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III  HACJIOB JOKTOPCKE JUCEPTALIMJE:
III TITLE OF THE DOCTORAL DISSERTATION

MeToau JMHUjCKOT NMPEeTPAa’KMBAKa €A MPOMEH/bMBOM BeJTUYMHOM Y30pKa - AUcepTaluja je
HA EHIVIECKOM je3UKY

Line search methods with variable sample size

IV HPEIVIEA JOKTOPCKE JUCEPTAIINJE:

IV OVERVIEW OF THE DOCTORAL DISSERATATION:

JloxTopcka qucepranuja je HarmMcaHa Ha 222 cTpaHe, Ha eHIJIeCKOM je3uky. Canpxu 6
norviaBJba y ciienehem penocneny

1. Overview of the background material / [Ipernen nedununuja u Teopema

2. Nonlinear optimization / HenuneapHa onTummu3anmja

3. Stochastic optimization / CToxacTruka onTuMHU3aIyja

4. Line search methods with variable sample size / MeTone ITMHUjCKOT IpeTpakMBama ca
POMEHJFMBOM BEITMYMHOM Y30pKa

5. Nonmonotone line search with variable sample size / HemoHOTOHE MeTO/Ie THHHU]CKOT
NpeTpakuBamba ca MIPOMEJLHBOM BETMYHMHOM y30pKa

6. Numerical pesults / Hymepuaku pesynararu

Hucepranja canpxu u Oubnmorpadujy ca 73 Oubnuorpadcke jeaunuie, Ouorpadujy
KaHaumara, 5 ciuka u 15 tabenma. [lopen HaBemeHor, calpXu W KJbYYHE JOKYMEHTAIIU]jCKE
HHpOpMAIIHje Ha CPIICKOM U CHIJIEKCOM je3HKy, YBOII, 3aXBAHUILY, CITUCAK CIIMKA, CIIHCcaK Tabena,
Ka0 M aliCTPAKT Ha CPIICKOM M €HITICKCOM jE3HKY.

The doctoral dissertation contains 222 pages and is written in English. It is made up of 6
chapters listed above. Besides that, the dissertation contains the bibliography with 73 references,
short biography of the candidate, Key words documentation both in Serbian and English, the list
of 5 figures and 15 tables as well as the abstract in Serbian and English.




VI BPEJHOBAIBGE ITOJEJUHUX JEJTOBA JOKTOPCKE IJTUCEPTALIMJE:
VI EVALUATION O FTHE INDIVIDUAL PARTS OF THE DOCTORAL DISSERTATION:

HacnoB noktopcke Te3e je jacHO M HpenusHo (GOpMynucaH, OApXaBa TEKCT M CaApiKaj
UCTPaKUBAKA.

The title of the dissertation is clear and precise and corresponds to the content and research
presented in the dissertation.

HpBO noriaBJbC TE3€ CaApPKKU MNPETIICA O3HakKa, IIC(I)I/IHI/ILII/Ija u TCOpEMa U3 obmactu KOje Ccy
PpCICBAHTHE 3a npaheH,e pe3yiiTaTa H3JI0OXKCHUX Y TC3U! q)YHKHHOHaJ'IHe AHAJIN3C, JIMHCApHC
anre6pe 1 CTOXaCTHUYKC aHaJIn3€C.

The first chapter of the dissertation contains an overview of notation, definitions and theorems
from the mathematical areas that are relevant for the content presented in the thesis: functional
analysis, linear algebra and stochastic analysis.

Hpyro mormaBibe Te3e TOKPHUBA  IOCTyJIaTe HEIWHEAapHE ONTHMHU3aldje 3a mpobmem 0Oe3
orpanmyema. Kako je mpeaMmeT HWCTpaxkuBama y TE3W METON JIMHH]CKOT TpeTpakuBama (3a
npobieMe CTOXacTHYKE ONTHMH3AllMje), Harvlacak y OBOM IOIVIaBJby j€ YNpPaBO Ha peJeBaHTHM
pe3yaTatuMa 3a METOJ JIMHHjCKOT NMPETPaKUBAba Y KIACHYHOM (JIETEPMUHUCTHYKOM) CIIY4ajy.
IMoceOHO cy mpencTaBIbeHH MTO3HATH PE3YATATH 32 MOHOTOHA MPABMIIA JIMHUJCKOT TIPETPaKUBAbA
W pe3yiTard 3a HEMOHOTOHa NpaBWiia JIMHHJCKOT TpeTpaKuBama. JacHo je oOpaziokeHa
MOTHBalMja 32 yBol)erbe HEMOHOTOHUX TpaBHUia Kao U Mel)ycoOHH OZHOC OBE ABE TpyIe METOAA.
[Ipukazanu pe3ynratu cy 100po ogadpaHu U 00yXBaTajy CBE HajBaKHUjE CaBpeMeHe METO/Ie.

The second chapter covers fundamentals of nonlinear optimization for unconstrained problems.
The emphasis in this chapter is on the results for line search methods in the classical
(deterministic) case as the research topic of the dissertation are line search methods for
stochastic problems. The results for monotone and non-monotone line search methods are
presented in two separate sections. A clear motivation for introducing non-monotone rules is
provided and the mutual relationship between these two classes is established. The presented
results from the literature are well chosen and up-to-date, containing all important methods.

VY 1pehem mornaBpy ce pa3Marpa mpobieM cToxacTHuke onTumusanuje. 1IpBo je mar mperiexn
Pa3IMYUTHX THIIOBA HEM3BECHOCTH KOj€ je MpeJCcTaBbajy CIy4ajHUM IPOMEHJbUBaMa. 3aTHM CY
pasMOTpEeHe pa3iIMYUTe METOAE CTOXaCTHUYKUX arpoKCHMAaIja ca TEOPHjCKUM pe3ylTaTuMa o
KBaIIUTETY IMOjeqHUYHUX arnpokcuMaiyja. [loceOHO cy pazMoTpeHe anpokcuMaiije 6e3 ynorpebe
W3BO/Ia, TIpe CBEra pasMuUTH THUIOBH JU(EPEeHIHNX KOJIMYHUKA KOjH Cy TpHiaroheHn
CTOXacTHYKUM (DyHKIIMjama IMOMyT MeToza NepTypOanuja y JudepeHIHOM KOIMYHUKY. 3aTHM je
MPEACTaB/bEH METOJ alPOKCHMAIMje Y30payKUM OYCKHBAaEM KO KOT Cy AaTH PE3yJITaTH Be3aHH
3a OIlEHY NPHUCTPAHOCTH M OJHOC CKyIa pellera OPUTHHAIHOT MpoOjeMa M almpOKCHMAaTHBHOT
mpoOiema momMohy y30padkor odeKHBama. llocienma cekija y OBOM IOIMIABJBY je TocBeheHa
MeToJaMa ampokKcuMmanuje mnoMohly TpOMEHJbMBE BelWUMHE Y3opka. Kako je 3a  moOpy
anpoKcuMalyjy Hajuenrhe moTpeOHa BETUKH y30pak TO je M3pauyHaBame alpoOKCHUMAaIdje CKYTIO,
T€ METOJIe Ca NMPOMEHJFMBOM BEIIMUMHOM Y30pKa MMajy BEJIMKH 3Hadaj jep omoryhaBajy ma ce
BEJINYHMHA Y30pKa MEHE TOKOM UTEPATUBHOT MPOIeca U H3padyyHaBamke allPOKCUMAIIUje ca MambHM
OpojeM pauyHapCKuX onepauyja.




The thirds chapter deals with stochastic optimization. An overview of different types of
uncertainties which are represented by random variables is given. Different methods of stochastic
approximation are introduced together with the theoretical results regarding the quality of these
approximations. The derivative free approximations are considered in a separate section, in
particular finite difference approximations that are designed for stochastic problems like
stochastic perturbation of finite differences. The Sample Average Approximation is introduced as
well as estimations of the bias and the relationship between the solutions sets of the original
problem and the sample average problem. The last section in this chapter is devoted to the
sample average approximations with variable sample sizes. Given that a large sample is
generally needed for a reasonably good approximation, the sample average approximation is in
general expensive. Thus the methods with variable sample sizes are important as they allow
changes of the sample size during the iterative process and hopefully cheaper approximation in
terms of computational effort.

YeTBPTO MOINIABJbE j& OPUTHHAIHHU TONpHUHOC Tede. [IpobieM MuHMMU3aIMje GyHKIHjEe aaTe y
O0JIMKYy MaTeMaTH4KOr OYEeKHBamba je& TPaHC(POPMHUCAH Yy MpPOOJIEeM y30paukor OYCKHBArha, MPH
yeMy je BeJIMuYMHA Yy30pKa BENIHMKHM, anu (UKCaH NpUpPOAaH Opoj, KOjU C€ Ha3MBa Y30paK
MaKCHMaJIHE BEJIMYMHE. 3a anpoOKCHMAaTHBHU MpoOJeM je 3aTuM Je(QHHHUCAH METOJH JIMHHU)CKOT
MpeTpaXkMBama ca MPOMEHJLUBOM (DYHKIHjOM IMJba. Y CBAaKOM KOPAaKy MTEPATHBHOT MOCTYIKA
onpelhyje ce BemMUMHA y30pKa W TpaBal] NpeTpPaKUBarma, a 3aTHM CE MpUMEYje IJTHHH]CKO
npeTpakuBame ca (PyHKINjoM IHba Koja je AeuHICcaHa Kao y30pauko OYeKHBame ca oxpeheHoM
BENIMYMHOM y30pKa. [IpaBail mpeTpaxkuBarma ce Oupa kao onaaajaliv mpasai 3a Tako Je(UHHUCAHY
(GYHKIM]Y 1HJba, & JIMHK]CKO MPETPaXKUBAkhE CE 3aCHUBA Ha APMIDKO YCIIOBY. BennunHa y3opka ce
onpehyje Tako ma ce 06e30enu mobdap ogHOCa mM3Mely aBe BENMMUYWHE - allPOKCHUMATHBHE ITUPHHE
UHTEpBaJla TIOBEpeHa 3a JaTy BEIMYMHY y30pKa M CMamema (QyHKIMje Iba AeduHHCcCaHEe
y30payKHM OYCKHBAHEM Ca JaTOM BEJIMYMHOM y30pka. Ha oBaj HauuH ce moOuja HU3 BETHMUYUHA
y30paka KOju HHje MOHOTOH, M KOjU J03BOJbaBa MOBehame, OIHOCHO CMamCHEe MPEIUM3HOCTH
anpokcumanyje GyHKIH]je [Uba Y 3aBUCHOCTH OJ] HAIIPETKA y cMambewy QyHKIMje nuba. Jlonarna
KOHTpOJia je yBelcHa MmoMoly mapaMeTpa KOjU CIpevaBa HEMPOAYKTHBHA CMameHma y30pKa.
[lokazaHo je na ce Ha OBaj HaYWH J00Wja HHU3 aMpOKCHUMAllMja KOjU KOHBEpPIHpa Ka peliewmy
aInpOKCHMATHBHOT TIpo0ieMa ca yHanpe] (HHUKCHPAaHOM MAaKCHMAJTHOM BEIMYHMHOM Yy30pKa, T je
JIOOMjEHO pelliehe HCTOT KBAJIMTETA Kao U PeIICHEe JOOUjEHO OCTYIIKOM Y30pauKoT OYCKHBamba Ca
MaKCHMaJIHOM BEJIMYMHOM Yy30pka. Ho moctymak ca oBako Je()MHHCAHOM TPOMEHJBUBOM
BEITMYMHOM Y30pKa 3aXTeBa 3HAYajHO MakE padyHAPCKUX OIepalldja jep KOPUCTH Mambe TPEIn3He
arnpoKcUMalje JOK ce MTepaluje Hajla3e JaJeKo of] peuierma. [IpeqHOCT MOoCTynKa y OJJHOCY Ha
NO3HAaTe METOoZe, KOje CE YIIaBHOM 0aBe JTUHAMHKOM MOHOTOHO pactyhe BenMYHMHE Y30pKa, je
yIpaBo y paBHOTE)XH H3Mel)y HampeTka OCTBapeHOT y CMamely BpPeIHOCTH (YHKIHjE IHJba U
MPELU3HOCTH anpokcumalivje. KonpepreHija MeTo/a je gokazaHa 3a Kiacy omnajajyhux mpasara,
MO/l CTAHIAPAHUM MPETIOCTaBKamMa 0 (PYyHKIUjU UIba.

The fourth chapter is an original contribution of this dissertation. The unconstrained optimization
problem with the objective function given in the form of mathematical expectation is transformed
in sample average approximation problem with fixed but substantially large sample size that is
called the maximal sample size. This approximate problem is then considered within the
framework of line search methods but with variable objective function. In each step of iterative
procedure one is supposed to determine a sample size and a search direction and apply line
search with the objective function defined as the sample average approximation with the current
sample size. The search direction is chosen as descent direction for such objective function, and
the line search step is governed by the Armijo rule. The sample size is chosen such that the
balance between two quantities is kept - the approximate width of the confidence interval for the
chosen sample and the decrease in the objective function defined by the same sample. The




obtained sequence of sample sizes is non-monotone and increase as well as decrease in the
precision is allowed according to the progress in the decrease of the objective functions. An
additional safe guard parameter is introduced to avoid unproductive decrease in the sample size.
1t is shown that the iterative sequence obtained by the described method converges to the solution
of the sample average problem with the maximal size and thus the obtained solution is of the
same quality as the solution obtained by the sample average approximation method with the
maximal sample size. But the method with variable sample size requires significantly smaller
computational effort as it uses less precise approximations when far away from the solution. The
advantage of this method in comparison with other variable sample size methods, that are mainly
dealing with increasing sample sizes, is in the balance between precision and decrease in the
objective function. The convergence of the method is proved for descent directions under the set of
standard assumptions on the objective function.

[Ipommpeme pesynrara HOOHjEeHHUX Yy YETBPTOM IIOTNIaBJby Ha KJacy HEMOHOTOHHX ITOCTyIakKa
JIMHUjCKOT HpEeTpakuBama je JaTo y HETOM IMOraBiby. MHOIM NpaBUM NPETPaXKUBamka KOjU CY
MOTOZIHA 32 MPUMEHY HUCY YBEK omajajyhu - momyT mpHOIMKHOT TpajidjeHTa qo0ujeHor moMmohy
koHayHHX paznuka uiu CP1 mpasua. Illta Buie, nprcycTBo ryma U NpoMeHJbHBE (QYHIIH]jE [1Iba
UMILTHINPAjy JIa oTaame TpeHyTHe QYHIKHje [1Jba y TPEHYTHO] UTEPALlUjH He 3HAYX U OTIaJlame
BPEOHOCTH KOHauHe (yHKIMje Lba. 300T TOra je IIeMa ca MPOMEHJBMBOM BEIMYHMHOM Y30pKa,
IPEACTaB/bEHA y IPETXOIHOM IOIVIaBJbY, IPOLIMPEHA Ha KJIaCy HEMOTOHHUX IOCTYIAaKa JIMHU)CKOT
nperpaxuBama. [locMarpane cy Tpu IIaBHE HEMOTOHE LIEME KOje Ce I10jaBJbyjy y JIUTEpaTypH -
TAKO3BaHO MaxX MPaBWJIO KOA KOT C€ 3aXTeBa ONaJame BPEIHOCTH y ONHOCY Ha MaKCHUMyM
¢ukcupaHor Opoja MPETXOTHUX UTepalrja, MPaBUIIO KO KOTa Ce TTocMarpa OnaJame Yy OMHOCY Ha
KOHBEKCHY KOMOHWHanujy (uUKCHOT Opoja TPEeTXOAHMX UTepalyja W TMpaBHIo Koje je
reHepanuzanyja ApMIOKO MpaBuia T0OHjeHO OAAaBakeM HEHyJa eJleMeHaTa KOHBEPreHTHOT pefa.
3a 00a mpaBuJIa je moKa3aHa KOHBEPIeHIIMja MOCTYIIKA ca IPOMEHJBMBOM BEJIMYMHOM y30pKa. Illta
BUIIIE, I0OKa3aHa je P-nrHeapHa KOHBEPreHInja 1Mo CTaHAapJHIM IPETIIOCTaBKaMa.

The extension of the results from the fourth chapter towards non-monotone line search methods is
presented in the fifth chapter. Many useful search directions are not always descent - like finite
difference approximation of the gradient or SRI direction. The presence of noise and variable
objective functions imply that the descent in the current objective function in each iteration is not
necessarily a descent of the final objective function. Thus the variable sample scheme derived in
the previous chapter is extended to the case of non-monotone line search methods. Three main
types of non-monotone rules in literature are considered - the so called max rule where the
descent is required with respect to the maximal value of a fixed number of previous iterations, the
rule which considers the descent with respect to a convex combination of a fixed number of
previous iterations and the rule which is a generalization of the Armijo rule obtained by adding
nonzero elements of a summable sequence. For both rules the convergence of the variable sample
scheme is proved. Furthermore the R-linear convergence is proved under the set of suitable
assumptions.

Ilocnenwe momaBbe cagpku OOraTy KOJEKIHjy HyMEPHUKHX EKCIepHMEHara KOoju HOTBpPhYjy
TEOpHjCKe pe3ynrare NoOHjeHe y Aucepranyju. MOHOTOHE MeTo/e Cy TEeCTHpaHe Ha CKYITy
aKaJIEMCKHX TECT MpHUMEpa U Ha MHUKC-JOTUT MPOOJIEMY KOjU CE YeCTO KOPUCTU 332 MOJCIHPAmbhe
peanHux mpobinema. Pesynrtaru cagpike mopeheme usmely MeTona yBeneHUX y OBOj IUCEPTaLUjH
ca HEKOJIMKO PEJIeBaTHUX METOla YKJbY4dyjyhu M XeypucTHUKy OUHAMHKy HoBehama BeIHYMHE
y3opka. [Tocmarpanu mpaBuy mpeTpaknBama Cy Mpasail HeratuBHoT Tpaaujenta u bOI'C mpagarr.
Tectupama cy u3BplIeHa 32 GUKCHY BPEJHOCT CUTYPHOCHOT MapaMeTpa U 0e3 TOr mapaMmeTrpa u
MOKazaja Cy OIpaBaaHOCT yBohemwa mapamerpa. HemoroHone merone cy neduHucaHe npeko 6
pPa3IMUYUTHX NpaBWiIa KOjUMa Cy HNOKPHBEHE CBE BakHE MeToze oBe Bpcre. Ilocmarpano je




HEKOJIMKO IpaBalla NpeTpakuBarba - IpaBall HEraTUBHOT TI'pagjeHTa, CIEKTPaHU TpajidjeHT,
arnpoKcuMalyja rpaaujenTa nomohy koHauynux pasnuka, CP1 npasan u BOI'C npasau. YkymHo je
Tectrpad 21 MeETOm Ha CKyNmy akaJeMCKUX TECT mpumepa. llocienmu TecTupaHu MpUMEp je
mpo0JieM HajMamkUX KBaJipara Koju MoTH4Ye oJ] nmpodiieMa (pUTOBaka MmojaTaka y peaaTHoM MOACIY.
JoOujeHn HyMepHYKH pe3ynTard NoTBphyjy TeopHjcke pesyarare AoOujeHe y Te3u. Hekommko
MHUKAaTOpa, NOMYT MHJIEKca e(pUKACHOCTH U Npoduia MoHalama, IOTBphyjy 1o0po moHamame
MeTofa JIMHHUJCKOT TpeTpakuBama ca NPOMEHJBHBOM BEIHMYMHOM Yy30pka. [laxksieuBo cy
aHaM3UpaHa HEMOTOHA MPaBWIIA U 3aKJbYUEHO j€ Jia je MPUCYCTBO HEMOHOTOHOCTH KOPUCHO, Kao
Uy IETEpMUHUCTHYKOM CJIy4ajy, ajli ]a HUBO HEMOHOTOHOCTH He TpeOa z1a OyJie IPEeBUCOK.

CBU eKCIIEPUMEHTH Cy U3BPIIICHN ¥ cOPTBEPCKOM TakeTy Matlab.

The last chapter contains a rich collection of numerical experiments which confirm the theoretical
results obtained in the dissertation. The monotone methods are tested on a set of academic test
examples and on the mix-logit problem that is often used for modelling real-life situations. The
results contain comparison between the methods introduced in the dissertation with several other
methods including a heuristic scheduling of the sample size. The search directions that are
considered are the negative gradient and the BFGS direction. The test are done for a fix value of
the safeguard parameter and without it and the results justify the introduction of this parameter.
The non-monotone methods were considered within 6 different rules that cover all important
methods of this kind. Several search directions are considered - the negative gradient, the spectral
gradient, finite-difference gradient approximations, SR1 direction and BFGS direction. In total 21
methods are compared on a set of academic examples. The last tested example is a least square
problem coming from data fitting in a real-life problem.

The results of numerical experiments confirm the theoretical results presented in the dissertation.
Several indicators like efficiency index and performance profile confirm good behaviour of the
proposed variable sample size line search methods. The role of non-monotone rules is carefully
analyzed and it is shown that in general non-monotonicity is beneficial, as in the deterministic
case, but that the level of non-monotonicity should not be too high.

All experiments are done in Matlab.

VI CIIMCAK HAYYHUX U CTPYUYHHUX PAJOBA KOJH CY OBJAB/bEHU NJIN
INPUXBAREHU 3A OBJAB/BUBAILE HA OCHOBY PE3VJITATA UCTPAYKUBAIbA Y
OKBHUPY PAJIA HA TOKTOPCKOJ JUCEPTALTNJHA

1. N. Krejié, N. Krklec, Line search methods with variable sample size for unconstrained
optimization, Journal of Computational and Applied Mathematics 245 (2013), 213-231, M21

2. N. Kreji¢, N. Krklec Jerinki¢, Nonmonotone line search method swith variable sample size (submitted)




VII  3AK/bYUIIA OJHOCHO PE3YJITATHU HCTPA’XKUBAIBA
VII CONCLUSION LE. RESULTS OF THE RESEARCH

OcCHOBHH pe3ynTaTu JOOHjeHH y OBOj TUCEPTAIHjH Ccy clenehm:

1. ®opmynucaH je MocTynak JUHUJCKOT MPETpakuBamba ca MPOMEHJFUBOM BEJIMYMHOM Y30pKa 3a
pemaBame npodneMa MUHUMHU3aNKje QyHKIMje Koja je Jata y oOJUKY MaTeMaTH4Kor OYEKHBaba.
OyHKIMja [OHha CE€ CTaHAapAHO TpaHchopMmume y mpobdiaeM y30padkor OYEeKHBama ca
MaKCHMaJTHOM BEJTMYMHOM y30pKa. iTepaTuBHM MOCTYIKa KOjU je Me(UHUCAH Y CBAKO] UTEPAIlUjU
oapehyje BenMYMHY y30pKa, paBall NpeTpakuBamba H JyKHHY Kopaka Kopuctehn anpoKkcuMmanujy
¢byHIKHje MJba ca TPEHYTHOM BEJIMYMHOM Y30pKa. Benmmumna y3opka ce oxpelyje Tako nma ce
OCTBapH CaIacHOCT MPEIM3HOCTH U CMamheha JOOUJEHOT y alpOKCUMATHBHO] (DYHKIMjH LIHJbA.
JeduHncaH je 1onaTHU CUTYPHOCHH ITapaMeTap KOjH clipedaBa HelPOAYKTUBHO CMabEHhe Y30pKa.
Jlobujenn HU3 BeIMUKHA Y30pKa je HEMOHOTOH, 32 Pa3MKy Of J0Caja MO3HATHUX pacTyhnx HHU30Ba
BelInuMHa y3opka. [IpuOmmkHO pememe MO0OHjeHO Ha OB3j HA4YWH jecTe peliele MpodiieMa
y30padyKor OYEKHBamba Ca MAaKCUMallHOM BEJMYMHOM Y30pKa, T je JA0OWjeH IMOCTyMaK HCTOT
kBamuTera kao craHgapaan CAA moctynak, amu je 3HadajHo jedrunuju. Jlokazana je
KOHBEPIeHI1ja MOCTYIIKA 0/ CTAaHAAPIAHUM IIPETIOCTaBKaMa.

Line search methods with variable sample size are defined for the problem of minimization if the
objective function is given as the mathematical expectation. The objective function is transformed
into the sample average approximate function with the maximal sample size. In each iteration of
the proposed iterative method one has to determine a sample size, a search direction and a step
size using the objective function with the current sample size. The sample size is defined in such a
way that the precision and decrease of the approximate objective function stay in concordance. An
additional safe guard parameter is defined in order to prevent unproductive decrease of sample
size. The obtained sequence of sample sizes is non-monotone, contrary to the common increasing
sequences of sample sizes. The approximate solution obtained by these methods is of the same
quality as the solution obtained by SAA methods with the maximal sample size, so the methods are
of the same quality as SAA methods but significantly cheaper. The convergence is proved under a
set of standard assumptions.

2. ledmHncaH je HEMOHOTOHH IOCTYIAK JIMHU]CKOT TIPETPaKUBarha ca MPOMEHIHPHBOM BEIINIHHOM
y30pKa. koju omoryhaBa mpuMeHy mpaBalla NpeTpakuBamba KOjU HUCY omnanajyhm y cBakoj
utepaunju. [lokasana je KOHBEpreHIMja 3a HajBaKHU]jE METO/E M3 OBE KJlace IOJ CTaHJapAHUM
npernocraBkama. Takole je mokazaHa P- inMHeapHa KOHBEpreHIMja y3 yoOWYajeHE YCIIOBE 3a
¢ynkoujy umiba. JloObujeHa TBphema O peny KOHBEPIeHIMjEe NpEACTaBJba)y HETPUBHjATHY
reHepaIn3alyjy pe3yirara y JeTePMUHUCTHYKOM CIIydajy.

2. Non-monotone line search with variable sample size that allows use of search directions which
are not necessarily decreasing in each iteration is defined. The convergence of the most important
methods in this class is proved under a set of standard assumptions. R-convergence under a set of
common conditions for the objective function is also proved. The obtained statements on the order
of convergence are a nontrivial generalization of the corresponding statements in deterministic
case.

3. Teopujcku pe3yaTaru cy Bepu(PHKOBaHM HA peeBaTHUM HyMEPUYKUM MpUMepuMa. TecTupama
Cy W3BpILEHA 32 MOHOTOHE M HEMOHOTOHE METOAE IMPEIJIOKEHE Y OUCEPTALMjH U W3BPILEHO je
nopeheme ca peneBaHTHUM MeTojama u3 JuTeparype. IlokazaHo je ma mpeasio)KeHe MeToxe
MpEICTaBIbajy JOOpY alTepHATHBY 32 pellaBame Kako akaJeMCKHX Tako W MpodlieMa HaCTalInuX Yy
MOJIETIpamy pealHuX Npodiema.




3. Theoretical results are verified on a set of relevant numerical examples. The testing is made
for both monotone and non-monotone methods proposed in the dissertation and these methods
are compared with the methods from literature. It is shown that the proposed methods are a good
alternative for solving both academic problems and problems coming from real-world models.

VIII OLEHA HAYUHA ITPUKA3A U TYMAUYEIBA PE3VIITATA UCTPA’KUBAIBA
VIII EVALUATION OF THE PRESENTATION AND INTERPRETATION OF THE
RESULTS

ExcruyiMiuTHO HaBeCTH MO3UTHBHY WJIM HETaTHBHY OLIEHY HauMHa MpHKa3a U TyMaderma pe3yarara
UCTpaXHBambA.

Kannunarkuma je y 1eocTy o0aBmiIa HCTPpaKUBamkha NpeABrleHa TUIAHOM JaThM y TIPHjaBH TeMe
JOKTOpCKe Aucepranuje. MaTtepujain NpUKa3aH y TE3U je M3JI0KEH Ha aJeKBaTaH HAYWH, JaCHO M
pasyMibUBO. YBHIIOM y KOpHIINEHY JHUTEpaTypy 3aKkjbydyjeMo Ja je KaHIUIATKHiba MpHIIIa
WCTpaXHWBamy TMO3Hajyhm mmpe Teopujcke acmekTe mpobiemMa, Kao M Ja je yIo3Hara ca
JocajallibuM CcasHalkuMa y o0ONacTH HUCTpakuBama. J(OOMjeHW pe3ynraTh Ccy KBaJIMTETHO
ynopeheHn ca pesyiaratuma Ipyrux ayTopa W U3BEICHH Cy ONroBapajyhn HEnmpUCTpacHU
3aKJbYUIIH.

Komucuja koHcTaTyje na je kaHaupaTkuma aJeKBaTHO TyMadwia JOoOHjeHe pe3ylaTre U Ja
HAaYMH TIpUKa3a pe3yirata y TMOTIYHOCTH OJATOBapa KapakTepy CIPOBEICHOT
UCTpaXHUBamba.

Explicitly give a positive or negative evaluation of the presentation and interpretation of the
research results.

The candidate has fully accomplished the research foreseen by the plan given in the
submission of the topic of the dissertation. The material presented in the dissertation has
been laid out in a suitable, clear and understandable manner. Based on the referenced
literature, it is clear that the candidate has approached the research fully aware of the
wider theoretical aspects of the problems in question, and that she is familiar with the
scientific positions in the addressed fields of research. The obtained results have been
compared with the results obtained from other authors and adequate conclusions have
been reached.

This committee concludes that the candidate has interpreted the obtained results
appropriately and that the presentation of the research results is in full accordance with
the nature of the undertaken research.




IX KOHAYHA OIIEHA JOKTOPCKE JUCEPTAIIMJE:
IX FINAL EVALUATION OF THE DOCTORAL DISSERTATION

1. Ja nu je qucepTalija HamkcaHa y CKIaay ca 00pasioKemheM HaBeIeHUM Y TIpUjaBu Teme?

JlokTopcKa aucepTanja je y HOTIyHOCTH HalMCaHa y CKIIaay ca 00pas3ioKeheM HaBeICHUM Y
MIPUjaBU TEME.

2. Jla nmu nucepranyja caapku cBe OUTHe enemMenTe?

Hucepranuja cagpxu cBe OuTHe enemeHrte. JlaT je mpuka3 MPeTXOJHHMX pe3yliTara Ha Koje ce
JIcepTalfja Oclama, AeTalbaH Iperie] AOOMjeHUX HOBUX pe3yiTara, Kao W UCIPIAH CIIHCaK
peneBaHTHUX pedepeHIty, Koju CBEIoUYe Na je KaHIWIATKHExA OIJTMYHO yIOo3Hara ca oOmamrhy
UCTpakuBama. [{ucepramnmja je mpersienHa u J00po opraHu30BaHa.

3. Ilo uemy je mucepranyja OpUrnHajJIaH JOIMPUHOC HAyLn?

Hucepranuja caIpXKd OpWUTHHAAH HAyYHH JONPUHOC M3 OOJacTH HYMEpUYKE MaTeMaTHKe.
Hedunucane cy 1Be Kiace METOa, MOHOTOHE M HEMOTOHE, 3a PelIaBamke NpodiiemMa HelMHeapHe
onTuMU3alyje 6e3 orpaHuvema 3a (PyHKIHMjy IHJba AaTy Y OONMKY MaTeMaTHYKOT OYeKHBamba.
Oba xmace Meroma  ce 3aCHMBAjy Ha JIMHUjCKOM MPETPaXHBaly M KapaKTEpHILy ce
anpokcuManjamMa (QyHKOHje LOUba Ca Pa3IMYUTUM BEIMYMHAMAa Y30pKa TOKOM HTEpaTHBHOT
mponeca. V3BpiieHa je Teopujcka aHanM3a NPEUIOKEHUX IIOCTyIaka M IIOKa3aHa HUXOBa
KOHBEPTeHITMja TIOA CTaHAApPHUM TpeTIocTaBkama. Teopwjcku pe3yaTaTtd cy MOTBpheHu
EMIIMPHjCKU, TECTHPAameM HA pENICBaHTHHUM NpuUMepHMa M mnopehemeM ca IpyruM MeTomama
Pa3BUjeHNM 3a UCTY KJIacy Ipoodiema.

4. Henocraiu aucepraiyje ¥ BbUXOB YTUIA] HA PE3YyNITaT HCTPAKUBakba.

Hucepranmja HeMa HeZOCTaTaKa.

Explicitly state whether or not the dissertation is written in accordance with the provided
elaboration, as well as whether or not it contains all of the relevant elements. Provide
clear, precise, and concise answers to questions 3 and 4:

1. Is the dissertation written in accordance with the elaboration stated in the submission of the
topic of the dissertation?

The doctoral dissertation is, in its entirety, written in accordance with the elaboration stated in
the submission of the topic of the dissertation.

2. Does the dissertation contain all of the relevant elements?

The dissertation contains all of the relevant elements. The provided summary of previous results
on which the dissertation rests on, the detailed overview of the newly obtained results, as well as
the comprehensive listing of relevant literature all bear witness to the fact that the candidate has

a high level of mastery in the research field in question. The dissertation is clearly written and is
well-organized.




3. In what way does the dissertation constitute an original contribution to science

The dissertation contains an original scientific contribution in the field of numerical mathematics.
Two classes of methods, monotone and non-monotone, for nonlinear unconstrained optimization
problem with the objective function in the form of mathematical expectation are given. Both
classes are based on line search and characterized by approximate objective functions with
different sample sizes during the iterative procedure. Theoretical analysis of the proposed methods
is given and their convergence is proved under the standard assumptions. Theoretical results are
confirmed empirically, by testing on a relevant set of examples and comparing the methods with
other methods designed for the same type of problem.

4. The shortcomings of the dissertation and their influence on the results of the research

The dissertation has no shortcomings.

X HNPEJJIOI' KOMUCHUIJE:
X PROPOSAL OF THE COMMITTEE:

Ha ocHoBy ykynHe omeHe aucepTanuje, KOMHCHja MpelJianxe Ja ce JOKTOPCKa qJucepTranmja
kanauaatkumwe Harame Kpkien Jepunkuh, nox HasuBom Memode aunujckoe
npPempa’scugar,a ca NPOMeHbUEOM GETUUUHOM Y30PKA, MPUXBATH, 3 KAHAHJATKUBH 0100pH
ondpaHa.

Based on the overall evaluation of the dissertation, this committee suggests that the doctoral
dissertation of the candidate NataSa Krklec Jerinkié, entitled Line search methods with
variable sample size, be accepted, and the candidate be granted the right to defend it.

np 3opana JlyxanuH, penoBau npodecop [IMD-a y
Hosowm Cany, npeaceanux

np Harama Kpejuh, penosuu npodecop [IM®P-a y
Hosom Cany, MmeHTOp

Stefania Bellavia, Ph. D, Assoc. Prof. University of
Florence, member

1p Muonpar Crnanesuhi, penoBau npogecop
MarmmHckor ¢akynrera y beorpany, wian
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