse and Levermore [10, 11, 12]. The authors
derive formal limits from the kinetic equation towards the compressible Euler and the incompressible
Navier-Stokes equations. These results led to significant articles, such as [36], where Golse and Saint-
Raymond established a Navier-Stokes limit for the Boltzmann equation considered over the infinite
spatial domain R3: appropriately scaled families of DiPerna-Lions renormalized solutions are shown
to have fluctuations whose limit points are governed by Leray solutions of the limiting Navier-Stokes
equations.

Apart from the research concerning the classical Boltzmann equation (see [28] as a review article),
which can be seen as a model describing a mono-species, monatomic and ideal gas, one can focus on
the study, at a kinetic level, of gaseous mixtures. In such a framework, the models are much more
intricate. It is indeed necessary to treat systems of Boltzmann-like equations, rather than one single
equation, with multi-species kernels and cross interactions between the different distribution functions
describing each component of the mixture [56]. The complexity of the models grows dramatically if
exchanges of internal energy and chemical reactions are allowed [56, 22, 52, 40, 13, 14|.

The derivation of macroscopic equations from kinetic models remains crucial for mixtures, both at
a mathematical level and for deducing relevant macroscopic equations based on the modelling of mi-
croscopic binary interactions. In this spirit, in [30], the authors propose a model describing a reacting
mixture of polyatomic gases and recover in the limit, via the appropriate scaling (t,x) — (t/e,x/¢)
for € > 0, the reactive Euler equations. We refer also to Chapter 3 of this thesis, where a multivelocity
and multitemperature model for mixture of Eulerian polyatomic gases is derived.

Our aim is to investigate diffusive scaling, i.e. (¢,x) — (t/e%,x/¢), € > 0, for the mixture of
several different non reactive and monatomic gases, which evolves in time via the classical Boltzmann
system for non-reacting multicomponent mixtures. We study the formal Hilbert expansion for each
distribution function, following Grad’s strategy [38, 39|, who studied the formal small free path limit
for the Boltzmann equation in the monatomic and mono-species case. The formal asymptotics of this
model, investigated in [21], leads to the so-called Maxwell-Stefan equations, which are a standard
diffusion model for multicomponent mixtures.

Putting the Hilbert expansions into the Boltzmann equations leads to various equalities at each
order of the small mean free path €. The first one allows to identify the zero order term of the expansions
to Maxwellian functions, thanks to the H—theorem. The second one is a functional equation that
involves a linear operator £ = I — v 1d, where v > 0, only acting on the velocity variable. To solve this
functional equation, we use the Fredholm alternative on the operator £. In general, the alternative
deals with the equation (T —AId)wu = f, where T is a compact operator on a Hilbert space E, and
reC.
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THEOREM 4.1 (Fredholm Alternative). Let T be a compact operator on E, and assume X # 0.
Then one of the two following alternatives holds:

(i) The homogeneous equation has only the zero solution, in which case (T —\1d)~! is bounded,
and the inhomogeneous equation has evactly one solution u = (T —\Id)~1f, for each f € E.
(ii) The homogeneous equation has a non-zero solution, in which case the inhomogeneous equation

has a solution (necessarily not unique) if and only if f € (Ker(T* —)\Id))J‘.

We first study the kernel of the operator £ and state that ker £ # {0}. Afterwards, we compute the
adjoint operator £* (L£* is different from £ in the multispecies case, whereas it equals £ in the mono-
species case) and find ker £*. Finally, the Fredholm alternative, statement (ii), ensures the existence of
a solution to the functional equation involving £ with an assumption on the total macroscopic density
of the mixture.

The main difficulty lies in the proof of compactness of the operator K. To that purpose, the
following characterization of compact operators is used.

THEOREM 4.2. A bounded subset K of LP(RY), 1 < p < oo, is relatively compact if and only if
the two following properties hold

(i) / lu(v+w) —u(v)[Pdv = 0, as w — 0 uniformly for u in K,
RN

(ii) / |u(v)|Pdv — 0 as R — oo uniformly for u in K.
[v|>R

On the one hand, when molecular masses are equal, the techniques introduced by Grad [38, 39|
can be extended to the multispecies case. On the other hand, when masses are different, the proof
requires a new approach. Indeed, Grad’s arguments do not hold anymore. To overcome this issue, we
prove that, thanks to a change of variables in velocities, the operator can be written under a kernel
form, that allows to recover the compactness property. Note that this last approach only holds when
molecular masses are different, so that it is necessary to keep Grad’s approach for collisions of molecules
with the same mass.

1. Statement of the problem

1.1. Diffusion asymptotics. In this work, we focus on the diffusion limit of the following Boltz-
mann equations for mixtures (1.38)

8tfl+VVXfZ:ZQZ](fZ7f])7 Vi:17"'7sa

j=1
where f; := f;(t,x,v). That limit is obtained from the framework of the classical diffusive scaling,
where the scaling parameter is the mean free path € > 0. The diffusive scaling reads

tt° =%, x— x°=ex.

This corresponds to a slow dynamics in space and an even slower one in time. We introduce new
distribution functions with scaled arguments:

tE )
/i < XW) = fEEXE V), Vil

€2’ ¢

The substitution of the scaled variables ¢ and x into the Boltzmann equations (1.38) yields

(%0 +ev-Vue) f5 (15,x5,v) =) Qi (ff.£5) (t5.x°,v), Vi=1,...,s.
7=1

From now on, we drop the index € in the notations ¢* and x°.
Hence, for any 4, each distribution function f; solves the following scaled Boltzmann equation:

I
1
(4.1) SOff + V- Vxfi = 2 > Qi(f5, ), t>0,xeR}, veR?
j=1
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1.2. Solution as Hilbert formal series. We look for f; as a formal power series in e:

(4.2) fi(t,x,v) = Ze fz(k>txv Vi=1,...,s
k>0

It should be noticed that this series does not converge in general for any value of € > (0. We however
only study the first few terms of this series.

Supposing that f{ in (4.2) is a solution of the scaled Boltzmann equation (4.1), we identify the
coefficients of the same power in €.

We only focus on the first two terms in series (4.2). We focus on the following two equations:
Order e~ ! :

(43) ZQij(fi(o)vfj(o)) = Oa
j=1
Order €Y :
(4'4) (ng fl(m:fj(l ) + QZ] (fz(l),f](o))> =V vxfi((])-
j=1

Thanks to Proposition 1.5, (4.3) allows to find the zero-th order term of the series: those are the

Maxwell functions (1.48):
. \3/2
fiy (V) = m( i ) e rrlv—ul®,

2w kT
Therefore, each distribution function f;, 1 < ¢ < s, can be seen as a perturbation of the equilibrium
(1.48). Consistently with the diffusion asymptotics, we set u = 0 (diffusion limit) and kT =
Furthermore, we allow the macroscopic density functions to depend on the time and the space variable,
n; := n;(t,x), and therefore fi(O) takes the following form

f’i(o) = fi(o) (ta X, V) = M’L(V) nz(t’ X)v

where M;(v) is the normalized, centered Maxwell function

AB3/2
(4.5) Mi(v) = (72”—) e3P vy eRE.
s

Moreover, we denote

fi(l) = f’i(1) (t7 X, V) - Mi(v)l/zgi(tv X, V)-

We choose to put Mi(v)l/ 2 within the first-order term of fi since it allows us to work in a plain L?
framework in the variable v for g;.
Finally, we can rewrite f{ from (4.2) as

(4.6) FE(t,x,v) = M;(v) ni(t,x) + e My(v)Y? gi(t,x,v) + ..., Vt>0, Vx,v e R

We then focus on (4.4), the zero-th order in e. We obtain the following equation, holding for any
1 <1< s,

(4'7) _1/2 Z <nz Qz] (Mu Ml/Zg]) +n; Qz]( 1/2917 M; )) = M¢1/2 (V : vxni) .
7=1
In this work, we investigate the existence of g = (g1,...,9s). satisfying (4.7). Note that the
dependence of (4.7) with respect to t and x is not crucial, in the sense that ¢, x, (n;) and (Vxn;) can
be seen as parameters.
For any function g € L?(R?)* of v, we shall write the L? norm of g:

S S
ez = llgsll2e =5 / g;(v)? dv
j=1 j=1 7R
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Observing that M;(v')M;(v)) = M;(v)M;(v.), we can write the left-hand side of (4.7) in a more
suitable form if we introduce the operator I, where the ¢-th component of g is given by

N (M 3/4// v e il gl ?
(4.8) [Kg]i(v)j;<27r> [ By v emim e

\ 3/4 ,
- [" (52) " (ebmM g (v — eimitvFgy(v.))

mi|v’|2

mj 3/4 1
+”j(2> ¢

™

gi(v’)] dw dv,,

for any ¢, and the positive function v = v(v), whose i-th component is

5 -\ 3/2
(4.9) vi (v) = Z nj (Z%) //RS 52 emamilvl Bij(w,v — v) dw dv,.
=1 X

Let us point out an abuse of notation that we made. In this Section, we denote the cross section by
), as in (1.42).

After introducing (4.8) and (4.9), (4.7) can be written as a functional equation in the variable v:

V—Vy

w .
V=]

Bij(w,v — v,), instead of Bjj; (!v — v,

(4.10) (K —vid)g = (Mj/ 2(v- Vxni)>

1<i<s

1.3. Assumption on the cross section. In this work, we assume that the cross sections B;;
satisfy a quite general condition

1
(4.11) Bij(w,V) < a|sinf||cosd| <|V] + |V]1_5> , YweS? VVeR?,

where a > 0, 0 < 6 < 1 and 0 is the angle between w and V := v — v,. As emphasized in [39], this
corresponds to intermolecular potentials with finite range and it means that B;; linearly approaches 0
near = 0 and 0 = /2, and is of restricted growth for both small and large [V].

Condition (4.11) is, for instance, satisfied by hard spheres of diameter o;; > 0:

Bij(w, V) = g, |V| sin 8 cosf,
and by all cutoff power-law (hard or moderately soft) potentials:
~ij Sij — 95
Bij(w, V) = V™ 5;(0),  vij = —~—,
ij

where (3;;(6) is a bounded function which linearly approaches 0 when 6 tends to 7/2, and s;; > 3.

Let us now state the main result of this Chapter.

THEOREM 4.3. Suppose that the cross sections (Bij), -, j<s are positive functions satisfying (4.11).
If we assume that -

S
(4.12) Zni(t,x) does not depend on x,
i=1

then, for any t, x, there exists g(t,x,-) € L?>(R3)* satisfying (4.10), where K and v are given by
(4.8)—(4.9).

Condition (4.12) means that we consider a situation where the total number density of molecules is
uniform in space. This Theorem is based on the following Proposition.

PROPOSITION 4.4. The operator K, defined by (4.8), is compact from L*(R3)$ to L?(R3)%.
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The proof of Proposition 4.4 is given in Section 3. Let us emphasize again that, in Proposition 4.4,
t, x and (n;) are considered as parameters and the compactness is only related to the variable v. Since
KC is compact, we can apply the Fredholm alternative to the operator K — v Id. This is explained in the
next Section. We also observe that the Proposition does not hold when non cutoff power law potentials
are considered.

2. Proof of Theorem 4.3

This Section is devoted to the proof of Theorem 4.3, assuming that the compactness in L? of the
operator K is known. Let us denote £ = K — v1d, and study the null space of £, as required by the
Fredholm alternative.

Step 1 — Study of ker L. Using (4.8), (4.9) with notation (4.5) we can write down the i-th
component of Lg

9= [ 150

o [ )20 e () g )
M) () =y (v) g (v,
X Bij(w, v — vy) dw dv,.

Thanks to the H-theorem 1.5, g € ker £ if and only if there exist o € R®, 3 € R3, v € R such that, for
any ¢,

gi(t,x,v) = ni(t,x) M;(v)"/? (ozi +m;B-v+ 7% |v\2) , Vt>0,x,veR3
Consequently, ker £ # {0}, and the Fredholm alternative implies that (4.10) has a solution if and only
if
(4.13) (M.1/2 (V-Vxni)) € (ker £, Vt>0,xeR>.

7
1=1,...,s

Step 2 — Computation of L£*. Let us compute the adjoint operator £* by studying the inner
product between Lg and a vector h € L?(R3)*. We successively write, using the change of variables
(v,vi) = (v, v)) and (v, vy) — (v, V)

> Jtesi oo
= 3 [ B M () 24

7,7=1
— M (V)M;(vi) V205 (v.) + g My (V) M (V) 2 gi(v)

— o M (v) My (v) 2 gi (v )]B](w v —v,) dw dv,dv

- JILL om0 2 (o) o v

3,0=1
= Mi(v)M;(vi) 2 hy(va) + My(vL) Mi(v)) 2Ry (V')

- Mj(v*)Mi(v)Whi(v)} Bij(w,v — vs) dw dv,dv.

Consequently, we have

[£*h]; = M2 > (Qij(Mianl/Q )+ Qiy(M; Ry, M; ))
j=1
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Thanks to the H-theorem, h € ker £* if and only if there exist a € R®, b € R?, ¢ € R such that, for
any 1,

(4.14) hi(v) = M;(v)Y/2 (ai Fmibovo C% |v|2) , Vv eERS

Step 3 — Conclusion. Now, taking (4.14) into account, condition (4.13) can be rewritten as

U

Zzam/ MV V; M;(v)dv=0, 1<j<3.
— — 81‘k R3

mivg | v[* /2

Using parity arguments, the first and third conditions are immediately satisfied, as well as the second
ones if k # j. In the case when k = j, the condition Vx> n; = 0, which is assumed in (4.12), allows
to complete the proof.

3. Proof of Proposition 4.4

We still have to prove that K is compact. In this section, (n;); -, are assumed to be nonnegative

constants. Let g € L2(R?)®. First, we write K as the sum of four operators Ky,..., K4. For any i, the
i-th component of each ICg g, 1 < ¢ <4 is given by

i 3/4
agl () = =ne 30 () [ et e g
=1 R3xS2

X Bij(w,v —vy) dwdvy,

i 3/4
[K:Qg]z (V) =Ny Z m mj //Rsxs2 mllv' e 2mj|v*| e4mJ|V*| ( )

JEM;

3/2
= T (B [ ettt
R3><S2

JEMz

X Bij(w, v — vy) dw dv,,

X [nleum\VI g;(Vl) +n; eimalv'l’ gl(v’)] Bij(w,v —v,)dwdv,,

-\ 3/2 /
gl (v) = 3 g (52)7° [ enimiEebmiv i )
i R3xS2

JEM;
X Bij(w,v —vy) dwdv,.
We denoted, for any i,
MZ‘ZZ{lSjSS’ijmZ‘},
which is non empty since ¢ € M,. It is crucial to dissociate the cases when m; # m; on the one hand,
and m; = m; on the other hand, because the proofs are quite different.

We successively prove that Kp, 1 < £ < 4, is compact. To this end, we use Theorem 4.2. More
precisely, we obtain the following properties for £ =1,...,4:

e a uniform decay at infinity
(4.15) I1Kegllr2(B(0,r)e) < o(R) llgllL2®s), VR >0,

where B(0, R) denotes the open ball of RS centred at 0 and of radius R, and o(R) goes to 0
when R goes to +o0;

e an equiintegrability in L? property, i.e., for any € > 0, there exists ¢ > 0 such that, for all
w € B(0, 0),

(4.16) (7w — 1d)Ke gl r2(re) < ellgllr2me),
where 7 denotes the translation operator, i.e.

TwkKeg(v) =Kig(v+w), Vv, w € R3.
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3.1. Compactness of ;. Let us denote, for any 1, j,
i3 1 2 1 2
ky? (v, v.) :/ e aml VI gmamylvel Bij(w,v —v.)dw, Vv,v.eR>
S2

We immediately have, for any i,

5L rmym 3/4 o
[Kigli(v) = —n;i > ( J) /R3 gi(vok (v,v.)dv., Vv eERS

472
i=1

Properties of kfj . First of all, note that kfj (v, v,) is invariant under the exchange of species:
(4.17) klij(v7v*) = kfi(v*,v),

for any 4, j and v, v, thanks to (1.43).
In order to prove the uniform decay at infinity and the equiintegrability for Ky (i.e. inequalities

(4.15) and (4.16)), we need to establish some preliminary properties of k”.

LEMMA 4.5. There exists C' > 0 such that, for any i, j,
(4.18) / k9 (v, v)dv, < Cemamilv (14 |v]), Vv eR?
R3
PROOF. Thanks to (4.11), and using the change of variables v, — V, = v, — v, we can write

K (v, v)dv, < C [ e tmil VP gmimVatv]? (IV*I + IV*I‘H) dv.,.
R3 R3

Splitting the range of integration into {|V,| < 1} and {|V.| > 1}, we get

/ kfj(v,v*)dv* <C e—%mi\v|2 e—imﬂv*—&-vl? <\V*\ + ‘V*‘S—l) av.,
R3

R3
=C —imi|v|2 —imj|V*+v|2 Vv Vv 6—1 dVv
= e - (& | *| + | *| *
«|<1
C —im”le —imj\V*+v|2 V V —1 dV
+Ce - (& | *‘ + | *’ *
L>1

< Qe im? / (IVal + V.1 av,
IV.I<1
+/ (V.| +1) emim(Vervqy, ||
V.21
Since § — 1 € (—1,0), the first integral is integrable and we get

/|v <1<\V*\ + \V*\5_1> dv, < C.

For the second integral we obtain
/ (V.| + 1) et Ve’ qv, < C(1+|v]).
V. |>1
Summarizing, we obtain the required result (4.18).

/ kY (v, v,)dv, < Cemimv? (1+|v]), VveRS
R3

LEMMA 4.6. For any i, j, ki’ belongs to L*(R® x R3).



126 4. DIFFUSION ASYMPTOTICS OF A KINETIC MODEL FOR THE MIXTURES OF MONATOMIC GASES

PROOF. The proof follows the same strategy as the previous one, using (4.11) and the same change
of variables. We can write

.. Lo iv2 1. 2
// kfj(v,v*)de* dv < C’// e~ 2l VIT g=3m;[ve]
R3 xR3 R3xR3

X (|v P+ v — v*\%_?) dv,dv

—Lm,|v? 2

<C | e 2™ (1+|v\)dv,
R3

which is clearly finite. O

Uniform decay. The L? norm of K1 g decreases at infinity. More precisely, the following proposition
holds.

PROPOSITION 4.7. Let g € L2(R®)*. For any R > 0 and any i, we have

Cni
(4.19) I [K1gl; [I22(B0,R)e) < 7 I8l z2(r3),

where C' > 0 is a constant.

PRrROOF. Let 1 <17 < s and write

S 2
LovE e eravsen S [ vE| [ gt an] v
j=1

Thanks to the Cauchy-Schwarz inequality, the previous inequality becomes

/R3 ]v\z (Kig]; (V)zdv < Cn% Z/R3 \v[2 {/ i, gj(v*)2 klij(v,v*)dv*]
j:l Vi€

X [/ kfj(v,v*)dv*} dv.
R3

Using Lemma 4.5 and Fubini’s theorem, we get
S
[vE g rav ey [ g | [ Hvvamav] v,
R3 o1 /R R3

where ¢;(v) = | vI2(1+|v]) e—amil v g clearly bounded. Consequently, since

ky? (v, vi) = k' (vs, V), we have

[ovE e ravs ey [ g ([ weva) av.
R3 j=1 R3 R3

Using Lemma 4.5 again, we obtain

[, I i) (v)2av < Ol

Besides, we can deduce, for any R > 0,

[P g ravz [ v g opavz g [ K o)

[vIzR

It is then easy to recover (4.19). O
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L? Equiintegrability. The following property of L? equiintegrability of /1 holds.

PROPOSITION 4.8. For any w € R3, set

1/2
01(w) = Cmax [nl // k:”(v +w,v,) —k ](v v*)) dv*dv] ,
R3><R3
where C' is a suitable nonnegative constant. Then, for any i, we have
(4.20) H{(rw = I)K1g; l22®s) < e1(W)gll2ms)y, YW e R?,
and 01(w) tends to 0 when w tends to 0.

PROOF. First, thanks to Lemma 4.6, it is clear that o1 is a continuous function of w, and goes to
0 when w goes to zero. Let us now focus on (4.20). For any 7, using the Cauchy—Schwarz inequality,
we have

2 ij 2
I ((rw = 10)K1g]; 22 asy < O anguy (vt wv) — i (vv) dvav.

Estimate (4.20) is an immediate consequence of the previous inequality. O

3.2. Compactness of 3. Asin Section 3.1, we first write Ko in a more convenient form. Indeed,
thanks to (1.39), we have

—lmi |v]? — 1m vi)? + 1m v, {2 = —lm- v |® — lml ‘V,‘g
4 27 47 47 4
Hence, [KC2]; becomes
3/4 ,
(4.21) [Kag); (v) = Z n; mzmg // o imilval? o= fmalv'? 9; (VL) Bij(w, v — v,) dw dv,.
JEM; RS

The next step consists in writing (4.21) in a form that allows to apply the same strategy as the one
used for K.
In order to get this particular form, we need the following lemma.

LEMMA 4.9. There exists b > 0 such that, for any i, j satisfying m; # m;,
(4.22) mi‘v"2+mj\v*|2 > b<mi|v\2+mj‘v;‘2>
for any v, v. € R® and v', v given by (1.40).

Remark. The assumption that the masses are different is crucial here, as we shall see in the proof.
Indeed, (4.22) somehow gives a property of norm equivalence in R? x R3, linking (v, v%,) and (v/, v,).
Such a property does not hold when we deal with molecules having the same mass.

PROOF. Choose j ¢ M,. Equation (1.40) can be rewritten as

(4.23) v = <13 oM, wT> vi2— Ty,
m; + m; m; + m;

(4.24) v = <13 B S wT> vi+2— 1wy,
m; +m; m; +m;

where I3 is the identity matrix of R3. Then, from (4.24), we get
(13 —QLQJ wT) Vi = vfk — QLw wlv.
m; +my m; +my

Let us now set s

A=T3-2—" wwT.

m; +my;

This matrix A is invertible, since det A = (m; —m;) / (m; +m;) and j ¢ M;. Consequently, we can
write

(4.25) vi=(Is—A ) v+ ATV,



128 4. DIFFUSION ASYMPTOTICS OF A KINETIC MODEL FOR THE MIXTURES OF MONATOMIC GASES

where we used the equality
m

o A uWT = I;— AL,
mi +m;
Then we put (4.25) in (4.23) to obtain
Vv = <m7, + m; Iy _my A—l) v — m; (13 _A—l) V..

Consider now the following block matrix
ml,r::nj 13_% A—l _ /% (13_A—1)

V(13— AT Al ’

which is invertible: det A = —1 and A~! = A. The following vector equality holds:
Jmiv' _ A ,/mivl ‘
A /m]‘ Vi A /m]‘ vV,
In fact, (4.22) is obtained by finding a lower bound of
2
‘A [ymiv  /m; v;]T’
2
’[\/miv N v;]T‘

which is HA*1H2_2 = ||All272. In order to determine the matrix 2-norm of A, we compute eigenvalues
of ATA. Indeed, the eigenvalues in increasing order are

A =

Y

m3 + 6mgm; +m3 — 4(m; +my)/mim; ) mZ + 6mgm; +m3 + 4(m; +my)/mim;
2 Y Y 2 9

(mi —m;) (m; —my)

where eigenvalue 1 has multiplicity 4. Choosing

. )2
b = min (m; m])

i,J m? + 6mym; + m? + 4(m; + my)/mim;

leads to the required estimate (4.22). O

Using (4.11) and Lemma 4.9, we obtain the upper bound

b, . 2 _b ot 12 B
[Kag]; (v) < O Z el R3 eVl 9;(V%) (|V — Vi + v — V*|§ 1) dv,.
JEM;

Let us then perform the change of variable v, — v/, whose Jacobian is 1/det A. Since

Al (v — v
V — Vy = A_l (V — V;) and || A ||2_1 S ‘ (V V*)‘ g || A_l H27

(v =il

we can write
_ _ — o—
V= v+ v = v T AT o [v = Vi A v = v

Finally, we obtain

gl vy <Cmi S [

b, . 2 b, |2 _
e~ amil V" g=amslvil g;(v.) (\v — Vi +|v— vi|° 1) dw dv’..
g TRIXS?
The upper bound in the previous equality has exactly a kernel form, which allows us to conclude on
the compactness of K9 in the same way as in Section 3.1.

3.3. Compactness of K3. This operator describes interactions between molecules with the same
mass. Note that assuming the same mass of molecules of species 4; and A; does not imply that species
A; and A; are the same, since By;, B;j and Bj; can be different. In order to treat the case of K3, it is
sufficient to adapt ideas from [39] and 23] used in the monospecies case.
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Obtaining a kernel form. Note that if m; = m;, (1.40) becomes
(4.26) V=v—(w - (v-vi))w, Vi=vit(w-(v—vy)w.

Symmetry properties allow us to write [K3g], in terms of v, v, and v/, and not v/ anymore. More
precisely, we have the following lemma.

LEMMA 4.10. For any i, there exist nonnegative functions (BU) e satisfying (4.11), such
<j<s
that

(4.27)  [Ksgl, ( Z // —*milV|2_%mjlv*‘2+%mi‘v"2 gj(V/) Nij(w’v —v,) dwdv,,
R

JeM; 3x 52
Vv € R3.

PROOF. The key idea of the proof lies in (4.26). Indeed, if we consider the relative velocity

V = v — v,, we can choose one unit vector w € Span(V,w) orthogonal to w (the choice of either

wh or —w? is irrelevant, but must be performed in a continuous way with respect to w, and not

randomly). Consequently, we can write
V =w(w- V) +wh(wt V),
from which we immediately get
(4.28) v—(w-V)w=v, + (wh V)w, Vi + (w-Vw=v— (w! - V)w.

We can see that, if we look for the post-collisional velocities corresponding to the pre-collisional v and
V., but with respect to w' instead of w, we exchange the velocities v/ and v’: for instance, comparing
(4.26) and (4.28) we can see that the new v/, depending on w™ — let it be denoted with v/ oL — will
be the old v/, depending on w — denoted with v/, i.e. (4.28) becomes

/ / / /

Vo =V, ,1s Viw = Vi-

Hence, it is clear that w — w™ corresponds to v/ — v/ and v/, — v'.

Consequently, if we replace w by w™ in the integral

//3 ¢ —amalvel” gamilvat(w Vel 9i(vi + (w - V)w) Bjj(w, V) dw dvs,
R3xS
it becomes
//3 2 e 2 mz|v*\ m2|v*+ L.v) L’ QJ(V* + (wL . V)wL)Bij(wL,V) de dv,.
R3xS

1

The change of variable w + w™ can be done thanks to a rotation, so dw' = dw. Hence, using (4.28),

the previous integral becomes

//]Rg y e mz|V*| mz‘v" gj(V/) Bij(wJ',V) dewt dv.
X

12
= // em2milval® ggmilv'| g;(v') Bij(wh, V) dw dv,.
R3 %52

Summarizing, we can rewrite [K3g],:

3/2
(Ksgl,; (v) = // —imil vI? o= 3milval®
j ]R3><S2

[n e4mz‘V 2 gj ( )_|_n e4ml\v| gi(v/):| Bij(w,v — v*)dw dv,

32
/// okl VP =y g hmalvL
R3x 52

X | n; ZBij(wL,v—v*)gj(v;) + an&j(w,v—v*) gi(v') | dwdv,.
JEM,; JEM,;
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Let us set
ni Bij(wh, V) if i # j,
Byl v) = (1)
ARG = \5Z
! 2m n; Bii(w, V) + Z ng Bir(w, V) if i = j.
keM;
Assumption (4.11) on both B;j(w, V) and B;;(w™, V) ensures that, for any i, j
. m;\ 3/2 _ 51
) . < o s
(4.29) Bij(w,V) < 2a (%) (gg%{nk) | sin 6] | cos 6 <|V| V] )
as well as (4.27). O

Lemma 4.10 allows to obtain the kernel form of K3. More precisely, we have

PROPOSITION 4.11. Denote, for any i, j,

ij *émi(nfv)QfémiM 1 j 3
(430) k3 (777") =€ In=vl ‘77 - V’ @3 (77 - V)7 VWV S R )
where

i 2 1 2 ~ ) _
(4.31) @3 (p) = |p|/ , e2milat=l" B, (p q)|sin(p,p+q)| 'dq, VpeR:

P
Then we have
(4.32) (Kagl; ( Z / gi(m) k¥ (n,v)dn, VveR
JEM;

PROOF. We perform the change of variable v, — V, = v, — v in (4.27), whose Jacobian equals 1,
and get

(4.33) (ICsgl; ( Z// —imil vI? g=gmil Vatv]? g gmilv')? gi(v") Bij(w, V,) dw dV.,.
JeM; R3><S2

Next, we consider the following orthogonal basis in R3: we choose w and a plane II orthogonal to
w. Then we decompose V, in this basis: we consider the components of V., respectively parallel and
orthogonal to w, i.e. we write V, = p+q, where p = w(w-V,), q = V, —w(w-V,). The component
q which is orthogonal to w belongs to the plane IT = {w}+ = {p}+.

x3

€2

FIGURE 4.1. Geometrical situation for the change of variables (4.34)
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We now perform the change of variables (see Figure 4.1)
(4.34) (Vi,w) = (p,q), R3x 8% 5 R3xII,

such that two components of V, give the plane vector q, and the third component combined with two
angles gives a vector p € R?. Let us compute its Jacobian. For w fixed, the replacement of V, by p
and q has unit Jacobian. Note that V, and w are independent of each other, which is not the case with
p and q: to obtain p and q we should look simultaneously at V, and w! The key lies in the following
observation: when one changes w for fixed V,, both p and q are changed. Therefore, the integration
order is crucial. Hence we first integrate with respect to q since Il = {p}L. Then we combine the
one-dimensional integration in the direction w with the integral of w over the unit sphere to give a
three-dimensional integration over the three rectangular components of |p|w. We have to introduce
the factor 2, since p = 4+ |p|w. The Jacobian from p to (|p|,w) (Cartesian to spherical coordinates)
is |p]2 sin(p, p + q). Consequently, we can write

2
dV,dw = —5— dpdq.
Ip|” sin(p,p + q)

Eventually, it is clear that

/

vV=v-ww- (v-vy))=v+4+w(w- -V, =v+p.
Hence, (4.33) becomes

(4.35)  [Ksgl; (v) =2 Z/ / —gmil V=g milptatv*+gmilv+pl? gj(v +p)

JEM,;
x Bij(p,a) [p|~* |sin(p,p + a)| " dqdp.
Since p - q = 0, we can deduce
1 5 1 , 1 ) 1 5 1 1 2
—— - — = = |p-= ~(2 .
Vg Ivp =S ptatv g pl" =5 [a+5(2v+p)
Consequently, we obtain
[Kag], (v) =2 Z / / —Lmilpl*~Lmila+} 2vip)|® g;(v+p)
JEM;
x Bij(p,a) |p| ™ |sin(p,p +q)| ' dgdp.

Furthermore, let us set

1
= 5 (2V + p)7
and denote by z; the component of z which is parallel to w and zo = z — z; € II. Then we can write
2

1
a3 Cvap)| —latzmf ~laf +la+ ol

and [K3g], becomes

[KCag); = 2 Z/ esmlpl=gmin g, (v 4+ p) |p|

JEM,;
x/e smilatza|® B;; i(p,q)|sin(p,p+q)|” "dqdp.
II

Finally, we perform the change of variable p — 17 = p + v, and write
2 2 2\2
2 n—V) (1 (n—V)> 1 (|nl* = |vI*)
717 = Z s — — =(n =+ _
< R+ n—v| VR
This completes the proof. O
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Y

V.
q

FIGURE 4.2. Geometrical explanation

Properties of kgj Let us first prove the following lemma, and then investigate some properties of
k3.

LEMMA 4.12. The function goéj :R3 — Ry, defined by (4.31) for any i, j, belongs to L>°(R3).

PROOF. Let 1 <i,j < s, and choose p € R and q € {p}+. From (4.29), we obtain

__Bijp.a “94 (mi)3/2<

o max nk) |cos(p,p+q) (\p+q\ + \p+q\5_1)

= [sin(p,p+a)| keM;
N 3/2 -
=2a (32)" (uax i) |eos(p.p -+ @l [(1pI* + [a”)? + (b + o) 7]

The cosine function can be rewritten as follows

1 1/2 cos(p,p + q)2 + sin(p, p + q)2 1/2
|COS(p,p—|—q):<)2> :< (p,p+q) (p,p q)>

cos(p,p+q cos(p,p + q)?
— (1 + tan(p,p + q)2)1/2 )

As it can be seen on Figure 4.2, |tan(p,p + q)| = |q|/ |p|, so that we can write

_1
Bi‘(P Q) ’q,Q ’ 2 2,1 2 2,01
< Ty ) < . -
< I sz(kHel%;nk) 1+ [(Ip! +lal®)2 + (Ipl” + laf") =

’Sln<p7p+q i |p]2
)
g [ 0+ 05
i\ max g ) [p| |1+ ([p|” +[al”)
where C; = 2a(m;/2r)3/? > 0. In what follows, C; will denote any nonnegative constant only

depending on m;. This implies

B.A
0< ‘U(p,q) e ( s nk) [1 n ‘qlé—ﬂ 7
Ip| [sin(p,p + q) keM;

using the fact that 6 < 1.
Coming back to the original form of (4.31) and using the above inequality, we obtain

r 2 1, 2 - ) _
vy (p) = e~2milatml” B (p q) |sin(p, p + q)| ' dg

[Pl Sy

<Ciygm) [ ebmie (14162 dg
heMe ) Jpyt
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for every p € R3. Now, we split the range of integration into |q| < 1 and |q| > 1, and finally get

0< @gj(P) < C; max ng </| ‘<1(1 + |q|5_2)dq+/ e—§|Q+222dq>
a=

keM; lal>1

< C; max ng.
keM;

This ends the proof of Lemma 4.12. O
Let us now investigate two properties of kéj , which are related to Lemmas 4.5-4.6 for kfj .

LEMMA 4.13. There exists C > 0 such that, for any i, 7,

. C B
/k?(n,v)dng, Vv e R3\ {0}, /kgj(n,v)dngC’, Vv e RS
R3 | v| R3

PRrooOF. Let 1 <i,j <s. The Lemma will be proved if we show that
5\ 1/2 i 5
14 |v| kj(m,v)dn < C, VvelR’,
R3
since k? is a positive function, and the following estimates hold:

1/2 1/2
1§(1+|V!2) ) \v|§<1+\v|2> , Vv e RS

We first integrate (4.30) with respect to n and perform the change of variable n+— p =n —v:

1/2 - 1/2 —Limylp[2—Lm, (BE+200)?
1+ |v|? k9 (m,v)dn = (1+|v]? P T ¢d (p)dp, Vv eR3
R3 R3 p|

Using Lemma 4.12, we get

1/2 . 1/2 o pl2— Ly, (PP H2p )2 ]
(1 + |v|2> / k§(n,v)dn <C (1 + |V\2) / PR K Pl dp, VveR3
R3 R3

We split the right-hand integral into I; + I2, where I refers to {|p| > | v|} and I to {|p| < |v|}. On
the one hand, we have

1/2 1,12 1, (P+2pv)?
Il — (1 + |V|2) / e sz‘p| g \P|2 7dp
Ip|>| vl p|

1/2 1 1/2
< (1+1vP) / el —dp <0 (14 [vP) et <0 vveR?
IpI>|v] [p|

On the other hand, for the second integral
1/2 L pl2— 1y, (PP42p0)? ]
I = (1 + |v]2> / T dp.
[pI<| V] p|
We have to consider two situations: {|v|] < 1} and {| v| > 1}. In the first case, we can simply write
1
I < V2 —dp=_C.
p|<1 [Pl
In the second case, with spherical coordinates, we have

1/2 Lo lpl2— L, (PP 2P )2 ]
I2 e (1 + ‘V|2) / e 8mz|p| g \p‘Q 7dp
Ipl<| vl p|

9\ 1/2 Ivlop2m pm 9 2
= (LR [ et i sy sy e
0 0 0

N1/2 [V Lo [T )
=27 (1 + | v ) / re” 8" / e~ smilrt2|vlcospn)® iy 1 dapy dr,
0 0
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where 1)1 corresponds to the angle between p and v. We perform the change of variable ¢¥; +— s =
r =+ 2 | v| cos, that yields

1 12 pIvie 2Vl
IL=rm— (1 + |v\2) re 8" e 8™ dsdr.
v 0 r—2|v|

Since | v| > 1, we get

C 1/2 [to© 400 C: 1/2
I, < i (1 + \V|2> / re_élsm”er/ emsmis qg = ﬁ (1 + |V|2) < ;.
A\ 0 — v

o

This completes the proof. O

Using the same strategy as above, the following lemma can also be proved.

LEMMA 4.14. For any i, j, k¥ 4 belongs to L (R3;L* (R})).

loc

PrROOF. The Lemma will be proved if we show that k‘? belongs to L™ (]R%,; L? (]R%)) for any i, j.
Equivalently, we must show the following property for any i, j

/ kY (n,v)2dn € L™ (R3).
R3

Following the same idea as in the previous proof, we perform the change of variable n — p =n — v.
Using Lemma 4.12, we get

(Ip2+2p-v)?

ij 2 —gmalp|*—gmi ; 3
ng‘g(n,v) dn < C; € Ip| de, Vv e RS

As before, the integral is split into I; and I3, corresponding to {|p| > | v|} and {|p| < | v|}, respectively.
For I, using spherical coordinates, we have

1 21 (p+20v)? q
_ —gmilpl = gmi S
I / e Ip| — dp
[pl>| V] p|

1 +oo
< / efim”pﬁiz dp = 47r/ e~ 5™ dp < ;.
p|>|v] Ip| vl

We further look at two cases for Iy — when |v| < 1 and when |v| > 1. In the first case, the result is

straightforward:
o2 1y, (p+2pv)?
IZ = / e sz\p| L Ip|2 1 d / %dp é O
Ipl<|v| Ip[? pl<1 |P|
In the second case, using spherical coordinates, we get

2 (pI%+2p-v)?
I, = / 6_7m el =gms T% dp
PERY p|
[v] p2m
/ / / e smir=gmi(r+21vl cosv1)® g oy dehy diy drr

™
1
—27r/ e8I / e~ gmi(r+2|v] cosyn)? sin ¢ dpy dr,
0 0

where 1)1 corresponds to the angle between p and v. We perform the change of variable ¢¥; +— s =
r 42 | v| cos, that yields

[v] r+2|v|
1 g2
I = / 3™ / e 8% dsdr
"V r—2| vl

+00 +o00 C:
1, .2 1, .2
= H/ i d?“/ edmitds = ZL < 0,
viJo

oo V]
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Summarizing, we proved that there exists a constant C' > 0 such that
/RS k{(m,v)?dn < C, VveR?,
which completes the proof. (I

Uniform decay. Let us now prove the uniform decay property at infinity.

PROPOSITION 4.15. Let g € L?(R3)*. For any R > 0 and any i, we have

C
I [Ksgl; [I22(B0,R)e) < NG gl z2(r3),
where C' > 0 is a constant.

PRrROOF. Using the Cauchy-Schwarz inequality and Lemma 4.13, we can write

Ksgl; |17 o <C [/ 9 (kY (n,v dn] [/ kijn,vdn]dv
| [Ksg] ||L2(B(0,R)) |V2Rj§/li R3 i(n) 3( ) - 3( )

c ij 9, C 9
< > /Rg [/RS k3 (v,m) dV] 9i(m)"dn = Sllgllz2(zs),

JEM;
where we also used the fact that k’?(n, V) = kgj(v, n). This ends the proof. O
Equiintegrability. This property is described in the following proposition.
PROPOSITION 4.16. For all € > 0, there exists o > 0 (not depending on g or i) such that
(4.36) [ [(7w — I)Ksgl; l2m3) < €llgllemsy, Vw € B(0,a).

PROOF. Let € > 0 be given. For any R > 0 we can split the range of integration:
(4.37)

1w — 1) Kol [32qesy = [

[(Tw — Id) K3g], (v)*dv + / [(Tw — 1d) K3g], (v)? dv.
B(0,2R)

B(0,2R)*

Let us choose w € B(0, R).
For the second integral in (4.37), we have

/ (e — Td) K, (v)2 dv = / ([Csgl: (v + ) — [Ksgl; (v))? dv
B(0,2R)* B(0,2R)*

<2 (/ [ICsgl, (v + w)2 dv + / (KCsgl, (V)2 dv) .
B(0,2R)* B(0,2R)°

Now, in the first integral, we perform the change of variable v — v = v 4+ w with the range of
integration obtained by means of the following consideration. On one hand, we have |w| < R by
assumption, and on the other hand, we have |v| > 2R, since we integrate over B(0, R)¢. Therefore,
by the triangle inequality |v + w| > |v| — |w| > R, and we can conclude that v € B(0, R)¢. For the
second integral, we simply notice that B(0, R) C B(0,2R) and thus B(0,2R)¢ C B(0, R)¢. Finally,

/ [(Tw — Id) /ng]i (V)2 dv <2 (/ [’ng]i ({’)2 dv + / [’ng]i (V)2 dV)
B(0,2R)* B(0,R)* B(0,R)*

402
< ?HgHm(Rf%)a

by means of Proposition 4.15. We now can choose R such that 4C2/R < &2/2, which yields

2
£

(4.38) / [(r — 1d) Kag]; (v)2dv < = [1g]22 ga)-
B(0,2R)c 2
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Regarding the first integral in the right-hand side of (4.37), thanks to the kernel form (4.32) and
using the Cauchy-Schwarz inequality, it can be written

2 /B(O - (/R3 9;(m) (K§ (n,v + w) = K (n,v)) dn>2 dv

/ (e — 1d) Ksg], (v)2dv <
(0,2R)

JEM;
<Yl [ (v ew - o) dnv,
JeM; B(0.2R) JR?

Furthermore, Lemma 4.14, in conjunction with the continuity properties of translational operator 7
[6], yields that for every & > 0 and so also for & = £/+/2, there exists & > 0 such that

lwl<a =

2
_ ij ] i ~2
| (o = 1) K5 172 (0,022 () /B(OZR /RS k? (n,v +w) — ki (n, )) dndv < &%= —

This inequality ensures that for |w| < &,

2
(4.39) / (= 1d) Ksg], (V) dv < = g2z
B(0,2R)

Finally, (4.38) and (4.39) together with (4.37) imply that for a given € > 0, we choose a =
min{ R, &} > 0 such that whenever |w| < «, the required estimate (4.36) holds. O

3.4. Compactness of /4. The proof of the compactness of K4 is very similar to the final part of
the proof for 3. The main difficulty is to obtain a kernel form of 4. Once it is done, (4.15)—(4.16)
can easily be proven as in Section 3.3. Using the same change of variables as the one leading to (4.35),
we can write

1 2 1 2,1
K _ 9 m;\3/2 —gmil V[T =gmglpatv]THgmi
[Kag]; = nj €
2T R3 JII

JEM;

2

oM
V2 Em, P

e
X i 2—2  p) B;ip, ~2 | sin(p, ~1dqdp.
gi <v+ mi+mjp> (p,q) || [sin(p,p +q)|" dqdp

The exponential term can be modified thanks to the following relation

2

1 1 1 m;
_7mz|v\ —fmj]p—i-q—i-v\ —|—4mZ V+2mp
_ommd e m| e omy
2(mi+mj)2 2 m; +m;
If we denote
_ mj
Z—V"‘mp,

and decompose it into the component z; parallel to w and the component zy orthogonal to w (z2 € II),
we obtain the new form of [Ksg];:

TTL mlz
Kigli(v) =23 n (mj)m/ ¢ Ty PP zmsm? <v+2m'p>
JEM; 2w R3 m; + mj

><|p|2/ne smilat=l B, (p q) |sin(p, p + q)| " dqdp.

Next, we perform the change of variables

p—n=v+ ZLp, whose Jacobian equals (2mj> ,
mi + m; m; + m;
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and write z;2 in the following form

2

2 2

) < ,,_V>2 1 (InP = 1vP)
z1°=|z- =1 oz

In — vl In —v|?

Thus, [KC4g]; becomes

Kig (v =5 3 my (22)Y <W>

JEM;
L 2
X e B
R3

X /He_émﬂq—l-zglz Bij <m2+m3 (n—v) ’q>

ij

(mitmy m; +my
sin (5 () P () )

(= Lv] 2)2

=~ gi(n) In —v| 2

—7m

-1

X dqdn.

To write [K4g]; into the convenient kernel form, we introduce the function

3/2
™) MiE My [ —midlatel B (o, q) |sin (p,p + @)~ dq.

ij
o (p) = (52
It is easy to prove, in the same way as in Lemma 4.12, that there exists C' > 0 such that ||g0ff |zoomsy < C
for any ¢, j. The i-th component of K4g can be written in the kernel form

Kagl; (v) = > ng/ kY (n,v)gi(n) dn,

JEM,;

2my ‘p‘

where kij (n,v) is given by
. 1mz VI2_ L. Un2=v[$)? - . 4
) = §e TR gy (M ).
m;

The form of each kf is exactly the same as in (4.30). Consequently, kij inherits the same properties

as k;j (see Lemmas 4.12 and 4.13), which allows to obtain (4.15)-(4.16) as in Propositions 4.15 and
4.16, and the compactness of Ky.
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