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ARRAYS OF ATOMS AND OPTICAL
CAVITIES

Abstract
This thesis covers a theoretical analysis of non-interacting and interacting quasi
particles, called polaritons. Polaritons are composites, based on photonic and atomic
excitations in a tunable and controlled manner. Dark-state polaritons, as a subclass
of polaritons, are very curious objects, as they can act as a quantum memory of
photons within an ensemble of alkali-metal atoms in Λ-type configuration which
admit electromagnetically induced transparency (EIT). This thesis focus on the
formation of dark-state polaritons in degenerate two-level systems, where two light
fields, a quantum probe and a classical driving field, couple the same transition
between the ground state and excited state manifold. An algorithm is going to
be derived in order to determine the dispersion relation and inherent composition
of the dark-state polaritons in the degenerate two-level system. The algorithm is
based on a microscopic equation of motion technique and provides an extension of
the non-degenerate case. Depending on the polarization of the light fields, it will be
shown that either one or two dark-state polaritons can exist. Further, the calculated
dark-state polaritons can be used in order to perform a frequency conversion and
even a conversion of linear light polarization.
In the second part of the thesis, interacting polaritons in arrays of coupled QED
cavities will be discussed. In first place, the standard Jaynes-Cummings model is
discussed in order to provide a better insight to polaritons in QED cavities. Then,
a modified Jaynes-Cummings model is introduced and derived in order to study
dark-polaritons and their interaction. It will be shown that dark-polaritons directly
depend on the common single photon detuning of the two coupling fields, quantum
probe and classical driving field. The interaction between dark-polaritons will be
discussed where the emergence of dark-polariton bound pairs will be shown. By
tuning the Stark-shift due to the classical control field, the number and the composition of dark-polariton bound pairs can be controlled. It will be demonstrated
that there exists a dark-polariton bound pair which differs from the aforementioned
ones, because it represents a ground state of the system. Using that kind of a darkpolariton bound pair, storage and retrieval of a single photon can be performed,
even though that the photons are in a two-photon bound state.
In the last part of the thesis, disorder between QED cavities will be introduced
in a controlled manner through staggered inter-cavity photon hopping strengths J1
and J2 . Further, the appearance of a dark-polariton bound pair of a completely

different type will be presented.
Keywords: EIT, dark-state polaritons, cavity QED arrays, interacting darkpolaritons, dark-polariton bound pairs, quantum memory of light and disorder
Scientific field: Physics
Research area: Quantum Optics
UDC number: 539:535.14(043.3)
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Rezime
Ova teza predstav a teorijsku analizu neinteragujuih i interagujuih
kvazi-qestica, tzv. polaritona. Polaritoni su kombinacije fotonskih i atomskih ekscitacija u kontrolisano promen ivom odnosu. Vrsta polaritona,
tamni polaritoni, su veoma neobiqni objekti budui da mogu da slue kao
kvantna memorija za fotone unutar ansambla atoma alkalnih metala u Λkonfiguraciji, a u vezi sa efektom elektromagnetno indukovane transparencije (EIT). Teza se fokusira na prouqavae formiraa tamnih polaritona u
sistemima sa dva nivoa, osnovnim i pobuenim, koji poseduju mnogostrukosti
degenerisanih podnivoa i spregnuti su kvantnim probnim i klasiqnim kontrolnim laserskim po em. Bie izveden algoritam za dobijae disperzione
relacije i odgovarajueg sastava tamnih polaritona u sistemima sa dva-nivoa
i degeneracijom. Algoritam je zasnovan na tehnici mikroskopskih jednaqina
kretaa i predstav a proxiree sluqaja bez degeneracije. Bie pokazano da
u zavisnosti od polarizacije po a mogu postojati jedan ili dva tamna polaritona. Tako dobijeni tamni polaritoni mogu biti korixeni za konverziju
frekvencije i linearne polarizacije svetlosti.
U drugom delu teze razmatraemo interagujue polaritone u nizovima spregnutih kvantno-elektrodinamiqkih optiqkih mikrorezonatora. Kao prvo, prikazan je standardni ejns-Kamingsov model da bi se obezbedio bo i uvid u
polaritone unutar optiqkih mikrorezonatora. Zatim je uveden modifikovani
ejns-Kamingsov model radi prouqavaa tamnih polaritona i interakcije
meu ima. Bie pokazano da tamni polaritoni direktno zavise od zajedniqke jednofotonske razdexenosti (detjuninga) korixenih po a, kvantnog
probnog i klasiqnog kontrolnog. Interakcija izmeu tamnih polaritona e
biti prodiskutovana, pri qemu e biti pokazana pojava vezanog para tamnih
polaritona. Podexavaem Xtarkovog pomeraja usled kontrolnog po a moe
se uticati na broj i osobine tih vezanih parova. Bie pokazano da postoji
vezani par tamnih polaritona koji se razlikuje od pomenutih poxto predstav a osnovno stae sistema. Takav vezani par tamnih polaritona omoguava
zarob avae i ixqitavae jednog od dva vezana fotona. U posledem delu
teze bie uvedeno kontrolisano neureee u obliku naizmeniqnih parametara
sprezaa meu mikrorezonatorima, J1 i J2, i bie pokazana pojava potpuno
novog tipa vezanog para tamnih polaritona.

K uqne reqi: elektromagnetno indukovana transparencija (EIT), tamni
polaritoni, niz kvantno-elektrodinamiqkih mikrorezonatora, interagujui
tamni polaritoni, vezani parovi tamnih polaritona, kvantna memorija za fotone i neureee
Nauqna oblast: Fizika
Ua nauqna oblast: Kvantna optika
UDK broj: 539:535.14(043.3)
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1
Introduction and Thesis Outline
1.1

Introduction

An important aspect in the research of physics is the emergence of cross-connections
between two promising research fields. One such prosperous connection can bee seen
in cavity-QED (cavity quantum electrodynamics). It brings together quantum optics
with many-body physics (condensed matter physics). Quantum optics itself has its
roots in studying fundamental quantum features of matter and their interaction with
light which has led to new developments such as different kinds of lasers and their
numerous applications. Light is composed of particles, called photons. They carry
information of the light polarization, which is determined through the components
of the electric and magnetic field, and their spin. As bosonic particles, they have
an integer spin. One of the most extensively studied aspects of quantum optics is
the interaction of laser light with atomic vapours. Especially laser excited alkalimetal-atom vapours are in the focus of interest because of many ongoing emergent
electromagnetically induced coherent effects. Those provide the opportunity for
numerous applications. Moreover, a deep inquiry of coherent effects, transfer of
coherence and population precedes to a better understanding of various phenomena
in quantum optics and laser-matter interaction in general.
Characteristic examples of coherent effects are those that originate from coupling
a single atomic excited state with two long-lived ground atomic states by the use of
two laser fields. The laser fields are called probe and pump. These two laser fields
and the atomic three-level system form a so called Λ-configuration. This system
enables the realization of interference between two transition pathways, which are
generated by the laser fields, and the creation of so called dark-states. Dark-states
1
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represent coherent superpositions between the two long-lived ground atomic states,
uncoupled from the excited state. Very remarkable features are connected to the
dark-states, among them the increase of transparency if the pair of laser fields in
two-photon Raman resonance prepare the absorbing medium into the dark-state.
This is the common physical picture of coherent population trapping (CPT) [1, 2]
and electromagnetically induced transparency (EIT) [3, 4, 5]. Within the spectral
bandwidth of the EIT there is a strong dispersive behaviour of the index of refraction
which results in the non linearity of EIT media and slow, stopped and stationary
light [6, 7, 8]. Slow, stopped and stationary light are also directly related to the formation of so called dark-state polaritons (DSPs). DSPs are in particular low energy,
single probe photon driven, collective excitations that do not have a contribution of
the excited atomic states. They were firstly introduced by Lukin and Fleischhauer as
an extension to the well-known concept of adiabatic Raman polaritons in Λ-systems
that admit EIT [9, 10]. Their formation relies on the dark-states and assumes an
adiabatic change of the pump field. Further, DSPs possess unique properties and
features which have made them attractive for theoretical and experimental studies. Lukin and co-workers have shown the usage of DSPs as a storage medium
for photons[11]. Quantum states of photons are transferred onto collective Raman
excitations in a loss-free and reversible manner, thereby the state of photons e.g.
spin or polarization is stored in the atomic spin-coherences between the two ground
state levels. Additionally, it has been shown by Chong et al. that DSPs in double Λ-system enable the down-conversion of frequencies in alkali-metal atoms [12].
Furthermore, DSPs have shown to mediate coherent interactions between atoms in
atomic vapours [13]. An additional property of DSPs, which was shown by Unayan
and co-workers, is the spinor like behaviour and fulfilment of a Dirac like equation
of motion in case two pairs of counter-propagating laser fields interact with a tripod linkage in atomic vapours [14]. However, CPT and EIT can also be observed
in multilevel systems as those involving two atomic degenerate-level manifolds with
multiple Zeeman substates. The observation of CPT and EIT in such systems is also
a direct consequence of the existence of a dark-state within the ground atomic level
if Fg ≥ Fe (Fg and Fe being the angular momenta quantum numbers of the ground
and excited state respectively). Theoretical investigations of these kind of systems
haven’t been that intense, compared to non-degenerate case. Especially degenerate
two-level system have been under minor consideration. A better understanding of
them could lead to new applications, especially with possible new building blocks in
2

1.1 Introduction
quantum information processing. In these systems, multiple dark-states and hence
multiple DSPs can be observed. The multiplicity of them depends on the considered
polarization of the coupling fields as it has been shown in [15].
Quantum optics and many-body physics share two common features which are
the type of considered particles and the non linearity of interactions between them.
One aspect of interest in many-body physics are strong correlations between bosonic
systems, but clearly between fermionic systems as well. A well-known model that
incorporates strong correlated bosonic systems is the so called Bose-Hubbard-model
(BHM). It is defined for strongly interacting bosons on an optical lattice and accounts for large number of bosonic particles [16, 17, 18]. BHM with its inherent
nonlinearity is mainly given by the onsite potential UBHM which appears along
with the combination of number operators of the form n̂(n̂ − 1). Depending on
the strength of the onsite potential UBHM relatively to other parameters of the system, one can observe the appearance of quantum phase transitions (QPT). BHM in
particular supports quantum phase transitions of Mott-insulator to super-fluid [16].
Mott-insulators are in general described by a gap in the eigenspectrum of the BHM,
zero compressibility and localized bosonic excitations. Mott-insulator to the superfluid transition is linked through a Bose glass phase [16], whose characteristic is a
finite compressibility without the presence of a gap. Mean-field theory has shown
to be an accurate method in order to study ground state QPTs of this kind [16, 19].
Strong correlations between photons, atoms and photons and between atoms
gained a remarkable interest around 2004 and were substantially inspired by the
study of strong correlations in many-body physics. To obtain strong correlations
of photons, photon-photon interactions are required. One proposal of introducing
photon-photon interactions within alkali-metal atomic vapours was based on the
mechanism of photon exchange that is very weak [20]. Further, atom-photon interactions in EIT media are not that weak due to the provided nonlinearity but are
not strong enough to reach strong correlations as the probe field is considered and
defined as weak [10, 11, 15]. As a consequence, QED cavities have been proposed to
enhance these interactions and correlations. QED cavities because on one hand, to
quantize the light-matter interaction and on the other hand to reach the strong coupling regime as the absorption cross section for photons is reduced. Consequently,
the cooperativity parameter η increases which is a key feature of the strong coupling regime. The description of quantized light-matter interactions is based on the
standard Jaynes-Cummings model (JC) which was firstly introduced in [21]. They
3
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focused on a single mode cavity that interacts nearly resonantly with a single twolevel atom and showed a nonlinear behaviour of the spectrum. This nonlinearity
in the spectrum, known as Kerr-nonlinearity, induces an effective photon-photon
repulsion. It is directly related to the photon-blockade effect which can be tuned by
controlling the level spacing as well as cavity mode frequency [22, 23]. A measure
for the photon-photon repulsion is the effective photon number dependent onsite
repulsion strength U (n). The eigenstates of the Jaynes-Cummings model are called
polaritons. To be more precise, in optical cavities these eigenstates are also known
as bright-polaritons because they have a contribution of the excited atomic level.
Exploration of strongly interacting bosons in quantum optics as in condensedmatter physics is doable by increasing the number of coupled QED cavities and
forming one- and two-dimensional lattices. This increase in the number of coupled QED cavities leads to an extension of the standard Jaynes-Cummings model
to a standard Jaynes-Cummings-Hubbard model (JCH). It provides an opportunity to simulate the Bose-Hubbard model and its properties as well as features,
but with fewer number of bosonic particles. Thus, the complicated many particle
Bose-Hubbard Hamiltonian can be effectively reduced in complexity by considering
JCH of coupled QED cavities. An important advantage that has attracted a lot of
attention in the scientific community of quantum optics as well as condensed-matter
physics [24]. Similarly to the BH model, the JCH model supports QPT of Mott- to
superfluid, but for photons, as Greentree and co-workers have shown [25].
Apart from strong photon-photon and atom-atom interactions, strongly interacting polaritons in coupled QED cavities have encouraged profound theoretical investigations. Hartmann and co-workers have demonstrated that interacting DSPs in
QED cavities with atoms in N -configuration can be exactly mapped to the BH model
and show the Mott-insulator to superfluid QPT [26]. Mott-insulator to superfluid
transition for interacting polaritons in Jaynes-Cummings and Jaynes-CummingsHubbard lattices has been under extensive study in the past few years [27, 28, 29].
Remarkably, even for interacting polaritons in one-dimensional arrays of coupled
QED cavities a glassy phase of polaritons called polariton glass was discovered [30].
Analogues of extrinsic semiconductors, which are made of interacting polaritons in
one-dimensional arrays of coupled QED cavities, have been demonstrated. It was
shown that doping can be performed by changing the single photon detuning in a
staggered way which in turn affects the Mott-insulator to superfluid QPT [31]. As
polaritons in one-dimensional arrays of QED cavities are strongly interacting, one
4
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question arises. Can bound states of polaritons be formed out of the interaction?
Very little is known about polaritonic bound states. Wong and Law have demonstrated the existence of two-polariton bound states in the standard one-dimensional
JCH model where the involved polaritons are bright-polaritons [32]. Recently, it
has been shown that an equivalent spin-orbit interaction in two-polariton bound
states exists [33]. A profound investigation of two-polariton bound states and darkpolariton bound pairs (DPBPs), which haven’t been considered so far, can lead to
rich physics and new applications. Possible applications are creation of lattices based
on two-polariton bound states or DPBPs, quantum networks or optical topological
insulators.

1.2

Thesis outline

This thesis deals with a theoretical investigation of coherent effects which are related
to DSPs in degenerate two-level system admitting EIT. In a further step, interacting
dark-polaritons are considered in one-dimensional arrays of coupled QED cavities.
In order to provide existence of dark-polaritons, a new model is derived. This
new model represents a modified Jaynes-Cummings- Hubbard model which supports
the formation of DPBPs in the two-excitation subspace. It will be shown that
for uniform inter-cavity photon hopping there exists a ground state DPBP which
functions as a quantum memory of a single photon, even though the two photons are
tightly bound to the atomic bound state which protects one of the photons from the
storage and retrieval process. Moreover, we consider a disordered array of coupled
QED cavities. The disorder is introduced through a staggered, non-uniform intercavity photon hopping. Under this setting and in dependence of (non)-compensating
control field Stark shift, quantum state transfer of a ground state DPBP between
the two sub lattices is reported. The thesis is organized as follows:
• chapter 2: Here we provide the theoretical basics in order to follow the results. Especially, we provide the background of the non-degenerate microscopic
equation of motion for DSP-field operator. In depth, we not only derive and
discuss the standard and modified Jaynes-Cummings model, but also compare
them.

• chapter 3+4: In this chapter a detail presentation of the results, obtained
5

1.2 Thesis outline
by investigating the degenerate two-level system in an ultra cold atomic gas of
alkali-metal atoms as well as the investigation of interacting dark-polaritons in
the two-excitation subspace of an array of coupled QED cavities with uniform
inter-cavity photon hopping configuration is given.

• chapter 5: In this chapter a detail presentation of the results, obtained by
investigating dark-polaritons in the two-excitation subspace of an array of coupled QED cavities with staggered inter-cavity photon hopping configuration
is provided.

• chapter 6+7: In this last chapter conclusions are drawn. Further, future
investigations, which are based on the so far obtained results, are discussed.
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2
Dark-state polaritons in free space
and polaritons in cavity-QED
2.1

Theory of dark-state polaritons in free space

2.1.1

Electromagnetically induced transparency and darkstate polaritons

Three-level Λ system (shown in Fig. 2.1) represents the simplest system presenting
two physically closely related coherent phenomena - coherent population trapping
(CPT) and electromagnetically induced transparency (EIT). Basic physical picture
of these phenomena is based on the existence of dark states that are uncoupled to
the laser fields. The atoms trapped into the dark state cannot be further excited by
the laser fields and cannot fluorescence -they are dark.
Let us consider the case when the two fields are in Raman resonance with a

Figure 2.1: Three-level Λ system. Pump field (label p) couples the transition 1 → 3,
while control field (label C) couples the transition 2 → 3. Ωp and ΩC are Rabi
frequencies of the fields, ωp and ωC are carrier frequencies, while ∆ is the transition
detuning (common single-photon detuning).
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common single-photon detuning ∆. The Λ system Hamiltonian in a basis composed
from the states |ψ1 i, |ψ2 i and |ψ3 i, respectively,


0

0


H(t) = ~ 


0

0

1 ∗
Ω (t)
2 p

1 ∗
Ω (t)
2 C



1
Ω (t)
2 p

1
Ω (t)

2 C

(2.1)

∆

Ω∗ (t)

Ω∗ (t)

p
C
|ψ1 i − Ω(t)
|ψ2 i,
has the following eigenenergy ε0 (t) = 0 and eigenstate Ψ0 (t) = Ω(t)
p
with Ω(t) = |Ωp (t)|2 + |ΩC (t)|2 . It is important to note that the state Ψ0 (t) is

composed entirely from ground states 1 and 2 and has no contribution of the excited
state 3. Moreover, the state Ψ0 (t) is a dark state that is effectively decoupled
from the excited state 3, since H(t)Ψ0 (t) = 0. This decoupling is a consequence of
destructive interference of the probability amplitude for the transition 1 → 3 with
the probability amplitude for the transition 2 → 3. If the medium is prepared in this
state, there is no possibility of excitation by means of the coupling laser fields. This
leads to an enhanced transparency of the medium when the laser fields are close
to Raman resonance. Increased transparency for near resonant coupling fields is
common to CPT and EIT. Preparation into the dark state via optical pumping (via
spontaneous decay from the excited state 3 is one way to trap population into that
state. Note once again that necessary conditions for the CPT and EIT appearance
are the existence of dark states and two-photon Raman resonance of the coupling
laser fields.
Formation of dark-state polaritons in optically thick media is related to the
Raman adiabatic passage (naturally provided in EIT) and can either happen via
optical pumping, i.e., by an incoherent process, or via a coherent preparation scheme.
Optical pumping requires that the atomic ensemble is initially prepared in a mixed
state. An undesirable property of optical pumping is the unrecoverable loss of
photons. However, in coherent preparation all atoms are initially in a pure state,
e.g. |1i if |1i is a non degenerate ground state with a sufficient energy gap to the
state |2i. This is achievable by the so called stimulated Raman adiabatic passage
(STIRAP). STIRAP assures that the atoms return to their initial state after the
interaction with the weak coupling field. Further, it conserves the number of photons
in the weak field. A key point within STIRAP is that the two coupling fields Ωp (t)
and Ωc (t) change adiabatically, thus a complete transfer of the initial population
from |1i to |2i is reversible and therefore conserved.
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2.1.2

Dark-state polariton-field operator equation

Suppose we have a two level system which is prepared in the ground state |ψ0 i with
the energy E0 . Further, a time independent Hamiltonian Ĥ governs the system’s
evolution so that Ĥ|ψ0 i = E0 |ψ0 i. We are looking for a field operator Â† with the
property Ĥ(Â† |ψ0 i) = (E0 +~ω)Â† |ψ0 i, where ~ω corresponds to the energy gap that
divides the ground and excited state (this is basically the amount of energy needed
to excite the system). Time-independent Schrödinger equation for the excited state
Â† |ψ0 i yields the following requirement for the field operator
Ĥ(Â† |ψ0 i) = (E0 + ~ω)Â† |ψ0 i

(2.2)

Â† Ĥ|ψ0 i = E0 Â† |ψ0 i
(Ĥ Â† − Â† Ĥ)|ψ0 i = ~ω Â† |ψ0 i
[Ĥ, Â† ] = ~ω Â† ,
where the action on the state |ψ0 i is implicitly assumed.
If we extend the single two level to a degenerate two level system with the
two coupling fields, weak quantum probe field and classical driving field, the field
operator Â† is going to be expressed by a superposition of operators as it will be
presented in chapter 3 Dark-state polaritons in a degenerate two-level system.

2.2

Bright-polaritons in cavity-QED:
Jaynes-Cummings Model

In 1963, the two American physicists Edwin Jaynes and Fred Cummings proposed a
theoretical model in order to investigate the relation between quantum theory and
the semi-classical theory of radiation. In fact, they were motivated by describing
the process of spontaneous emission [21]. Within their approach they analysed
the interaction of a monochromatic electromagnetic field mode with a quantum
mechanical two-level system. Although this model is obviously an approximation,
it turned out to be of crucial importance in order to understand the fundamental
interaction between light and matter. The fact that Jaynes and Cummings found
a quantum mechanical description of light-matter interaction that showed a very
good quantitative agreement with experiments, strongly enhanced the progress in
the field of Quantum Optics and has been a corner stone especially in this field
9
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Figure 2.2: Energy structure of the two-level system. The two-level system consists
of a ground state |gi with energy E0 = 0 and an excited state |ei with energy Ee = ~.

of physics ever since. In the following years and decades the further developments,
based on their model, led to multiple applications and improvements such as masers,
lasers and optical trapping and cooling techniques [34, 35, 36]. A derivation of this
model can be found in almost every physics book concerning quantum optics, see for
instance the Refs. [37, 38, 39, 40, 41]. In this thesis I derive the Jaynes-Cummings
Model where I focus on the derivation of the two-level system Hamiltonian as well as
the interaction Hamiltonian. I mainly point out the two-level system Hamiltonian
and the interaction Hamiltonian because in case of the modified Jaynes-Cummings
Model, which is going to be derived in the sequel section, they change significantly.

2.2.1

Two-level system Hamiltonian

I now consider a two-level system that is placed in an optical micro-cavity and
interacts with the intra-cavity field mode. Further, I assume that the two-level
system has an energy structure as depicted in Figure (2.2). It consits of a ground
state |gi with energy E0 = 0 and an excited state |ei with energy Ee = ~.
By taking this point of view, I make the most general ansatz to deal with this kind
of system which is applicable to all experimental setups. Since the energy eigenstates
and their respective eigenvalues are known by definition, one can immediately write
down the Hamiltonian of this system in the energy representation:
Ĥatom = ~|eihe| + 0|gihg|.

(2.3)

By choosing a specific representation for the abstract eigenstates |gi, |ei, one can
transform this Hamiltonian in a more convenient form. Obviously, there are quite a
lot of possible representations. I use the simplest representation and associate the
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kets with the two dimensional Cartesian unit vectors as follows
|gi =

!
0
1

|ei =

,

!
1
0

.

(2.4)

As we use this representation for the state vectors, it leads to a matrix representation
for the projection operators in the Hamiltonian (2.3). Inserting (2.4) into (2.3) yields

Ĥatom = ~

1 0

!

0 0

0 1

+0

0 0

!

!
~ 0

=

0

0

.

(2.5)

Furthermore, remembering the definition of the Pauli matrices:

σ̂x =

0 1
1 0

!
,

σ̂y =

0 −i
i

!

0

,

σ̂z =

1

0

!

0 −1

,

(2.6)

and their combinations
1
σ̂ + = (σ̂x + iσ̂y ) =
2

0 1

1
σ̂ − = (σ̂x + iσ̂y ) =
2

0 0

!
(2.7a)

0 0

1 0

!
,

(2.7b)

one finds that, suitable combinations of the state vectors can be expressed in terms
of these matrices. In fact, it can be shown that, in this choice of representation, the
following relations hold

|eihg| =

|gihe| =

0 1

!

0 0
0 0
1 0

= σ̂ +

(2.8a)

= σ̂ − .

(2.8b)

!

From the above relations follows, that the operators σ̂ + , σ̂ − are the creation and
annihilation operators of the two-level system, i.e. σ̂ + creates an atomic excitation,
whereas σ̂ − destroys it. With the help of these relations, one finds for the remaining
projection operators the following form
|eihe| = σ̂ + σ̂ − ,

|gihg| = σ̂ − σ̂ + .

(2.9)
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Hence, one can finally express the projection operators, occurring in the two-level
Hamiltonian, in terms of combinations of Pauli matrices. If we plug in the expressions (2.9) into (2.3), the desired simplified form of the atomic Hamiltonian reads
Ĥatom = ~σ̂ + σ̂ − = ~n̂a ,

(2.10)

where I introduced the occupation number operator n̂a = σ̂ + σ̂ − for the two-level
system. Formally, this Hamiltonian shows quite similarities with the Hamiltonian
of the monochromatic free electromagnetic field
1
Ĥf ield = ~ω(n̂ + ).
2

(2.11)

Namely, the Hamiltonian takes on the form of a product of the occupation number of the excited level and the energy of this level. Note that, in literature one
often finds other notations for this Hamiltonian corresponding to another choice
of energies. Furthermore, one can see that the Hamiltonian (2.10) commutes with
the occupation-number operator n̂a and, therefore, the conserved quantities for this
Hamiltonian are the excitations of the two-level system. After having derived the
quantum mechanical description of the energy contributions of the intra-cavity photon field and the two-level system, I now investigate the energy contribution arising
from the interaction between those two, in the following section.

2.2.2

Interaction Hamiltonian

In the previous section, I derived the Hamiltonian for a two-level system without
specifying the actual experimental setup. However, in order to derive the interaction
Hamiltonian in the following paragraph, I need to be more precise, since there is a
variety of possible realizations of this system, leading to very different interactions.
For example, one can implement the two-level system using the spin of an electron,
which could be manipulated by a magnetic field. Hence, the interaction Hamiltonian
for this case would be proportional to the magnetic field. On the other hand, one
can use the electronic transitions in an atom, to realize the system. In this case the
electron would couple to the electric field vector. Within this thesis I focus on the
latter case. Hence, the energy states |gi, |ei correspond to electronic states. The
transition between these states is characterized by the electronic-transition dipole
moment. In this case the interaction is mediated via the coupling of the electri12
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cal field to the transition dipole moment. Assuming that the wavelength of the
monochromatic electric field is large compared to the dimension of the atom, one
can work in the so called dipole approximation. In this approximation, one considers
only the field strength at the centre-of-mass position of the atom. Thus, using this
approach, the classical interaction Hamilton function takes on the form
Hint = −qr · E(R, t),

(2.12)

where the vector R labels the centre-of-mass position of the atom and qr is the
classical electronic dipole moment. Since I assume that the intra-cavity photon field
is monochromatic ( specified by the mode index ρ) and has a fixed polarization σ,
I drop the index ρ and σ in the electric field E(R, t) and, thus, the explicit form of
the quantized form of the electric field is given by
Ê(R, t) = iξ[â(t)u(R) − â† (t)u∗ (R)],

(2.13)

where I introduced the abbreviation
ξ=(

~ω 1
)2 .
2

(2.14)

Note that, the photonic ladder operators â(t), â† (t) in the above equation are now
formally time dependent. The reason for this is, that I absorbed the time dependence
of the mode function u(R), which is characterized as a plane wave, and defined
â(t) = âe−iωt .

(2.15)

To the end of this section, I drop the explicit time dependence for the sake of clarity.
In order to write down the fully quantized version of (2.12), one still needs to find
the quantum mechanical description of the dipole moment. Trying to use the same
procedure as in (2.3), I expand the dipole operator in the energy eigenbasis of the
two-level system. This approach leads to
qr =

X

|iihi|qr|jihj|,

(2.16)

i,j

where the indices i and j label the respective energy eigenstates |gi, |ei. Since
transition dipole moments can just arise from electronic transition from |gi to |ei
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or vice versa, the terms corresponding to the even transitions he|qr|ei and hg|qr|gi,
have to be zero. Hence, I define
p : = qhe|r|gi,

(2.17a)

p∗ : = qhg|r|ei.

(2.17b)

These results yield the following expression for the dipole operator expansion (2.16):
qr = pσ̂ + + p∗ σ̂ − .

(2.18)

For the last equivalence in (2.18), I used the relation of the state vectors to the Pauli
matrices, introduced in (2.9). Subsequently, one can combine expressions (2.13) and
(2.18) to give the quantized version of the interaction Hamiltonian (2.12), which
reads
Ĥint = −iξ[âu(R) − â† u∗ (R)](pσ̂ + + p∗ σ̂ − ).

(2.19)

Expanding this expression yields
Ĥint = −iξ[âu(R) · pσ̂ + + âu(R) · p∗ σ̂ − − â† u∗ (R) · pσ̂ + − â† u∗ (R) · p∗ σ̂ − ]. (2.20)
Having a closer look at the occurring terms, one can see that, two of them describe
rather unphysical processes, that violate conservation laws. In fact, the term proportional to âσ̂ − describes the decay of the excited atomic level together with the
annihilation of an intra-cavity photon field, whereas the term proportional to â† σ̂ +
describes the excitation of the atom together with the creation of a photon. Both
processes obviously violate the conservation of energy and particle number in the
system and, hence, I neglect them in the further calculations. This approach is
known in the literature as the rotating wave approximation (RWA)[38, 40, 41] and
leads to a Hamiltonian of the form
Ĥint = −i~(gâσ̂ + − g ∗ â† σ̂ − ),

(2.21)

where I introduced the complex coupling strength g defined by ~g = ξu(R) · p and
~g ∗ = ξu∗ (R)·p∗ . Note that the implicit time dependence of the Hamiltonian (2.21)
due to relation (2.15) vanishes in a rotating frame and, thus, can be neglected in
the following considerations. At first appearance it seems that, one has arrived at
the simplest form for the interaction Hamiltonian. However, I show within the next
14
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section that there exists a property of the Hamiltonian (2.21), which leads to an
even more compact form.

2.2.3

Symmetry of the interaction Hamiltonian

Within this section I am going to examine the invariance of the Hamiltonian (2.21)
under global U(1) phase transformations. This symmetry offers the possibility to
restrict the complex coupling strength g to real values and, thus, leads to the final
form of the interaction part of the Jaynes-Cummings Hamiltonian. The standard
approach to analyse this property of the Hamiltonian is to apply a global phase
transformation to either the state vectors or the appearing operators. I use the first
method and perform the following transformation for the two-level eigenstates
0

|ei → eiα |ei,

0

|gi → eiβ |gi.

(2.22)

The introduced parameters α and β are global constants independent of space and
time. Using the relations (2.8) I see that this transformation immediately yields
new expressions for the annihilation and creation operators of the two-level system,
namely
0

σ̂ + → ei(α−β) σ̂ + ,

0

σ̂ − → e−i(α−β) σ̂ − .

(2.23)

By inserting these expressions into (2.10), it is easy to see that the performed phase
transformation leaves the Hamiltonian invariant.
0

0

0
Ĥatom
= ~σ̂ + σ̂ − = ~ei(α−β) σ̂ + e−i(α−β) σ̂ − = ~σ̂ + σ̂ − = Ĥatom .

(2.24)

Following the same procedure, I analyse the symmetry of the Hamiltonian for the
free electromagnetic field (2.11), by performing a global phase transformation on
the photonic annihilation and creation operators as follows
â0 → eiφ â,

0

â† → e−iφ â† ,

(2.25)

with the global constant φ. An investigation of the effect of this transformation on
equation (2.11) immediately shows that the Hamiltonian of the intra-cavity photon
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field stays invariant:
Ĥ 0 f ield







1
1
1
†0 0
−iφ † iφ
†
= ~ω â â +
= ~ω e â e â +
= ~ω â â +
= Ĥf ield .
2
2
2
(2.26)

Therefore, both, the intra-cavity field Hamiltonian as well as the two-level system
Hamiltonian remain invariant under some global phase transformation. The interesting question is: what happens to the interaction part? This can be easily
investigated by simultaneously performing both transformations (2.23) and (2.25)
on equation (2.21), which results in the modified interaction Hamiltonian:


Ĥint = −i~ gâσ̂ + ei(φ+α−β) − g ∗ â† σ̂ − e−i(φ+α−β) .

(2.27)

Furthermore, using the fact that complex numbers can be separated into a real
modulus and a complex phase, equation (2.27) can be rewritten as


Ĥint = −i~|g| âσ̂ + ei(θ+φ+α−β) − â† σ̂ − e−i(θ+φ+α−β) ,

(2.28)

where I defined g = |g|eiθ . The arbitrariness of the introduced parameters α, β and
φ allows to choose their values in such a way as to compensate the phases of the
coupling constant. For this reason, I demand that the following relation has to hold
!

θ+φ+α−β =
Here I choose

π
2

π
.
2

(2.29)

because I want to use the over determination to get rid of the

prefactor i in (2.28). With the phase parameters obeying equation (2.29), one finally
arrives at the most compact formulation of the interaction Hamiltonian, which reads

Ĥint = ~g âσ̂ + + â† σ̂ − ,

(2.30)

where the coupling constant g is now a real quantity and is defined as
~g = ξ|u(R) · p|.

2.2.4

(2.31)

Jaynes-Cummings model Hamiltonian

The Jaynes-Cummings (JC) system is depicted schematically in Figure (2.3). In
this picture I have indicated the main processes one has to deal with in further
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Figure 2.3: Two-level system in a micro-cavity and the most important processes
in this system. Yellow arrows indicate the creation annihilation of cavity photons,
green arrows indicate the excitation and relaxation of the two-level system and the
red arrows indicate the loss processes (~ = 1).

calculations. Specifically, there are: the creation and annihilation of intra-cavity
photons via the photonic operators â,â† , the excitation and relaxation of the twolevel system via the electronic operators σ̂ + , σ̂ − . Furthermore, there are additional
processes, which haven’t been discussed so far. These new processes, which are
indicated by the red waving arrows, correspond to loss processes in the cavity. In
a real experiment, there will be two main sources for energy dissipation out of
the system. The first one is simply due to the fact that, in general there is a
non-vanishing probability for spontaneous emission of a photon from the excited
level of the atom. In my formulation this probability is proportional to γ. The
second process amounts for the fact, that the cavity itself is not perfectly closed
and, therefore, gives rise to the possibility of a photon to leak out of the cavity at
a rate λ. However, within the further calculations, I explicitly neglect these loss
processes, assuming that the coupling g is much bigger than the dissipation, i.e.
η=

g2
 1.
γλ

(2.32)

This approach is known in the literature as working in the strong coupling regime
with η the cooperativity parameter.This regime has already been shown to be experimentally feasible in many different setups [42, 43, 44, 45, 46, 47, 48, 49, 50,
51, 52, 53, 54]. From equation (2.31), I deduce that, this regime can be established by maximizing the electronic-transition dipole moment and choosing a small
cavity volume. For completeness, I mention that there also exists some calculations
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[53, 55, 56, 57, 58] and experiments [59, 60], that explicitly describe and test the dissipative regime by taking loss processes into account. Hitherto, I have thoroughly
derived and justified the basic constituents of the form of the Jaynes-Cummings
Hamiltonian. Therefore, I can now write down the full Hamiltonian, which reads
Ĥ JC = Ĥf ield + Ĥatom + Ĥint .
Shifting the energy of the system by

~ω
2

(2.33)

in order to get rid of the zero-point energy

contribution, which arises from the electromagnetic field Hamiltonian, one finds the
following form for the Jaynes-Cummings Hamiltonian in the rotating wave approximation:

Ĥ JC = ~ωâ† â + ~σ̂ + σ̂ − + ~g âσ̂ + + â† σ̂ − .

(2.34)

One can further transform this expression to a more convenient form, by introducing
the composed occupation number operator
n̂ = â† â + σ̂ + σ̂ − ,

(2.35)

∆ =  − ω,

(2.36)

and the detuning parameter

which is a measure for the detuning between the monochromatic photon field frequency and the two-level transition frequency. The resulting Hamiltonian reads

Ĥ JC = ~ωn̂ + ~∆σ̂ + σ̂ − + ~g âσ̂ + + â† σ̂ − ,

(2.37)

which I will use within the further calculations. First, I notice some general properties of this Hamiltonian. One thing I observe is that in the case of resonant
pumping, i.e. ∆ = 0 the second term vanishes, leaving just the contribution proportional to ~ω and the interaction term, which is proportional to g. Considering
the latter, I place emphasis on the fact that, this term describes the conversion of
atomic excitations to photonic excitations and vice versa. The next step to analyse
the Jaynes-Cummings model is to determine the eigenstates and eigenvalues of the
Hamiltonian (2.37). It turns out that to perform these calculations, the rotating
wave approximation introduced in Section (2.2.2) is absolutely crucial. Within this
approximation it is possible to analytically diagonalize the Hamiltonian. However,
as proposed by Feranchuk et. al.[61] and others [37, 62, 63, 64, 65] it is also possible
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to analytically solve the Jaynes-Cummings model without the RWA, but within this
thesis, I explicitly make use of this simplification. In order to diagonalize the Hamiltonian (2.37), one has to investigate its commutator with the occupation number
operator n̂, which leads to
h

n̂, Ĥ

JC

i


 



= ~ω [n̂, n̂] + ~∆ n̂, σ̂ + σ̂ − + ~g n̂, âσ̂ + + n̂, â† σ̂ − .

(2.38)

Remembering that each operator commutes with itself and noticing that the following relations have to hold

 
 
 

â, σ̂ + = â, σ̂ − = â† , σ̂ + = â† , σ̂ − = 0,

(2.39)

since the appearing operators â† , â and σ̂ + , σ̂ − operate on independent subspaces,
one can immediately conclude that

 

n̂, â† â = n̂, σ̂ + σ̂ − = 0.

(2.40)

Hence, the commutator (2.38) simplifies to
h
i

 

n̂, Ĥ JC = ~g n̂, âσ̂ + + n̂, â† σ̂ − .

(2.41)

Using the fundamental commutator relations for the photonic ladder operators as
bosonic operators and the commutator relation of the Pauli matrices:
 + −
σ̂ , σ̂ = σ̂z ,

(2.42)

one can easily calculate the remaining commutators, which results in the following
relations
 + −

 + − † −
σ̂ σ̂ , âσ̂ + = âσ̂ + ,
σ̂ σ̂ , â σ̂ = −â† σ̂ − ,
 †

 †

â â, âσ̂ + = −âσ̂ + ,
â â, â† σ̂ − = â† σ̂ − ,

(2.43)

which yields for the commutators in equation (2.41)

 

n̂, âσ̂ + = n̂, â† σ̂ − = 0.

(2.44)
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Thus, I found the very important property, that the Jaynes-Cummings Hamiltonian
Ĥ JC commutes with the bosonic occupation number operator n̂:
h

i
n̂, Ĥ JC = 0.

(2.45)

This result has two essential implications. The first one is that n̂ obviously describes
a conserved quantity in the Jaynes-Cummings model. This quantity is the number
of so called polaritons in the system. In the present model, a polariton is basically
a coupled excitation of the atomic and the photonic system. The second important
implication is that Ĥ JC and n̂ share a common set of eigenstates, in which both
operators are diagonal. In order to find these states, it is advisable to have a closer
look at the occupation number operator. As introduced in (2.35), this operator
is the sum of the occupation number operators for the intra-cavity photon field
n̂p = â† â and the occupation number operator n̂a = σ̂ + σ̂ − of the two-level system,
respectively. Because these operators commute as well, they also share a set of
common eigenstates. Nevertheless, since they operate in different subspaces and,
therefore, have distinct sets of eigenvalues, the only possible candidate for a common
set of eigenstates are the product states of the photonic Fock states and the atomic
two-level states. For this reason, I consider the ansatz
|np , si = |np i ⊗ |si,

s ∈ {e, g} ,

(2.46)

where these new states have to satisfy the eigenvalue equations
n̂p |np , si = np |np , si,

(2.47)

n̂a |np , si = na |np , si.
Furthermore, the new set of product states inherits the completeness and orthogonality relations from the subspaces of its components yielding
∞ X
X

|np , sihnp , s| = 1,

(2.48)

hn0p , s0 | · |np , si = δnp ,n0p δs,s0 .

(2.49)

n=0 s=e,g

Throughout this thesis, I refer to these product states as the bare basis set of the
Jaynes-Cummings model. The presented set of states leads, according to equations
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(2.46) and (2.47), to the following eigenvalue equation of the polariton occupation
number operator
n̂|np , si = (n̂p + n̂a ) |np , si = (np + na ) |np , si = n|np , si.

(2.50)

Remembering from Section (2.2.1) that na can only take on the values 1 and 0,
corresponding to the excitation states |ei and |gi, one can immediately deduce from
(2.50) the important fact that for a fixed number n of polaritons there exist two
possible micro states. Having found a set of eigenstates of the polariton occupation
number operator,now, one can make use of this result and write down the representation of the Jaynes-Cummings Hamilton operator with respect to the bare basis by
using the completeness relation (2.48):
Ĥ

JC

=

∞
X
X

|np , sihnp , s|Ĥ JC |n0p , s0 ihn0p , s0 |.

(2.51)

np ,n0p =0 s,s0

Arranging the occurring terms according to the number of polaritons and using
the orthogonality relation (2.49), leads to a block-diagonal form of the Hamilton
operator. One can see that (2.51) separates into the ground-state contribution
and an infinite number of blocks of higher order contributions with fixed polariton
number n:
Ĥ JC = |0, gih0g,0g h0, g|

(2.52)

+ |1, gih1g,0e h0, e| + |1, gih1g,1g h1, g| + |0, eih0e,1g h1, g| + |0, eih0e,0e h0, e|
+ |2, gih2g,1e h1, e| + |2, gih2g,2g h2, g| + |1, eih1e,2g h2, g| + |1, eih1e,1e h1, e|
+ |3, gih3g,2e h2, e| + |3, gih3g,3g h3, g| + |2, eih2e,2e h2, e| + |2, eih2e,3g h3, g|
+ ...,
where I used the abbreviation hns,n0 s0 = hn, s|Ĥ JC |n0 , s0 i for the respective matrix
elements. This expression can be transformed to a simpler form by introducing
(2 × 2) matrices for each polariton number, leading to a Hamiltonian of the form
Ĥ JC = ĥ0 +

∞
X

ĥn ,

(2.53)

n
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where n labels the number of polaritons and the operators ĥ0 , ĥn are defined as
ĥ0 = |0, gih0, g|Ĥ JC |0, gih0, g|,

ĥn =

hn, g|Ĥ JC |n, gi

hn, g|Ĥ JC |n − 1, ei

(2.54)

!

hn − 1, e|Ĥ JC |n, gi hn − 1, e|Ĥ JC |n − 1, ei

.

(2.55)

Remembering the analysis of Section (2.2.1), one can calculate the matrix entries
using the action of the ladder operators on their respective eigenstates. With the
properties
σ̂ + σ̂ − |n, gi = 0,

σ̂ + σ̂ − |n − 1, ei = |n − 1, ei,

(2.56)

â† â|n, gi = n|n, gi, â† â|n − 1, ei = (n − 1)|n − 1, ei,
√
âσ̂ + |n, gi = n|n − 1, ei âσ̂ + |n − 1, ei = 0,
√
â† σ̂ − |n, gi = 0, â† σ̂ − |n − 1, ei = n|n, gi,
one finds, that the sub Hamiltonians (2.55) have the following representation in the
bare basis
ĥn =

!
√
~ωn
~g n
.
√
~g n ~ωn + ~∆

(2.57)

Thus, the problem of finding the eigenvalues of the potentially infinite Hamiltonian
(2.37) is reduced to the much simpler task of finding the two eigenvalues of matrix
(2.57). Mathematically this is a well known situation, which can be solved in general
by evaluating the characteristic polynomial of the respective matrix. In the present
case this approach yields the following equation
(~ωn − En )(~ωn + ~∆ − En ) − ~2 g 2 n = 0,

(2.58)

which immediately gives the eigenvalues as

En± = ~ωn + 1 ~(∆ ± χn (∆)) n ≥ 1
2
En =
E = 0
n=0
0

(2.59)
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Figure 2.4: Plot of the energy eigenvalues (2.59) of the Jayne’s-Cummings model
versus the detuning (~ = 1).

χn (∆) is the generalized Rabi frequency and has the form
χn (∆) =

p
∆2 + 4g 2 n.

(2.60)

In Figure (2.4), I plot the energy eigenvalues (2.59) versus the detuning. One can
see from this picture that for a fixed polariton number n the spectrum contains a
set of two non-degenerated energy eigenvalues. One can see clearly that these eigenvalues naturally separate into so called upper and lower polariton branches, with
the vacuum state as the only eigenstate belonging to both of them. Furthermore,
one finds that the energy eigenvalues remain completely non-degenerated, even if
the system is not in resonance. The splitting between states with the same number
of polaritons is, according to equation (2.59), given by
δEn = En+ − En− = χn (∆) =

p
∆2 + 4g 2 n.

(2.61)

Notice, that this splitting does not only depend on the detuning ∆, which is expected, but also on the occupation number n in a non-linear way. Having obtained
the energy eigenvalues, I can now calculate the respective eigenvectors by solving
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the eigenvalue equation
!
√
~ωn
~g n
·
√
~g n ~ωn + ~∆

α±
β±

!

α±

= En±

!

β±

.

(2.62)

To this end, I additionally assume that the eigenvectors are normalized and therefore
their coefficients have to satisfy the relation
(α± )2 + (β ± )2 = 1

(2.63)

Hence, the coefficients α± and β ± depend on each other. Because of that, I just
have to consider one of the equations described by (2.62). Choosing the first one, I
find that the coefficients have to satisfy the relation
√
~ωnα+ + ~g nβ + = En+ α+ .

(2.64)

Inserting (2.63) yields:
√ p
(~ωn − En+ )α+ + ~g n 1 − (α+ )2 = 0,
√ p
1
~(∆ + χn (∆))α+ = ~g n 1 − (α+ )2 ,
2


(∆ + χn (∆))2 (α+ )2 = 4g 2 n 1 − (α+ )2 .

(2.65)

Hence, one finds for the first coefficient α+ :
√
2g n

+

α =p

(∆ + χn (∆))2 + 4g 2 n

.

(2.66)

Applying (2.63) once more, the second coefficient β + becomes:
∆ + χn (∆)
β+ = p
.
(∆ + χn (∆))2 + 4g 2 n

(2.67)

In principle, one could directly use these expressions. Yet, relation (2.63) implicates,
that there should also exist a mapping for the coefficients α+ and β + onto the unit
circle. This observation justifies the parametrization
sin (θn ) := α+ ,

cos (θn ) := β + .

(2.68)
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That does not look like a huge improvement, but using some trigonometric addition
theorems, one can show that this approach simplifies the form of the eigenstate
coefficients. Using an addition theorem for the cosine leads to:

cos (2θn ) = cos2 (θn ) − sin2 (θn ) =

(∆ + χn (∆))2 − 4g 2 n
(∆ + χn (∆))2 + 4g 2 n

(2.69)

2∆2 + 2∆χn (∆)
2χ2n (∆) + 2∆χn (∆)
2∆(∆ + χn (∆))
=
,
2χn (∆)(χn (∆) + ∆)
=

which, in turn, leads to the neat relation:
cos (2θn ) =

∆
.
χn (∆)

(2.70)

A corresponding theorem for the sine yields:
√
4g n(χn (∆) + ∆)
sin (2θn ) = 2 sin (θn ) cos (θn ) =
(∆ + χn (∆))2 + 4g 2 n
√
4g n(χn (∆) + ∆)
,
=
2χn (∆)(χn (∆) + ∆)
and thus, one finds:

√
2g n
sin (2θn ) =
.
χn (∆)

(2.71)

(2.72)

The combination of equation (2.70) and equation (2.72) results in the concise expression

√
2g n
tan (2θn ) =
.
∆

(2.73)

Performing the same calculations for the second set of probability amplitudes, one
finds the analogue relations:
−

√
2g n

,

(2.74)

(∆ − χn (∆))
β− = p
.
(∆ − χn (∆))2 + 4g 2 n

(2.75)

α =p

(∆ − χn (∆))2 + 4g 2 n

In order to determine the corresponding expressions in the parametrized picture,
which were introduced in relation (2.68), one needs to take a closer look at the
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squared amplitudes. After some transformations:
(α− )2 =

4g 2 n(∆ + χn (∆))2
4g 2 n
=
(∆ − χn (∆))2 + 4g 2 n
(∆ − χn (∆))2 (∆ + χn (∆))2 + 4g 2 n(∆ + χn (∆))2
(2.76)

4g 2 n(∆ + χn (∆))2
4g 2 n(∆ + χn (∆))2
=
(∆2 − χ2n (∆))2 + 4g 2 n(∆ + χn (∆))2
(−4g 2 n)2 + 4g 2 n(∆ + χn (∆))2
(∆ + χn (∆))2
4g 2 n(∆ + χn (∆))2
=
,
= 2
4g n(4g 2 n + (∆ + χn (∆))2 )
(4g 2 n + (∆ + χn (∆))2 )

=

one gets the important relation:
(α− )2 = (β + )2 .

(2.77)

Following the same argumentation for β − , yields:
4g 2 n(∆ − χn (∆))2
(∆ − χn (∆))2
=
(2.78)
(∆ − χn (∆))2 + 4g 2 n
(∆ − χn (∆))2 4g 2 n + (4g 2 n)2
4g 2 n(∆ − χn (∆))2
4g 2 n
= 2
=
2
2
2
4g n(∆2 − χ2n (∆))2 + (−(∆2 − χ2n (∆)))2
4g 2 n + (∆ −χn (∆))2

(β − )2 =

(∆−χn (∆))

2

2

=

4g n
4g 2 n

+

(∆−χn (∆))2 (∆+χn (∆))2
(∆−χn (∆))2

=

4g 2 n

4g n
,
+ (∆ + χn (∆))2

which indicates that
(β − )2 = (α+ )2 .

(2.79)

However, there is still an uncertainty left. The calculations of the squared amplitudes
(α± )2 , (β ± )2 harbour the risk to loose some signs. If I consider the case of zero
detuning, I find that β − indeed has to fullfil the relation β − = −α+ . Now, I finally
arrive at the desired form of the Jaynes-Cummings eigenstates, that for n ≥ 1 the
polariton eigenstates are given by
|n, +i : = sin (θn )|n, gi + cos (θn )|n − 1, ei

(2.80a)

|n, −i : = cos (θn )|n, gi − sin (θn )|n − 1, ei,

(2.80b)

whereas the vacuum state corresponding to n = 0 takes on the form
|0, ±i ≡ |0, gi = |0i.

(2.81)
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According to (2.73) the occurring mixing angle θn is defined as:
√
1
2g n
θn = arctan
.
2
∆

(2.82)

Besides, using the orthogonality relation defined in (2.49), one can show that the
Jaynes-Cummings eigenstates are orthonormal and obey the relation
hm, α|n, βi = δm,n δα,β .

2.3

(2.83)

Dark-polaritons in cavity-QED:
Modified Jaynes-Cummings Model

When the two American physicists Edwin Jaynes and Fred Cummings proposed
their theoretical model, they were focusing on the interaction of a monochromatic,
electromagnetic field mode with a quantum mechanical two-level system. The key
feature here is that we have a single field which is quantized itself and the detuning,
which describes the depletion of the excited level of the quantum mechanical twolevel system through a non-resonant coupling of the atomic transition |gi→|ei by
the monochromatic electromagnetic field, is arbitrary. However, what happens to
the standard JC-model if we add an additional classical field and a further atomic
level ? The answer to this question leads us to the modified Jaynes-Cummings
(MJC)-model which is going to be discussed within this section. First, we derive
the MJC-model Hamiltonian and discuss its properties as well as the properties of
the eigenstates. Furthermore, we compare the two models.

2.3.1

Modified Jaynes-Cummings model Hamiltonian

We consider a single photon in a single mode QED cavity in which a Λ three-level
atom is embedded. The ground levels are |gi and |f i with their level energies ωg
and ωf , whereas the excited level |ei with level energy ωe is detuned by a large,
common single photon detuning ∆ with respect to two coupling fields. The cavity
field with frequency ω0 couples the transition |gi → |ei with strength g0 . Further, a
classical control field with frequency ωc and Rabi-frequency Ω couples the transition
|f i→|ei. Hence, |∆|  g0 , Ω. The system depicted is shown in Figure (2.5). Our
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Figure 2.5: Three-level system in a single mode QED cavity with far detuned excited
level |ei. Blue arrow indicates the cavity mode coupling of the transition |gi − |ei with
a strength g0 , while the red arrow indicates the classical control field coupling of the
transition |f i − |ei with a Rabi-frequency Ω. ∆ represents the common single photon
detuning(~ = 1).

bare model Hamiltonian (~ = 1) has the form
Ĥbare (t) = Ĥc + Ĥa + Ĥint (t),

(2.84a)

Ĥc = ω0 â† â,

(2.84b)

Ĥa = ωg σ̂gg + ωf σ̂f f + ωe σ̂ee ,

(2.84c)

Ĥint (t) = −(g0 âσ̂eg + g0∗ â† σ̂ge + Ωe−iωc t σ̂ef

(2.84d)

+ Ω∗ eiωc t σ̂f e ),
where Ĥc denotes the free field Hamiltonian of the QED cavity, Ĥa stands for the free
atomic Hamiltonian and Ĥint (t) describes the interaction of the fields with the atom.
â† (â) is the photonic creation (annihilation) operator and σ̂αβ = |αihβ| (α, β ∈
{g, f }) are the atomic operators. Ĥbare (t) in (2.84) satisfies the time-dependent
Schrödinger equation
i∂t |Ψ(t)i = Ĥ 0 (t)|Ψ(t)i.

(2.85)

We move to a rotating frame in which (2.84) is time-independent. The corresponding
gauge transformation [12, 15] has the form (~ = 1)
Ĥ T = Û (t)Ĥbare (t)Û † (t) + i∂t (Û (t))Û † (t),

(2.86)
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where Û (t) is a unitary transformation. Under the gauge (2.86), Ĥbare (t) reads
T
= Ĥc + Ĥa + Ĥint ,
Ĥbare

(2.87a)

Ĥc = ω0 â† â,

(2.87b)

Ĥa = ωg σ̂gg + (ωf + ωc )σ̂f f + ωe σ̂ee ,

(2.87c)

Ĥint = −(g0 âσ̂eg + g0∗ â† σ̂ge + Ωσ̂ef + Ω∗ σ̂f e ).

(2.87d)

Û (t) = e−iωc tσ̂f f has been chosen as the unitary transformation in deriving (2.87).
Assume that the Λ three-level atom is initially prepared in the state |g, ni = |gi⊗|ni.
n represents the arbitrary but fixed number of excitations with n = 1, 2, 3 . . . and |ni
T
the corresponding number state. Under the action of Ĥbare
onto the state |g, ni =

|gi ⊗ |ni, we get the relations
√
T
Ĥbare
|g, ni = (ω0 n + ωg )|g, ni − g0 n|e, n − 1i
√
T
Ĥbare
|e, n − 1i = (ω0 (n − 1) + ωe )|e, n − 1i − g0∗ n|g, ni − Ω∗ |f, n − 1i

(2.88b)

T
Ĥbare
|f, n − 1i = (ω0 (n − 1) + ωf + ωc )|f, n − 1i − Ω|e, n − 1i.

(2.88c)

(2.88a)

T
has the matrix-representation
In the subspace {|g, ni, |e, n − 1i, |f, n − 1i}, Ĥbare


√
(ω0 n + ωg )
−g0 n
0


√
∗
∗
.
=
−g
n
ω
(n
−
1)
+
ω
−Ω
0
e
0


0
−Ω
(ω0 (n − 1) + ωf + ωc )


hbare

(2.89)

Under Raman resonance condition ω0 n + ωg = ωf + ωc = ωe − ∆, we get

hbare



√
(ω0 n + ωg )
−g0 n
0


√
∗
.
=
(ω0 (n − 1) + ωe )
−Ω∗
 −g0 n

0
−Ω
(ω0 (n − 1) + ωf + ωc )

(2.90)

Under a rotating-wave approximation, (2.90) is reduced to


hRaman
bare

√



0
−g0 n
0


√
∗

= −g0 n
∆
−Ω∗ 
.
0
−Ω
0

(2.91)

In addition, as we have a far detuned excited state |e, n − 1i, i.e. |∆|  g0 , Ω [66] we
can adiabatically eliminate the contribution of the excited state |e, n − 1i directly
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on the level of (2.91). This yields to
2

h(mJC) =

− |g0∆| n

∗ √n

− g0 Ω∆

√ !
g0∗ Ω n
∆
.
|Ω|2
− ∆

−

(2.92)

(2.92) represents the matrix-form of the modified Jaynes-Cummings Hamiltonian
(mJC) in the subspace {|g, ni, |f, n−1i}. The operator form of the modified JaynesCummings Hamiltonian (mJC) reads
Ĥ (mJC) = ĤS + Ĥint ,
|g0 |2 †
|Ω|2
â âσ̂gg +
σ̂f f ),
∆
∆
g∗Ω
g0 Ω∗
= −( 0 â† σ̂gf +
âσ̂f g ).
∆
∆

(2.93a)

ĤS = −(

(2.93b)

Ĥint

(2.93c)

The term ĤS incorporates the influence of Stark shifts of the detuned fields, while
Ĥint represents the interaction of the cavity field and the atom, where G = g0∗ Ω/∆ is
the effective atom-photon coupling constant. Hamiltonians ĤS and Ĥint constitute
the modified Jaynes-Cummings Hamiltonian. In the sequel, we are going to discuss
the eigenstates of Ĥ (mJC) and look at the effect of the control field Stark shift.

2.3.2

Eigenstates of the modified Jaynes-Cummings model
Hamiltonian

In the following, we calculate the eigenenergies and eigenstates of Ĥ (mJC) . We show
that dependently on whether one compensates the control field Stark shift by using
external fields or not, the eigenenergies, composition of the eigenstates and the
mixing angle θn differ significantly. First, we consider the case of non-compensated
control field Stark shift. Ĥ (mJC) of (2.93) reduces in the subspace {|g, ni, |f, n − 1i}
as
h(m)
=
n

√ !
2
− |g0∆| n −G n
,
√
2
−G∗ n − |Ω|
∆

(2.94)
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with n = 1, 2, 3, . . . the total number of excitations and corresponding number state
|ni. The eigenenergies are given as
(m)

E+,n = 0
(m)

E−,n = −(

(2.95)
2

2

|g0 | n |Ω|
+
)
∆
∆

(m)

(2.96)

(m)

The eigenstates to the eigenenergies E+,n and E−,n read
|n, DP (+) i := sin (θn )|f, n − 1i − cos (θn )|g, ni

(2.97a)

|n, DP (−) i := cos (θn )|f, n − 1i + sin (θn )|g, ni

(2.97b)

with the occurring mixing angle θn which is defined as:
√
1
2|g0 | n
θn = arctan (
).
2
Ω

(2.98)

However, |n, DP (±) i are called dark-polaritons. A dark-polariton is a quasiparticle
which is a superposition of photonic and atomic excitations, where the atomic excitations have only contributions of ground levels |gi and |f i and not the excited
level |ei. Such dark-polaritons are very similar to the known dark-state polaritons [10, 11], but with one major difference. Dark-state polaritons are defined at
Raman-resonance of two coupling fields and formed independently of the single photon detuning. Instead, dark-polaritons, which are also defined at Raman-resonance,
are formed for a large single, common photon detuning ∆ of the two coupling fields,
i.e. |∆|  gm , Ω. The dependence on ∆ enables to tune the eigenstate |n, DP (±) i
(m)

from an excited to a ground eigenstate. This follows from the eigenenergy E−,n of
the dark-polariton |n, DP (−) i. If ∆ > 0 (∆ < 0), |n, DP (+) i is an excited (a ground)
eigenstate and |n, DP (−) i a ground (an excited) eigenstate. Note that |n, DP (+) i
(m)

is a degenerate eigenstate because the corresponding eigenenergy E+,n does not depend on the dark-polariton number n. |n, DP (−) i is a degenerate eigenstate as well
for n ≥ 2. Thus, the spectrum is descrete and degenerate in dependence of the
dark-polariton number n. Now, we switch to the case of compensated control field
Stark shift. Compensation is achieved by using an additional field, which couples the
ground state |f i with some far off resonant excited state [67]. Within (2.94) we set
the control field Stark shift

|Ω|2
∆

to zero. Hence, the new block-matrix representation
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(m,comp)

hn

in the subspace {|g, ni, |f, n − 1i} reads
h(m,comp)
=
n

√ !
2
− |g0∆| n −G n
,
√
0
−G∗ n

(2.99)

with n = 1, 2, 3, . . . the total number of excitations and corresponding number state
|ni. The block-matrix (2.99) is a 2 × 2 matrix and can be analitically diagonalized.
The eigenenergies are given as
(comp,m)
E−,n
(comp,m)

E+,n

√ p
|g0 |2 n + |g0 | n |g0 |2 n + 4|Ω|2
=−
2∆
√ p 2
2
−|g0 | n + |g0 | n |g0 | n + 4|Ω|2
=
.
2∆
(comp,m)

The respective eigenstates to the eigenenergies E+,n

(comp,m)

and E−,n

(2.100)

are

(+)
|n, DPcomp
i : = sin (θn )|f, n − 1i + cos (θn )|g, ni

(2.101a)

(−)
|n, DPcomp
i : = cos (θn )|f, n − 1i − sin (θn )|g, ni,

(2.101b)

with the occurring mixing angles θn which is defined as:
1
A(Ω, n)
).
θn = arctan (
2
B(g0 , Ω, n)
√
√
A(Ω, n) = 2 2 × Ω n
p
B(g0 , Ω, n) = C(g0 , Ω, n)
C(g0 , Ω, n) = |g0 |n2 + 4|Ω|2 n + D(g0 , Ω, n)
√ p
D(g0 , Ω, n) = |g0 |n n |g0 |2 n + 4|Ω|2

(2.102a)
(2.102b)
(2.102c)
(2.102d)
(2.102e)

(±)

|n, DPcomp i are dark-polaritons, but of a different type compared to the case of
(comp,m)

non-compensated control field Stark shift. First of all, the eigenenergies Es,n
p
with s = +, − depend on the generalized Rabi-frequency ξ(n) = |g0 |2 n + 4|Ω|2 .
(±)

Secondly, |n, DPcomp i have a common mixing angle θn that depends on the generalized Rabi-frequency ξ(n) as well. In addition, the two dark-polariton branches,
(±)

represented through |n, DPcomp i are separated by the energy amount
(comp,m)
E−,n

−

(comp,m)
E+,n

√ p
|g0 | n |g0 |2 n + 4|Ω|2
=
.
∆

(2.103)
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The seperation energy is directly dependent on the generalized Rabi-frequency ξ(n)
and the common single photon detuning ∆ as well. This seperation is related to the
photon-photon repulsion. It is a consequence of the onsite repulsion U (n) which is
a measure of the Kerr-nonlinearity [23].

2.3.3

Comparison of the standard and modified JaynesCummings model Hamiltonian

On the level of the individual Hamiltonians, major differences are that at first, in
Ĥ (mJC) the number operator depends on the projection operator σ̂gg of the ground
level |gi which is not the case in Ĥ (JC) . Second, in Ĥ (mJC) the atom-cavity field
coupling strength G = gm Ω/∆ is rescaled by the common single photon detuning ∆
and the Rabi-frequency Ω, where G is chosen to be real. Regarding the eigenstates, a
key difference between Ĥ (mJC) and Ĥ (JC) is that in the modified Jaynes-Cummings
model we have eigenstate dependence on the control field Stark shift. In addition,
within the modified Jaynes-Cummings model, we only have a dependence on ground
levels, whereas in the standard Jaynes-Cummings model there exists a dependence
on the excited level. Hence, these dependency affect the coherences. Namely, the
bright-polaritons in the standard Jaynes-Cummings model only consist of optical
coherences σ̂eg and are explored to spontaneous emission, while in the modified
Jaynes-Cummings model, dark-polaritons only consist of spin coherences σ̂f g and
no exploration to spontaneous emission is present. This enables the usage of darkpolaritons as a quantum memory for photons over their spin-coherences likewise the
dark-state polaritons [10, 11, 12, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 15].
Changing the mixing angles in (2.98) and (2.102) over rotations from 0→ π2 , which
corresponds to an adiabatical change of the Rabi-frequency Ω, photons are transfered
to and stored in the spin-coherences in a reversible manner. Optical coherences
have shorter coherence times compared to the spin coherences which have longer
coherence times. Coherence times of spin-coherences are in the range of µs to ms
in dark-state polaritons [10, 11]. Similar is the case for dark-polaritons.
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3
Dark-state polaritons in a
degenerate two-level system
We investigate the formation of dark-state polaritons in an ensemble of degenerate
two-level atoms admitting electromagnetically induced transparency. Using a generalization of microscopic equation-of-motion technique, multiple collective polariton
modes are identified depending on the polarizations of two coupling fields. For each
mode, the polariton dispersion relation and composition are obtained in a closed
form out of a matrix eigenvalue problem for arbitrary control field strengths. We
illustrate the algorithm by considering the Fg = 2 → Fe = 1 transition of the D1
line in

87

Rb atomic vapour. In addition, an application of dark-state polaritons to

the frequency and/or polarization conversion, using D1 and D2 transitions in cold
Rb atoms, is given.

3.1

Degenerate two-level system

Figure 3.1: Schematic of a degenerate two-level system, having a ground state manifold g and an excited state manifold e, driven by a strong classical control field (thick
line) of Rabi frequency Ω and by a weak quantum probe field Ê (dashed line) of
different polarizations.
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3.1 Degenerate two-level system
In this section, we present a general formalism of dark-state polaritons in a
degenerate two-level system. It is a generalization of the neat approach of Ref. [12].
We consider a gas sample of N atoms, where N is large. Let us denote by Hg the
Hilbert space of the atomic states in the ground state manifold g and let He be
the Hilbert space of atomic excited states in the manifold e. The corresponding
ground- and excited-state energies are denoted by ~ωg and ~ωe , respectively. A
strong classical control field of Rabi frequency Ω and a weak quantum probe field
Ê, which differ in polarizations and both propagate along the z axis, couple the
transition g → e (see Fig. 3.1). The corresponding raising and lowering operators of
the control (probe) field, V̂c† and V̂c (V̂p† and V̂p ), connect the states in manifold g to
the states in manifold e and vice versa. We assume that dim Hg ≥ dim He holds, so
that the system admits electromagnetically induced transparency [81, 82, 83]. This
assures the existence of the Hilbert space Hgd of the states in manifold g that are
dark to the g → e transition for the control field [84]. Formally, we can view the
raising operator V̂c† as a linear mapping V̂c† : Hg → He . The space Hgd is then the
null space of the mapping V̂c†
Hgd = {|gi ∈ Hg | V̂c† |gi = 0}.

3.1.1

(3.1)

Model Hamiltonian

We will now present the model Hamiltonian and the dynamics of the lowest energy excitations of the ensemble of degenerate two-level atoms. The free atomic
Hamiltonian has the form
Ĥat =

X
(~ωg Îg (r) + ~ωe Îe (r)),

(3.2)

r

where the summation index r counts the atomic positions, while Îg and Îe are the
projection operators onto the states in the manifolds g and e, respectively. The free
photon Hamiltonian, including multiple quantum probe field modes, is
Ĥph =

X

~ωk â†k âk ,

(3.3)

k

where â†k and âk are the creation and annihilation operators of the probe photons
with the wave vector k and frequency ωk = c|k| ∼ ωeg ≡ ωe − ωg . The atom
interaction with the probe field is given through the minimal coupling Hamiltonian
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Ĥp = −

XX

(3.4)

r

k

with coupling constant ~gk =

~gk âk eikr V̂p† (r) + H.c.,

q

~ωk
20 V

dge , where dge is the effective electric dipole

moment of the g → e transition, 0 is the vacuum permittivity and V is the quantization volume. The interaction of the atomic ensemble with the classical control
field of the carrier frequency ωc ∼ ωeg and the wave vector kc is of the form
Ĥc (t) = −

X

~Ω e−iωc t+ikc r V̂c† (r) + H.c..

(3.5)

r

For simplicity, we have used the rotating-wave approximation. In addition, for an
√
P
atomic operator Â(r) we define a Fourier-transformed operator Â(k) = r Â(r)eikr / N .
√

P
Note that Â(k) † = Â† (−k). Especially, one has r Â(r) = N Â(k = 0). In terms
of the Fourier-transformed operators, various Hamiltonian parts are
√
√
Ĥat = ~ωg N Îg (k = 0) + ~ωe N Îe (k = 0),
X
√
~gk N âk V̂p† (k) + H.c.,
Ĥp = −

(3.6a)
(3.6b)

k

√
Ĥc (t) = −~Ω N e−iωc t V̂c† (kc ) + H.c.

(3.6c)

The entire Hamiltonian of the ensemble of degenerate two-level atoms interacting
with the probe and the control field is Ĥ(t) = Ĥat + Ĥph + Ĥp + Ĥc (t).

3.1.2

Dark-state polaritons

Now, we focus on the dark-state polaritons in an ensemble of degenerate two-level
atoms. Various features of the method in Ref. [12], which are obvious per se in the
case of a simple Λ system, need to be properly adapted to the degenerate two-level
system. Additional complexity of the system we investigate also yields some new
inherent requirements.
First of all, we remove the time dependence from the Hamiltonian Ĥ(t) by performing the following unitary gauge transformation
ĤT = Ûc (t)Ĥ(t)Ûc† (t) − ~ωc

√
N Îe (k = 0) +

X


â†k âk ,

(3.7)

k
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where

X † 
√

Ûc (t) = exp iωc t N Îe (k = 0) +
âk âk .

(3.8)

k

Eventually, we restate the time-dependent Schrödinger equation i~ ∂t |φ(t)i = Ĥ(t)|φ(t)i
as




i~ ∂t Ûc (t)|φ(t)i = ĤT Ûc (t)|φ(t)i .

(3.9)

Solutions of Eq. (3.9) can be obtained by finding the energy eigenstates of the timeindependent Hamiltonian ĤT .
Assume that the atomic ensemble is initially prepared in the collective vacuum
state with no probe photons |g0 , 0i = |g0 i ⊗ |0i ≡ ⊗r |g0 ir ⊗ |0i. Analogously with
the Λ system case [11, 12], the atomic ground state |g0 i must be dark with respect
to the control field, i.e.
V̂c† |g0 i = 0,

or equivalently |g0 i ∈ Hgd .

(3.10)

Additional requirements on the state |g0 i will be specified afterwards.
Dark-state polaritons are particular low-energy, single probe photon driven, collective excitations that do not have a contribution of the excited atomic states. To
obtain DSPs, we look for a polariton excitation operator φ̂†k such that in the low
energy, single excitation case φ̂†k |g0 , 0i is an eigenstate of ĤT with the energy ~ω(k).
This leads to the following relation


ĤT , φ̂†k = ~ω(k)φ̂†k + · · · ,

(3.11)

where dots represent the terms that are omitted in the single excitation case and also
terms that give zero when acting on the collective vacuum state |g0 , 0i. Note that,
for notational simplicity, we keep in mind that all subsequent commutators always
act on the state |g0 , 0i. In agreement with Refs. [11, 12], we neglect Langevin noise
effects, which do not influence the adiabatic evolution of the DSPs.
Collective atomic excitations are driven by the probe photons. Hence, we begin
by calculating the commutator
√


ĤT , â†k = ~(ωk − ωc )â†k − ~gk N V̂p† (k).

(3.12)
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The states that arise from the interaction with the probe field are the pure photon
excitation â†k |g0 , 0i, and the collective atomic excitation V̂p† (k)|g0 , 0i, up to a normalization constant. Hence, in addition to â†k the operator V̂p† (k) is also a member of
the polariton excitation operator φ̂†k . Next, we determine the commutation relation



ĤT , V̂p† (k) = ~(ωeg − ωc )V̂p† (k) − ~Ω∗ (V̂c V̂p† )(k−kc )
X
−
~gk∗0 â†k0 (V̂p V̂p† )(k−k 0 ).

(3.13)

k0

Note that

√


 

N Â1 (k), Â2 (k 0 ) = Â1 , Â2 (k+k 0 ) holds for any two atomic operators

Â1 and Â2 . The new operators, (V̂c V̂p† )(k −kc ) and â†k0 (V̂p V̂p† )(k −k 0 ), appearing in
(3.13) yield the collective states via stimulated emission. The former can readily be
included into the polariton excitation operator φ̂†k . It creates the spatially dependent
coherence among the atomic ground states |g0 i and V̂c V̂p† |g0 i, i.e. the ground state
coherence wave. When we commute the latter operator with ĤT , we get the operator
â†k00 (V̂p V̂p† )(k − k 0 )(V̂p V̂p† )(k 0 − k 00 ). The emergence of such operators of increasing
Q
†
(i)
(i−1)
), where k (0) = k.
complexity continues and ends with â†k(N ) N
i=1 (V̂p V̂p )(k − k
This case corresponds to a formidably complex DSP mode that is not tractable.
Tractable modes are obtained by imposing one further requirement on the collective
vacuum state. Namely, it is crucial that upon action V̂p V̂p† |g0 i we end up with the
state |g0 i, i.e.,
V̂p V̂p† |g0 i = λp |g0 i,

(3.14)

where λp > 0 is the corresponding eigenvalue. Thus, one obtains (V̂p V̂p† )(k − k 0 )
√
|g0 , 0i = λp N δk,k0 |g0 , 0i, so that the relation (3.13) greatly simplifies to



ĤT , V̂p† (k) = ~(ωeg − ωc )V̂p† (k) − ~Ω∗ (V̂c V̂p† )(k−kc )
√
− ~gk∗ λp N â†k .

(3.15)

p
To proceed further, we define the excited atomic state |ei = V̂p† |g0 i/ λp associp
ated with the action of the probe field. Clearly, it has the property V̂p |ei = λp |g0 i
and it is an eigenstate of V̂p† V̂p , i.e. V̂p† V̂p |ei = λp |ei. The eigenstates |g0 i and |ei
are ”tuned” to the polarization of the probe field. These are so called polarizationdressed states, first introduced and used in [84] for problems of interaction of resonant elliptically polarized light with atomic and molecular energy levels degenerate
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in angular momentum projections. Next, let us consider the commutators


ĤT , (V̂c V̂p† )(k−kc ) = −~Ω(V̂c† V̂c V̂p† )(k),

(3.16)

and also


ĤT , (V̂c† V̂c V̂p† )(k) = ~(ωeg − ωc )(V̂c† V̂c V̂p† )(k)
− ~Ω∗ (V̂c V̂c† V̂c V̂p† )(k−kc )
X
−
~gk∗0 â†k0 (V̂p V̂c† V̂c V̂p† )(k−k 0 ).

(3.17)

k0

Similar to the discussion of the relation (3.13), in order to avoid the appearance of
probe photons with all wave vectors, we require that V̂p V̂c† V̂c V̂p† |g0 i ∝ |g0 i. That can
hold provided that
V̂c† V̂c V̂p† |g0 i = λc V̂p† |g0 i i.e. V̂c† V̂c |ei = λc |ei,

(3.18)

where λc > 0 is the corresponding eigenvalue. Thus, the excited atomic state |ei is
a common eigenstate of the operators V̂p† V̂p and V̂c† V̂c . Under such a condition, the
relation (3.16) becomes

ĤT , (V̂c V̂p† )(k−kc ) = −~Ωλc V̂p† (k),

(3.19)





ĤT , (V̂c† V̂c V̂p† )(k) = λc ĤT , V̂p† (k) ,

(3.20)


while (3.17) turns into

where the last commutator is found in (3.15). Hence, under the previous conditions
no new components of the polariton excitation operator φ̂†k appear. Stimulated
emission, which is driven by the control field, transfers the atoms from the excited
√
state |ei into the ground state |f i = V̂c |ei/ λc . The states |g0 i and |ei are coupled
by the probe field, while the states |ei and |f i are coupled by the control field.
Thus, for each eigenvalue pair (λp , λc ) the three states |g0 i, |ei and |f i form an
independent Λ system that is related to one independent collective DSP mode. The
number of such Λ systems, i.e. tractable DSP modes, can be at most equal to the
total number of DSP modes, i.e. to the dimensionality of the dark space Hgd .
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Now, we collect the necessary commutation relations
√


ĤT , â†k = ~(ωk − ωc )â†k − ~gk N V̂p† (k),
√


ĤT , V̂p† (k) = ~(ωeg − ωc )V̂p† (k) − ~gk∗ λp N â†k
− ~Ω∗ (V̂c V̂p† )(k−kc ),


ĤT , (V̂c V̂p† )(k−kc ) = −~Ωλc V̂p† (k),

(3.21a)
(3.21b)
(3.21c)

so that the polariton excitation operator is of the form
φ̂†nk

=

αnk â†k

(V̂c V̂p† )(k−kc )
V̂p† (k)
p
+ βnk p
+ γnk
,
λp
λp λc

(3.22)

where the band index n enumerates the different polariton species. Orthonormal
collective excitations |g0 , 1k i, |e(k), 0i and |f (k−kc ), 0i result from the action of the
p
p
operators â†k , V̂p† (k)/ λp and (V̂c V̂p† )(k−kc )/ λp λc on the collective vacuum state
|g0 , 0i, respectively,
|g0 , 1k i = ⊗r |g0 ir ⊗ |1k i,
1 X ikr
|e(k), 0i = √
e |eir ⊗r0 6=r |g0 ir0 ⊗ |0i,
N r
1 X i(k−kc )r
|f (k−kc ), 0i = √
e
|f ir ⊗r0 6=r |g0 ir0 ⊗ |0i.
N r

(3.23a)
(3.23b)
(3.23c)

Note that the collective states |e(k), 0i and |f (k−kc ), 0i are entangled. This enables
the usage of the polariton state
|φnk i = αnk |g0 , 1k i + βnk |e(k), 0i + γnk |f (k−kc ), 0i

(3.24)

as a resource for quantum information processing [5].
We determine the c-numbers αnk , βnk and γnk by inserting (3.22) into (3.11)
and make use of (3.21). This leads to three self-consistency equations that we can
represent in the basis {|g0 , 1k i, |e(k), 0i, |f (k−kc ), 0i} as
 
 
√
ωk − ωc − gek∗ N 0
αnk
αnk

 
 
√
 − gek N ωeg − ωc −Ω
e   βnk  = ωn (k)  βnk ,

 
 
∗
e
0
−Ω
0
γnk
γnk


(3.25)

40

3.2 Dark state polaritons in rubidium vapour
where gek = gk

p

√
e = Ω λc . Our effective Hamiltonian in Eq. (3.25) is similar
λp and Ω

to the one in [12], but with a major difference. The effective coupling constant gek
e differ from the corresponding one in Ref. [12]
and the effective Rabi-frequency Ω
because of the inclusion of the eigenvalues λp and λc . The mentioned difference
clearly arises as a consequence of the degenerate two-level atomic system.
The dark-state polaritons are obtained as one of the solutions of the eigenproblem
(3.25). The other two solutions are bright-state polaritons, similarly as in [12].


e
√ , 0, 1 .
Exactly at the Raman resonance, ωk = ωc , there is an eigenvector ∝ − ge Ω
N
k

This eigenvector has no contribution of the excited atomic states and represents a
stable dark-state polariton that is insensitive to incoherent decay processes acting
on the excited atoms. Expansion around the resonance ωk ∼ ωeg and ωc ∼ ωeg yields
a linearized solution for the dark-state polaritons
ω(k) =

e2
|Ω|
e2
|e
gk |2 N + |Ω|

e
Ω
αk = − √ γk ,
gek N

(ωk − ωc ),

βk = −

e k − ωc )
Ω(ω
γ .
e2 k
|e
gk |2 N + |Ω|

(3.26a)
(3.26b)

An interesting property of the DSP solution is that it only depends on the Raman
e It
detuning ωk − ωc of the coupling fields and on the coupling parameters gek and Ω.
does not depend on the energy spacing ωeg of the underlying degenerate two-level
system.
The algorithm for finding tractable DSP modes in a degenerate two-level system
can be summarized as:
(1) Determine the dark space Hgd for the operator V̂c† ;
(2) Find all states |g0 i from Hgd and pairs of eigenvalues (λp , λc ) such that V̂p V̂p† |g0 i =
λp |g0 i and V̂c† V̂c V̂p† |g0 i = λc V̂p† |g0 i hold;
(3) For every such pair of eigenvalues obtain DSPs |ψk (λp , λc )i from (3.24) and
(3.26).

3.2

Dark state polaritons in rubidium vapour

In this section we apply the general formalism to the rubidium vapour. Control and
probe fields couple the hyperfine levels 5S1/2 , Fg = 2 and 5P1/2 , Fe = 1 of

87

Rb.
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The atomic lowering operators of the control and probe fields are, respectively,
V̂c = V̂ · ec ,

V̂p = V̂ · ep ,

(3.27)

where ec and ep are polarizations of the fields. The vector operator V̂ is defined by
[84, 85]
q
V̂ = (−1)Fe +Jg +I+1 (2Fe + 1)(2Jg + 1)
×

1
X
X

(

Je Jg 1

)

Fg Fe I

(3.28)

hFg , mg |Fe , me ; 1, qi|Fg , mg ihFe , me |e∗q ,

q=−1 mg ,me

where I = 3/2 is the nuclear quantum number of

87

Rb, {: : :} is the Wigner 6j-

symbol and hFg , mg |Fe , me ; 1, qi is the Clebsch-Gordan coefficient that connects the
excited level state |Fe , me i to the ground level state |Fg , mg i via polarization e∗q ,
1
e±1 = ∓ √ (ex ± ı̇ey ),
2

e0 = ez ,

(3.29)

given in some orthonormal basis of polarization vectors. We choose the coordinate
system such that the fields propagate along the z axis, and define a basis of Zeeman
states relative to this quantization axis. The bases of the individual Hilbert spaces
He and Hg are
E = {|1, −1ie , |1, 0ie , |1, 1ie },

(3.30a)

G = {|2, −2ig , |2, −1ig , |2, 0ig , |2, 1ig , |2, 2ig }.

(3.30b)

We will show that according to the appropriate choice of the polarizations of the
coupling fields, one or two DSP modes can be obtained.

3.2.1

Case of orthogonal circular polarizations

Let the control field couples σ − transitions, while the probe field couples σ + transitions, i.e. ec = e+1 and ep = e−1 (see Fig. 3.2). The lowering operators of the
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Figure 3.2: Zeeman sublevel scheme of the transition Fg = 2 → Fe = 1 at the
D1 line of 87 Rb. Solid lines denote σ − transitions coupled by the control field while
dashed lines denote σ + transitions coupled by the probe field.

coupling fields, V̂c and V̂p , are represented in the basis E ∪ G with the matrices



03,3








Vc = 







0

0

0

0

0

0

1
√
2 3

0

0

0

1
2

0

0

0

√1
2

03,5 






,
05,5 









03,3








Vp = 







(3.31a)

√1
2

0

0

0

1
2

0

0

0

1
√
2 3

0

0

0

0

0

0

03,5 






,
05,5 






(3.31b)

where zeros 0m,n denote rectangular m × n null matrices. Ground level dark space
determined from the null space of Vc† is

Hgd = |2, −2ig , |2, −1ig .

(3.32)

Both dark states are appropriate as the initial state |g0 i. Below we tabulate the
corresponding states and eigenvalues of the Λ system:
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Figure 3.3: Zeeman sublevel scheme of the transition Fg = 2 → Fe = 1 at the
D1 line of 87 Rb. Solid lines denote control field linearly polarized along y axis while
dashed lines denote probe field linearly polarized along x axis.

|g0 i

|ei

|f i

λp

I

|2, −2ig

|1, −1ie

|2, 0ig

1/2

1/12 ,

II

|2, −1ig

|1, 0ie

|2, 1ig

1/4

1/4

λc

that lead to two DSP modes:
ω I (k) =

|Ω|2
(ωk − ωc ),
6 |gk |2 N + |Ω|2

Ω
√ |g0I , 1k i + |f I (k−kc ), 0i
|ψkI i ∝ − √
6 gk N
√
2 3 Ω(ωk − ωc ) I
|e (k), 0i,
−
6 |gk |2 N + |Ω|2

ω II (k) =

|Ω|2
(ωk − ωc ),
|gk |2 N + |Ω|2
Ω
√ |g0II , 1k i + |f II (k−kc ), 0i
gk N
2 Ω(ωk − ωc ) II
|e (k), 0i.
−
|gk |2 N + |Ω|2

(3.33a)

(3.33b)

(3.34a)

|ψkII i ∝ −

(3.34b)

We see that for orthogonal circular polarizations of the coupling fields, the maximal number of tractable DSP modes exists. This is the generic case, because relevant
independent Λ system(s) can be easily recognized.

3.2.2

Case of orthogonal linear polarizations

Now analyze the case of the control field polarization along the y axis and the probe
field polarization along the x axis, i.e. ec = ey and ep = ex (see Fig. 3.3). The
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matrices representing the atomic lowering operators V̂c and V̂p in the basis E ∪ G are









Vc = i 








03,3
1
2

0

0

0

1
√
2 2

0

1
√

0

1
√

0

1
√

0

0

1
2

2 6

0

03,5 






,

05,5 






2 6

2 2









Vp = 












03,3

−

1
2

0

0

0

1
√
2 2

0

0

1
√
2 6

0

− 2√1 2

0

0

0

− 21

1
√

2 6

(3.35a)

03,5 






.

05,5 






(3.35b)

In this case, the ground level dark space is
Hgd


=

1
1
− √ |2, −1ig + √ |2, 1ig ,
2
2
√

1
1
3
√ |2, −2ig −
|2, 0ig + √ |2, 2ig , ,
2
8
8

(3.36)

but only the first dark state satisfies all necessary conditions for the vacuum state
of the tractable mode. The states and eigenvalues of the corresponding Λ system
are
1
1
|g0 i = − √ |2, −1ig + √ |2, 1ig ,
2
2

(3.37a)

|ei = |1, 0ie ,

(3.37b)

1
1
|f i = √ |2, −1ig + √ |2, 1ig ,
2
2

(3.37c)

λp = 1/4,

λc = 1/4.

(3.37d)
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We identify one DSP mode
ω(k) =

|Ω|2
(ωk − ωc ),
|gk |2 N + |Ω|2
Ω
√ |g0 , 1k i + |f (k−kc ), 0i
gk N
2 Ω(ωk − ωc )
−
|e(k), 0i,
|gk |2 N + |Ω|2

(3.38a)

|ψk i ∝ −

(3.38b)

while the other one is non-tractable.
From the above examples, it can be seen that the choice of the polarization
of the coupling fields yields entirely different DSP modes. This is reflected in the
composition of the DSP state as well as in the polariton dispersion relation. Note
that different polariton dispersion relations would lead to distinct slow light group
velocities. In the next section we outline one possible application of DSP modes in
degenerate two-level systems for frequency and/or linear polarization conversion.

3.3

Frequency and polarization conversion

Let us consider the DSP modes that can be formed from the states within 5S1/2 ,
Fg = 1 hyperfine level of

87

Rb atoms, when the control and the probe field have

orthogonal linear polarizations. There are three relevant atomic transitions:
(a) 5S1/2 , Fg = 1 → 5P1/2 , Fe = 1,
(b) 5S1/2 , Fg = 1 → 5P3/2 , Fe = 1,
(c) 5S1/2 , Fg = 1 → 5P3/2 , Fe = 0.
The first belongs to the D1 line. The last two belong to the D2 line and can be
rendered non-overlapping by using ultracold rubidium atoms.
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In the case of orthogonal linear polarizations ec = ex and ep = ey of the fields
that are resonant to the D1 line transition (a), we have
1
1
|g0 i = − √ |1, −1ig + √ |1, 1ig ,
2
2

(3.39a)

|ei = |1, 0ie ,

(3.39b)

1
1
|f i = √ |1, −1ig + √ |1, 1ig ,
2
2

(3.39c)

λp = 1/12,

λc = 1/12.

(3.39d)

When considering the D2 line transition (b) with the same polarizations of the
coupling fields as in the previous case, ec = ex and ep = ey , we find
1
1
|g0 i = − √ |1, −1ig + √ |1, 1ig ,
2
2

(3.40a)

|ei = |1, 0ie ,

(3.40b)

1
1
|f i = √ |1, −1ig + √ |1, 1ig ,
2
2

(3.40c)

λp = 5/24,

λc = 5/24.

(3.40d)

Finally, for the swapped linear polarizations, ec = ey and ep = ex , of the fields
coupling the D2 line transition (c), we have
1
1
|g0 i = − √ |1, −1ig + √ |1, 1ig ,
2
2

(3.41a)

|ei = |0, 0ie ,

(3.41b)

1
1
|f i = √ |1, −1ig + √ |1, 1ig ,
2
2

(3.41c)

λp = 1/6,

λc = 1/6.

(3.41d)

Note, if the polarizations of the fields had not been swapped, the states |g0 i and f i
would have been interchanged.
As can be seen from Eqs. (3.39)-(3.41), the DSP modes are formed from the same
states |g0 i and |f i in all three cases, but the considered transitions and polarizations
of the coupling fields are different. This provides the possibility for frequency [76, 86,
87] and/or polarization conversion [88, 89] of linearly polarized light. First, one can
store a pulse of the probe light polarized along the y axis into the atomic coherence
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among the states |g0 i and |f i using the transition (a) and the control field polarized
along the x axis. The retrieval process, using the transition (b) and the control field
polarized along the x axis, would release the pulse at a different frequency, but of
the same optical quantum state and polarization along the y axis as the original
probe pulse. However, the pulse retrieved using the transition (c) and the control
field polarized along the y axis would be in the same optical quantum state as the
original probe pulse, but of different carrier frequency and linear polarization along
the x axis, i.e. orthogonal to the original one. Moreover, this realization does not
suffer from the energy loss in the retrieved pulse, since the ratios of the probe and
control Clebsch-Gordan coefficients are the same among all three transitions [89].

48

4
Dark-polariton bound pairs in
coupled QED cavity arrays
We investigate a one-dimensional modified Jaynes-Cummings-Hubbard (MJCH)
chain of N identical QED cavities with nearest neighbour photon tunnelling and
periodic boundary conditions. Each cavity contains an embedded three-level atom
which is coupled to a cavity mode and an external classical control field. In the case
of two-excitations and common large detuning of two Raman-resonant fields, we
show the emergence of two different species of dark-polariton bound pairs (DPBPs)
that are mutually localized in their relative spatial coordinates. Due to the high
degree of controllability, we show the appearance of either one or two DPBPs, having the energies within the energy gaps between three bands of mutually delocalized
eigenstates. Interestingly, in a different parameter regime with negatively detuned
Raman fields, we find that the ground state of the system is a DPBP which can be
utilized for the photon storage, retrieval and controllable state preparation. Moreover, we propose an experimental realization of our model system.

4.1

Model system and effective model Hamiltonian

An extension of the modified Jaynes-Cummings model to an one-dimensional array
of coupled QED cavities is realized. This will lead us to the modified JaynesCummings Hubbard model as our effective model Hamiltonian. It includes the
hopping between adjacent cavities. First, we state the model system and second,
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present the effective model Hamiltonian.

4.1.1

Model system

Figure 4.1: One-dimensional array of N coupled, identical QED cavities with uniform inter-cavity photon hopping strength J under periodic boundary conditions.
Green transparent sphere in each cavity represents a three-level atom with two ground
levels |gi and |f i, and an excited level |ei. The atomic configuration is given in Figure
(2.5) of the theory chapter 2.

The system we consider consists of a one-dimensional array of N coupled QED
cavities see Figure (4.1). We assume periodic boundary conditions, i.e., the cavity
labelled by n = N + 1 corresponds to the cavity n = 1. Each cavity embeds a
three-level atom with two ground levels |gi and |f i, and an excited level |ei. The
level energies are ωg , ωf and ωe , respectively and the excited level |ei is detuned by
the common single photon detuning ∆. In reality, the levels can be either fine or
hyperfine levels of alkali-metal atoms. Their D1 or D2 line transitions are nowadays
easily accessible via available lasers and optical modes of QED cavities. One mode
of a tunable cavity [90, 91] of frequency ωm , couples the transition |gi → |ei with
the strength gm , and the classical control field of frequency ωc and Rabi-frequency
Ω, couples the transition |f i → |ei. This configuration is known to feature vacuum
induced transparency, as first experimentally demonstrated by the group of Vuletić
[92]. Both gm and Ω are typically in MHz range for alkali-metal atoms, which are
strongly coupled to QED cavities, and for moderate laser powers.

4.1.2

Effective model Hamiltonian

As we consider a one-dimensional chain of N identical coupled QED cavities, the derived modified Jaynes-Cummings model for a single QED cavity is valid for all QED
cavities in the one-dimensional chain. Therefore, our effective model Hamiltonian
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(modified Jaynes-Cummings Hubbard model) (~ = 1) has the form
Ĥ (mJCH) = Ĥ (mJC) + Ĥhop ,

(4.1a)

Ĥ (mJC) = ĤS + Ĥint ,

N  2
X
Ω2 (µ)
gm †
(µ)
ĉ ĉµ σ̂ +
σ̂
,
ĤS = −
∆ µ gg
∆ ff
µ=1

(4.1b)

Ĥint

(4.1c)

N
X
(µ)
(µ)
= −G
(ĉ†µ σ̂gf + ĉµ σ̂f g ),

(4.1d)

µ=1

Ĥhop

N
X
= −J
(ĉ†µ+1 ĉµ + ĉ†µ ĉµ+1 ),

(4.1e)

µ=1
(µ)

where ĉ†µ (ĉµ ) is the photonic creation (annihilation) operator and σ̂αβ = |αiµ hβ|
(α, β ∈ {g, f }) are the atomic operators for the site number µ. The term ĤS
incorporates the influence of Stark shifts of the detuned fields, while Ĥint represents
the interaction of the cavity field and the atom, where G = gm Ω/∆ is the effective
atom-photon coupling constant which is set to be real. Hamiltonians ĤS and Ĥint
constitute the modified Jaynes-Cummings Hamiltonian. As will be shown in the
sequel, the Stark shifts have profound influence on the energy eigenspectrum. Ĥhop
describes the photon hopping between adjacent cavities, based on evanescent field
coupling, with J as the inter-cavity photon hopping strength. Similar effective
Hamiltonian has been previously used to describe a network of fibre coupled cavities,
embedded with three-level atoms [67]. However, while that scheme requires the
compensation of the level Stark shifts, here we utilize the individual Stark shifts to
achieve tunability. Our effective model Hamiltonian (4.1) supports the formation of
dark-polariton bound pairs. We will see that the different dark-polaritons, which
have been discussed in Section II, are actually involved in the formation of the
energy bands and the bound states. Moreover, we show and discuss that the bound
states are formed due to the presents of a force called Kerr-nonlinearity which is
determined by the onsite repulsion.

4.2

Formation of dark-polariton bound pairs

In the following, we discuss the formation of dark-polariton bound pairs in our
system. In order to exploit the invariance of the system under cyclic permutations
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of the sites, we introduce the following operators via discrete Fourier transforms
N
1 X − 2πi µk
e N ĉµ ,
b̂k = √
N µ=1

(4.2a)

N
1 X − 2πi µk (µ)
(k)
e N σ̂gf ,
ŝgf = √
N µ=1

(4.2b)

where k = 0, 1, . . . , N −1 is related to the (discrete) quasi-momentum of the excitation. Similarly to [32], we work in the two-excitation subspace that is spanned
by the states |kjiF ≡ b̂†k b̂†j |Φ0 i, |kiF |jiA ≡ b̂†k ŝgf |Φ0 i and |kjiA ≡ ŝgf ŝgf |Φ0 i.
(j)†

(k)† (j)†

The subscripts F and A stand for the photonic and atomic excitations respectively.
The state |Φ0 i = ⊗N
µ=1 |giµ |0iµ is the ground state of the system, where |0iµ denotes the vacuum state of the cavity number µ. We note that the excitations
(polaritons) are in our case dark in a sense that they do not have the contribution of the excited levels |ei and are not subjected to spontaneous emission. The
atomic excitations |kjiA are in general not orthogonal to each other because of
A hk

j |kjiA = δk,k0 δj,j 0 + δk,j 0 δj,k0 − N2 δk+j,k0 +j 0 . b̂k and b̂†j fulfil the bosonic commuta-

0 0

tion relation [b̂k , b̂†j ] = δkj , while the atomic operators fulfil the commutation relation
P
2πi
(k) (j)†
(µ)
µ(j−k) (µ)
N
[ŝgf , ŝgf ] = − N1 N
σ̂z with σ̂z as the Pauli z matrix for the atom in
µ=1 e
the µth cavity. Under the action of Ĥ on the states which form the two-excitation
subspace, we get the relations
Ĥ|kjiF = (ωk + ωj − 2a)|kjiF − G(|kiA |jiF + |jiA |kiF )
Ĥ|kiA |jiF = (ωj − a − b)|kiA |jiF − G(|kjiA + |kjiF )
2G X 0 0
a X
+
(|k 0 iA |j 0 iF + |j 0 iA |k 0 iF ) +
|k j iA
N 0 0
N 0 0
(k ,j )∈SP

(4.3b)

(k ,j )∈SP

Ĥ|jiA |kiF = (ωk − a − b)|jiA |kiF − G(|kjiA + |kjiF )
a X
2G X 0 0
+
(|k 0 iA |j 0 iF + |j 0 iA |k 0 iF ) +
|k j iA
N 0 0
N 0 0
(k ,j )∈SP

(4.3a)

(4.3c)

(k ,j )∈SP

Ĥ|kjiA = −G(|kiA |jiF + |jiA |kiF ) − 2b|kjiA ,

(4.3d)

2
where ωl = −2J cos( 2πl
) for l ∈ {k, j}, a = gm
/∆ and b = Ω2 /∆. Within Eq. (4.3b)
N

and Eq. (4.3c) we have a sum over the set SP = {(k, j) | 0 ≤ k < j ≤ N −1, k +j ≡
P (mod N )} that is determined by the quasi-momentum P . From Eqs. (4.3a)-(4.3d)
we can deduce that the quasi-momentum P is a conserved quantity and hence a good
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quantum number. Apart from the quasi-momentum, the total number of excitations
P
(µ)
†
(dark polaritons) N̂ = N
µ=1 (ĉµ ĉµ + σ̂f f ) is a conserved quantity.
We can construct the complete set of eigenvectors by solving the eigenproblem
within each of the subspaces P = 0, 1, . . . , N − 1. Following [32], we restrict the
discussion to the case of even N and odd P . A general dark two-polariton eigenvector
(D)

|ΨP i has the form
(D)

|ΨP i =

X

0
(αkj |kjiF + βkj |kiA |jiF + βkj
|jiA |kiF + γkj |kjiA ).

(4.4)

(k,j)∈SP
(D)

(D)

(D)

|ΨP i satisfies the time-independent Schrödinger equation Ĥ|ΨP i = λ|ΨP i which
yields within each of the subspaces P = 1, 3, . . . , N−1 an eigenproblem that is given
by the subsequent set of linear equations
0
λαkj = (ωk + ωj − 2a)αkj − G(βkj + βkj
)

(4.5a)

λβkj = −Gαkj + (ωj − a − b)βkj − Gγkj
a X
2G X
+
(βk0 j 0 + βk0 0 j 0 ) +
γk0 j 0
N 0 0
N 0 0

(4.5b)

0
λβkj
= −Gαkj + (ωk − a − b)βkj − Gγkj
a X
2G X
(βk0 j 0 + βk0 0 j 0 ) +
γk0 j 0
+
N 0 0
N 0 0

(4.5c)

0
λγkj = −G(βkj + βkj
) − 2bγkj ,

(4.5d)

(k ,j )∈SP

(k ,j )∈SP

(k ,j )∈SP

(k ,j )∈SP

where λ is the corresponding eigenvalue. As it was demonstrated in [32], for various
values of the quasi-momentum P the majority of eigenvalues are at most distributed
among three bands. When all three bands are well resolved, it was shown that each
of the two band gaps contains an eigenenergy of the single two-polariton bound
state. For sufficiently large inter-cavity photon hopping strength J comparing to
the strength of the atom-photon interaction, the bands start to overlap.
However, since we are not dealing with the standard JCH model, but rather with
a modified one, we find some important differences and new features. Namely, as
opposed to [32] there is only one mutually localized DPBP within one of the existing
band gaps, while the other one joins the adjacent outer band. The other DPBP can
reappear provided that the Stark shift of the control field is compensated. In both
2
cases, when ∆ < 0, gm  Ω and gm
/|∆| & 1.5 J, the ground state of the system is
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(A)

(B)

(C)

(D)

Figure 4.2: (A) Normalized eigenvalues dependence on the quasi-momentum P
for N = 30 cavities. Dark-polariton bound pair state (red curve) appears in the lowenergy band gap. The eigenvalues are joined by lines for ease of visualization. (B)-(D)
Joint probabilities for different types of double excitations associated to DPBP state
for P = 1. Used parameters: ∆ > 0, gm = 0.05 |∆|, Ω = 0.06 |∆| and J = 0.001 |∆|.

DPBP of a different type than the aforementioned ones. In the sequel, we report on
the state composition of the different DPBP types.
The Kerr-nonlinearity is a known force in light-atom interactions which depends
on the atomic level structure as well as on the coupling strength of light-atom
interactions. In our case, the strength of light-atom interaction is described by
the effective coupling strength G = gm Ω/∆. Tuning gm and/or Ω directly affects
the Kerr-nonlinearity. Compared to [32], we can not only tune and control the
Kerr-nonlinearity by the cavity mode coupling strength gm , but also by the Rabifrequency Ω. This force can be attractive or repulsive [26, 22, 93, 94, 95]. This
force generates the bound state of two dark-polaritons in our case. A measure of
the Kerr-nonlinearity is the on site repulsion U (n) which is in general defined as
U (n) := (E+ − E− )(n + 1) − (E+ − E− )(n)

(4.6)

with E± the eigenenergies of the considered eigenstates. In case of the standard
Jaynes-Cummings model, the on site repulsion U (n) = χ(n+1)−χ(n) is determined
by the generalized Rabi-frequency χ(n) [96]. This will be different in our case as
we will see in the following. In our DPBPs we have bound photons and bound
atoms. In [97] they have experimentally shown bound states of atoms in coupled
QED cavities, when atoms occupy the same site.
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4.2.1

Dark-polariton bound pairs in the regime of non-compensated control field Stark shift

We focus on the single DPBP solution of Eqs. (4.5) which is given in red colour
within Fig. 4.2(A) representing the energy eigenspectrum of the model Hamiltonian
Ĥ in dependence of odd values of quasi-momentum P . Three energy bands are
visible for the used parameter values. We define the gap between the two upper
energy bands as the high-energy band gap and in accordance the gap between the
two lower energy bands as the low-energy band gap. The dark-polaritons, which
are involved in the formation of energy bands and the single DPBP in Fig. 4.2(A),
are given in (2.97). This can be seen by solving Eqs. (4.5) for inter-cavity hopping
J = 0. Note that the bands are a consequence of repulsively interacting dark(m)

polaritons of different types with respect to the eigenenergies E±,n . By different
(m)

types here, we mean that the dark-polariton with eigenenergy E+,n interacts with
(m)

the dark-polariton of eigenenergy E−,n in a repulsive way at the same site µ. This
is a consequence of the on site repulsion U (n). On different sites, dark-polaritons
(m)

(m)

with eigenenergies E+,n and E−,n are non-interacting. Instead, the mentioned Kerrnonlinearity, expressed through the on site repulsion U (n) =

2
gm
,
∆

enables the single
(m)

DPBP state formation by the two dark-polaritons with eigenenergies E−,n which is
placed at the same site µ in case of ∆ > 0. There is an additional DPBP, formed
(m)

by the two dark-polaritons with eigenenergies E+,n in case of ∆ > 0, but is not
visible in the spectrum as it is attached to the central band. On the contrary,
formation of single DPBP interchanges for ∆ < 0. Our determined U (n) from [96]
is mainly affected by the cavity field coupling strength gm . By increasing gm we
increase the on site repulsion U (n) which directly enhances the interaction between
(m)

the two dark-polaritons with eigenenergies E−,n at the same site µ with ∆ > 0.
Thus, single DPBP is strengthened. Due to the interaction, the single DPBP lies
inside the energy band gaps. Depending on the sign of the common single photon
detuning ∆, DPBP lies either in the high or low energy band gap. In the case
∆ > 0, DPBP lies in the low-energy band gap, whereas in the opposite case it
resides within the high-energy band gap. In order to get some information on the
inherent state composition of the single DPBP, we calculate, in line with [32], the
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joint probabilities
(D)

pF F = |hΨP | √

ĉ†n ĉ†m
|Φ0 i|2 ,
1 + δnm

(4.7a)

(D)

(m)†

(4.7b)

(D)

(n)† (m)†

(4.7c)

pAF = |hΨP |ĉ†n σ̂gf |Φ0 i|2 ,
pAA = |hΨP |σ̂gf σ̂gf |Φ0 i|2 ,

of finding pure photonic, photon-atom and pure atomic excitations, respectively, in
cavities at positions n and m. These excitations (pure photonic, pure atomic and
photon-atom) reflect the unique property of dark-polaritons in which the superposition of photonic and collective atomic excitations can be tuned by changing Ω in first
place. In our case, we can not only change Ω, but also gm as we use tunable cavities
[90, 91]. For a given value of quasi-momentum P , all three joint probabilities only
depend on the relative distance |n − m| within the cavities.
In Fig. 4.2(B)-4.2(D) we present the joint probabilities for the single DPBP state
of Fig. 4.2(A). We have chosen the number of coupled QED cavities to be N = 30,
single photon detuning ∆ > 0, cavity-mode coupling strength gm = 0.05 |∆|, the
control field Rabi-frequency Ω = 0.06 |∆|, inter-cavity photon hopping strength
J = 0.001 |∆|, and subspace P = 1. One can see that the DPBP excitations are
well confined together, and all three possible excitation types coexist with roughly
equal contributions. The state composition gradually changes by decreasing the
contribution of double atomic excitations when P approaches the mid-range values.
2
This regime is roughly characterized by gm ≈ Ω and (gm
+ Ω2 )/|∆| > 5J. The
2
energy band gaps close when decreasing the ratio of (gm
+ Ω2 )/|∆| and J. At the

same time DPBP becomes relatively delocalized, similarly as in [32].

4.2.2

Dark-polariton bound pairs in the regime of compensated control field Stark shift

The tunability of our model enables not only the control of the shape of the energy
bands, but also the emergence of an additional DPBP state. Namely, if the control
field Stark shift is compensated by using an additional field, which couples the
ground state |f i with some far off resonant excited state [67], another DPBP state
appears in the formerly empty energy band gap. Such add reflects in the removal
of the parameter b from the Eqs. (4.5). The energy bands in Fig. 4.3(A), shown for
discrete and distinct quasi-momenta P , are formed by the dark-polaritons in (2.101).
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This can be seen by solving Eqs. (4.5) for the inter-cavity hopping strength J = 0
and set the parameter b equal to zero. The on site repulsion
the
√ U (n), which assures
√
√
formation of the two DPBPs, is given as U (n) =

gm n+1

√
2 (n+1)+4Ω2 −g
gm
m n
∆

2 n+4Ω2
gm

for positive and negative single common photon detuning ∆. Thus, the on site
repulsion U (n) is invariant under the sign change of ∆. Distinctly to the DPBP
formation under non-compensated control field Stark shift, the on site repulsion
U (n) apart from the cavity field coupling strength gm , directly depends on the
Rabi-frequency Ω. This gives the opportunity to effectively control and enhance the
interaction through gm and Ω. Further, In Fig. 4.3(A) one can observe that each of
the two energy band gaps now contain a single DPBP state (blue and red curves). We
used the same parameter values as in Fig. (4.2), but with compensated control field
Stark shift. In Figs. 4.3(B)-4.3(D) and Figs. 4.3(E)-4.3(G) we characterize the state
composition of lower and higher energy DPBP state, respectively, by considering the
joint probabilities as in the previous subsection. The DPBP in the lower energy band
gap is dominantly composed of two-photon excitation, while in the other DPBP state
atom-photon excitation prevails. Moreover, higher energy DPBP state is further
apart from the outer energy band and it is relatively more localized than the lower
energy DPBP state. We checked that the same behaviour persists for other values
of quasi-momentum P . Note that the described situation is for ∆ > 0, while it
interchanges for ∆ < 0.
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(A)

(B)

(E)

(C)

(F)

(D)

(G)

Figure 4.3: (A) Normalized eigenvalues dependence on the quasi-momentum P for
N = 30 cavities. Two dark-polariton bound pair states (blue and red curves) appear
in both energy band gaps. The eigenvalues are joined by lines for ease of visualization. (B)-(D) Joint probabilities for different types of double excitations associated
to lower energy DPBP state. (E)-(G) Joint probabilities for different types of double
excitations associated to higher energy DPBP state for P = 1. Used parameters:
∆ > 0, gm = 0.05 |∆|, Ω = 0.06 |∆| and J = 0.001 |∆|.
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4.3

Quantum memory of light in a dark-polariton
bound pair
(A)

(B)

(C)

(D)

Figure 4.4: (A) Normalized eigenvalues dependence on the quasi-momentum P for
N = 30 cavities. Dark-polariton bound pair state (red curve) appears as the ground
state. The eigenvalues are joined by lines for ease of visualization. (B)-(D) Joint
probabilities for different types of double excitations associated to DPBP state for
P = 1. Used parameters: ∆ < 0, gm = 0.05 |∆|, Ω = 0.001 |∆| and J = 0.00125 |∆|.

In the parameter regime where the common single photon detuning ∆ is negative
and the cavity-atom coupling strength gm is significantly larger than the control
field Rabi frequency Ω, we have a single DPBP state which is the ground state
of the system. It is well separated from the rest of the energy spectrum when
2
/|∆| & 1.5 J. This is presented in Fig. 4.4(A). DPBP state composition, given in
gm

Figs. 4.4(B)-4.4(D) by the corresponding joint probabilities, reveals that the state
is dominantly composed of combined atomic and photonic excitations which are
localized in their relative spatial coordinates. Note that this DPBP state is of a
completely different type than the ones found in the previous section.
It is important that this state also enables the storage of a single photon in
the form of a collective atomic spin coherence excitation to which the other photon
is closely bound. Namely, when Ω → 0 adiabatically, a DPBP becomes a pure
combination of an atomic and photonic excitation. From this we can deduce that
one photon remains attached to the atomic spin coherence wave. This is reminiscent
of the atom-photon molecule.
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(A)

(C)

(B)

(D)

Figure 4.5: (A) Normalized eigenvalues dependence on the quasi-momentum P for
N = 30 cavities. Dark-polariton bound pair state (red curve) appears as the ground
state. The eigenvalues are joined by lines for ease of visualization. (B)-(D) Joint
probabilities for different types of double excitations associated to DPBP state for
P = 1. Used parameters: ∆ < 0, gm = 0.05 |∆|, Ω = 0.001 |∆| and J = 0.002 |∆|.

The state composition can be tuned by increasing the relative importance of
the inter-cavity photon hopping, e.g., by increasing |∆|. This is achieved gradually
for distinct values of quasi-momentum, starting from the values P = 1, N − 1 and
proceeding towards the mid-range values of P . Figure 4.5(A) shows the energy
spectrum in such a case. For P ∈ {1, 3, N − 3, N − 1} the DPBP state is predominantly composed of two-photon excitations which become delocalized in their
relative spatial positions, as can be seen in Figs. 4.5(B)-4.5(D). The reason for
such behaviour can be traced back to the emergence of the avoided crossings of
the ground state and the first excited state near the edges of the quasi-momentum
zone. The crossings shift towards the P -zone centre as the influence of the photon
hopping is being increased. For the quasi-momentum values between the crossings,
the DPBP state remains dominantly of the atom-photon type. In the case when the
control field strength adiabatically reduces to zero, the DPBP state becomes of a
pure two-photon type. Therefore, this corresponds to the retrieval procedure of the
previously stored photon excitation.
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4.4

Experimental realization

Our model system is a large, one-dimensional mJCH chain of N coupled QED
cavities. In order to realize it, we need a structure, in which large arrays of coupled
QED cavities can be realized. Promising candidates are photonic band gap cavities
[44, 45]. It is manageable to produce and position them with high precision and
in large numbers. A tempting alternative are photonic crystals as they offer the
possibility of fabricating large arrays of QED cavities in one- or two dimensional
lattices as well as networks [98, 99, 100]. A third possibility would be the use of
toroidal micro-QED cavities that are coupled via tapered optical fibres [101]. Single
atoms, embedded in each QED cavity are three-level atoms where the excited level is
far detuned by the common single photon detuning with respect to the two coupling
fields. In real experiments Cs and ultra cold
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Rb atoms have shown to be very

suitable [97, 51, 102]. For Cs in a toroidal micro-QED cavity it has be shown that
gm in the strong coupling regime reaches the value of ∼ 50M Hz [51]. This fits pretty
well with our theoretically chosen value for the formation of individual DPBP inside
the energy band gaps, but also for the ground DPBP at ∆ < 0 with its potential
use as a quantum memory for a single photon.
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5
Dark-polariton bound pairs in
disordered coupled QED cavity
arrays
We investigate a one-dimensional modified Jaynes-Cummings-Hubbard (mJCH) chain
of N identical QED cavities with staggered nearest neighbour photon tunnelling and
periodic boundary conditions. Each cavity contains an embedded three-level atom
which is coupled to a cavity mode and an external classical control field. Through the
staggered nearest neighbour photon tunnelling, two sublattices b and c are defined.
Moreover, the staggered configuration of nearest neighbour photon tunnelling represents one way of realizing induced disorder which substantially differs from so called
random disorder within condensed matter physics, e.g intrinsic imperfections, distortions and defects inside or of the crystal lattice itself. Further, we choose the common
large detuning, Rabi frequency and cavity field coupling strength to be equal in and
between the two sublattices b and c. In the case of two-excitations and common
large detuning of two Raman-resonant fields, we show the emergence of bilocalization within the sublattices and their coupling for the parameter regime gm  Ω.
For weak inter-cavity photon hopping strength J2 , bound photons characterize the
bilocalization in the individual sublattices, where the sublattice coupling instead is
governed by bound spin coherences of the dark-polariton bound pair (DPBP). The
appearance of bilocalization does not depend on the entire (not)-compensation of
the classical control field Stark shift.
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5.1

Model system and effective model Hamiltonian

5.1.1

Model system

Figure 5.1: One-dimensional array of N coupled QED cavities in staggered configuration with respect to the inter-cavity photon hopping strengths J1 and J2 under
periodic boundary conditions. Green transparent sphere in each cavity represents a
three-level atom with two ground levels |gi and |f i, and an excited level |ei. The
atomic configuration is given in Figure (2.5) of the theory chapter 2.

The system under consideration consists of a one-dimensional array of N coupled
QED cavities in a staggered configuration with respect to two inter-cavity photon
hopping strengths J1 and J2 see Figure (5.1). We assume periodic boundary conditions, i.e., the cavity labelled by n = N + 1 corresponds to the cavity n = 1. The
staggered hopping define two sublattices which we denote by b and c. Each cavity
embeds a three-level atom with two ground levels |gi and |f i, and an excited level
|ei. The level energies are ωg , ωf and ωe , respectively. In reality, the levels can
be either fine or hyperfine levels of alkali-metal atoms. Their D1 or D2 line transitions are nowadays easily accessible via available lasers and optical modes of QED
cavities. One mode of a tunable cavity [90, 91] of frequency ωm , couples the transib
c
tion |gi → |ei in the sublattice b (c) with the strength gm
(gm
), while the classical

control field of frequency ω0 couples the transition |f i → |ei with Rabi-frequency
Ωb (Ωc ). The fields are detuned from the respective transitions by common single
photon detuning ∆b (∆c ). This configuration is known to feature vacuum induced
transparency, as first experimentally demonstrated by the group of Vuletić [92].
The values of coupling strengths are typically in MHz range for alkali-metal atoms
strongly coupled with QED cavities, and for moderate laser powers.

5.1.2

Effective model Hamiltonian

As we consider a one-dimensional, staggered chain of N identical coupled QED
cavities, the derived modified Jaynes-Cummings model for a single QED cavity
in [103] is valid for all QED cavities in the one-dimensional chain, but has to be
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properly adapted to the staggered hopping configuration. Therefore, our effective
model Hamiltonian (~ = 1) has the form
Ĥ = Ĥ (mJC) + Ĥhop ,
(mJC)

Ĥ (mJC) = Ĥb
(1)

(5.1a)

+ Ĥc(mJC) ,

(5.1b)

(2)

Ĥhop = Ĥhop + Ĥhop ,

(5.1c)

where the terms corresponding to modified Jaynes-Cummings model on the two
sublattices are
(mJC)

b
= ĤSb + Ĥint
,


N
2
b 2
X
(Ωb ) (µ)
(gm
) †
(µ)
b
b̂µ b̂µ σ̂gg +
σ̂f f ,
ĤS = −
b
b
∆
∆
µ=1

Ĥb

b
Ĥint

(5.2a)
(5.2b)

N
X
(µ)
(µ)
= −G
(b̂†µ σ̂gf + b̂µ σ̂f g ),
b

(5.2c)

µ=1

and
c
Ĥc(mJC) = ĤSc + Ĥint
,

N  c 2
X
(gm ) †
(Ωc )2 (µ)
c
(µ)
ĤS = −
ĉ ĉµ τ̂ +
τ̂
,
∆c µ gg
∆c f f
µ=1
c
Ĥint
= −Gc

(5.3a)
(5.3b)

N
X
(µ)
(µ)
(ĉ†µ τ̂gf + ĉµ τ̂f g ).

(5.3c)

µ=1

Staggered photon hopping between adjacent cavities of the two sublattices, based
on evanescent field coupling, with J1 and J2 as the inter-cavity photon hopping
strengths, is given by
(1)
Ĥhop

N
X
= −J1
(b̂†µ ĉµ + ĉ†µ b̂µ ),

(5.4a)

µ=1
(2)
Ĥhop

N
X
= −J2
(b̂†µ ĉµ−1 + ĉ†µ−1 b̂µ ).

(5.4b)

µ=1
(µ)

b̂†µ (b̂µ ) and ĉ†µ (ĉµ ) are the photonic creation (annihilation) operators, σ̂αβ = |αiµ hβ|
(µ)

and τ̂αβ = |αiµ hβ| (α, β ∈ {g, f }) are the atomic operators in the sublattices b
and c, respectively, for the site number µ. The term ĤSb (ĤSc ) incorporates the
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influence of Stark shifts of the excited levels of the atoms in the sublattice b (c).
b
c
Ĥint
(Ĥint
) represents the cavity-atom interaction within the sublattice b (c), where
b
c
Gb = gm
Ωb /∆b (Gc = gm
Ωc /∆c ) is the effective atom-photon coupling constant
b(c)

which is set to be real. Hamiltonians ĤS

b(c)

and Ĥint constitute the modified Jaynes-

Cummings Hamiltonian in the sublattice b(c). As will be shown in the sequel, the
Stark shifts have profound influence on the state composition of the ground state
DPBP in the sublattices itself and in the linkage of the two sublattices. Similar
effective Hamiltonian has been previously used to describe a network of uniform fibre
coupled cavities, embedded with three-level atoms [67]. However, while that scheme
requires the compensation of the level Stark shifts, here we utilize the individual level
Stark shifts to achieve tunability. Our effective model Hamiltonian (5.1) supports
the formation of dark-polariton bound pairs, but now in a staggered configuration.
As we concentrate our discussion on the ground state DPBP, which was found in
[103], we will see how its state composition and localization property change under
various staggered configurations.

5.2

Formation of dark-polariton bound pairs

In the following, we discuss the formation of dark-polariton bound pairs in our
system. In order to exploit the invariance of the system under cyclic permutations
of the sites, we introduce the following operators via discrete Fourier transforms for
each sublattice b and c
N
1 X − 2πi µk
b̃k = √
e N b̂µ ,
N µ=1

(5.5a)

N
1 X − 2πi µk
c̃k = √
e N ĉµ ,
N µ=1

(5.5b)

N
1 X − 2πi µk (µ)
(k)
σ̃gf = √
e N σ̂gf ,
N µ=1

(5.5c)

N
1 X − 2πi µk (µ)
=√
e N τ̂gf ,
N µ=1

(5.5d)

(k)
τ̃gf

where k = 0, 1, . . . , N−1 is related to the (discrete) quasi-momentum of the excitation
and is clearly independent of the individual sublattices. Similarly to [32, 103], we
(b)

work in an extended two-excitation subspace that is spanned by the states |kjiF ≡
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b̃†k b̃†j |Φ0 i, |kiF |jiA ≡ b̃†k σ̃gf |Φ0 i, |kjiA ≡ σ̃gf σ̃gf |Φ0 i, |kjiF ≡ c̃†k c̃†j |Φ0 i, |kiF |jiA
(b)

(j)†

(b)

(b)

(k)† (j)†

(c)

(c)

(c)

≡ c̃†k τ̃gf |Φ0 i, |kjiA ≡ τ̃gf τ̃gf |Φ0 i, |kiF |jiF ≡ b̃†k c̃†j |Φ0 i, |kiF |jiA ≡ c̃†k σ̃gf |Φ0 i,
(j)†

(c)

(k)† (j)†

(b)

(c)

(c)

(b)

(j)†

|kiA |jiA ≡ τ̃gf σ̃gf |Φ0 i, |kiF |jiA ≡ b̃†k τ̃gf |Φ0 i and |kiA |jiA ≡ σ̃gf τ̃gf |Φ0 i.
(c)

(b)

(k)† (j)†

(b)

(c)

(j)†

(b)

(c)

(k)† (j)†

The subscripts F and A stand for the photonic and atomic excitations respectively, whereas b and c stand for the corresponding sublattices. The state |Φ0 i =
(b)

(c)

|Φ0 i(b) |Φ0 i(c) = ⊗N
µ=1 |giµ |giµ |0iµ is the ground state of the system, where |0iµ
denotes the vacuum state of the cavity number µ. We note that the excitations
(polaritons) are in our case dark in a sense that they do not have the contribution of the excited levels |ei and are not subjected to spontaneous emission.
(b),(c)

The atomic excitations |kjiA

are in general not orthogonal to each other be-

†
†
2
0
0 . b̃k ,b̂
δ
j and c̃k ,c̃j fulN k+j,k +j
fil the bosonic commutation relation [b̃k , b̃†j ] = [c̃k , c̃†j ]δkj , while the atomic opP
2πi
(k)
(j)†
µ(j−k) (µ)
N
erators fulfil the commutation relation [σ̃gf , σ̃gf ] = − N1 N
σ̂z and
µ=1 e
P
2πi
(µ)
(µ)
(µ)
(k)
(j)†
µ(j−k)
N
τ̂z with σ̂z and τ̂z as the Pauli z matrices for
[τ̃gf , τgf ] = − N1 N
µ=1 e

cause of

(b),(c) 0 0
(b),(c)
hk j |kjiA
A

= δk,k0 δj,j 0 + δk,j 0 δj,k0 −

the atom in the µth cavity of the two sublattices b and c. Under the action of Ĥ on
the states which form the two-excitation subspace, fort the sublattice b we get the
relations
(b)

(b)

(b)

(b)

(b)

(b)

(b)

(c)

(b)

(c)

Ĥ|kjiF = −2ab |kjiF − Gb (|kiA |jiF + |jiA |kiF ) + ωk |jiF |kiF + ωj |kiF |jiF

(5.6a)
(b)

(b)

(b)

(b)

(b)

(b)

Ĥ|kiA |jiF = −Gb |kjiF − (ab + bb )|kiA |jiF − Gb |kjiA
ab X 0 (b) 0 (b)
2Gb X 0 0 (b)
(b)
(b)
+
(|k iA |j iF + |j 0 iA |k 0 iF ) +
|k j iA
N 0 0
N 0 0
(k ,j )∈SP

(b)
(b)
Ĥ|jiA |kiF

(5.6b)

(k ,j )∈SP

(b)
−Gb |kjiF

(b)

− Gb |kjiA
ab X 0 (b) 0 (b)
2Gb X 0 0 (b)
(b)
(b)
+
(|k iA |j iF + |j 0 iA |k 0 iF ) +
|k j iA
N 0 0
N 0 0
=

− (ab +

(b)
(b)
bb )|jiA |kiF

(k ,j )∈SP

(5.6c)

(k ,j )∈SP

(b)

(b)

(b)

(b)

(b)

(b)

Ĥ|kjiA = −Gb (|kiA |jiF + |jiA |kiF ) − 2bb |kjiA ,
b 2

(5.6d)

b 2

where ab = − |g∆mb| and bb = − |Ω∆b| are the individual Stark-shifts of the cavity and
control field, ωl = −J1 − J2 e

i2πl
N

with l ∈ {k, j} and Gb =

b Ωb
gm
∆b

the effective atom-

photon coupling constant within the sublattice b. Moreover, for the sublattice c we
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get the relations
(c)

(c)

(c)

(c)

(c)

(b)

(c)

(c)

Ĥ|kjiF = −2ac |kjiF − Gc (|kiA |jiF + |jiA |kiF ) + ωk∗ |jiF |kiF
(b)

(c)

+ ωj∗ |kiF |jiF ,
(c)

(5.7a)

(c)

(b)

(c)

(c)

(c)

Ĥ|kiA |jiF = −Gc |kjiF − (ac + bc )|kiA |jiF − Gc |kjiA
ac X 0 (b) 0 (b)
2Gc X 0 0 (c)
(b)
(b)
+
(|k iA |j iF + |j 0 iA |k 0 iF ) +
|k j iA ,
N 0 0
N 0 0
(k ,j )∈SP

(c)
(c)
Ĥ|jiA |kiF
c X

+

a
N

(5.7b)

(k ,j )∈SP

c

= −G
(c)

(c)
|kjiF
(c)

(|k 0 iA |j 0 iF +

(k0 ,j 0 )∈SP
(c)

(c)

(c)
(c)
(c)
− (a + b )|jiA |kiF − Gc |kjiA
2Gc X 0 0 (c)
(c)
(c)
|j 0 iA |k 0 iF ) +
|k j iA ,
N 0 0
(k ,j )∈SP
c

(c)

c

(c)

(c)

(5.7c)

(c)

Ĥ|kjiA = −Gc (|kiA |jiF + |jiA |kiF ) − 2bc |kjiA ,

(5.7d)

c 2

c 2

where ac = − |g∆mc| and bc = − |Ω∆c| are the individual Stark-shifts of the cavity
and control field, ωl∗ = −J1 − J2 e

−i2πl
N

with l ∈ {k, j} and Gc =

c Ωc
gm
∆c

the effective

atom-photon coupling constant within the sublattice c. Within Eqs. (5.6) and (5.7),
which refer to the sublattices b and c, we have a sum over the set SP = {(k, j) | 0 ≤
k < j ≤ N − 1, k + j ≡ P (mod N )} that is determined by the quasi-momentum
P . So far, we have described the action of the model Hamiltonian (4.1) within the
individual sublattices b and c without considering the coupling of nearest neighbour
QED cavities of the sublattices. The coupling between nearest neighbour QED
cavities is governed by the inter-cavity hopping of photons which characterizes the
(b)

(c)

(b)

(c)

(c)

(b)

(b)

(c)

appearance of the kets |kiF |jiF , |kiA |jiF , |kiA |jiF and |kiA |jiA . As the model
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Hamiltonian (5.1) acts on these kets, we end up with the relations
(b)

(c)

(b)

(c)

(b)

(c)

(c)

(b)

(b)

Ĥ|kiF |jiF = −(ab + ac )|kiF |jiF − Gb |kiA |jiF − Gc |jiA |kiF − ωj∗ |kjiF
(c)

− ωk |kjiF ,
(b)

(5.8a)

(c)

(b)

(c)

(b)

(c)

(c)

(b)

(b)

Ĥ|jiF |kiF = −(ab + ac )|jiF |kiF − Gb |jiA |kiF − Gc |kiA |jiF − ωk∗ |kjiF
(c)

− ωj |kjiF ,
(b)

(5.8b)

(c)

(b)

(c)

(b)

(c)

(c)

(b)

(c)

Ĥ|kiA |jiF = −(ac + bb )|kiA |jiF − Gb (|kiF |jiF + |kjiF ) − Gc |kiA |jiA
(b)

(b)

− ωj∗ |kiA |jiF ,
(b)

(c)

(5.8c)
(b)

(c)

(b)

(c)

(c)

(b)

(c)

Ĥ|jiA |kiF = −(ac + bb )|jiA |kiF − Gb (|jiF |kiF + |kjiF ) − Gc |jiA |kiA
(b)

(b)

− ωk∗ |jiA |kiF ,
(c)

(b)

(5.8d)
(c)

(b)

(c)

(b)

(c)

(b)

(c)

(c)

Ĥ|kiA |jiF = −(ab + bc )|kiA |jiF − Gb |kiA |jiA − Gc |kiF |jiF − ωj |kiA |jiF ,
(5.8e)
(c)

(b)

(c)

(b)

(c)

(b)

(c)

(b)

(c)

(c)

Ĥ|jiA |kiF = −(ab + bc )|jiA |kiF − Gb |jiA |kiA − Gc |jiF |kiF − ωk |jiA |kiF ,
(5.8f)
(b)

(c)

(b)

(c)

(c)

(b)

(b)

(c)

(5.8g)

(b)

(c)

(b)

(c)

(c)

(b)

(b)

(c)

(5.8h)

Ĥ|kiA |jiA = −(bb + bc )|kiA |jiA − Gb |jiA |kiF − Gc |kiA |jiF ,
Ĥ|jiA |kiA = −(bb + bc )|jiA |kiA − Gb |kiA |jiF − Gc |jiA |kiF .

In case of Eqs. (5.8a)-(5.8h) no sum over the set SP = {(k, j) | 0 ≤ k < j ≤
N − 1, k + j ≡ P (mod N )} appears. This is clearly a consequence of introducing
a staggered configuration of the inter-cavity photon hopping J1 and J2 . Further,
from Eqs. (5.6),(5.7) and (5.8) we can deduce that the quasi-momentum P is a
conserved quantity and hence a good quantum number. Apart from the quasimomentum, the total number of excitations (dark polaritons) in each sublattice
P
PN
(µ)
(µ)
†
†
c
N̂ b = N
µ=1 (ĉµ ĉµ + τ̂f f ) is a conserved quantity. From
µ=1 (b̂µ b̂µ + σ̂f f ) and N̂ =
this, it fallows that the total number of excitations (dark polaritons) of the complete
system N̂ = N̂ b + N̂ c is a conserved quantity as well.
We can construct the complete set of eigenvectors by solving the eigenproblem
within each of the subspaces P = 0, 1, . . . , N − 1. Following [32, 103], we restrict
the discussion to the case of even N and odd P . A general dark two-polariton
(D)

eigenvector |ΨP i in a staggered configuration of coupled QED cavities has the
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form
(D)

|ΨP i =

X

(b)

(c)

(BC)

(CB)

(fkj + fkj + fkj

+ fkj

),

(5.9a)

(k,j)∈SP
(b)

(b)

(b)

(b)

(b)

(b)

0 (B)

(b)

(b)

(b)

(b)

(c)

0 (C)

(c)

(c)

(c)

(c)

fkj = αkj |kjiF + βkj |kiA |jiF + βkj |jiA |kiF + γkj |kjiA ,
(c)

(c)

(c)

(c)

(c)

(5.9b)

fkj = αkj |kjiF + βkj |kiA |jiF + βkj |jiA |kiF + γkj |kjiA ,
(BC)

fkj

(BC)

γkj

(CB)

fkj

(BC)

= αkj
(b)

(b)

(c)

|kiF |jiF + αkj
0 (BC)

(c)

|kiA |jiA + γkj
(CB)

= βkj

0 (BC)

(c)

(b)

(b)

(c)

(BC)

|jiF |kiF + βkj

(b)

(5.9c)
0 (BC)

(c)

|kiA |jiF + βkj

(b)

(c)

|jiA |kiA ,

(b)

0 (CB)

|kiA |jiF + βkj

(c)

|jiA |kiF +
(5.9d)

(c)

(b)

|jiA |kiF .

(5.9e)

(D)

(D)

(D)

|ΨP i satisfies the time-independent Schrödinger equation Ĥ|ΨP i = λ|ΨP i which
yields within each of the subspaces P = 1, 3, . . . , N−1 an eigenproblem that is given
by the subsequent set of linear equations for the sublattice b
(b)

(b)

(b)

0 (B)

(BC)

0 (BC)

λαkj = −2ab αkj − Gb (βkj + βkj ) + ωj αkj + ωk αkj ,
(5.10a)
0 (B)
2Gb X (b)
ab X (b)
(BC)
(b)
(b)
(b)
(b)
(βk0 j 0 + βk0 j 0 ) + ωj βkj − Gb γkj +
γ 0 0,
λβkj = −Gb αkj − (ab + bb )βkj +
N S
N S kj
p

0 (B)

λβkj

0 (B)

(b)

= −Gb αkj − (ab + bb )βkj +

p

ab X (b)
(βk0 j 0
N S
p

(5.10b)
0 (B)
0 (BC)
2Gb X (b)
(b)
+ βk0 j 0 ) + ωk βkj
− Gb γkj +
γ 0 0,
N S kj
p

(5.10c)
(b)

(b)

0 (B)

(b)

λγkj = −Gb (βkj + βkj ) − 2bb γkj ,

(5.10d)

and sublattice c

(c)

(b)

(c)

0 (c)

(bc)

0 (bc)

(5.11a)
λαkj = −2ac αkj − Gc (βkj + βkj ) + ωk∗ αkj + ωj∗ αkj ,
0 (c)
ac X (c)
2Gc X (c)
(c)
(c)
(c)
(cb)
(c)
λβkj = −Gc αkj − (ac + bc )βkj +
(βk0 j 0 + βk0 j 0 ) + ωj∗ βkj − Gc γkj +
γ 0 0,
N S
N S kj
p

0 (C)

λβkj

0 (C)

(c)

= −Gc αkj − (ac + bc )βkj +

p

c

a X (c)
(βk0 j 0
N S
p

(5.11b)
0 (c)
0 (CB)
2Gc X (c)
(c)
+ βk0 j 0 ) + ωk∗ βkj
− Gc γkj +
γ 0 0,
N S kj
p

(5.11c)
(c)

(c)

0 (c)

(c)

λγkj = −Gc (βkj + βkj ) − 2bc γkj .

(5.11d)
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Up to now, in (5.10) and (5.11) the eigenproblem of decoupled sublattices b and c
have been presented. However, the eigenproblem, which considers the coupling of
the individual sublattices b and c through the staggered inter-cavity photon hopping
J1 and J2 , are given by the sequel set of linear equations
(bc)

(bc)

(bc)

0

(b)

(c)

λαkj = −(ab + ac )αkj − Gb βkj − Gc β (cb) + ωj∗ αkj + ωk αkj ,
0 (bc)

λαkj

(bc)

0 (bc)

0 (bc)

= −(ab + ac )αkj − Gb βkj
(bc)

(bc)

(b)

(bc)

(b)

λβkj = −Gb αkj − (ac + bb )βkj − Gc γkj + ωj∗ βkj ,
0 (bc)

λβkj

(cb)

0 (bc)

0 (bc)

= −Gb αkj − (ac + bb )βkj
0 (bc)

0 (bc)

− Gc γkj

(cb)

0 (bc)

λβkj = −Gc αkj − (ab + bc )βkj − Gb γkj
0 (cb)

λβkj

(bc)

(bc)

(cb)

0 (bc)

λγkj

0 (b)

+ ωk∗ βkj ,
(c)

+ ωj βkj ,

(bc)

0 (c)

= −Gc αkj − (ab + bc )βkj − Gb γkj + ωk βkj ,
(bc)

0 (CB)

λγkj = −Gc βkj − Gb βkj
0 (bc)

= −Gc βkj

(c)

− Gc β (cb) + ωk∗ αkj + ωj αkj ,

(bc)

− (bb + bc )γkj ,

(cb)

0 (bc)

− Gb βkj − (bb + bc )γkj ,

(5.12a)
(5.12b)
(5.12c)
(5.12d)
(5.12e)
(5.12f)
(5.12g)
(5.12h)

where λ is the corresponding eigenvalue. Eqs. (5.10), (5.11) and (5.12) represent the
most general form of the eigenproblem to our chosen model system. It generalizes
the eigenproblem in [103]. We can recover the results in [103] by choosing uniform
inter-cavity photon hopping, e.g. J1 = J2 and equal effective atom-photon coupling
constant Gb = Gc := G. In the sequel section, we focus on the ground state DPBP
as found in [103], discuss staggered induced disorder and its effects on the ground
state DPBP.

5.3

Effects of staggered hopping induced disorder
on ground state DPBP

In the following, we consider the aspect of induced disorder through the staggered
photon hopping [104] in combination with the control field Stark shift. We can basically tune the disorder by an overall or staggered (non-)compensation of the control
field Stark shift. Thereby, we keep the effective atom-photon coupling constants Gb
b
c
and Gc constant and equal. This means that the coupling strengths gm
, gm
, the

individual Rabi frequencies Ωb , Ωc and the common single photon detunings ∆b ,
∆c are individually equal. As we restrict the discussion to the ground state DPBP,
b
c
gm
= gm
:= gm > Ωb = Ωc := Ω, ∆b = ∆c := ∆ < 0 and Gb = Gc := G has to hold

as mentioned and introduced in [103].
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5.3.1

Staggered photon hopping in the regime of non-compensated and compensated control field Stark shift

We concentrate on the ground state DPBP and its state composition within an array
of N = 20 coupled QED cavities with periodic boundary conditions and odd discrete
quasi-momenta P where the overall control field Stark shift is not compensated. The
used parameters for the cavity field coupling strengths in each sublattice b and c
are gm = 0.05|∆| with ∆ = −1000. The value of gm fits well with the realization of
strong coupling in toroidal microcavities, embedded with Cs-atoms and the discover
of ground state DPBP [103, 51]. Further, the Rabi frequencies in each QED cavity
within the sublattices b and c have been chosen to be Ω = 0.003|∆|, while the intercavity photon hopping parameters fulfil the conditions J1  J2 with J2 kept fixed
and J1 > G as well as G > J2 . In order to get inherent information on the state
composition of the ground state DPBP, we follow in line with [32, 103] and calculate
the joint probabilities
b̂† b̂†
(b)
(D)
pF F = |hΨP | √ n m |Φ0 i|2 ,
1 + δnm
(b)

(D)

(m)†

(5.13b)

pAA = |hΨP |σ̂gf σ̂gf |Φ0 i|2 ,

(b)

(D)

(n)† (m)†

(5.13c)

ĉ†n ĉ†m
|Φ0 i|2 ,
1 + δnm

(5.13d)

pAF = |hΨP |b̂†n σ̂gf |Φ0 i|2 ,

(c)

(D)

(c)

(D)

(m)†

(5.13e)

(D)

(n)† (m)†

(5.13f)

pf f = |hΨP | √

paf = |hΨP |ĉ†n τ̂gf |Φ0 i|2 ,
2
p(c)
aa = |hΨP |τ̂gf τ̂gf |Φ0 i| ,

b̂†n ĉ†m
|Φ0 i|2 ,
1 + δnm

(bc)

(D)

(bc)

(D)

(m)†

(5.13h)

pAa = |hΨP |σ̂gf τ̂gf |Φ0 i|2 ,

(bc)

(D)

(n)† (m)†

(5.13i)

(cb)

(D)

ĉ†n b̂†m
|Φ0 i|2 ,
1 + δnm

(5.13j)

(cb)

(D)

pF f = |hΨP | √

pAf = |hΨP |b̂†n τ̂gf |Φ0 i|2 ,

pf F = |hΨP | √

(m)†

paF = |hΨP |τ̂n† b̂gf |Φ0 i|2 ,
(bc)

(5.13a)

(5.13g)

(5.13k)

(cb)

where pAa = paA holds. First of all, we set J2 = 0 and take J1 6= 0. This
configuration corresponds to so called decoupled dimers. Dimers are formed by the
nearest neighbour QED cavities of the sublattice b and c with the coupling, given by
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the inter-cavity photon hopping strength J1 . The state composition of the ground
state DPBP is dominated by the combined excitation of the atom and photon type
in each sublattice, but equally distributed. Sublattice linkage is also dominated by
the combined excitation of the atom and photon type. From this we can deduce that
one photon remains attached to the atomic spin coherence wave. This is reminiscent
of the atom-photon molecule. The state composition can be tuned by increasing the
relative importance of the inter-cavity photon hopping J1 , e.g., by increasing |∆|.
This is achieved gradually for distinct values of quasi-momentum, starting from
the values P = 1, N − 1 and proceeding towards the mid-range values of P . As
we reach the critical value of the inter-cavity photon hopping Jc = 0.0039|∆|, we
have a change from bound spin coherences to bound photons within the individual
sublattices as well as at the sublattice connection. The arrangement changes as we
include J2 . Namely, if we switch on J2 , keep it fixed and fulfil the requirement that
J1  J2 , ground state DPBP in the individual sublattices b and c appears as a
two-photon bound state while at the sublattice connection as a bound state of spin
coherences. Hence, the weak inter-cavity photon hopping strength J2 introduces
a so called bi-localization as seen in [104], but in our case it slightly differs. We
have bound photons and bound spin coherences at the same time, whereas [104]
only has bound photons or free spin coherences. If we compensate the control field
Stark shift, the arrangement of excitations and the composition of the ground state
DPBP remains the same as in the case of non-compensated Stark shift. Thus,
in the staggered configuration of inter-cavity hopping strengths J1 and J2 , control
field Stark shift does not have any affect on the arrangement of excitations and
its composition regarding the ground state DPBP, which was not the case in the
uniform configuration of inter-cavity hopping within our work [103]. By switching off
the Rabi frequency adiabatically, i.e. Ω → 0, increase J1 equidistantly by 0.0003|∆|
as it has been previously done and keep J2 fixed, we see a transfer of pure bound
spin coherences between the sublattices independently of (not)-compensating the
control field Stark shift.
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6
Conclusions
To sum up, we have investigated the formation of dark-state polaritons in an ensemble of degenerate two-level atoms with ground state Hilbert space Hg and excited
state Hilbert space He , where dim Hg ≥ dim He holds. We elaborated an algorithm,
which is a generalization of the Sawada-Brout-Chong approach [12]. Under suitable
conditions, the polariton mode dispersion relation and composition can be stated
in a closed form. Such DSPs do not depend on the energy spacing of the two-level
system, but rather on the Raman detuning of the coupling fields. For each polariton
mode, the effective field coupling parameters depend on the appropriate eigenvalues of the atomic operators V̂p† V̂p and V̂c† V̂c that determine the eigenproblem for
the polariton species. The application of the general procedure is given for

87

Rb

atomic transition Fg = 2 → Fe = 1 of the D1 line. Two cases of polarizations of the
control and probe field are analysed, when the two fields have orthogonal circular
polarizations and when both are linearly polarized in the orthogonal directions. In
the former case, two DSP modes are identified, while in the latter case, only one
DSP mode can be determined. The formation of the modes as well as their dispersion relation critically depend on the polarizations chosen. Possible application of
DSP modes in ultracold

87

Rb atoms for frequency and/or linear polarization con-

version without energy loss in the retrieved pulse is presented. Our algorithm can
be extended to degenerate systems with more levels and might have applications in
quantum information processing as a building block for a preparation and read out
schemes with the DSPs as qubit states.
Moreover, we have derived a modified Jaynes-Cummings model from the bare
model under two conditions: (i) two-photon Raman resonance of the cavity mode
and classical control field (ii) common single photon detuning |∆|  gm , Ω . We
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have shown that the eigenstates on one hand depend on the common single photon
detuning and on the other hand, their composition differs with respect to the control
field Stark shift. Furthermore, we have extended the modified Jaynes-Cummings
model to a modified Jaynes-Cummings-Hubbard model where an array of N coupled
QED cavities, each having an embedded single three-level atom, is considered. The
modified Jaynes-Cummings-Hubbard model supports DPBPs. The formation of two
different species of spatially localized dark-polariton bound pairs (DPBPs) has been
elaborated when there are exactly two excitations in the system. It was shown that
the onsite repulsion U (n) as a consequence of the Kerr-nonlinearity represents the
attractive force between interacting dark-polaritons and enables the existence of
DPBP states. Furthermore, it is demonstrated that our model system offers a high
degree of tunability that can affect both quantitative and qualitative behaviour. In
particular, the number of DPBP states can be controlled by (not) compensating the
Stark shift due to the control field. Further, in the regime when cavity-atom coupling
overwhelms the influence of the control field, and the common single photon detuning
of the fields is negative, we obtained a ground DPBP eigenstate on which the storage
and read out of a single photon can be effectively performed. An experimental
realization is proposed for our model system. Cs atom has been mentioned as a
promising candidate as its value of the cavity mode coupling strength gm fits very
well with our theoretically chosen and determined one.
In addition, disorder has been introduced into the modified Jaynes-CummingsHubbard model by a staggered arrangement of inter-cavity photon tunnelling strengths
J1 and J2 . This staggered arrangement leads to a formation of two sublattices b and
c. Under the assumptions (i) gm  Ω, (ii) common single photon detuning ∆ < 0,
(iii) inter-cavity photon hopping strength J1  J2 as well as equality of the common
single photon detuning, Rabi frequency and cavity mode coupling strength in and
between the sublattices, bilocalization occurs. Within the sublattices, bilocalization
is given by bound photons while the sublattice coupling is provided by bound spin
coherences of the ground state DPBP. However, if the the Rabi frequency Ω → 0
adiabatically and we increase J1 equidistantly, bound spin coherences of the ground
state DPBP are transferred between the sublattices. Depending on the Rabi frequency, our system can be used to transfer quantum states either of bound photons
or dark-polariton bound pairs given by bound spin coherences.
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7
Outlook
In case of dark-polariton bound pairs several open questions remain for future investigations. If we look at the uniform configuration, which means that the inter-cavity
hopping strength is equal within the array of coupled QED cavities, the number of
excitations can be increased. Due to the cyclic symmetry in k-space, which is determined through the quasi-momentum P as a good quantum number, up to seven
excitations can be studied. Furthermore, a more sophisticated atomic level structure
can be considered, e.g a tripod configuration with contra-propagating fields. These
kind of structures are interesting because spinor-like polaritons have been observed
in these level structures. So, an effective spin bound state might be able to realize. On the other hand, the one-dimensional modified Jaynes-Cummings-Hubbard
model could be extended to two dimensions and optical lattices could be studied
with respect to the inter-cavity photon hopping strength J1 or J2 . A realization of
a frustrated Heisenberg spin system might be possible. Frustration could be introduced through the non-uniform (staggered) inter-cavity photon hopping strengths
J1 and J2 .
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E. Giacobino, and A. Bramati, Superfluidity of polaritons in semiconductor
microcavities, Nature Physics 5, 805 (2009). 17
[43] S. Spillane, T. Kippenberg, O. Painter, and K. Vahala, Ideality in a fibertaper-coupled microresonator system for application to cavity quantum electrodynamics, Physical Review Letters 91, 043902 (2003). 17
[44] Y. Akahane, T. Asano, B.-S. Song, and S. Noda, High-q photonic nanocavity
in a two-dimensional photonic crystal, Nature 425, 944 (2003). 17, 61
[45] B.-S. Song, S. Noda, T. Asano, and Y. Akahane, Ultra-high-q photonic doubleheterostructure nanocavity, Nature Materials 4, 207 (2005). 17, 61
[46] F. S. F. Brossard, X. L. Xu, D. A. Williams, M. Hadjipanayi, M. Hugues,
M. Hopkinson, X. Wang, and R. A. Taylor, Strongly coupled single quantum
79

BIBLIOGRAPHY
dot in a photonic crystal waveguide cavity, Applied Physics Letters 97, 111101
(2010). 17
[47] A. Wallraff, D. I. Schuster, A. Blais, L. Frunzio, R. S. Huang, J. Majer, S. Kumar, S. M. Girvin, and R. J. Schoelkopf, Strong coupling of a single photon
to a superconducting qubit using curcuit quantum electrodynamics, Nature
431, 162 (2004). 17
[48] T. Niemczyk, F. Deppe, H. Huebl, E. P. Menzel, F. Hocke, M. J. Schwarz,
J. J. Garcia-Ripoll, D. Zueco, T. Humer, E. Solano, A. Marx, and R. Gross,
Circuit quantum electrodynamics in the ultrastrong-coupling regime, Nature
Physics 6, 772–776 (2010). 17
[49] P. E. Barclay, K. Srinivasan, O. Painter, B. Lev, and H. Mabuchi, Integration
of fiber-coupled high-q sin microdisks with atom chips, Applied Physics Letters
89, 131108 (2006). 17
[50] S. M. Spillane, T. J. Kippenberg, and K. J. Vahala, Ultrahigh- q toroidal
microresonators for cavity quantum electrodynamics, Physical Review A 71,
013817 (2005). 17
[51] T. Aoki, B. Dayan, E. Wilcut, W. P. Bowen, A. S. Parkins, T. J. Kippenberg,
K. J. Vahala, and H. J. Kimble, Observation of strong coupling between one
atom and a monolithic microresonator, Nature 443, 671–674 (2006). 17, 61,
71
[52] Y. Colombe, T. Steinmetz, G. Dubois, F. Linke, D. Hunger, and J. Reichel,
Strong atom-field coupling for bose-einstein condensates in an optical cavity
on a chip, Nature 450, 272–276 (2007). 17
[53] F. P. Laussy, E. del Valle, M. R. Singh, and R. H. Lipson, Optical spectra of
the jaynes-cummings ladder, volume 1147 p. 46 (2009). 17, 18
[54] J. Lisenfeld, Muller, J. H. Cole, P. Bushev, A. Lukashenko, A. Shnirman,
and A. V. Ustinov, Rabi spectroscopy of a qubit-fluctuator system, Physical
Review B 81, 100511 (2010). 17
[55] A. Tomadin, V. Giovannetti, R. Fazio, D. Gerace, I. Carusotto, H. Tureci,
and A. Imamoglu, Signatures of the superfluid-insulator phase transition in

80

BIBLIOGRAPHY
laser-driven dissipative nonlinear cavity arrays, Physical Review A 81, 061801
(2010). 18
[56] A. Sorenson and K. Molmer, Entangling atoms in bad cavities, Physical
Review A 66, 022314 (2002). 18
[57] L. S. Bishop, E. Ginossar, and S. M. Girvin, Response of the strongly driven
jaynes-cummings oscillator, Physical Review Letters 105, 100505 (2010). 18
[58] M. Leib and M. J. Hartmann, Bose-hubbard dynamics of polaritons in a chain
of circuit qed cavities, New Journal of Physics 12, 093031 (2010). 18
[59] Y.-F. Xiao, J. Gao, X.-B. Zou, J. F. McMillan, X. Yang, Y.-L. Chen, Z.-F.
Han, G.-C. Guo, and C. W. Wong, New Journal of Physics 10, 123013 (2008).
18
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