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Abstract

This thesis has been written under the supervision of my mentor Prof. Miodrag Matel-
jevié, and my co-mentor dr. Vladimir BoZin at the University of Belgrade in the aca-
demic year 2012-2013. The topic of this thesis is Complex analysis related with geometric
function theory, more precisely the theory of quasiconformal mappings in the Fuclidean
n-dimensional space. For good survey of the field, see F. W. Gehring [20] in the hand-
book of Kiihnau [33] which also contains many other surveys on quasiconformal mappings
and related topics. The main source in this dissertation is J. Vdisdld [67]. The thesis
1s divided into three chapters. Chapter 1 is divided into 5 sections. In this chapter,
we focus on quasiconformal mappings in R™ and discuss various equivalent definitions.
We give The Modulus of family of curves in the first section, geometric definition of
quasiconformal space mappings in second section, analytic deﬁmtwn of quasiconformal
space mappings in third section, equivalence of the definitions in fourth section, and the
Beltrami equation in fifth section. Chapter 2 is divided into 5 sections. We begin by
generalizing the class of Lipa(2), 0 < a < 1, and some properties of that class. Chap-
ter 2 is devoted to understanding the properties by introducing the notion of Linearity,
Differentiability, and majorants. A majorant function is a certain generalization of the
power functions t%, this is done in the first section. In the second section we introduc-
ing the notion of moduli of continuity with its Some Properties which gotten from I.M.
Kolodiy, F. Hildebrand paper [39]. In third section we produced harmonic mapping as
preliminary for the fourth section which including subharmonicity of |f|? of harmonic
quasireqular mapping in space. In the last section we introducing estimation of the Pois-
son kernel which were extracted from Krantz paper [[2]. Chapter 8 is divided into 3
sections. This chapter is include the main result in this dissertation. In this chapter we
prove that w,(6) < Cwy(6), where u : & — R™ is the harmonic extension of a continuous
map f: 00 — R", if u is a K -quasiregular map and € is bounded in R™ with C? bound-
ary. Here C is a constant depending only on n, wy and K and wy, denotes the modulus

of continuity of h. We also prove a version of this result for A, -extension domains with
c-uniformly perfect boundary and quasiconformal mappings, and we state some results
regarding HQC' self maps of the quadrant Q = {z: z = x +iy,xz,y > 0}.
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Chapter 1

Quasiconformal Space Mappings

1.1 The Modulus of family of curves

1.1.1 The Geometry of Curves

This section devoted to some preliminary material in this thesis which is basic for the
sequel. Here we will explore the notion of curves.

Definition 1. A curve in the complex plane is defined by a complex valued continuous
function «(t) on an interval [«, 5], where vy(t) = z(t) + iy(t), o < t < 8. The functions
x(t), y(t) are real valued continuous functions of ¢t. The complex valued function of the
real variable t, is called a parametrization of ~.

The curve is said to be closed if v(«) = (), and called simple if it is not self-intersecting:
if v(t1) = v(t2) only if t; = t9 or t1,t2 € {a, B}.

Definition 2. A simple closed curve is called Jordan curve.

A simple closed curve is said to be positively oriented if the region interior to the curve
is to the left of the curve while it is being traversed from t = « to t = .

Theorem 1. (Jordan curve theorem). Suppose v is a Jordan closed curve in C.
Then there exists two disjoint domains €2y and 29 satisfying:

1. C—y=Q1UQy,

2. exactly one of 1 and Q2 is a bounded set, and

3. 891 = 892 =7.

Definition 3. A curve 7(t) :[a, 8] — R is called a C! (or continuously differentiable) if
v'(t) exists on (a, ) is continuous, and has a continuous extension to [a, f].

Consider a paiition of [a,b] such that a =ty <t; < ... <t, =b. We denote the length
of v : [a,b] = R™ by #(~y) such that

() =sup (D2 i) = (i)
i=1
Hence, 0 < /() < oo for all v C R™. Clearly ¢(y) = 0 if and only if  is a constant

curve.

Definition 4. We say the curve + is rectifiable if I(y) < oo, and a curve ~ is locally
rectifiable if all of its closed subcurves are rectifiable

1
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If p(z) = 1 almost everywhere in €2, then the 1-length of any rectifiable v € 2 coincides
with its Euclidian length. In the non-rectifiable case nevertheless, the integral exists and
the definition is valid.

Theorem 2. If v : [a,b] — R" is a rectifiable parametrization curve, then there exists a
unique parametrization curve g : [0, c] — R" that satisfies the following properties:

1. v is obtained from -~y by an increasing change of parameter;

2. L(v0 o) =t for 0 <t <c, e, 540(t) =1t

Where (() is the length of ~y. Moreover, ¢ = £(7y) and v = ¥y © 5.

proof. Take vy to be a curve that satisfies conditions 1 and 2. Then v = vy o h where
h : [a,b] — [0,c] is increasing. Now if @ < ¢t < b, Lemma 1 implies that £(vy |j4) =
£(v0 ljo,n(t)) = h(t). Therefore, h = s, and so o is unique. Now, if 5.(;,) = s4(t2), then
7 Ity ,t] 18 constant. Therefore there exists a well-defined mapping 7o : [0, ()] — R"
such that y =ygos,. [

Definition 5. Let v be a curve in ). The integral
L) = [ o)l
¥

is said to be the p-length of ~.

Definition 6. (Smooth curve). A curve 7(¢) is said to be smooth if the function ()
has a continuous derivative on its interval [a, ], and nonzero on its interval.

If ~ is a smooth curve, then v has a nonzero tangent vector at each point z(t), which it
given by 2/(t). thus a smooth curve has no corners or cups.

Definition 7. (Jordan Domain). We say that a bounded set Q C R" is a Jordan
domain if its boundary 052 is homeomorphic to JB".

A Jordan domain need not be homeomorphic to B, if n > 3. The interior of a Jordan
curve in complex plane is a domain called a Jordan domain. A Jordan domains are
simply connected.

1.1.2 Mobius transformation

I get this paragraph from Matti Vuorinen book [68]. For z € R™ and r > 0 let

B'(z,r)={z€R": |z —z| <r}
STz, )y ={z€R": |z — 2| =1}

denote the ball and sphere, respectively, centered at x with radius r. The abbreviations
B"(r) = B™(0,r), S" 1(r) = S"1(0,r), B = B"(1), S"~! = S$"~1(1) will be used
frequently. For ¢t € R and a € R™\{0} we denote

P(a,t) ={z e R:z.a=1t}U{oc0}.

Then P(a,t) is a hyperplane in R" = R™U{oo} perpendicular to the vector a, at distance

ﬁ from the origin.

Definition 8. (homeomorphism map). A map f : Q — ' is called a homeomor-
phism if:

1- f is bijection, and

2- f and its inverse mapping f~!: Q' — Q are both continuous.
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Theorem 3. Every one-to-one and continuous mapping of an open set of the plane onto
a plane set is a homeomorphism.

Definition 9. (Sense-preserving homeomorphisms.). Let Q and ' be domains in
R". We call a C'-homeomorphism f : Q — € sense-preserving (orientation-preserving)
if Jp(z) >0 for all € Q\{oo, f~1(c0)} . If Jf(x) <O for all z € Q\{oo, f~(c0)} then

we call f sense-reversing (orientation-reversing).

Theorem 4. For any simple closed curve in the plane, there is a homeomorphism of
the plane which takes that curve into the standard circle.

Definition 10. Let ©, ' be domains in R™. A homeomorphism f : Q — Q' is called
conformal if f is in C1(2), J¢(x) # 0 for all z € Q, and | f/(z)h| = | f'(x)||h| for all z € Q
and h € R™. If Q, 0 are domains in R", a homeomorphism f : Q — Q' is conformal if
its restriction to Q\{oo, f(c0)} is conformal.

Example 1. Some basic examples of conformal mappings are the following elementary
transformations.

(1) A reflection in P(a,t):

filx) =z —2(z.a — t)#, f1(o0) = oo.

(2) An inversion (reflection) in S"(a,r):

(x_;|)27 fa(a) = 00,  fa(o0) = a.

fo(z) = a +r? =

(3) A translation f3(z) =z +a, a€R" f3(c0)= 0.
(4) A stretching by a factor k > 0: fy(z) = kz, fa(c0) = 0.
(5) An orthogonal mapping, i.e. a linear map f5 with

|[fs(z)| = |z|,  fs(o0) = oo.

Definition 11. (Md6bius transformation)

A homeomorphism f : R" — R" is called a Mobius transformation if f = gy ogo0...0g,,
where each g; is one of the elementary transformations in example (1 (1)-(5)) and p is
a positive integer. Equivalently f is a Mobius transformation if f = hy o he o ... 0 hyy
where each h; is a reflection in a sphere or in a hyperplane and m is a positive integer.

It follows from the inverse function theorem and the chain rule that the set of all con-
formal mappings of R" is a group.

Theorem 5. Fach Mdbius transformation f : R* — R" is a homeomorphism.

1.1.3 Admissible metric

We need to introduce the notion of admissible metric. Every v € I' shall be a locally
rectifiable.

Definition 12. (Admissible metric): Let I' be a family of curves in R". A metric p
is called an admissible metric if it satisfies the following conditions:

i. p:R" - RU{oo} is a Borel measurable function,

ii. p>0and

iii. f7 pds > 1
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for each locally rectifiable curve v € I'. By F(I') we will mean the family of admissible
functions.

Example 2. Let I' be a curve family, suppose that « contained in a Borel set ) C R"
for all vy € T, and I(y) > r > 0 for all v € T, where ~ is locally rectifiable. Define
f:R" = R" by

. 1 ifzeq
p(z) = 0 ¢ 9

Then p*(x) is admissible. Since

r=1

S|

/mkzlﬂwz
v r

1.1.4 Definition of the Modulus of family of curves

Definition 13. Let I" be a family of curves in R™. Denote m the n-dimensional Lebesgue
measure in R”. The modulus ( or conformal modulus) of I' defined by

M(T) = inf dm.
o) pelg(l“)/p "
]Rn

where the infimum is taken over all metrics p in F(I).

Remark 1. Note in particular that the modulus of the collection of all non-locally rec-
tifiable curves is zero.

If F(T") = (), since p(z) = oo belongs to F(T"). Then M(T") = oco. Clearly 0 < M(T') < cc.

Remark 2. Observe that, if 'y C 'y then M(T'1) < M(T'2).

1.1.5 Properties of the Modulus
The basic properties of the modulus we take it from Vaisséld’s book( [65]Ch 1).

Theorem 6. M (I') is an outer measure in the space of all curve families in R™. That
18,
1. M(0) =0
2. If Ty C Ty in R™, then M (I'1) < M(I'2), and
o0
3IfT = | Ty, then

n=1

M) <30 (T (L1)
n=1

proof. 1. Since the zero function belongs to F(0), M(0) =0 .

2. If 'y € Ty Then F(I'2) C F(I'1), if the infimum is taken on both sides. Thus
M(Ty) < M(T9).

3. We note that (2.9) always holds if the right hand side is infinite. If it is finite, then
given € > 0, we can for every n choose a function p, admissible for I';, such that

/pde < M(Ty) + 27"
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1/P
The function p = (Z oF ) is admissible for I'. Consequently, we have

n=1 n=1

and hence (2.9) O
Theorem 7. F(T') = 0 if and only if T' contains a constant curve.

Lemma 1. M(T') = 0 if and only if there exist a Borel function 0 < pg € L*(2), such
that

/pods =00 and /pgdm < 00
2l n

for every locally rectifiable v € T'.

proof. If there exists a function p with the above properties then all the functions
po/n,n = 1,2, ..., admissible for I" and we have

T n—oo n2

1
M(T) < lim /pgdm:().
gl

Conversely, if M(I') = 0 then there exists a sequence pj, p2, ... of functions which are
admissible for I', and satisfy

/ pPdm <47 n=1,2,..

Then p = > py, is a Borel function, and

/ pPdm = / <Z2’"/22"/2Pn)pdm <
2 7 T n=1
[ S Eran-
7 n=1 n=1
= 22”/2/pgdm <y 2=1
n=1 v n=1
Since each p,, is admissible for I', we have further

/pdm:Z/pndm:oo
Y n=1v"7

for every locally rectifiable v € I', and the lemma is proved. [

Theorem 8. Let ¢ > 0 and define f : R™ — R"™ by f(x) = cx. Denote the image of a
curve family I' € R™ under f by cI'. Then

M(cT) = " PM(T)
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Proof. f(x) = cx implies that |f'(x)| = c. Then, |J¢(z)| = ™ for all x € R™. It suffices
to show

"PM,(T) < M(cI') or M(I') < P7"M(cD).
Let p € F(cI') and define p(z) = ¢p(f(x)). Hence,
1</pds</po A )]ds—/po cds—/pds
foy v v

This implies that p € F(T'), and so

/ppdm /cp po f)Pdm

Rﬂ/
=W”/ﬁmoﬂwm
R’ﬂ

:cp_”/(ﬁof)puf(a:)\dm:cp_”/ﬁpdm.

R R

Now by taking the infimum over all p € F(T"), we obtain:

M(cT) = " PM(T)

1.1.6 Modulus in conformal mappings

Let 2 C R”, and f : Q — R™ be a continuous function. Suppose that I' is a family of
curves in Q Then IV = {f oy : v € T'} is a family of curves in f(Q). I"” is called the
image of I' under f.

Theorem 9. Let Q,Q are domains in R”, and if f : Q — Q' is conformal, then
M) =MT"), forallT C Q.

Proof. Let p' € F(I') and define p'(f(z))-|f'(z)|. We have p € F(T'), since for all locally

rectifiable vy € T’
/mmz/dumnwﬂmus
Y Y

= /p'(:z:)ds > 1.
foy
Now since p € F(I'), this leads us to
< f i

Q
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(0 (f(x)) - |f(x)])"dm

o (f(@)" - |f (x)|"dm since f is conformal

— O O O

(p'(f(2)) - Jp(x)dm

wwm</WM.

Q/ R"

Now taking the infimum, we obtain M (I") < M(IV).
We recall that f~! is conformal if f is conformal. Hence M (I") < M(T) and so,

O]

1.2 Geometric Definition Of Quasiconformal space Map-
pings.

1.2.1 The dilatations

1.2.1.1 The dilatation of homeomorphism

Let ,€ are domains in R”, let T' be a curve family in Q, and I = {f oy : v € '} the
image of family I' under f. We define

M(T")
M(T)

M(T)

Ki(f) =sup M)

and Ko(f) = inf

Where the suprema are taken over all ¥ C I" such that M (T') and M(I") are not both
0 or co. We say K;(f) is the inner dilatation of f, Ko(f) is the outer dilatation of f,
and K(f) = max{Ko(f),K;(f)} is the maximal dilatation of f.

It follows from the definitions that the dilatations are positive numbers, possibly infinite,
and we note that K7 > 1 or Kp > 1, hence K > 1.

Theorem 10. (/[58]][Theorem 3.1.2])

Let f:Q — Q be a homeomorphism. The following properties hold for all x € Q:

1. Ki(f~') = Ko(f)- 2. Ko(f~') = K1(f). 3. K(f~) = K(f).

4- Ki(fog) < Ki(f)Ki(g9). 5. Ko(fog) < Ko(f)Ko(g). 6. K(fog) < K(f)K(g).

proof. Let I' be a family of curves in . By the definition of I, the results are clear if
any of the dilatations are infinite. Hence, we will assume Ko and K7 to be finite. Recall
[:Q=Q.TCQ and I" = fQ C . To show Relation (1) we note

M(T) M(T) _
3~ ag) < <ol
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and by taking the supremum over all ' we obtain K;(f) < Ko(f™1).
To show Relation (2) we note

MT)  M(fT)

M(T) T M) = K7™

and by taking the supremum over all ' we obtain Ko(f) < K;(f™1).
Relation (3) follows from Relations (1) and (2). Now we want to prove relation (4) we
see that:

MIT)  M((fog)l) _ M((fog)I) M(gl)

M@~ MT) M(gh) M) = falf)fta)

Taking the supremum over all T' gives us Relation (4). Relation (5) follows in a similar
fashion. Relations (4) and (5) together gives us

Ki(f og) < Ki(f) max{K;(g), Ko(g)}-

hence, K7(f og) < Ki(f)K(g). Similarly, Ko(f og) < Ko(f)K(g). Therefore

Ki(fog) < K(f)K(9)
Ko(fog) < K(f)K(g)

and so, K(fog) < K(f)K(g). O

1.2.1.2 The dilatation of Linear Mapping

Let A:R™ — R" be a linear bijection, we define the following quantities:

Jdeta] jap A
= yay PO = (g HA =50

Hi(A)

where ((A) = HII|1‘iI’l |Az|, We say the quantities H;, Hp, and H are the inner, outer, and
z||=1
linear dilatations of A, respectively. Obviously, all three dilatations are > 1.

Let f: Q — Q' be a homeomorphism, we say that f is a diffeomorphism, if f and f—*
are both belong to C'. Equivalently, a diffeomorphism is a C''-homeomorphism whose
jacobian Jg(x) # 0. If f is a diffeomorphism, then

Hi(F(@) = 22 (' (a)) = L

e(f! () (@)
In geometric sense, H(A) measures the eccentricity of the ellipsoid F(A) while H(A)
and Hop(A) relate the volume of E(B;,) to the volumes of the inscribed and circumscribed

balls centered about E(A). H(A) is the ratio of the greatest and the smallest semiaxis
of E(A).

Theorem 11. (/[58]][Theorem 3.1.5]) If A : R™ — R™ is a linear bijection, then

1.Ho(A) < Hy(A)™ !, 2.H;(A) < Ho(A)" 1, 3.H(A)" = Hi(A) - Ho(A),
4.H(A) < min{H;(A), Ho(A)} < H(A)™? < max{H;(A), Ho(A)} < H(A)" L.
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proof. Let a1 > as > ... > a, be the semi-axis of E(A). We want to prove 1, we know
a?jl < as...ap. From this we get:

n—2
a,, Sag...an_l

((ZZ_Q)N S(ag...an,l)"

n _n—1

"2_2")61 -1 <ap(ag...an—1)"aj

an(an

i <(a1.etpn_1)" " Hag...an)
(am L a ™t <(ag...an_1)" Yag...an)
(a1...ap_1)" !
as...an (ap~tyn—1
Ho(A) <Hp(A)" 1.

Now, we need prove 2 We have ay...a,—1 < a’f*l. From this we obtain:

a, Zal...an,l
a, 2(12...an,1

(a" )" = a" 7" >(ag...an_1)"

an~l. a?LG ~a1 >ap (ag...an—1)"a
a?2_2n+1a2—1 — a,z_l . (a?_l)n_l Zaz_l(a?"a”—l)nal
a?—l)nfl -Cbzil 2(@1...0,”_1)(@2-"0'71)”71
A ot 0o
ag...an - azil
Hi(A) <Ho(A)" L.
We prove 3
an, a

_ aq ai...ap—1
aﬁ_l az...an
_ Gg..ap a?_l Hy(A) Ho(A)
ag—l as...ap, - o
To prove 4 we will introduce in parts:
e H(A) < Hp(A).
We have
n—1

aj...ap—1 <ay

a1...0n—1 - Qn ga’ffl - an

H(A) <Hop(A)
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e H(A) < Hi(A).
We have

And so, we conclude that H(A) < min{Hp(A), Hr(A)}.

Next, we want to prove that max{Hp(A), H;(A)} < H(A)" L.
o Ho(A) < H(A)™.

n—1
a, = <ag...ap

n—1_n—1 n—1
a; a,  <aj “ag..an
n—1 n—1

as...an _ag_l

Ho(A) <H(A)™ !

o Hi(A) < H(A)™ 1.

al...0n—1 §arf71
n—1

a...anpn—1 aq
ab b Tant

Hi(A) <HA)™!
We conclude max{Hp(A), Hj(A)} < H(A)"!. From part 3, we can get
min{Ho(A), Hy(A)}? < H(A)" < max{Hp(A), H;(A)}2.

O

1.2.1.3 Geometric Definition Of Quasiconformal space Mappings.

Definition 14. If K(f) = K < oo, we say that f is K-quasiconformal. The map f is
K-quasiconformal in geometric sense if and only if

1
?M(I‘) < M) < KM(T)
for every curve family I in . f is quasiconformal if K(f) < co.
From theorem (10) we get the following corollary
Corollary 1. If f is Ki-quasiconformal and g is Ko-quasiconformal,, then f~' is K-

quasiconformal, and h = f o g is K1 Ks-quasiconformal.

1.2.1.4 Examples.

1. Let a # 0 be a real number, and let f(z) = |z|* 12. We can extend f to a homeomor-
phism f : R" — R" by defining £(0) = 0, f(c0) = oo for a > 0 and f(0) = co, f(o0) =0
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for a < 0. Then f is quasiconformal with

Ki(f)=lal, Ko(f)=la""" if l|a| 21,
Kr(f)=lal'™, Ko(f)=la|™" if o] <1.

2. Let (r,¢,z) be the cylindrical coordinates of a point x € R™, i.e. 7> 0,0 < ¢ <
21,z € R" 2, and

T1 = T COoS P,
T9 = rsin ¢,

Tj= Zj_2 for3<j<n

The domain €, defined by 0 < ¢ < «, is called a wedge of angle a,, « € (0,27). Let
0 < a < B < 2m. The folding f: Q, — €3, defined by

flr,¢,2) = (1, 8¢/, 2),

is quasiconformal with K;(f) = 8/a, Ko(f) = (8/a)" L.

1.3 Analytic Definition of Quasiconformal Space Mappings

1.3.1 Partial derivatives

Suppose that A is an open set in R™ and that f : A — R™ is a mapping. If the ith
partial derivative of f exists at a point x € A, we denote it by 0;f(x). That is

PR (CR  R (Co

t—0 t

If f is differentiable at x, then all partial derivatives exist, and 0, f(x) = f'(x)e;.

1.3.2 ACL-Property

Definition 15. (Absolutely continuous functions on an interval.) The function
f:(a,b) = R™ is absolutely continuous on the interval (a,b) if for all € > 0 there exist
0 > 0 such that

S OIFB) = flai)]] <e,
=1

then for every finite sequence of non-intersecting intervals a; < x < b;,7 = 1,...,n
contained in (a, b), such that

D b —ail| <6
=1

Remark 3. ([Equivalent definition/). The following conditions for a real-valued func-
tion f on a compact interval [a,b] are equivalent

(1) f is absolutely continuous;

(2) f has a derivative f' almost everywhere, the derivative is Lebesgque integrable, and
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ﬂm:ﬂ@+/fwﬁ

for all x on [a,b];
(8) there exists a Lebesgue integrable function g on [a,b] such that

for all x on [a,b].

Let @ = {x € R"™ : x; € [a;,b;]} be a closed n-interval, if f : @ — R™ is con-
tinuous, for almost any (ci,c2,...,¢,) € @, and f; : [a;,b;] — R™, where fi(z) =
fler e,y Cim, @, Cig1y oy Cn), @ = 1,2, ..., n, are absolutely continuous.

Now, we define absolutely continuously on lines.

Definition 16. (ACL on an interval): A function f |g is called ACL (absolutely con-
tinuous on lines) if f |g is continuous and f |g is absolutely continuous on almost every
line segment in @ parallel to the coordinate axes.

Definition 17. (ACL): Let © be a domain, @ C Q. A function f: Q — R™ is ACL if
for every n-interval @Q C Q , the function f |g is ACL.

Remark 4. A complex valued function f is ACL in S if its real and imaginary parts
are ACL in ).

Definition 18. Let Q,Q are a domains in R”, and f : Q — Q' be a homeomorphism,
we say that f is ACL if f |o)\ foo,f-1(00)} 18 ACL.

Definition 19. (ACLP):Let f: Q — R™, is ACL for every closed n-interval @), we say
that f is in ACLP or in ACLP(Q), If p > 1, and such a function has partial derivatives
D;f(xz) a.e.in Q, these partial derivatives of f are locally LP-integrable, and they are
Borel functions.

1.3.3 Analytic definition of quasiconformal space mapping

Definition 20. :

A homeomorphism f : Q — R™ n > 2, of a domain 2 in R" is called quasiconformal in
analytic sense if f is satisfying the following conditions

1. fis ACL™, and

2. f is differentiable a.e., and

3. there exists a constant K,1 < K < oo such that

()" < K| Tp (@), [f'(2)] = max |f'(2)Al

a.e. in §, where f’(x) is the formal derivative.

The smallest K > 1 for which this inequality is true is called the outer dilatation of f
and denoted by Ko(f). If f is quasiconformal, then the smallest K > 1 for which the
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inequality

[Ty (@) < KI(f' ()", U(f'(x)) = min [f'(z)h]

|h|=1

holds a.e. in Q is called the inner dilatation of f and denoted by K;(f). The maximal
dilatation of f is the number K(f) = max{K;(f), Ko(f)}. If K(f) < K, f is said to

be K-quasiconformal. It is well-known that

Ko(f) < KP7'(f), Ki(f) <K& '(f) (1.2)

1.4 Equivalence of the Definitions

Now we are ready to formulate the theorem satisfying that Geometric definition of
quasiconformal mappings is equivalent to analytic definition of it, and prove that result.

Theorem 12. Let f: Q C R" — ' be a homeomorphism. For allT C Q the following
are equivalent:

1. £M(T) < M(I") < KM(T)

2. fis ACL"™, almost every where differentiable, and

1

@I < (@) < KA(f' ()" (1.3)

1.5 The Beltrami Equation

There is another approach to the theory of planar quasiconformal mappings. Directly
from the analytic definition we see that there is a measurable function p : Q@ — C,
Q) C C, where C be the complex plane, such that

fz=n(2)f- (1.4)

where
1 . 1 )
fE:§(fz+ny)a and szQ(f:r*'Lfy)'

are formal derivatives of f with respect to z and z, z = = + iy, while f, and f, are
partial derivatives of f with respect to x and y, respectively.
In the real variables z,y,u, and v, (1.4) can be written in the form of the system

{ vy = Qg + Buy
—Vp = Bug + YUy

where a, 3, and ~ are given measurable functions in  and y. The complex dilatation p
of f is in the unit ball of L> when f is quasiconformal. Indeed,

K-1

-~
£l oo R

Equation (1.4) is called the complex Beltrami equation, and the function puy = f./fz is
called the Beltrami coefficients of f or the complex dilatation of f.

Example 3. Suppose f(z) = az + bZ is an orientation preserving linear map of C, with
la|] > |b]. Then a little geometric calculation will show that uf(z) = b/a, and f maps
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the unite circle to an ellipse and the ratio of the major and minor axes of this ellipse is

_ lal 16l T [py]

K = —
la| —[b] 1 — [uyl

Example 4. Let f(z) = —zlog|z|?, where |z| <7 =e~2. Then f : D(0,r) — D(0, 4r)
is a homeomorphism and

z
- = — — :—1—1 2 =
fz - fz og|z| s Mf(Z) E(l—i—log\z\?)

Thus f is quasiconformal with a continuous Beltrami coefficient, and yet f is not C'.

1.5.1 Chain rule for Beltrami coefficients

Lemma 2. (/[53]/[Lemma 9.4]) If ¢ is Beltrami coefficients for fz = p(2)f. and py is
Beltrami coefficients for hz = p(z)h, then,

pr(z) 4 pp o f(2>-8f(§)
[hof(2) = ! . agj(‘())

1+ pp o f(z)-uf(2>-5fé>
fhog—1(2) = pn(z) — pp(z) 0f(2)

1= pn(2).m5(2) 0f(2)

Corollary 2. Let f: Q1 — Qs, g: Q1 — Qs, and h : g : Qo — Q4 be quasiconformal
maps. Then,

1- We have that iy = pg almost everywhere if and only if fo g™
2- If h is conformal, then pipop = py almost everywhere;

Lis conformal;

3- If f is conformal, then pihor = (p © f)% almost everywhere.

1.5.2 Classification of Beltrami equations

We say that p is bounded in Q if ||u]|co < 1, and that u is locally bounded in € if p |4
is bounded whenever A is a relatively compact subdomain of €). The Beltrami equation
is divided into three cases according to the nature of pu(z) in Q:

1. The classical case if ||p|]c0 < 1,

2. The degenerated case if |u| < 1 almost everywhere and ||| = 1.

3. The alternating case if || < 1 almost everywhere in a part of 2 and 1/|u| < 1 almost
everywhere in the remaining part of 2.

1.5.3 Solution the Beltrami equation

By writing A : Q@ — C, we assume that {2 is a domain in C, which is an open and
connected set and that h is continuous. A function h : Q — C is a solution of (1.4), if h
is ACL in Q, and its ordinary partial derivatives, which exist a.e. in , satisfy (1) a.e.
in Q.

A solution h : Q — C of (1.4) which is a homeomorphism of € into C is called p-
homeomorphism or p-conformal mapping. In the above cases (1) and (2), a solution
h:Q — C of (1.4) will be called elementary if h is open and discreet, meaning that h
maps every open set onto an open set and that the preimage of every point in 2 consists
of isolated points. Let h : 2 — C be an elementary solution. The complex dilatation of
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h is defined by
pn(z) = p(z) = h=(2)/h2(2),
if h.(z) # 0 and by u(z) =0 if hz(z) = 0. For such a mapping, the dilatation is

_ 141u
1 — [yl

Kn(z) = KM(Z)

Note that K < oo a.e. if and only if |u| < 1 a.e. If h € ACL, then h has partial
derivatives h; and hy a.e. and, thus, by the well-known Gehring-Lehto theorem every
ACL homeomorphism h : Q — C is totally differentiable a.e.. For a sense-preserving
ACL homeomorphism h : 2 — C, the Jacobian J,(z) = |h,|? — |hz|? is nonnegative a.e.,
and since ||p||c < 1, h is quasiconformal.

1.5.3.1 Principal Solutions

Definition 21. A quasiconformal homeomorphism f : C — C is said to be normalized
at 0, 1, oo if

f(0)=0,f(1) =1, and f(oo) =00

With p as above, we will call the solutions to the Beltrami equation (1.4) normalized by
the condition f(z) = z + o(1) near co the principal solutions.

Theorem 13. (([7], Theorem [5.53.2]) Let |u(z)| < k < 1 for almost every z € C. Then
there is a solution f : C — C to the Beltrami equation

fz(z) = w(2)f2(z)  for almost every z € C (1.5)
which is a K -quasiconformal homeomorphism normalized by the three conditions
f(0)=0, f(1)=1, and f(o0) =00
Furthermore, the normalized solution of f is unique.

Lemma 3. ([7], lemma [5.8.5.]): Suppose we have a sequence of Beltrami coefficients
{lin}nen such that

pnllpee(cy <k <1, forall neN
and such that the pointwise limit
p(z) = lim pi(z)
erists almost everywhere. Let f, be the normalized solutions to
f?zﬂn<z)f27 neN

Then the limit f(z) = lim f,(2) exists, the convergence is uniform on compact subsets
n—oo

of C and f solves the limiting Beltrami equation,

fE = :U'(Z)va

almost everywhere.
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Theorem 14. (Stoilow Factorization): Let f : Q@ — Q' be a homeomorphic solution to
the Beltrami equation

f?z N(Z)fz (16)

with [p(2)] < k < 1 almost everywhere in 2. Suppose g is any other solution to (1.6) on
Q. Then there exists a holomorphic function ® : ' — C such that

9(z) = B(f(2)), z€Q

Corollary 3. If uu is measurable with |pu(z)] < k < 1 at almost every z € C, then the
normalized solution to the Beltrami equation f, = u(z)f. is unique.

proof. If fi and fo are normalized solutions to the same Beltrami equation, then
Stoilow factorization implies fi = ¢ o fa, where ¢ is holomorphic in C. Since f; and fo
are homeomorphisms, ¢ : C — C is conformal and by similarities of Conformal mappings
in the plane. Since ¢ fixes 0, 1 and oo, ¢ is the identity. O

Theorem 15. ([48], Existence Theorem p. 194) If Q is an arbitrary domain and p an
arbitrary measurable function in 0 with

sup (2)] < 1,
z€Q

then there exists a quasiconformal map f of  with py = p almost everywhere in Q.



Chapter 2

Lipschitz Spaces

2.1 Lipschitz Spaces

2.1.1 Definition of Lipschitz Spaces

Definition 22. Let @ C R", and 0 < aw < 1. A function f : Q — C” or (R"). is said to
belong to the Lipschitz space Lip,, if there is a constant L > 0 such that

[f(x) = f(y)l < L]z = yl[") (2.1)

for all z;y € Q. L, and « are called respectively Lipschitz constant and exponent (of f
on ).

For 0 < o < 1, let Lip,(§2) denote the Lip, functions defined on Q. Note that ||z|| =
VIt + ..+ 22
Example 5. Set Q = [a,b], and f(z) = 2. Then

[f(x1) = f(x2)] = || — 22]] (2.2)
That implies that f € Lipi([a, b]).

A function is Lipschitz if it is in Lipy.

2.1.2 Some Properties of Lipschitz Spaces

2.1.2.1 Linearity

Theorem 16. Lip,(Q2) is a linear space.

Proof. 1f f(z) € Lipo(f2), and A € R or C is constant, then, there is a constant L > 0
such that

[f(z) = F(y)| < Li|lz —yl|*

hence

[Af (1) = Af(2)| =A(f(21) = f(22))]
= [Allf(21) = f(x2)|
< ALz =yl

17
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and therefore Af(z) € Lipy(§2).
If f,g € Lip,(R2), then

[f(x) = F(y)l < Lylle = yll*

and

l9(x) — g(y)| = Lgl|lz — y||*

Then (f + g) € Lipa(§2) becomes of,

I(f +9)(z) = (f+ 9| =[f(z) +g(z) — f(y) — 9(v)]
= |f(x) = f(y) + g9(z) — 9(v)|
<|f(@) = fWl+lg(z) — 9(y)|
< Lyllz = yl|* + Lgl|z — y||*
= (Ly + Lg)|lz — y[|*

2.1.2.2 Differentiability

Let © C R” is open, we say that f: 2 — R™ is differentiable at a € Q if there exists a
linear map L : R™ — R™ such that

1o @) = f(0) = Lw — )

= 0.
T—a ‘x — a‘

If such a linear map L exists, it is unique, called the derivative of f at a, and denoted
by Df(a). We also note that f = (fi1,..., fr,) is differentiable at a if and only if each of
the coordinate functions f; are differentiable at a.

Theorem 17. (Lebesgue).
Let f : (a,b) — R be Lipschitz. Then f is differentiable at almost every point in (a,b).

Theorem 18. (Rademacher’s theorem,).
Let 0 C R™ be open, and let f: Q) — R™ be Lipschitz. Then f is differentiable at almost
every point in §Q.

proof. We may assume for simplicity and without loss of generality that f : R® — R”
is Lipschitz. The proof splits into three parts.

Step 1. The one-dimensional result is used to conclude that the partial derivatives
(g—gfi) of f exists almost everywhere. This gives us a candidate for the total derivative,

namely the (almost everywhere defined) formal gradient

of _of

ox1’ " Oxy,

V() = ( ). (2.3)
Next, it is shown that all directional derivatives exist almost everywhere, and can be
given in terms of the gradient. Finally, by using the fact that there are only countably
many directions in R™, the total derivative is shown to exist; it is only in this last step
that the Lipschitz condition is seriously used.

We will now carry out these steps. The first claim is a direct consequence of Lebesgue
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Theorem. Indeed, for every x,v € R™, the function
foo(t) == flz+tv), teR

is Lipschitz as a function of one real variable, and hence differentiable at almost every
t € R. Keeping now v € R" fixed, we conclude from Fubini theorem and the preceding

remark that
Duf(e) = iy L0+ ) =)

(2.4)

exists for almost every x € R™. (To be precise here, in order to use Fubini theorem,
one has to first show that the set of those points x for which the limit in (2.4) exists is
measurable.) In particular, as

0
D..flx) = 5

for each ¢ = 1, ...,n, where e; is the ith standard basis vector in R", the formal gradient
V f(x) as given above in (2.3) exists at almost every x € R™.
Step 2., we show that for every v € R"

D,f(z) :==v.Vf(x), (2.5)

for almost every x € R™. To do so, fix v = (v1,...,v,) € R™. Then fix a test function
n € Cg°(R™). We have that

/n(x)Duf(a:)dx Z/n(x) lim

R™ R7

Because 1 was arbitrary, equality (2.5) holds for almost every = € R"™.
Step 3., We want to prove the original claim. To this end, fix a countable dense set of
directions in R™; that is, fix a countable dense set of vectors (v;) in 0B™. By the first
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two steps, we infer that there is a set A C R™ such that [R™\ A| = 0 and that
D, f(a) = v:.¥ f(a) (2.6)

for every v; and for every a € A, where we also understand that both sides of (2.6)
exist (the gradient V f(a) is still understood formally as in (2.8)). Now fix a € A. For
v € JB™ and t € R, # 0, set

fla+tv) = f(a)
t

D(v,t) := —0.Vf(x)

To prove the differentiability of f at a, we need to show that D(v,t) — 0 ast — 0
independently of v. To do this, fix € > 0. Then choose an e-dense set of vectors
v1,...,vN from the chosen dense collection of directions; i.e., for each v € 0B"™ we have
that |v — v;| < e for some i € {1,..., N}. We then find that

fla+tv) — f(a+ tv;)
t
< Cll(v—v)|] < Cle

|D(v,t) — D(v;, t)] <

+ (v = vi).Vf(a)]

where C'is a constant independent of v, this constant depends only on ||V f(a)|| and the

Lipschitz constant, by the Lipschitz assumption. Because %irr(l] D(v;,t) = 0 for each v;,
H

we can choose 6 > 0 such that
D(v;,t) <e

for |t| < ¢, for each ¢ = 1,..., N. By combining the preceding inequalities, we obtain
that

|D(v,t)| < Cle

whenever |t| < §, where C is independent of v, as required. This completes the proof of
Rademachers theorem. U

2.1.2.3 Majorants

Definition 23. Let w : [0,00) — [0,00) be a continuous function, we say that w is a
majorant function if

w(0) =0, w isincreasing, and w(t)/t is decreasing. (2.7)

For a majorant function w we define Lipschitz space functions analogously to Definition
(22) as follows

Definition 24. Let w be a majorant, and given a subset 2 of C" or R". A function
f Q2 — R™ is said to belong to Lipschitz space A, (£2) if there is a constant L = L(f) =
L(f;€) such that

[f(2) = f(y)l < Leo(lz —y)), (2.8)

for all z,y € Q.

The set of functions satisfying (2.8) is denoted by A, (€2, L), hence A, () = | Aw(2, L)
L>0



ABAOUB Lipschitz Spaces and Quasiconformal Mappings 21

Lemma 4. If w is convex and there are C,§ > 0 such that
|f(z) = f(y)] < Cw(|z —yl), (2.9)
for all x,y € Q with |z — y| < 0, then f € A,(Q)

Proof. Let k be an integer such that Q is covered by k balls of radius §/3 centered at
points in Q. Let xo;y0 € Q such that |zg — yo| > d. Then, there is xy, ...,z €  such
that

|ﬂ£‘j—Ij+1| <0, 7=0,1,...k

where xx1+1 = yo. So,

k
£ (o) = f(wo) éZ £ (25) = f@js1)] < (k + 1)C.w(8)

O

Definition 25. A majorant function w is called regular if there is C' > 0, for all § > 0
sufficiently small,

()
/ “t dt + 5/ D it < c.w(). (2.10)
Example 6.
0 ift=0
w(t)=14 —t*Int fo<t<?
e “ if t > %

If 0 < @ < 1, then w(t) is a majorant function. And a regular majorant because

) é
/w(t>cirt=/—1t"‘1lmtdt:_‘S 1mé+£<0( 0% In9).
(6
0 0

1/e
/ dt 5/ —t 21ntdt+5/dt
1/e
—0%Ind el=@ el=@ I—a 0
T 1-a +%O—aﬂ_1—a+e )_u—aﬁ

< C(=6*1n ).

Hence,
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Definition 26. A majorant w is called fast if there is C' > 0, such that

1
/ff)dt < Cw(d), (2.11)
0

and it is called slow if there is C' > 0 such that

w(t)
6

Remark 5. Notes that a majorant w is called regular if and only if it is both fast and

slow.

Definition 27. We say (2 is a A,-extension domain if each pair of points x,y € 2 can
be joined by a rectifiable curve v C €2 satisfying

s < Cutle - (2.13)
5

where d(z,00) = inf{||z — w|| : w € IN}.

Yet another piece of notation will be needed. Given two sets €1 and Qs (in C™ or R"),

we writeA,, (21, Q2) for the class of those continuous functions f on Qy, Qs which satisfy

(2.9), with some C; whenever x € Q; and y € Q.

Theorem 19. (/16], Theorem [1]): Let w be a fast majorant, and let 2 be a A,-extension
domain in C™: For a holomorphic function f on ), the following are equivalent:

1 f € Au(Q),

2. 1] € Au(9),

3. |fl € Aw(22,00).

Where A, (2) is the Lipschitz space associated with a majorant w, and A, (Q2,09) = {f :
Q—C (R,R*,C"):|f(x) — f(y)| < Cw(|z —y|) forx € Q, and y € IN}

proof. We want to prove that (3) implies (1), fix a point z € Q and consider the function
h, defined on the unit ball by

h(w) = f(z+d(z)w)/M,, weB",

where
d(z) :==d(z,0Q) and M, :=sup{|f(§)|: ]| —z|| <d(2)}.
Hence
HO) = ()M VRO) = T25C)

Since h is holomorphic in B” and takes values in I, we have
[VR(0)] <1 —[R(0)]* < 2(1 — [R(0)]). (2.14)
we deduce from 2.14 that

d(2)[Vf(2)] < 2(M: — | f(2)))- (2.15)
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Now if £ € 09 is a point with [{ — z| = d(z), then

|f(w)| = fG] <[ f )] =[£I+ O] = [f(2)]]
< Cw(2d(2)) + Cw(d(z)) < 3Cw(d(2)), (2.16)

using condition 3, and the fact that w(2t) < 2w(t). Taking the supremum over w €
B(z,dz)), we get
M, —|f(2)| < const.w(d(z)), (2.17)

and substituting into 2.15 gives

|V f(z)| < const.

w(d(z))
y zeq. (2.18)

Finally, given two points z,y € €2, let us join them by a curve v C Q satisfying (2.13).
Integrating (2.18) along h, we obtain

@) = 1] < [ 95 ds(e) < const. [ 27 st (2.19)
Y

Y

A combination of (2.19) and (2.13) yields

[f(x) = f(y)] < const.w(lz —yl),

and we arrive at (1). O
We fix some notation. At the risk of abusing terminology, we say increasing to mean
non-decreasing and a < b to mean a < Cb for some constant C > 0.

Lemma 5. Let u be a harmonic function on a smoothly bounded domain € in R™. If

u € Ay(R2), then

Vu(z) < 0E) g

where 6(x) is the Euclidean distance of x to bS).

Proof. Fix xzy € Q. Let € > 0 such that B(zg,e) CC Q. Now, by the Poisson integral
formula, for z € B(xg,€)

Vu(z) = ! / u(wo + §)Vx(€2_’$_xo|2)d0(f)

|z — xo — &I
|§]=e

_ ! /(u(mo+§)—U($o))Vx(

Wn—1€
|§|=e

€2 — |z — z0|?

|z — 20 — &|"

)do(©).

Calculating V. inside the integral, setting x = x¢, and estimating we get

V()] < ™ sup Julzo + &) — u(zo)] < X
€ l¢|=¢ €
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Now, let € = 6(xg)/2 to obtain

[Vu(z)] <

(since w is increasing).

w25y w(5(a0))
6(wo) —  d(wo)

2.2 Moduli of continuity

Measuring the smoothness of a function by differentiability is too crude for many pur-
poses in approximation. More subtle measurements are provided by the moduli of con-
tinuity and the moduli of smoothness. The main idea of modulus of continuity ( present
already in the notion of derivative) is to measure the difference between the function and
its translate. Since there are many ways to measure the size of a function, we can have
many different moduli of continuity. In this chapter we will only consider the following
modulus.

Definition 28. Let 2 C R™ be any compact set, and let f(z), be any continuous
function on Q, x = (x1,x9, ..., z,) € . The function

wr(6) = sup |f(z) — f(y)l 0 <6 <daim K. (2.20)
z—y|<6
ot
is called the modulus of continuity of f(z).

Clearly, w(9) is non-decreasing, and a constant for 6 >  diam(, if Q is bounded. The
function w is continuous at & = 0 if and only if f is uniformly continuous on €.
2.2.1 Some properties of modulus Of continuity

In this section we formulate and prove some lemmas and theorems that characterize the
main properties of such modulus, and we get this part from IM Kolodiy, F. Hildebrand
paper [39)].

Lemma 6. If0 < §; < d2, then w(d1, f) < w(d2, f)

Lemma 7. f(z) is uniformly continuous on € if and only if

%i_rf(l)w(é, f)=w(0)=0

2.2.1.1 The continuity of the functions w¢(¢)

Lemma 8. For any continuous function f(x) on a compact set €2, the function wg(9)
is continuous from the right.

Proof. The function ¢(z,y) = |f(x)—f(y)| is continuous with respect to the combination
of the variables (x,y) on the compact set {(z,y) € Q x Q, |x —y| < d}, and so there are
points x5, and ys such that |z5 — y5| < ¢ and

W((S, f) = | Su|p<§¢($’y) = ¢($57y5) = |f($5) - f(y5)|7
T=Y|>
z,yeQ
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Consider the sequence {d,}, 6, > §, converging to 0. For each d,, there exists a pair of
points (x5, ,ys,) such that

25, = Ysn| < Ony w(On, f) = | f(25,) — f(ys,)]-

Since (zs,,ys,) € 2 x Q, there is a subsequence (x5 ,,ys ), such that z; , — T and
Ys,, — y. Thus |z —y| < 4. But the function

oz, y) = [f(x) — f(y)]

is continuous on §2 x €2, and so

élimg\f(xan/) — flys, ) =1f@) — f@)]-

TL/

5n/>5

Hence

W((S, f) 2 |f(f) - f(y)| = 511/§5|f(x5n/) - f(y5n/)| = 61i/g5w(5n’7f) = W((5—|—O, f)7

n n

5n’ >0 5n’ >0

and so
w(d, f) > w(d+0,f).
On the other hand the monotonicity of w(d, f), implies that
w(@+0,f) = w(d, f).
Combining the last two inequalities, we obtain
(@40, f) = w(d f).
O

Theorem 20. For any function f(x) continuous on a compact and convez set §, the
function w(d, f) is continuous from the left if and only if Q satisfies the following condi-
tion A:

For any 6 > 0,x,y € Q,x # y, there are points x',y' € Q such that

2" — x| <6, |y —y|l <4,
and
2" =] < |z —yl

proof. Necessity.

Let © be a compact in R™ that for any continuous f(z),z € , the function w(d, f)
is continuous from the left. We show that ) satisfies condition A. Assume the con-
trary, ie, that the condition A, not satisfied. Then we construct a continuous function
fo(z),z € Q, for which w(d, fo) is discontinuous from the left at some point Jp, that is a
contradiction.

Indeed, the failure of a condition means that: There is g > 0 and there exist zg,yo €



ABAOUB Lipschitz Spaces and Quasiconformal Mappings 26

0, z¢ # yo, that for any 2/, y" € Q such that |2’ — x¢| < do, |y — yo| < do we have
|z —y'| = @0 — yol

Consider the function

1 - bl if 2 € K(20) = {2: 2 € Q, |z — 20| < 5o}
folw)=1{ —(1 -2l ifee K(y) ={z:2€Q|z -yl <o}
0 if x € Q\ (K(zo) U K(yo))
For this function
<&, if0<6<d,
w(d, fo)=4¢ <1 if 6o < 9 < |zo — yo|
=2 if |zo — yo| < 0 < diam$

Clearly, with w(d, fo) is discontinuous on the left at the point o9 = |xo — yo|.
Sufficiency.

Let the compact € satisfies Condition A and let f(x) any continuous function on Q. We
will prove that w(d, f) is continuous on the left. Since f(z) is uniformly continuous on the
compact €2, then for any e > 0, there exists 6 > 0 such that for |z —2/| <4, |y—y/|<d

[f(z) = f@ <5, [fly) - f)] <

N ™
N ™

By assumption A, for 6 > 0 and for any z,y € Q,z # y, |[t—y| < J, (where § - any number
in the interval (0, diam$], there are points a’/,y’ € Q such that |z — 2'| < 4§, |y — /| < ¢
and and the inequality

2" =y < |z —y| <o
then

[f(2) = fWl < |f (@) = f@)]+ If () = £+
+Hf@) = f)l <e+ sup [f(a) - f¥) =

' —y'|<6
FARTEY)
=c+sup sup |f(z)) — f(y)] =e+supw(t, f) =
t<d |2/ —y/|<t t<6
'y’ e
=e+limw(t, f) =e4+w(d—0,f).
i

Hence,
w(@—=0,f) <w(d,f) <e+w(@-0,[)
and, by the arbitrariness of € > 0 About
(@ =0, f) = (s f).
Theorem (20) is proved. O

Corollary 4. For any continuous function f(x) on a compact set 2, w(d, f) is contin-
wous if and only if Q0 satisfies condition A.
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2.2.1.2 Subadditivity of function w(J, f)

Theorem 21. A compact set 2 is convex if only if for any continuous function f(x) on
Q the function w(6, f) is semiaddiitive, i.e.,

UJ(51 + 52) < w(51) +w(52), 61,09 € Q

proof. Sufficiency.

Let © be convex and compact. We prove that for any continuous function f(z), = € €,
the function w(d, f) is subadditive. Let x and y be any two points in  such that
|z —y| < 01 + J2 where 01 and d3 - any non-negative number. On the segment joining z
and y, we take a point z € {2 such that

v — 2| <61, |y—z| <d2. since  is convex, z € ()

Obviously,
[f(@) = F) < |f(2) = fFR) +1f(2) = f()] <
< sup |f(z) = f(2)[+ sup [f(2) = f(y)| =
|z —2| <81 ly—2[<d2
x,z€0 y,2€80
= w(517 f) + w(62> f)a
therefore,
w((51 + (52) < w(él) + w((52), 01,09 € Q.
Necessity.

Suppose that for any continuous function f(x) on the compact set  the function w(d, f)
is subadditive. We need to prove that the to (2 convex. Assume the contrary, i.e. that
Q is not convex. Then we construct a continuous function fy(z),x € €2, for which the
function of w(d, fo) is not a semi-additive. Thus, suppose that €2 is a compact convex.
Then there is zq, yo € §2 such that the line segment joining these points belongs entirely
to Q. Consequently, there are non-negative numbers §; and d2 such that |zg — yo| =
01 + 02, and the point z = (dazg + 01Yo)(d1 + d2) does not belongs to 2. Obviously, there
is a € > 0, such that K7 U Ky = (), where

Ki={z:2€Q,|x—o| <01 +¢€}
Ko ={zx:2€Q,|x—yo| <o+ e}

Consider the function

hy - (1 - ol if ek,
fol@) =14 —hy-(1-520if ze ko,
0 if ze€ Q\Kl N Ko

where for a given d; and Jo are positive numbers h; and ho are related by

h1(51 =+ 6)_1 = h2(52 =+ E)_l



ABAOUB Lipschitz Spaces and Quasiconformal Mappings 28

It is clear that
w(61 + 92, fo) = h1 + ha,
5 <o
w(61, fo) < e

ho
<
w(527f0) = 5262 s

Consequently, the

hy h
w(d1, fo) + omega(da, fo) <515 p 5252_'2_6
hy ho
) )
<@Otegm Tt ar—

= h1 + hy = w(d1 + 92, fo)-

So we have constructed a continuous function fyo(z) and pointed such numbers §; and
0o that

w(d1 + 82, fo) > w(d1, fo) + w(d2, fo)
Theorem (21) is proved O

Lemma 9. If A > 0, then

w(A, f) < (1 4+ Nw(6, f).

proof. Let n be integer such that n < A < n+1, then w(AJ, f) < w((n+1)d, f). Suppose
|1 —zo| < (n+1)d and x; < z2. We divide [z1, 2] into n+ 1 equal parts each of length
(1 —x2)/(n + 1) by means of the points

zi=x1+i(xe —x1)/(n+1), i=0,1,...,n+1.

Then

n

(1) = flwa)] =D [f(zim1 = f(2 Z (zic1 = f(z0)] < (n+ (S, f).

i=0 —
Thus, w((n +1)4, f) < (n+ 1)w(4, f).
But n+1 < A+ 1, and the lemma is proved. O

2.3 Harmonic mapping

The subject of harmonic maps is vast and has found many applications, and it would
require a very long book to cover all aspects, even superficially. We first consider rele-
vant aspects of harmonic functions on Euclidean space

A real valued function f on an open set Q C R” is called harmonic on Q if f € C? on Q
(that is, all first and second partial derivatives of f exist and are continuous on §2 ), and

62 _Pf O%f
Af—z = 02 .+—%:0, (21, ..., ) €
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The operator A is called the Laplace operator or Laplacian. We say that a function f
defined on a set (not necessarily open) A C R” is harmonic on A if f can be extended to
a function harmonic on an open set containing A. A one-to-one mapping f = (f1, ..., fn)
is a harmonic mapping if the all coordinate functions are harmonic. Thus areal-valued
harmonic function is a harmonic mapping of a domain 2 C R" if and only if it is univa-
lent (or one-to-one) in Q.

We denote the Euclidean open ball in R™ of center a € R™ and radius r > 0 by B(a,r) :=
{r € R" : |z — a| < r} (which we will sometimes write B"(a,r) to emphasize that its
dimension is n), the corresponding sphere by S(a,r) = 0B(a,r), the unit ball B(0,1)
by B, and its boundary (unit sphere) by 0B = S.

2.3.1 Mean value property

Let w,, denotes volume of the unit ball in R™ which define by

n/2 . .
oy if n is even
Wn = (n+1)/2 1 (n—1)/2 e
PAUR ek if n is odd.
1.3.5...n

And let w? _; denotes the (unnormalized) surface area of the unite sphere in R™ define by
w_1 = nwy. Then the volume measure of the ball B(a,r) in R™ is V/(B"(a,r)) = r"wp,
and the surface area of the sphere S(a,r) in R" is Area(S" (a,r)) = r" tnw,.

Definition 29. (Mean values). Let f be a Borel function on B(a, r) which is bounded
above or below, the mean value of f over the sphere is :

1
Area(S(a,r)) / F(€)ds (&),

S(a,r)

and over the ball is

Cool|

B(a,r

f(z)dV (x).
)

where ds denotes surface-area measure, dV = dV,, = dxy...dx,, denotes Lebesgue volume
measure on R™.

The first expression gives f as an average over the boundary of the ball, and the second
as an average over the ball.

Now we may write the mean value properties in the following equivalent ways:
A continuous real valued function f in a domain 2 C R™ has mean value property over
spheres, if

1

nw

fla)= / fa+r€)ds(€) = / fla+r€)do(©),
S S

for every ball B(a,r) C 2, where o denotes the normalized surface-area measure on S
(so that o(S) =1).
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And f has the mean value property for balls, if

f(a) = wln/f(a + rz)dV (z), (2.21)
B

for every ball B(a,r) C Q. In particular (when n=2):

for every disk D(a,r) C Q C R2.
It is an important fact that the Mean value properties are equivalent to harmonicity of
real harmonic functions

Definition 30. (Harmonic function). Let  be an open subset of R” and f €
C(2,R). f is harmonic on € if and only if f satisfies the mean value equality

f(a) = V(B(l)) | @) (2.22)
B(a,r)
for all B(a,7) C Q.
Or equivalently
1
6= a5, / Howse) (223)

for all B(a,r) C Q. In fact, if f is harmonic on Q and B(a,r) C Q, then

1
10) = 50 ( / | f(@)dv (x) =

B
_ n r n—1 S
N r”.Area(S(B(a,r))/ / J(©)p™ ds()dp.

0 S(a,p)

Which implies

n =-n / 1 n—1 S
" o) = O/ sty | @,

S(a,p)

Taking derivatives with respect to r on both sides it follows that

- n,rnfl
nr f(a):Area(S(B(a,T)) / f(&)ds(€).
S(a,r)

Hence

1
10) = sy | 1(©s(6)

S(a,r)
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This means f(a) equals the average of f over the sphere S(a,r).

Theorem 22. (/66] Theorem?7) If f = u+iv is analytic in a domain Q C C, then each
of the functions u and v is harmonic in )

In this case the imaginary part of a analytic function f is called a harmonic conjugate
of the real part of f.

Theorem 23. ([4] Theorem 1.28) If u is harmonic on a domain & C R™, then u is real
analytic in €.

Suppose that €2 is simple connected domain and let u be harmonic on €2. Then there is
an analytic function f on 2 with Ref = u. This means that for such a function w there
exists a harmonic function v defined on €2 such that f = u + v is analytic on 2. Now
we can prove next theorem.

Theorem 24. ([10] Theorem 4.51). If f = u + iv is harmonic in a simply-connected
domain §, then f = g+ h, where g and h are analytic.

proof. Since u and v are real harmonic functions on a simply-connected domain, then
the discussion before the statement of this theorem shows that there exists analytic
functions f1 and f2 such that u = Ref; and v = Imfy. Hence,

f1+ﬁ+if2*’g:f1+f2+f1*f2: -

f=u+iv=Refi +ilmfo = 5 5 5 5 g+h

O

2.3.2 Subharmonic Function

subharmonic functions are related to harmonic function as follows. If the values of
a subharmonic function are no larger than the values of a harmonic function on the
boundary of a ball, then the values of the subharmonic function are no larger than
the values of the harmonic function also inside the ball. Subharmonic functions are of
a particular importance in complex analysis, where they are intimately connected to
holomorphic functions.

Definition 31. (Upper semi-continuous function ): Let Q C R", a function w :
) — [—00,+00) is said to be upper semicontinuous at a point a € € if for any number
C > u(a) there exists a number § = §(a, C) such that u(z) < C whenever |z —a| < ¢
and z € Q. A function u is said to be semicontinuous on the set 2 if it is upper
semicontinuous at each point of €2

An equivalent definition for u to be upper semicontinuous on ) is to require the sets
{z € Q: u(z) < C} be open in Q for every C' € R . Another equivalent definition for
upper semicontinuous u(a) > lim sup u(z) for all a € .

r—a

Remark 6. : Note that upper semi-continuous functions are allowed to take value —oo.

Definition 32. Let 2 be an open subset of R, and u : @ — R U {—oc} be an upper
semi-continuous function. We say that w is subharmonic function on € if u satisfy the
following mean value inequality:

u(a) < 1

_m / u(x)do(z), (2.24)

S(a,r)

for all B(a,r) C Q.
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An equivalent definition is obtained using property:

1

B(a,r)
for all B(a,r) C .

Remark 7. Note that from the definition the subharmonic functions are allowed to take
value —oo, for an important example the function log|z — al.

Example 7. Every harmonic function is subharmonic

2.3.3 Simple properties of subharmonic function

The subharmonic functions are a much more flexible tool than holomorphic, or even
harmonic functions. An immediate consequence of the sub-mean value property is the
maximum principle for subharmonic functions. There is no minimum principle for sub-
harmonic functions, in other words subharmonic functions do not satisfy the minimum
principle, for example u(z) = |z|? is subharmonic function on R™, but it is not harmonic

1-If w is subharmonic on €2, then Cu is subharmonic in €2 for any constant C > 0
2- If the functions wu;(z), ..., Uy (x) are subharmonic in a domain 2 C R”, then the func-
m
tions Y w;, and max wu;(z) are also subharmonic in €
i=1 1<i<m
3-the limit of a uniformly convergent sequence of subharmonic functions is subharmonic
function
4- the limit of a monotone decreasing sequence of subharmonic function is subharmonic
function

Proposition 1. Assume ) is domain and u € C?(). Then u is subharmonic in Q if
and only if Au(z) >0,z € Q

2.3.4 Poisson integral formula

: The Poisson integral formula shows that if f(z) is harmonic in a ball B(a,r) and
continuous in the closed ball B(a,r), then its value at any interior point is completely
determined by its values on the boundary 0B(a, ). Thus the Poisson integral is mean-
ingful for every (bounded piecewise) continuous function U(e?) on the circle (or even
for Lebesgue integrable functions).

Definition 33. (Poisson integral): Let f be integrable in the sphere S(a,r) =
0B(a,r) with respect to the surface measure dS and define

Plf)(x) = / P, y)o(y)dS(y),
S(a,r)

for all z € B(a,r).
This is called the Poisson integral formula of f on S(a,r) .

The Poisson integral formula of the real continuous function f on the boundary oD :=
{e":0 < 6 < 21} of the unit disk is
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27
PIf)(z) = o= / P(p.6—)f()dt  (0<p<1,0<60<m).
0

where
_ 1—p?
~1—2pcos( —t) + p?

P(p,0 —1t) (z=pe? 0<p<1).

Lemma 10. : If f(z) is harmonic in the unit disc D and continuous in the closed unit
disc D, then f(z) satisfies the Poisson integral formula:

2 2
f(z) = ;T/f(ew).Pp(t —0)df := ;r/f(ei(t_e)).Pp(H)dH (z=pe?,0<p<1).
0 0

2.4 Subharmonicity of |f|? of harmonic quasiregular map-
ping in space

We denote the Euclidean norm in R™ by ||.||, and let Q C R™ be a region. Let f(x) =
(fi(@), .o, fru(z)) : Q — R™ with formal differential matrix

Df() = {21

ox; Jij=1

>1/2

If f=(f1,..., fn) is & harmonic mapping defined in €2, then the function |f|? for p > 1
is subharmonic in ) and therefore has the sub-mean-value property over balls. If p < 1,
then |f|” need not be subharmonic but, by a result of Hardy-Littlewood and others,
there exists a constant K = K(n;p) < 1 such that

is K-quasiregular, and we set

|| Dul| = (Zn:

,j=1

dfj(x)

8@-

F@P < Kf / | Pdm

By (x)
whenever B,(x) C Q.

Proposition 2. ([6, Ch. VII 3, p.217]). Let u = (u1,...,u,) : & — R"™, be harmonic,
let Qo = Q\u=1(0), let ¢ € R. Then for x € Qo

n n a
Alul? = g[uf?™2 Y [Tl + (q - 2)\uyq—4k§ (u- aTiﬂ

k=1
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Proof. Write v := |u|? = (u2 + ... + u2)P, for p := q/2. A direct computation gives

Vg, =p(ud + ...+ 2P 2uiug, + o 4 2unting,)
=q(u? + ... +u2)P N ugue, + ..+ Untng, )

and further

Vaqz, =q{2(p — 1)(u% 4+ ...+ ui)p_z(ululxl + ..+ unuml)2—|—

+ (u% + ...+ ui)pfl.[ululxlxl + (uluml)2 + oo+ UpUngyz, + (unuml)Q]}.
Therefore

AV =Vg 5y + oo F+ V2

= ¢f|u|?? [(ulAul + o4 upAuy) + (zn:uiﬂk +
+Zum,€)} (¢~ 2)[ul 42(21@ w2, )}
gtk + ...+§_juixk) 2)uf” 42 (fjuj )

k=1
n

= qlul" {|u/? 2(;% ka) (¢-2) ;(iuﬂ gzi)

n

n 0
q|u|*4{|u122|wjrz+<q—2 (Z“J )y
j=1

=1
U

Theorem 25. (/6][Theorem 2.1])
If f: Q — R", be a K-quasiregular harmonic mapping in Q C R™, then |f|? is subhar-
monic for some 0 < g = q(K,n) < 1.

proof. Fix such a map f: Q — R", and set Qg = 2 — f~1(0). |f|? is subharmonic at
each point x € f~1(0) for any ¢ > 0. Hence we have to prove that A(|f|?) > 0 on € for
some ¢ = q(n,K) < 1. Since f is quasiregular, the set Z = {z € Qg : det Du(z) = 0}
has measure zero (see [? ]), it is also closed since f is smooth. In particular ) = Qy— 2
is dense in € and thus it suffices to prove that Alu|? > 0 on ;. From Proposition 3,
we obtain

7

Y 1V

j=1

Alfl*=q [!J‘\"‘QIIDJ‘H2 +(g=2)|f1T"

So we need 0 < ¢ = ¢(K,n) < 1. such that

2
>0

[FI2- DI+

}jnvE

7=1
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on ; or, equivalently, we need a constant C' = C(K,n) < 1 such that

}:ﬁ )V f(x

for all z € Q. After normalization, we see that it suffices to find a constants C' =
C(K,n) < 1 such that

2

< Clf (@) PI|Df ()]

n

>z Vfi(x)

J=1

< CIDf ()|

sup
|z|=1

At each point z € Qy the matrix D, () is K-quasiconformal and its transpose D, (z)! is
also K-quasiconformal. Here we identify matrices with corresponding linear maps. To
finish the proof we need the following lemma.

Lemma 11. Let a matriz A = (a;;) € GL(R") be K-quasiconformal, for each K > 1
and n > 2 there is a constant C = C(K,n) < 1 such that

<o zn: azzj>1/2

1,j=1

proof. 1t is suffices to prove lemma for normalized matrices : Z a = 1. So, we set
i,5=1

GLk(n) = {A = (aw>” : A is K-quasiconformal, Z a?j = 1}

=1
” ij=1

This set of matrices is compact and the function

ijAe]

is continuous on the space of all n x n matrices, hence it attains its maximum at Ag €
GLk(n) on the compact GLg(n). Set ¢p(Ag) = C. Assume C = 1. Clearly C' < 1.

Aoej) =1, and this supremum is attained at z € S*~1.

= sup
|lz|=1

lz|=1"j=

n n n 1/2 n N 1/2
1= ‘ZZ‘J’A()BJ“ SZ‘ZjAoej‘ S (ZZ]2> . (Z‘Aoej‘ ) =1.
j=1 j=1 7=1 j=1

Hence, all the above inequalities are in fact equalities and therefor the vectors z; Ape;, 1 <
j < n are collinear. But this leads to a contradiction with invertibility of Ap. Thus,
C < 1 and our lemma is proved. This ends the proof of theorem (25). O

2.5 Estimation of the Poisson Kernel

I get this part from Krantz papers [41], and [42].
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We want to estimate the size of the Poisson kernel Pq(z,t) = P(x,t) of Q. Let Q C R™
be a connected open set, z € 2 and t € 9f). It is often possible to calculate P explicitly.
For example,

* The Poisson kernel of the disc D C R? is

11—z
P]D(SU,t) = % |x — t|2 .

x The Poisson kernel for the upper halfplane H = {(z1,22) € R? : 25 > 0} is given by

1 o
Pu(z,t) = ~— 22
(@, 1) 7 (21 —t)2 + 23

* The Poisson kernel for the unit ball B C R" is given by

T(n/2) 1 |of
Bl t) =5 om o g

Where I is the classical gamma function
x The Poisson kernel for the upper halfspace H"*! = {x = (1,...,2""1) € R+ :
Tp+1 > 0} (with = (21, ..., 2p41) = (2, 2p41)) is given by

Tn+1
(12 =4 + a3 )12

Pt (a,t) = ¢,

Where

_ I(ln+1]/2)
Cn = T Tnt1]/2

Here we need to have size estimates for the Poisson kernel on a fairly general domain
(say a bounded domain with C? boundary). The standard asymptotic is

o(x)

(2.26)

Where 0(x)dq () is the distance from z € Q to 9.
Now, let © C R” be a bounded domain with C? boundary. This means that there is a
C?, real-valued function p such that

Q={xeR":p(zx) <0}
and Vp = 0 on 99Q. Thus 01 is a regularly imbedded C? hypersurface in R”™.

Theorem 26. Let Q C R"™ be a bounded domain with C? boundary. Let Pq : 1 x 0 —
RT be the Poisson kernel for Q. Then there are constants Cy,Cy > 0 such that

o() 6(z)

Cq
2 —y lx —y

< Fb(x,y)jg Cy

"

(2.27)

"
proof. For convenience, we write

Pl t) = @)

e =y
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instead of (2.27). If K C  is a compact set, then the estimate we desire is trivial for
x € K and y € 9Q. For then |x —y| > ¢ > 0, §(z) is bounded above, and we get a
universal bound above and below on é(x)/|x — y|®. A similar comment applies if x is
near the boundary and y is far from x. So we may concentrate our attention on x near
the boundary and y near .
Now fix a point P € 9Q and a point Py €  such that the segment PyP is normal to the
boundary at P. We shall dilate coordinates with center Fy. We assume that P is close
to 02 - within a tubular neighborhood of the boundary-and we set € = dist(FPp, P). We
assume that coordinates have been rotated and centered so that
1. The point P is the origin (0,0, ...,0),
2. The normal direction PP, is the positive x,-direction.
We write z = (71, ...,7,), € R". We set Py = (Py, ..., P?"). With the normalization of
coordinates, in fact Py = (P}, P2, ..., P}") = (0, ..., 0, +¢). Now define

Ty T2 Tn

O (z)=(—,—,...,—)

€ € €

Clearly, that the mapping ®, sends the point Py to (1,0,...,0). The first thing to prove

lim @ (Q) = H"

e—0t

To see this, we first check that if the defining function p, expanded about the point P,
is given by

n
Za x; + Z alkxzxk + .=y + Z afkmixk.

ik=1 ik=1

Then

n
E afk:pi:pk + ...

ik=1

Clearly, as € — 0, the transferred defining function p. tends to the linear defining func-
tion po(s) = —sy,. In other words, the domains ®.(€2) = €. converge (in an appropriate
sense) to the standard halfspace. This last information is useful because we know the
Poisson kernel for a halfspace.

Now we may take advantage of the facts accrued by setting Q. = ®.(), letting do be
(n — 1)-dimensional area measure on 02, doe to be (n — 1)-dimensional area measure
on 0f)¢, and taking f to be a function that is continuous on {2, and harmonic on €.
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Further, we let x € Q and set s = ®.(x). Then we calculate that

ﬂﬁzﬂ@@bz/ﬂﬂ@@ﬂﬁ@wﬂ)
= / P (Pc(z), Pe(1)) f(De (T))deth)E(T) do(T).

It is crucial to note here that the integral is over an (n — 1)-dimensional hypersurface,
and hence the Jacobian determinant is that of an (n — 1) x (n — 1) matrix. Now let us
write

fo®(x) = /PQ(:L‘,T)[f o & (7)|do(T) = /Ke(x,T)[f o & (7)|do(T)
o0

o0

Since this identity holds true for any choice of continuous f on the boundary of Q. (with
unique harmonic extension to ¢), we may conclude that

Po(x,7) = Kc(z, 7).

The identity (2.27) is the key to our result, for we know asymptotically what K, looks
like. In particular, we know (see [[40]], Section [1.3]) on any smoothly bounded domain
H that the Poisson kernel is a normal derivative of the Greens function:

0

Now with P, P, fixed as before, let W be a small, smoothly bounded, topologically trivial
domain with these properties:

i. WCQ,

ii. Ppe W, PedW,

iii. AW N oN is a relative neighborhood of P in 9f2.

Now the key observation at this point is that, when ¢ > 0 is small, then the Poisson
kernel for ®.(W) at interior points of the line segment ®.(PP) is very near to the
Poisson kernel of the upper half space H" at those same points.

As a result, we may calculate the Poisson kernel on ) by instead calculating the kernel
on W. In turn, it then suffices to calculate the kernel on H™. Thus we see that, for x
on the interior of the line segment PP,

K (z,7) =1 Py (®.(z), Dc(T))

~ ¢ (n—1) Pe(z)n

(120(x) = Pe(T)]2 + [Pe()n/€]?)/2
_ (1) T /€

(2 /e = T/e|? + [xn/e]?)"/2

(12 =P+ P

Unraveling the notation, we find that we have proved the approximation (2.27). O



Chapter 3

Moduli of continuity of harmonic
quasiregular mappings on
bounded domains

Let © C R™ be a domain (connected, non-empty, open set). Harmonic quasiregular
(briefly, hgr) mappings in the plane were studied first by O. Martio in [56], for a review
of this subject and further results see [49] and references cited there. Moduli of continuity
of harmonic quasiregular mappings in B" were studied by several authors, see [45], [38],
[8]. In this paper, our main goal is to extended one of the main results from [6] to more
general domains in R". In fact the following theorem was proved in [6].

Theorem 27. [[6], Theorem A] If u : B — R" is a continuous map which is K-
quasiregular map and harmonic in B", then w,(5) < Cwy(6) for é > 0, where f = u [gn—1
and C is a constant depending only on K, wy and n.

We use two methods to extend this result. The first method is to use the following
theorem from [6].

Theorem 28. [[6], Theorem B] There is a constant ¢ = q(K,n) € (0,1) such that |u|?
is subharmonic in  C R™ whenever u : Q0 — R™ is a K- quasiregular harmonic map.

The above theorem combined with Poisson integral representation gives Theorem 27.
The main point is that a similar argument can be carried out without using explicit
formula for the Poisson kernel. In fact suitable estimates are sufficient, and these rely
on pointwise estimates for the Poisson kernel which are available in the case of bounded
domain 2 C R™ with C? boundary, see [41],[42]. We prove a version of Theorem 27 for
domains Q with C? boundary, see Theorem 29 below.

The second method is essentially based on a capacity estimate of O. Martio and R.
Nakki [50]. Let us introduce needed terminology and notation.

Throughout this paper @ C R™ is bounded domain, 6(z) = dist(x,Q¢) and B, =
B(z,6(x)/2) for x € Q. If Q has C? boundary, then P, denotes the Poisson kernel
for Q.

Given a subset E of C" or R"; a function f : E — C (or, more generally, a mapping
f from E into C™ or R™) is said to belong to the Lipschitz space A, (E) if there is a
constant L = L(f) = L(f; FE) such that

[f(z) = f(y)l < Lw(|z —y]) (3.1)

for all z,y € E, or equivalently, w¢(|z — y|) < Lw(|lz — y|) for z,y € E. Here w :
[0,4+00) — [0,+00) is a majorant in the sense of Hinkkanen, see [28], which means w

39
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is non-decreasing and w(2t) < 2w(t). In that case we also say that f is w-Lipschitz
function. We remark that w need not be continuous, that we may have w(0) > 0 and
that w(At) < Aw(t) for all ¢ > 0 and A > 1. The most important special case is
wa(t) =t% 0 < a < 1, when we get classical concept of Lipschitz or Holder continuity.
There has been much work on Lipschitz-type properties of quasiconformal mappings.
This topic was treated, among many other papers, in [19].

Following [22] and [47], we say that a function f belongs to the local Lipschitz space
loc Ay (92, L) if (3.1) holds, with a fixed L > 0, whenever x € Q and y € B,. We
set loc Ay () = Ursoloc Ay (R, L). If w(t) = t*, 0 < o < 1, we use notation A, (),
loc A, (€2) and loc A, (€2, L).

A domain  is a Ay-extension domain if A, (Q2) = loc A, (Q).

A compact set E in R™ is called c-uniformly perfect, 0 < ¢ < 1, if E contains at least two
points and if for each x € E and 0 < r < diam(FE), the spherical ring B(z;r) \ B(z;cr)
meets L.

If V is a subset of R"™ and u : V — R™, we define

oscyu = sup{|u(z) — u(y)| : z,y € V}.
For 2 C R™ let OC'(2) denote the class of all f € C1(Q,R") such that
§(z)|f'(x)| < Coscp, f, x€Q (3.2)

We denote by OC?(Q) the class of all f € C?(£2,R") such that for some constant C' we
have
sup 6% (x)|Af(z)| < C oscp, f, z € Q. (3.3)
Bq

It was observed in [54] that OC?(Q2) € OC'(Q2). Note that every harmonic mapping
f:Q = R"isin OC?(Q).

We also show that under some conditions a function f € OC?() is w-Lipschitz function
on Q if and only if it satisfies Hardy-Littlewood (C,w)- property:

5(x)|f/(:c)| < Cw(d(x)), z €.

Relying on this characterization and a result from [9] (Lemma (13) below) we also prove
a version of Theorem 27 for A,-extension domain with c-uniformly perfect boundary
and quasiconformal mappings, where w is a majorant.

Finally, we give a simple proof of K. M. Dyakonov’s result on relation between moduli
of continuity of |f| and f, see [19].

We follow the usual convention, letter C' denotes a constant that can change its value
from one occurrence to the next.

3.1 Auxiliary results

Let © C R™ be a bounded domain with C? boundary. Clearly, an explicit formula for
the Poisson kernel is available only in special cases, like the ball. The following technical
lemma is used in the next section when we consider smoothly bounded domains.

Lemma 12. Assume Q has C' boundary. Then there is a constant C depending only
on ), such that
area(9Q N B(zo, 1)) < crnt (3.4)

for all v > 0 and all zy € 00 .
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Proof. We have a local parametrization of 0f) :
r1 = w1 (U, U2, vy Un—1)
xo = (U1, U2, ...\ Up—1)
Lpn = xn(ula U2y --ey un—l)

ie. z =xz(u),z = (v1,22, ..., ), where z; € CY(U), U C R*L.
Since 01 is compact, it suffices to prove the estimate (3.4) for zg € x(K), where K C U

is compact.
Now fix a compact K C U. We have

area(z(9)) :/S\/gdu

0Ty, OTm

n
—1
where g = det(glj)zjzl, g” = 21 Oy 8uj .
m=

Note that g;; € C(U), so /g is a strictly positive continuous function on U. Therefore
0<c<,g<C < +4ooon K. Let uj,up € K and 2y = z(u1),22 = x(u2). Since
x = z(u) is a parametrization, we have

|2’1 — 2’2’ = |U1 — UQ’ . (35)

Setting zp = x(up) and using (3.5), we see that there is a constant M such that
area(9Q N B(zo, 1)) < area(:z(lB%(uO,Mr))) = / Vgdu
B(uo,Mr)

< C'/ du < CVol,,_1 (IB%(UQ,MT))
B(uo,Mr)

=C(Mr)"!
=crt. O

3.2 The case of C? boundary

In this section we follow the first method described in the introduction and obtain the
following generalization of Theorem 27.

Theorem 29. Let @ C R" be a bounded domain with C? boundary, and assume u :
Q — R"™ is a continuous map which is K- quasiregular and harmonic in €, then w,(0) <
Cwy(0) for 6 > 0, where f =u |pq and C is a constant depending only on K, wy and n.

Proof. The proof is similar to the proof in [6], but with additional technical difficulties
due to the lack of an explicit formula for Pn. Instead we rely on Lemma 12 and crucial
estimates (2.27), using a dyadic decomposition of 9.

Let us recall some properties of wy:

wr(01 +02) < C(wp(d1) +wp(d2)),  wp(Ad) < Chwy(d)

valid for 6,401,972 > 0 and A\ > 1. First, fix an exponent ¢ = ¢q(K,n) < 1 from Theorem
28. Fix w € 9 and z € Q. Then ¢(§) = |u(w) — u(§)|? is subharmonic in 2 and
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therefore we have

olz) < /a  Pa(2,(E)do(c).

But, for £ € 02 we have

p(§) = lu(w) —u(@)]? < wp(jw —¢[)?
< wp(jw = z[ + [z = £])*
< Clwg(Jw = 2)) +wr(lz = €)1,

and integration against Poisson kernel gives

P(2) < Clug(w—2l)+ [ Palz,hwy(lz = erdotc)].
Let zg € 092 be the closest point on the boundary to z € Q . Then
|2 =&l = 0(2) + 20 — &
for £ € 0N). Therefore

or(lz =€) < Car(5(2) + 20 — 1) < XL 8l 50,

By Theorem 26 we get

o(2) < Capllw— st +C [ (a(zyy-sLE Flz0 —€1)7
o0 |z —¢|

do(&).ws(d(2))".

Next we prove that the integral appearing above is bounded as a function of z € €. Set
§(z) = 4. Since |z — & = C(6(z) + |20 — £] ) we get

1—q (5(2) + |20 — ]
89(5(2)) P

) do(€) < ' / (6 + |20 — &) "do(€).

o0

o0
Now, we use the following decomposition of 9Q : 9Q = |J M} where
k=0

My ={£€0Q:2"15 <d(¢ ») <286}, kE>1,
and
My ={£€0Q:d(& 20) <0}
Using Lemma 12 we obtain:

)i (0(2) + |20 — &])°
89(5( ) |z —¢|"

do() < C5' 1 3 (6 + 120 — &])* "do(€)
>, vk

<ot (286)1 " do (€)
>/,
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<C Z okla=n) §1=marea (M)
k=0

<C Z 2k(q—n)51—n(2k5)n—1
k=0

< CZQ’“("’U < 4o00.
k=0

Note that here we used ¢ € (0,1). Hence we get

p(2) < Clwg(jw = 2])T + wp(5(2))7] < Cwy(jw = 2))%
and therefore we proved

lu(w) —u(z)| < Cwi(lw — 2|) for we N, ze .

In view of Lemma A.1. from [13] this estimate suffices to complete the proof. [J.
If we assume that f is quasiconformal, then we can significantly relax the C2-assumption
on the boundary, see Theorem 30 below.

3.3 The case of uniformly perfect boundary

In this section we work with much more general domains, but here we consider only
quasiconformal harmonic (or more general OC?) mappings.

Proposition 3. Let f € C1(Q,R") and let w be a continuous majorant such that w,(t) =
w(t)/t is non-increasing for t > 0. Assume f satisfies the following property:

5(2) 1 (2)] < Cwld(z)), €9, (HL(w,C))
which we call Hardy-Littlewood (C,w)-property. Then
f €locAy(L; ), (loc Ay).
If in addition f is harmonic in Q0 or, more generally, f € OC?(QY), then (HL(w,C)) is

equivalent with (loc Ay).

Proof. Let us prove that (HL(w,C)) implies (locAy). If y € B, then
[f(y) = f2)] < / |f'(2)lds(2) < |y — x| max |f'(2)|
[z.,4] z€[z.y]

w(5(2)
< Cly — a .
< Cly =l max =53

Now, for every z € [z,y] C By we have |z — y| < d(z)/2 < I(2), and since w, is
non-increasing we get w(6(2))/d(z) < w(|x — y|)/|x — y|. This, combined with the
above estimate, gives |f(y) — f(z)| < Cw(|]y — x|). Next we assume f : Q@ — R" is a
harmonic mapping in loc A, (2, L). We set M, (r) = max{|f(y)| : [y —z| = r} for x € Q,
0 <7 < §(x). Since f is harmonic we have r|f'(z)| < C,,M,(r) and f € loc A, (2, L)
implies M,(r) < Lw(r). Therefore r|f'(z)] < CpLw(r) for 0 < r < 6(z). Letting
r — d(z) we deduce (HL(w,C)) with C = C,,L. Now we give a proof for the more
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general case of f € OC%(Q). We assume f € loc A,(L, Q). Let us choose x € €. Since
diamB, = §(z), we have

sup P(W)IAf ()| < oscp, f < Lw(d(x)).

Since §(y) < d(x) for y € B, the above estimate gives

w(4(x))

IO

Yy € By.

Next we use gradient estimates for Poisson equation in the ball B,, see Theorem 3.9
from [? | and obtain

1
) <[5 sup 1+ o)l
() om, B
Since both f" and Af do not change if we replace f with f — f(z) we see that

P <c [1osca31\f| T 8(x) sup |Afr]
d(x) B,

Note that a similar argument appeared in [? ], it was used to prove inclusion OC?(Q) C
oC(9Q). O

An immediate consequence of the above proposition is the following corollary.

Corollary 5. Let w be a continuous majorant such that w,(t) = w(t)/t is non-increasing
fort >0 and let Q C R"™ be a domain which has A -extension property. Then an OC?
mapping (in particular a harmonic mapping) f : Q@ — R™ belongs to A, () if and only
if it has Hardy-Littlewood (C,w) property.

Remark 8. If the mapping f in the Proposition 3 and Corollary 5 extends continuously
to ), then the assumption of continuity of w can be omitted.

Theorem 4 can be restated: Let @ C R™ be a bounded domain with C? boundary.
Assume u : Q — R” is a continuous map which is K- quasiregular map and harmonic
in Q, and f € A, (Q; L) where f = u |pq Then

u € A, (Q;CL), C =C(K,wg,n, Q). (3.6)

If Q is a A,-extension domain, then (3.6) is equivalent to Hardy-Littlewood (w,C1)-
property: 0(x)|f'(x)| < Ciw(d(x)) for all = € Q. Special cases of this result, for the disk
and unit ball and holomorphic functions are well know as Privalov theorem. Hardy-
Littlewood theorem is concerned by characterization of Lipschitz spaces in terms of
growth of derivative.

The following result is contained in Theorem 3.2 from [9].

Lemma 13. Let the boundary of a bounded domain € in R™ be c-uniformly perfect. If
f is a continuous mapping of Q) into R™ which is quasiconformal in Q and if

[f (@) = f(y) < w(lz —yl) (3.7)
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for all x,y € 0 and for some majorant w, then

[f(z) = f(y)] < Cw(lz —yl) (3.8)

for all y € 9Q and x € Q, where C' depends only on ¢,n, K(f) and diam(€2).
Using Lemma 13 we prove the following generalization of Theorem 27.

Theorem 30. Let the boundary of a bounded domain € in R™ be c-uniformly perfect.
Assume f is a continuous mapping of Q into R™ which is quasiconformal in £ and

[f(@) = fW) <w(z —yl),  z,y€dQ (3.9)

for some majorant w. Assume one of the following two conditions is satisfied.

a) f is harmonic in ).

b) f € OC%Q), w(t)/t is non increasing for t > 0 and Q is an Ay -extension domain.
Then the following estimate holds:

[f(z) = fy)] < Cwllz —yl), 2,y (3.10)

Proof. Let us assume f is harmonic. By Lemma 2, estimate (3.10) holds for all x € 02
and all y € Q. Using Lemma A. 1. from [13] we deduce that the same estimate is valid
for all z,y € Q. Now we consider condition b). Fix a point x € 2. Choose a point
€ € 99 such that |z — & = §(x) and set fo(z) = f(2) — f(£), 2 € Q. We employ again
gradient estimates for the Poisson equation, as in the proof of Proposition 3. Since
/"= fland Af = Afy we obtain

(@) < Cn @Zguommsgfrm . (3.11)

However, since B, C B(§,30(x)/2), Lemma 2 gives

sup | fo(2)| < sup |f(z) = f(§)] < Cw(3d(x)/2) < Cw(d(x)).
0B 0B

Also, OC? condition gives supp |Af| < C§2(z). These estimates, combined with
(3.11) give |f'(z)] < Cw(d(x))/d(x). Hence we proved that f has Hardy-Littlewood
(C,w) property. Now the result follows from Corollary 5. O

3.3.1 Dyakonov’s result

Now we give a simple proof of a Dyakonov’s result from [19] which relates moduli of
continuity of f and |f| in the special case of quasiconformal f. Our proof is based on
distortion property of quasiconformal mappings (see [21], p.383, [65], p.63):

B(f(x),c.0:(2)) C f(By) C B(f(w),Cuds(2)),  z€Q (3.12)

for a K-quasiconformal mapping f : Q — f(Q2) = ', where d.(x) = dist(f(z), Q).

Theorem 31. Suppose f : Q — f(Q) = Q' is quasiconformal in domain Q C R™. Let
0<a<l. If|f] €locAn(R2, L), then f € loc Ay (Q2,CL).
If, in addition, Q2 is a Ay-extension domain, then f € Ay (Q).

Proof. Let us choose z € Q and set R(x) = c,0.(x). We first prove the following:

Jx1,m0 € By o |f(x1)| — |f(x2)| > R(x). (3.13)
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Let [ be the line passing through 0 and f(x), it intersects the sphere 0B(f(x), R(x)) at
points y; and y2. By the first inclusion in (3.12) these two points lie in f(B,), hence
rr = fY(yr) € Bz, k = 1,2. We consider two cases:

a) If 0 ¢ B(f(z), R(z)) and [y2| > [y1], then |ya| — |y1| = 2R(x).

b) If 0 € B(f(z), R(x)), then for example 0 € [y1, f(x)] and if we choose z1 = z, we find
ly2| — | f(x)] = R(x) and this yields (3.13). Now we obtain, using (3.13), that

i (2) = R(x) < [f(21)] = [f(22)] < Llzy — 22| < Lo(2).

Using the second inclusion in (3.12) we obtain

1) = fe2)] < 20.68,(0) < 2 Lo(0)",

*

and this completes the proof. ]

Hence, as an immediate corollary we get K.M. Dyakonov results for quasiconformal
mappings:

Theorem Dy Suppose 2 is a As-extension domain, 0 < a < 1, and f is a K-
quasiconformal mapping of 2 onto f(2) C R™. The following two conditions are equiv-
alent:

a) f € Aa(Q),

b) 1£] € Aal®).

If, in addition, € is a uniform domain and if & < KY/(=")_ then these conditions are
equivalent to

c) |f] € loc An(92).

3.4 Harmonic quasiconformal maps of quadrant

In this section we relate some results regarding HQC self maps of the quadrant @ = {z :
z =z +1y,z,y > 0}. These results are from [2].

Let IT* = {2 : 2 = z +iy,z > 0}. The following theorem can be proven considering
norm of the directional derivative of f:

Theorem 32. Suppose f : Q — f(Q) = Q' is quasiconformal harmonic in domain
Q C C. Suppose that f(z) = Re G(z) +iIm H(z) where G and H are holomorphic, and
9(2) = G'(2), h(z) = H'(z).

Then g(z) = p(2)h(z) where ¢ is holomorphic and p(2) is relatively compact subset of
Irr.

This result can be used to characterize HQC self maps of (). Namely, the following
result holds true:

Theorem 33. The necessary and sufficient condition that f : Q — Q is quasiconformal
harmonic homeomorphism of Q to Q is given as follows.

Suppose that f(z) = Re G(z) + iIm H(z) where G and H are holomorphic, and g(z) =
G'(z), h(z) = H'(2).

Then the conditons are:

1) g(2) = ¢(2)h(2) where ¢ is holomorphic and ©(2) is relatively compact subset of TI'T.
2) g and h map Q into IIT,

3) g is real on imaginary axis, while h is real on real axis.
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