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III  HACJOB JOKTOPCKE JUCEPTALIMJE (PhD THESIS TITLE):

AHHM30TPONHA PA/IHA OKPYKemha 32 JMHAMHYKe CHCTeMe U 00paay ciauKa

Anisotropic frameworks for dynamical systems and image processing

IV HOPETJIEJ JOKTOPCKE JUCEPTALMJE (PhD THESIS OVERVIEW):

JlokTtopcka mucepranuja je mperieqHo HamucaHa Ha 107 cTpaHa W calpXKu CBE HEONXOIHE CICMCHTE
HaydHOr paza. Jluceprammja je moxmesbeHa y mer moriassba: Extensions of the Euclidean framework,
Finslerian structures for a dynamical system, Extensions of the Beltrami framework, Particular cases of the
evolution flow, Applications in image processing; Takohe caapXu W Apyre NpeaBuheHe eIeMeHTe:
[IpenroBop, buorpadujy kanaumata u Kibyany nokymeHTaujcky uaGopmaimjy (koja caapxu U3BOAC U
OCHOBHE TMOJATKE O MIOKTOPCKO] IHMCEPTAljH HA CPIICKOM MW €HIJIECKOM je3WKy). Y JOKTOPCKO]
nucepranyju uMa ykynmHo 115 OmOmmorpadckux jemuuuiia w 11 cimka; m Hema Tabema, rpaduka u
MpUIIOTa.

Jucepranyja y HenMHN, KaO U HEHH I10jeTMHAYHH JICJIOBH NMajy A00pO CHCTEMaTH30BaHy CTPYKTYpY U
IUIaH M3Jarama. ExcriosuTopHu neo mucepranyje je faT y NMpBOM IOMIABJbY M Y liesly Tpeher moriasiba,
J00po je OpraHn30BaH, Ca/Ip’KU CBE pesieBaHTHE NeUHHUNNje U TeopeMe MOTpeOHe 3a pa3yMeBambe 0CTaJIOT
n3narama. OpHUTHHAIHM PE3yJITaTH MCTPaKUBama KaHIWAaTa MPHUIALajy aKTyeJIHHM TOKOBHMA HayKe U
NIPUKa3aHyu cy y Ipyrom, Tpehem, 4eTBPTOM U IIETOM IIOTJIABIbY.

W3znarame pe3ynrara je jacHO U MPEeLnu3HO OPraHu30BaHO y JOTHUKe HeuHe. [IpobnemMarnka necTpaKuBama
je jacHo ¢dopmynmucana m MortuBhcaHa. CaMu pe3yNITaTH HCTPAKHBamka Cy NPENHU3HO H3JIOKECHH H
TEOPHjCKH T0OPO 3aCHOBAHHU.

The PhD thesis is well written, and covers along 107 pages all the necessary elements of scientific research.
It is divided into five chapters: Extensions of the Euclidean framework, Finslerian structures for a
dynamical system, Extensions of the Beltrami framework, Particular cases of the evolution flow,
Applications in image processing; it also contains other anticipated elements: The preface, the candidate
biography, and Key words documentation (which contains the abstract and basis data of the dissertation in
Serbian and English). The dissertation has 115 bibliographical entries and 11 figures; it has no tables,
graphs and appendices.

The dissertation as a whole, and its separate parts, are well-structured and appropriately developed and
exposed. An overview of basic concepts is given in the first and partly in the third chapter; it is well
organized, it contains all relevant definitions and theorems necessary for the research. The original results
of the candidate match the current scientific trends in the field, and are presented in the second, third, fourth
and fifth chapters.

The exposure of the results is clearly and precisely organized in logical units. The research issues are well
formulated and motivated. The research results are rigorously presented and the theoretical background is
well founded.

Vv BPEJHOBAIBE INOJEJUHUX JEJOBA JOKTOPCKE JUCEPTALIUJE
(EVALUATION OF PARTS OF PhD THESIS):

HacioB




HacioB nokTopcke amcepTHawje je jacHO W Tpenu3HO (opMysHcaH, OIpakaBa TEKCT W Calpikaj
HCTPaXHBabHA.

Extension of the Euclidean framework (36 crpanuna, 6 cexnuja)

VY yBOJHOM Jeny IucepTaldje M3JI0KEHH CYy OCHOBHHM IOjMOBH M HBHXOBH Mel)ycOOHM ofHOCH, KOju ce
KOpHUCTE y JajbeM pajy. Teopuja reoMETPHjCKHX OKPYXEHa je€ YCIOBJbEHa METPUYKOM CTPYKTYpOM Ha
MHOTOCTPYKOCTH, Ta Cy pas3iIMYUTH THUIIOBH METPUYKHX CTPYKTypa INpHKa3aHH, Kpo3 AehHUHHULNjE
KapakTepUCTUYHHUX II0jMOBa W TBphema O MHHUXOBUM CBojcTBMMAa. Oj M30TPONHUX CTPYKTypa cCy
npexactaBibeHe Eykimacka n PumanoBa, a on aHmzorponHux — @uHcneposa, JlarpanxoBa W yomnmTeHa
JlarpanxoBa.

Finslerian structures for a dynamical system (28 crpannna, 3 cekuuje)

lapHepoB TUHAMHWYKHM CHCTEM IIOMyJaIfje KaHIEPO3HHX henuja je mpuKa3zaH W HyMepHdKa TpoIeaypa
KOHCTpyHucama DUHCIepoBe HOpME je A00po nmeduHHCcaHAa W peaju3oBaHa je 3a TPH pa3iddTa THIIA
OduncnepoBe Merpuke: PanmepcoBy, Eykmuacky m 4-xopeH. M3BeneHa je ymopeaHa aHaiu3a CBOjCTaBa
KOHCTPYHCAHHUX CTPYKTypa Kao eleMeHata XWJIOSpTOBOT MPOCTOpa METPHWKA, Ka0 W FHHXOB 3HA4Yaj 3a
I'aprepos mozern.

Extensions of the Beltrami framework (12 crpanuna, 5 cexuuja)

[Tpukazano je bentpamujeBo pagHO OKpYKEHE ITOTOJHO 38 MUHUMH3ALH]Y TIOTOIUbEHE N30TPOITHE ITOBPILIHT
¢ 003MpOM Ha CHEPTHjy caMOr MOTalama, Kao M peJIeBaHTHA 00JacT XapMOHHU]CKUX IpECINKaBamba.
Jedunucano je anmsorpomHo bentpammjeBo pagHO OKpyXKeme Koje omoryhaBa aHamu3y MOBPIIN
yomureHor JlarpamxkoBor Tuma. Pa3BujeHe cy mapuujanHe aud)epeHIUjaTHe jeqHAYNHE HA TAHTCHTHOM
oMOTady TMOBPIIH, Koje AeGuHHMITy (QYHKIHM])Y €BOJYTUBHOT TOKAa TOBPIINH, Ca IHWJbEM MHUHHUMHU3AIIN]E
eHepruje noTanama. [loka3aHo je Kako JOOHjeHH pe3yNITaTH yOIINTaBajy KiIacHIHe.

Particular cases of the evolution flow (12 crpanunua, 2 cekuuje)

PesynraTu 100UjeHN y MPETXOIHOM MOTIABIbY Cy NPUMEHHEHN Ha CIydaj moTanama y PUMaHoB mpoctop,
MOBPIIK Ca aHW30TPOIHOM METPUYKOM CTpyKTypoM PanaepcoBor u Cum-bejn Tuma, ca HariameHum
OJICTYNakeM OJ WHAyKoBaHe PumanoBe crpykrype. [loceOHO, pasBujeHe cy oaroBapajyhe QyHKIuje
€BOJYTUBHOT TOKA 32 JABOJMMEH3MOHY MOBPII MOHKOBOT THIIA, KOj¢ CY MHIYKOBaHE caMUM MOHXOBUM
MOTaNambEM.

Applications in image processing (10 crpannua, 3 cekuuje)

[lpuka3ana je opWrMHagHa IIEeMa MOAENOBama o0Opaje IUTHTANHE ciuke beiarpaMujeBUM pagHuM
OKpYXEHEeM, ANCKPETH3allja TEOPUjCKHX pe3ynrara M OINIITH TNPHUHIMIM INpuMeHe. HaBenena je
pelieBaHTHA W30TPONHA TIpUMEHAa W TpHWKa3aHa je MpoOHa TpUMEHa aHWU30TPOIHHE EBOJYIIH]jE
MOHOXpPOMATCKE IUTUTAJHE CJIHMKE, OJaKJieé Cy MNPOUCTEKIM MOryhu mpaBiy Hajber ariuKaTHBHOT
HCTPaXKHUBabHA.

Jluteparypa

JIuteparypa oOyxBara 115 ombnamorpadckux jequHnIa peieBaTHUX 32 UCIIUTHBAHY TEMATHKY, HABEICHUX
y ckimamy ca BaxkehmMm mpaBwimMa 3a OuTHpame. JIuTepaTypHH HaBOAW Cy aKTyelTHH W aJeKBaTHO
o/1a0bpaHy 3a KOMITapaldjy ca pe3yJTaTuMa JTOKTOPCKE JICepTaIyje.

Title
The title of the PhD thesis is clearly and precisely formulated, and it reflects the research content and the
dissertation text.

Extension of the Euclidean framework (36 pages, 6 sections)

This part of the dissertation presents basic notions and their relationships, necessary for the research.
Theory of geometrical frameworks relies on metric structures on differentiable manifolds, so various types
of metric structures are presented, together with definitions and basic properties of their associated
characteristic geometric objects. The presented isotropic structures are of Euclidean and Riemannian type,




and the anisotropic ones are Finsler, Lagrange and general Lagrange structure.

Finslerian structures for a dynamical system (28 crpannna, 3 cekuuje)

The Garner dynamical system of cancer cell population is presented, and the numerical procedure of fitting
Finsler norms is well defined and achieved for three different Finsler metric types: Randers, Euclidean and
4™_root type. A comparative analysis of the fitted structures is developed by considering them as elements
of the Hilbert space of metrics, and the significance of the fitted structures for the Garner model is
analyzed.

Extensions of the Beltrami framework (12 pages, 5 sections)

Beltrami frameworks and related field of harmonic maps are presented, these being appropriate for
evolving an embedded isotropic surface by minimizing the energy of the mapping. The anisotropic
Beltrami framework is defined, which enables the analysis of general Lagrange surfaces. Partial differential
equations on the tangent bundle of the surface are developed, which define the evolution flow function that
minimizes energy of the embedding. It is shown how the obtained results generalize classical ones.

Particular cases of the evolution flow (12 crpanunua, 2 cekuuje)

The previous chapter results are applied in the case of embedding anisotropic surfaces with Randers and
Synge-Beil type metrics, in Riemannian space, such that deviation of the induced metric structure is
emphasized. Particularly, several evolution flow functions are developed for two-dimensional Monge
surfaces induced by Monge mappings.

Applications in image processing (10 pages, 3 sections)

This part contains an original scheme of modeling image processing within the Beltrami framework, the
discretization of theoretical results, and the general principles used to apply the theoretical results. Related
works regarding the isotropic case application are presented. A tentative application of anisotropic
evolution is achieved for a monochrome digital image, which points out possible applicative developments.

Bibliography

The bibliography includes 115 bibliographic units, relevant for the research topics, which are listed in
accordance with the accepted citation rules. The references are relevant in the addressed research fields,
and appropriately selected for comparison with the results of the dissertation.
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VII  3AK/bYYUIIU OJJHOCHO PE3YJITATU HCTPAJKUBAIBA
(CONCLUSIONS, L.E. RESULTS OF THE RESEARCH)

OpurnHaIHK pe3yaTaTH AMCepTalHje KOju ce THUy NpoOsieMaTHKe TUHAMHYKHX CUCTEMa Cy CalpXKaHu y
JIPYyrOM TIOTJaBJby, Tpehe 1 4eTBPTO MoriaBibe caapKe OPUTHHAIHE TEOPHjCKE Pe3yiTaTe, YHju je 3Hauaj y
obmacTu oOpaje CiMKa HarJialeH y TeTOM TorjiaBiby. IIpBO, pasBwjeHa je HyMepHuyka MpoIeaypa 3a
KOHCTpYyKIHMjy DHHCIIEpOBE HOPME TPH pa3iMuuTa TUMa 3a [apHEepOB JMHAMHUYKH CHUCTEM IOIyJallnje
KaHIepo3HHX henuja u u3BeleHe Cy OCHOBHE KapaKTEPUCTHKE THX HOPMH, Ka0 U bUXOB 3HAYa] 33 aHAIH3Y
cucrema. TEOPHjCKHU pe3yNITaTh Ce OJJHOCE Ha aHAIN3Y MOBPIIH Ca aHU30TPOITHOM METPHYKOM CTPYKTYPOM,
noTorbeHe y PmmanoB mpoctop. JloOwjeHe cy mapuujanHe AudepeHIrjanHe jeaHaunHe (QyHKIHje
aHWU30TPOITHOT €BOJYTHBHOT TOKA 32 CIy4aj TeKMHCKE W HETS)KMHCKE CHEePTHje MoTanama, Kao U QPyHKIHja
aHM30TPOITHOT €BOJIyTUBHOI TOKA Ca HarjalleHOM 3aBHCHOIINY OJ MHIYKOBaHE CTPYKTYpEe M JIOJATHOT
aHM30TPONHOT TeH3opa. OBM pe3ynratu Cy, JAajbe, NPUMEHEHH 3a Jo0Wjame (yHKIWje OommTer
PannepcoBor eBONyTMBHOT TOKA, M TOCEOHO 3a JBOJMMEH3HMOHE MoBpiiM — PannepcoB m MHrapaeHos
ciry4aj; kao ¥ 3a GpyHkuujy omnmrer Cumb-bejin eBoyTHBHOT TOKa M IMOCeOHO 3a JBOAMMEH3HOHY TOBPII ca
aHM30TPOITHOM HOPMHUpPaHOM MUpPOHOBOM METPUKOM. AIUIMKaTHBHH pe3yiTar ce orjiexa y
JIMCKPETU3alMjy TEOPHjCKUX pe3yJsiTaTa U BUXOBOj MMPOOHO] YIOPEAHO] MPUMEHH Ca KIACHYHOM METOJIOM
Cpelbe KpUBHHE, y TIPOLiecy 00paje IUTHTAITHE CIIUKE.

Original results concerning dynamical systems are presented in the second chapter of the dissertation, the
third and fourth chapters contain original theoretical results whose significance for image processing is
emphasized in the fifth chapter. A numerical procedure for fitting Finsler norms is developed and discussed
for three different norm types, which are appropriate for studying the Garner dynamical system of cancer
cell population; properties of the fitted structures are derived, and their significance in the analysis of the
system is emphasized. Theoretical results concern the analysis of Surface with anisotropic metric structure,
which is embedded in Riemannian space. The partial differential equations of anisotropic flow function are
developed for weighted and nonweighted energy of embedding, and another form of the anisotropic
evolution flow is developed, showing the dependency on the induced structure and on the additional
anisotropic tensor. These results are used to generate the general Randers evolution flow function, and
particularly for two-dimensional submanifolds, which poses the Randers or Ingarden srtucture; also, there
is constructed a generalized Synge-Beil evolution flow function, particularly for two-dimensional surfaces
with anisotropic normalized Miron metric. Applicative results concern the discretization of theoretical
results and a tentative comparative implementation with classical mean curvature method in image
processing.

VIII OLEHA HAYHUHA ITPUKA3A U TYMAUYEA PE3YJITATA HCTPAXKUBAIBA
(EVALUATION OF THE PRESENTATION AND INTERPRETATION OF THE
RESEARCH RESULTS)

JloOujenn pe3ynTaTH y IUCEpTalMju Cy aKTyeIHH, OPUTHHAIHH, KBAJIUTETHH, U O/ U3y3€THOT 3Hauaja 3a
caBpeMEHE TOKOBE HayKe (ca TEOpHjCKOT ajld W TPUMEHJBHBOT CTAHOBHIITA) INTO 00e30ehyje
perneBaHTHOCT Te3e. [Ipukas CBUX pe3yiTaTa HCTpaXkuBama je J00pOo OpraHn30BaH 110 JOTHYKHM LeJIHHAMA,
dopmynanyje pesyaraTe Cy MaTeMaTHYKH INpelM3He, NOKa3H TBphema Cy TayHO H3BeleHHU. Tymaueme
IOOMjeHNX pe3ysTaTa je KOPEKTHO H3BEICHO, y3 IeTajbHy aHalM3y M carjiefaBame IaJbHX IpaBala
HCTPAKUBAKbA.

The dissertation results are original, and of high quality and importance for contemporary theoretical and
applicative scientific topics, which assure the relevance of the thesis. The presentation of the research
results is well systematized in logical units, the results formulations are mathematically precise, proofs are
accurate. The interpretations of the results are correctly derived, with a detailed analysis of estimated
directions for further research.




IX KOHAYHA OLIEHA JOKTOPCKE JUCEPTAIIMJE:
(FINAL EVALUATION OF THE DOCTORAL DISSERTATION)

1 [a nu je nucepTanyja HamucaHa y CKJIaay ca 00pas3iioKemheM HaBeJCHUM y PHjaBH TeMe?
(Is the dissertation written in accordance with the elaboration stated in the submission of the topic
of the thesis?)

Jucepranuja je y NMOTHYHOCTH HamMCcaHa y CKJIaAy ca o0pa3jio:kelheM HaBeJIeHHM HPUJIHKOM
npujaBe TeMe. Ha ocHOBY pe3ysiTara HCTpakKuBamha U3BeJeHNU Cy 3aK/bYYIM KOjH /iajy 0AroBope Ha
NOCTaB/beHe U/beBEe HCTPAKHBAHA.

The dissertation is written entirely in accordance with the reasoning set out in the application. The
conclusions are based on the research results, and they respond to the expected research goals.

2. Ja nmu mucepranuja caapyku cBe OUTHE eleMeHTe?
(Does the dissertation contain all of the relevant elements?)

Jucepranuja caap:ku cBe ONTHe eJleMeHTe HAYYHO-HCTPAKHBAYKOT Pajia U MPeICTAB/ba KOMILIETHY
H 320KpYxeHy HeJHHy. Y AWcepTAlMjH je JaTa HEONXOJHA TEOPHUjCKa OCHOBa W3 00JIaCTH Koje
o0yxBaTa TeMa caMe JUcepTaluje M JeTa’baH NpPHKa3 Ao0ujeHux pesyarara. Cnucak pedepeHnn
caJip:Ki pesieBaHTHe pajoBe M CBEAOYM 1A je KaHIWAAT J00p0 YNmo3Hao 00/1acT MCTPaKUBambAa.
Jucepranuja je nperJieAHa u 100po OpraHu3oBaHa.

The dissertation contains all the relevant elements of scientific research and it is complete and self-
contained. The dissertation contains the necessary theoretical background of the fields covered by
the dissertation topics and a detailed presentation of the obtained results. The bibliography includes
relevant articles and provides the evidence that the candidate is well acquainted with the research
field. The dissertation is well written and organized.

3. ITo yeMy je mucepTalidja OPUTHHAIAH OTPHUHOC HAYIH?
(In what way does the dissertation provide an original contribution to science?)

Y npBoM moriaBby AHcepTalUje je KOHIWU3HO W HAa OPrHHAJIAH HAYHH MNPHKA3aHO ONINTe
reOMeTPHJjCKO PAa/JIHO OKpY:Keme, €a KapaKTepHCTHYHHM CBOjCTBMMA - 3aBHCHO O/l MeTpHYKe
cTpykType. JIpyro moriapjbe NpHKa3yje OPUTHHAJIHY HIejy anpokcuMupama PuHCIepoBe HOpMe
EykanackoM, NpuMeHOM HyMepHYKe MeToAe. Y MOIJIaB/bHMa TPH, YeTHPU M NeT, OPUTHHAJHO je
pa3MaTpaHa aHH30TPONMHA METPHYKA CTPYKTYpa Ha NMOTOIUbEHOj MOBPIIHU, HE3ABHCHO O/ MeTpHKe
OKoJHOr mpoctropa. CamMuM THM, J00MjeHH pe3yJTAaTH AONPHHOCE Pa3BOjy HOBHX NpaBana y
HCTPAKUBaKY TeopHje MOTHPOCTOPa MW XAPMOHMjCKHX NpeciNKaBamkba, Ka0 U Pa3Bojy HOBHX
TeXHHUKA y 00pagyl JMTUTAIHAX CIUKA.

In the first chapter of the dissertation, the general geometric framework is conciselly and originally
presented, with properties determined for the employed metric structures. The second chapter
presents an original idea on approximating Finsler norms with Euclidean ones, by the use of a
numerical method. In the chapters three, four and five, an anisotropic metric structure is originally
considered, regardless on the ambient space metric. Hence, the obtained results contribute to the
development of new research directions in the theories of subspaces and harmonic maps, and also in
developing new techniques in image processing.

4, Henocrany aucepranuje u lUXOB YTHIIA] HA PE3yJTaT HCTPAKNBAMbA.
(The shortcomings of the dissertation and their influence on the results of the research.)

Hema nx.

There are none.
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