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[TIOBOJbITALE EOUKACHOCTH OVIYUUBAKA Y PYJIAPCTBY
[TPUMEHOM JIMHEAPHUX OIITUMU3ALIMOHUX MO EJIA

PE3UME

OpsiydrBalbe M yIpaB/bakbe y PYyAApPCTBY je 3axTeBaH M CJIOXKeH 3aJlaTaK M3JI0KeH
pusuiuMa. KoHBEHIIMOHATHU-UCKYCTBEHU MPUCTYIIH JIOHOLIEHhA O/JYKA, Y MPAKCU 4eCTO
M0Ka3yjy cJ1aboCT Koja ce orJyiefia y HeJIoBOJbHOj MOY3JJaHOCTH U MPELU3HOCTH.

[IlpegMeT wucTpakMBawa [JOKTOPCKE JucepTanuje, noj Ha3uBoM ,llobosbliame
edUKACHOCTU OJJlyuuBama y pPYyJAapCTBY NPUMEHOM JIMHEAapPHUX ONTUMH3ALMOHUX
MoJzesa“ je Jia, carjeflaBalbeM HayyHUX MeTOJa JIMHEAapHOI NporpaMupama, NPUCTYIH
dbopMUpamy JIOKAaLMjCKUX MoJesJa KOju OM OWJIM 3aCHOBAaHM HA aHajJIUM3U U
npujarobhaBamwy nocrojehux u yBohemwy HOBUX NPETIOCTABKHU 3a C/y4vajeBe Kao LITO je
eKCIlJIoaTalMja ¥ NOTPOIIka KpeymbaKa.

Y nucepranuju je npyuKasaH JUHEApPHU MOJeJl JIOKAaLMjCKe OITUMHU3al1je eKCIJioaTaluje U
NOTPOLIe Kpeuwaka y MakeJoHHUjH, ca 29 NpPOU3BOJHUX €HTUTETA — MOBPIIMHCKUX
KOIIOBQ, Y /iBe ONLUje eHTUTEeTa NOTpollme, ca 15 u 16 noTpomaya Kpeuwaka. U3smMmeHom
jefHe oJ, MOJIa3HUX MPETIOCTABKH, Opoja MoTpolllavya, UCTPaKHUBame MOKasyje Aa je 3a
NOTIYHO M IIOy3[laHO carJie/laBame IOHallaka CUCTEMA HeONXOJaH MaTeMaTHU4Ko-
MOJIeJICKM TPUCTYN aJieKBaTHe OCET/bMBOCTHM Ha IpOMeHe peJIeBaHTHUX IapaMeTapa.
Mopen omoryhaBa mnoThnyHuje U T1Oy3/laHUje carje/laBalmbe JejioBakba MNpOMeHa
pesieBaHTHHUX NapaMeTapa Ha ONTUMaJlaH LiWJb, Npy»a MOrYhHOCT eKcepUMeHTHCamba
MemamheM OCHOBHMUX NpPEeTHNOCTaBKU U ycMepaBajyher gesioBawa Ha ucxof. OBe HaBoze
WJIYCTPYjy U NOTBPhyjy pe3yTaTh UCTPaKMBaka U3HETH Y AUCEPTALU]jH.

K/bYYHE PEYU: OIITUMU3ALU]A, TUHEAPHU JIOKALIM]CKU MOJEJI, TMHEAPHO
[IPOI'PAMUPAIBLE, EKCIIJIOATALUJA U ITIOTPOIIHA KPEUIBAKA, MAKEZIOHUJA
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IMPROVING DECISION-MAKING EFFICIENCY
IN MINING USING LINEAR OPTIMIZATION MODELS

ABSTRACT

Decision-making and management in mining is a demanding and complex task, dealing
with risks. Conventional and experiential decision-making approaches, in practice, often
show a weakness reflected in insufficient reliability and precision.

The subject of the doctoral dissertation research, entitled "Improving decision-making
efficiency in mining using linear optimization models" is by observing the linear
programming models to consider the formation of location models that would be based on
the analysis and adaptation of the existing as well as the newly introduced assumptions for
cases such as limestone exploitation and consumption.

This doctoral dissertation shows the linear model of location exploitation optimization and
consumption of limestone in Macedonia, with 29 production entities - open-pit mines, and
two options of consumption entities, with 15 and 16 lime consumers. By changing one of
the starting hypothesis, the number of consumers, the research shows that mathematical
model approach with adequate sensitivity to changes of relative parameters is necessary
for a complete and reliable overview of system behavior. The model ensures a more
complete and more reliable overview of impact that changes of relevant parameters have
on the optimal goal, provides possibilities to experiment by changing the basic hypothesis
and the directing effect on the outcome. These hypothesis are illustrated and confirmed by
the results in this doctoral dissertation.
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3AXBA/IHOCT

Beauky 3axeasHoct gylyjem ceom meHuwopy upog. gp Hiopy Musbanosuhy, koju mu je, ceojum
WUPOKUM UO3HABAF-EM JUHEAPHOI UpoIpamuparsa U ouepayuoHux UCWpaxcuedarbd, 3Ha4djHO

uomoiao casemwiumMa u ugejama WokKoM uspage gucepuayuje.

IlocedHy 3axeanHocwi gylyjem upog. gp CaodogaHy Byjuhy, ceom meHuwopy ca maciiep
cuyguja pygapckol UHicerbepclied, B6pXYHCKOM UO3HAsaoyy y odaacluiuma UpumeHe
CUCWIeMCKUX HAayka U olepayuoHUXx UcWipaxcuearsa y pygapciigy, Ha KOHcCy/Allayujamd,
KOpUCHUM casewiumd, MOpAaJaHOj U UHWeAeKUyaaHoj uogpwyu u uomohu wokom

uctupaxcusarsd.

HeusmepHo ce 3axeasbyjem 4aaHo8uMa komucuje upod. gp 3opaH [auiopuhy u tupod. gp

Mapuju Ky3amaHosuh Ha KOpucHUM U godpoHAMePHUM cylecluujama u upumegdama.

Csojoj uopoguyu u mojoj gesojyu gylyjem deckpajHy 3ax8a/tHOCW HA pa3ymesarby U Uogpuyu

08UX I0gUHAQ.

08y gokiiopcky gucepuiayujy toceehyjem ceom tiokojHoM oyy gp Ciiedpky Boweackom.

Tpajue bowescku
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BUOTPA®PUJA

HU3JABA O AYTOPCTBY

H3JABA O MICTOBETHOCTHU ITAMITAHE U EJIEKTPOHCKE BEP3U]JE JOKTOPCKOT PAJIA
H3JABA O KOPUII'REWY



1. YBO/J

1.1 IPEAMET UCTPAXXUBAIbA

OpsiydrBalbe W ynpaBJ/balbe Y PYyJApCTBY y NPUHIUIY je 3aXTeBaH W CJIOXEH 3aJjaTak
u3JoKeH pusunuma. Jlo6pa ojJiyka HHUje YyBeK YCJOB 3a Jobap pe3yJsTart.
KoHBEHI[MOHA/JIHU-UCKYCTBEHU MPUCTYIU JIOHOIIEHkA OJJYKA, Y MPAKCH YEeCcTO MOKa3yjy
c1abOCT KoOja ce orJjiefa y HeJ0BOJbHOj MOY3[AAHOCTH M Mpenu3HOCTH. PYHKIMOHAIHO
CrelMjaM30BaHd MaTeMaTHU4YKO-MOJEJNCKH asaTu U3 paMu/ivje MeToAa OINepalnioHUX
UCTpakKMBakba, OBe HEAOCTAaTKe HeMajy y3 IMpeTNOCTaBKy aJeKBaTHOT u36opa U

MPaBUJIHOT MOCTYIKa Y MPUMeEHHU o/iroBapajyhe MeTo/ie 32 MOAPUIKY OAJIyIHUBaAY.

CBaku iaH ce cyodyaBaMo ca OTPeOOM Ja JoHeceMOo oAayKy. OZ/IyKe Cy 4eCTo jeJHOCTaBHE
U Op3e, ajJiu MOCTOje OAJIYKE KOje 3axXTeBajy BHILEe BpeMeHa, pecypca, UHpopManuja U
ajTepHaTuBa. [loHOLIEeme 0Jl/IyKa je MoCTynak u3bopa uaMeby ckymna aatepHatuBa. CBaku
NOCTYNAaK JIOHOLIeHa OJJIyKe Jaje pe3yJTaT KOjU MOXXe OUTH aKIiuja, Ipernopyka W/
mulbewe. EPUKacHOCT mnpejcTaB/ba MOCTU3albe MaKCMMaJHOT yYMHKa KopucTehu

MHUHHMaJIHEe pecypce.

BpJio je 6UTHO o//lyKe JOHETH Ha 6a3U HAyYHUX MeTO/a, 0CO6eHO MeTo/aMa JMHeapHOT
nporpaMupama, Koju Jjajy MHOTY 60/be TEXHOJIOLIKE, TEXHUYKE U EKOHOMCKe edeKTe, HEro
IITO OM ce AOGUIM HUXOBOM 3aHeMapHBameM. OBO je passior BHIlle KOjU ONpaBJaBa
NPaKTUYHY MPUMEHY W TOBOPH O HEONXOJHOCTH HHUXOBOT Kopullhewa y mpouecy

NpaKTUYHOT oJi/ly4uBatba [90].



Ca pasBojeM HUHAYCTpHje, MpobseMu ce mnoBehaBajy. TpoLIKOBH, KOjU HArJo pacry,
NpeJICTaB/bajy OrpOMaH HM3a30B KOjU ce Mopa CTAabU/IM30BaTH M JOBECTH [0 HHUBOA
ONTHMAJHOCTH. Y PyJlapCTBY Ce 4ecTo cycpeheMo ca c/I0KeHUM NMpo6IeMUMa pPa3IuIUTe
NPUPOJE, TAEe UHTYUIMja U UCKYCTBO HUCY YBEK YCJIOB 3a JIOHOLIEHE HCIPAaBHE OJJIYKE.
Yecte UHAHCHUjCKe KpH3e Cy AO0JATHU pasJor 3a NpUMeHy MeToJa U MoJeJsa Koju he
no6osbiiaTH ePUKACHOCT OJJlyuMBalba, He caMo y pyaapcTtBy, Beh u y Japyrum

VHAyCTpHUjama.

[IpeaBubame mnocieaulia NpoMeHa y CHUCTEMY Kao ILITO je CUCTEM eKcCIJloaTaluje U
NOTPOIIE KpeuakKa, IPobJeM je KOju 3axTeBa OAroBapajyhv aHaJIMTUYKHU PUCTYI KOjU
obyxBaTa CBe orpaHuhyaBajyhe ¢akTope, HUXOBa JeJiOBakba, 3aBUCHOCTH, NOXKeJ/bHE U
Helo)KeJbHe IMpPOMEeHe, U HCOYyele IO0CTaB/beHOI Lu/ba WJIMU BHIIEe Lu/beBa. bes
dbopMHpawka MaTeMaTUYKOT MOJiesia ¥ IpHMeHe O/iroBapajyhe MeTo/ie 3a pelllaBamwe, HUje

Moryhe peliewe npob6semMa Ha ONTUMAJTHOM HUBOY.

[lpegMeT wHcTpakuBamwa [JOKTOPCKe Aucepranuje, noja HasuBoM ,Ilo6ospliame
edUKACHOCTU OJJlyuuBama y pPYyJApCTBY NPUMEHOM JIMHEAapPHUX ONTUMH3ALMOHUX
MoJziesa“ je Ja carjejaBalkbeM Hay4YHUX MeToJia JIMHeapHOI NporpaMupama NpUCTYIIH
bopMHUpawy JIOKallMjCKUX MoOJesia Koju ©6u OWId 3acHOBAaHM Ha aHa/lM3Uu U
npusarohaBamwy nocrojehux M yBohewy HOBUX NPETHOCTABKU 3a C/ly4yajeBe Kao LUTO je

eKCIJIoaTalMja U OTPOIHha KpeyrakKa.

1.2 HAYYHHU DM/bEBU UCTPAYKUBAIBA

JloHOIIemhe YIPaB/bAUYKUX OJJIYKA Y €KCIJIOATAllUju MUHEpPAJHUX CHPOBHUHA Y MPUHLUITY
nojJijpasyMeBa carJjie/laBakbe, aHAJIMTUUKY UHTErpanujy U carjejjaBambe QyHKIUOHATHUX
yTHLIdaja OpOjHUX YMHMWJALA, MOHEeKaJ, MehycoOHO CynpoTCTaB/beHUX, Kao IITO Cy:
IPUPOJHU YCJIOBU (TEeOJIOLIKH, WHKEHEPCKOTEOJOWKH, XUAPOTe00IKH, XHUPOJIOIIKH,
KJIMMAaTCKA W [p.) TPXKUIIHO-eKOHOMCKU (06ep3aHCKH), TEXHUYKH, TEeXHOJIOIIKH,
KOMYHUKALlMOHU, YPOAHUCTUYKU, €EKOJIOIIKH, COI[UOJIOUIKH, TOJUTHYKH U  JAp.
OpsiydrBame U ynpaB/balbe y pyAapcTBY 6e3 003Mpa Ha XUjepapXUjCcKy CTENEeHUTOCT U
Pa3JIMYUTOCT KOja U3 TOra MPOU3uJIasy, IU/bHO je yCMepPeHO Ha MPOU3BO/IbY, Ca UCXOJHUM
ebekTUMa HCKA3aHUM EKOHOMHMKOM TNOCJI0Bamka pyJHHUKa, 6e3benHomhy pajga u
noysgaHoiihy npousBozmwe. C 063UpoM Ja Cy pPyAHUIM y NMPHUHIMIY NpPBE KapuKe y

NPOU3BOJAHUM JIAaHLIUMA, aHAJIOTHO QUCHUjU y PU3uLM, epeKTU pajila pyJHUKA MPEeHOoCce ce



Ha KapUKe Koje y JlaHIly cyiefie (Ha mpuMep: pyAHUK Kpeubaka — GpabprKa 3a IPOU3BO Y
XUJIPATHCAHOT Kpeya — MOTpPoIlka Kpeya). OuursieHo je fa ce pedJieKcHja yrpaB/bayKux
OJ/IyKa y PyAHHULMMA MpeMBa Ha CBE eHTUTETE Y MPOU3BOAHOM JIAHLy KOjU CJIeJie, LITO
ynyhyje Ha cTaB 0 MOCJAeAUYHOj MOBE3AHOCTU U NpedepeHnHju oJJIyurBakba Ha HUBOY

pyAHHKA.

Jla 6u onyyrBame U ynpaB/bakbe 6MJI0 ePpUKACHO, MOpa OUTH YCIIOCTABJ/bEH HA/I30p HA/
CBUM UHTEPHUM M eKCTepPHUM YMHHUOLMMAa OMTHUM 3a JOHOLIeHe OJJIYKa, jacHa CJMKa
HBHUXOBUX Y3POYHO-TIOCJAE€UYHUX Be3a, MOTeHMja/IHUX PU3UKA U aZleKBaTaH MPUCTYM 3a
NOAPLIKY oAJy4YMBamwy. OBaKo ocMaTpaHoO, OJJIyYHBakbe CIpexe y IeJMHY: aKBU3ULU]jy
pejieBaHTHUX IHojaTaka M uWHopMalyja y peaJHOM U HPOLIMPEHOM BpeMEHY,

JIOKYMeHTalujy, IpaBUJia ¥ NpoleJype JoOHOIIewka 0JJIyKa.

Y TOM cMUCNy, UIeHTUPUKOBAHU Cy ciefiehr LIM/beBU UCTPaXKMBakba Y OKBUPY JAOKTOPCKe
JicepTalyje: carjefilaBambe OCTBapeHOr Ha M0JbY IpMMeHe JIMHeapHUX ONTHMU3alMOHUX
MoJiesla Kao MPUCTyNa 3a MOJPUIKY OJAJy4YUBamy y PYAApPCTBY, aHajJU3a NPOO6JIEMCKO
(TeMaTCKM) OpHUjeHTHUCAHUX MOTYhHOCTM W oOrpaHUYerma M[pUMeHe JIMHEapHHUX
ONTUMHU3ALMOHUX MOJeJa Y pyAapCTBY, TeCT-eKCIepUMeHTa/lHa HUCTpakKuBakba

JIMHEApHUX MOJieJia 3a IOAPUIKY OJJIYIYUBAbY U OLl€HA [TPAKTHUIHHUX ecl)eKaTa.

1.3 OCHOBHE ITOJIA3HE IIOCTABKE Y UCTPAXKUBAIbMUMA

YBUZOM ¥ aHAJMU30M JIMTEPATYPHUX U3BOpa MPHUMETHA je GPOjHOCT pafoBa HAYYHOT U
CTPYYHOT KapaKTepa O JIMHEAPHUM ONTUMHU3AIMOHUM MeToZaMa U lbUXOBUM NpPUMeHaMa
y pasauyuTuMm chepama. MehyTUM, CynpoTHO OYEKHUBAHY, HCXOJHU 3aK/bY4aK OBe
aHanmu3e je Ja eQPUKACHOCT OJAJy4YMBamka y PYAHUIMMA y3 MOAPIIKY JHHEapHUX
ONTUMHU3ALMOHUX METO/la HUje UCTpakeHa NPHUMEPEHO aNJIMKAaTUBHO] MOAECHOCTH OBUX
MeToza. OBO je MHUIUPAJIO TEMY U YyTULAJIO HA AePUHUCAhe KOHIENIHje UCTPAKUBabha Y

OKBHUPY AUCEPTALHje.

OcHOBHe I0J1a3He [TOCTaBKe 3a UCTpPakKUBakba y OKBUPY JUcepTalLuje Cy:
1. HepoBosbHa carsieZJaHOCT NPUMEH/bBUBOCTH JIMHEAPHUX ONTHUMHU3ALMOHUX METOAa

3a NOAPUIKY OJ/IyYMBakby Y PyapCTBO;



OTBOopeHoCT nmnuTawa edekaTa U ePUKACHOCTH TMpPUMeHe JIMHEeApPHUX
ONTUMHU3AIMOHUX MO/ieJa PU JIOHOLIehY YIIPaB/bauyKUX OJJYKa; U

HemnocTojame npenopy4/eMBOr aJITOPUTMA U KPUTEPUjyMa IPUMEHE OBUX MOJeJa

3a OJPIUKY OAJYYUBaY Y PyAapCTBY.

1.4 IIPOT'PAM UCTPA’KUBAIbA

Ha ocHOBY cajjammer carsefjaBamwa orncera npo6seMa, JaHupa ce ia ce UCTpaKMBamba y

OKBUPY [OKTOpPCKe JucepTalidje OJBUjajy y [ABe ¢ase: TeopHjcKa HCTpPaKHMBama HU

NpaKTHUYHe MpoBepe.

[IpBa ¢dasa Tpeba fga carjiesja, OTBOPU U JeTepMHHHUIIe NpPo6GJeM M TNOCTAaBU
aJropuTaM INpUMeHe JIMHeapHUX ONTHMHU3alLMOHUX MoJesa KoJ, MOJpLIKe
O/l/ly4MBama Y pyAapCcTBY,

Y napyroj ¢asy Ha KOHKpPETHHM pYJAHUYKUM Ipo6JsieMrMMa, ob6aBuhe ce TecT-
eKCrepuMeHTa/IHa UCTPaXKUBaba U OLeHUTH ePeKTH WU NOTeHLHUjaTHU edeKTH

INpUMEHe JIMHEAPHHUX OITUMHU3AIUOHUX MOJZieJia Yy OAJIYyIHBaAbLY.

[Iporpam ucTpakMBama 06yxXBaTa aKTUBHOCTHU:

BN

U

WUpentudukanuja npobsiema,

CarsiejaBame UCKYCTBA Y PyZAapCTBY Ha IPeMeTHOM I0JbY,

OneHa nocrojehux UcKycTaBa ca NIpeJ/I0roM NOoCTyINKa Ja/buX UCTPAKUBaAA,
M360p pyAHUYKHUX Npob6sieMa MEPUTOPHUX 3a UCTPaKWBakba NPUMEHJbUBOCTU
JIMHEapHUX ONTUMU3ALMOHUX MO/iesia KO/, o/IpLIKe O/ Iy4YMBama y pyapCTBYy,
TecT excnepuMeHTa/IHA UCTPAXKHUBakba U aHA/IM3a Pe3yJITaTa,

3anaxkama ca npeaJsoroM Ja/bMX HCTPaKHUBakba.

CazHawa y TOKy HCTpaKMBakba MOTY YTHLATH Jla Ce€ y HU3BECHO] MepH OJCTYIU Of,

MJIAHUPAHHUX dKTUBHOCTH.



1.5 METOJ0JIOTUJA HCTPAXKHUBAIHA

MeTozo/ioTMja HWCTpaXkKMBamba, MpuaaroheHa mnpob6JseMy, nporpaMmy M LH/beBUMa
UCTpaXMBala y OKBUpY AucepTaluje, obyxBaTa: NpoydyaBaibe NMOCTOjehuX MCKyCTBa U
Ca3Halba aHa/M30M JINTEPAaTYpPHUX M JPYTrUX paclnosIOKMBUX H3Bopa HHopMalyja.
3ak/byylBakhe 3aCHOBAHO Ha MPETXOJHUM Ca3HambUMa U JebUHUCAkbe ,MIJIOBHOT" Kypca
JlaJbUX UCTPaXKUBamwa, H300p pyAHUYKUX [OpobjeMa MepUTOPHUX 3a  TecCT-
eKCIlepyUMeHTa/IHa HMCTpaXKMBama, eKCllepMMeHTa/lHa UCTPaXKUBaa, 3aBpLIHY OLeHy M
3ak/by4ak. /lakjie, y OCHOBU MeTO/0JI0THja UCTPaKMBawka KOMOHUHYje U Craja TeopHjcKa U

OIIMTHA UCTPAKHBakba.

Y npBoj ¢a3u pasa cnpoBesieHO je CBEOOYXBAaTHO UCTpPaKUBame Npob6seMa JMHEeapHOT
nporpamupama. MeToZie Koje ce HajBHUlle NPUMEYj)y y JHUHEAPHOM IPOrpaMUpaAmby

OIIKMCaHe Cy Ha IIPpaKTHU4YaH 1 je,ZlHOCTaBaH Ha4YHH.

Y npyroj dasu HanpaBJbeH je nperJies npobjemMa eGpUKaCHOCTH OJJIyYUBamba U yIpaB/bamba

M MOTYNHOCTH no6oJblliaka y pyAapCTBY.
Y Tpehoj a3u pasa U3BpLIEHO je TeCT-eKCIIepUMEHTAJHO UCTpakuBamwe, OpMHUpaH je
JIOKALIMjCKU MOJieJl U Ha OCHOBY TOra HallpaBJ/beH je ONTUMaJaH IJIaH eKcIlJloaTaluje U

MOTPOLIE KpeykaKa.

Y yeTBpTOj pa3u paja aTa je 3aBpIlIHA aHA/TIU3A U OLleHa.



1.6 JOCTUTHY'HhA HA IPEAMETHOM I10/bY Y CBETY

Y oBOM aAurhTajHOM 00y, UHTEPHET je cjajaH HU3BOp 3a AoOHjambe HHPoOpMalHja O
JocTiuruyhuMa y npeiMeTHOM M0Jby Y CBeTY. [IpeTpakvBakheM Ha HHTEPHETY Ha K/by4yHe
peyd Ha3uWBa JAuceprandje ,no6osbliarbe, ePUKACHOCT, OJAJyYMBalbe, pPyAapCTBO,

JINHEAapHO NMporpaMupame, ONTHUMHU3alUja, Mojen” obujeHo je 1.760 pesysiTaTa.
13 n06ujeHux pe3yJTaTa MOTy Ce U3/JBOjUTH:

- Vuji¢ S, Cirovi¢ G. Production planning in mines using fuzzy linear
programming, Yugoslav Journal of Operations Research, 1996.

Hum o060l paga je Upuka3 oumwiumusayuje Upou3gogree y UpPAKCU HA UpUuMepy
UOBpWUHCKUX Kouosa doKkcuula ige je KopuwheHno ¢a3u auHeapHo Upoipamuparbe
upatiehu kpuiiepujym o upuxogy. IIpomeHsbuge y KpuliepujyMckoj yHKyuju cy
JIUHIBUCWUUYKE UpOMEH/bUBEe, gOK CYy U UpPOMEH/bU8e U OIpaHUYEerd UPOMEH/bUBUX
lpegcuias/beHu wipoyliacuum ¢asu dpojesuma. U3pa3s ,3agososmasajyhu tipuxog” je
lipegctias/beH wipoyinactium ¢asu dpojesuma ymectio ,MaKCUMU3UpArLA Upuxoga”,
IIpumep uayciipyje kako ce ogpeheHu Upodaemu CU8APHUX UPOU3BOGHUX cuctiema

Moly wipetwiupatiu WeopujoM o pasu cKytuosuma.

- Radosavljevi¢, M., Vuji¢, S, et al., Single-Phase Linear Model of Optimum Supply
Limestone Thermal Power Plants From the Quarry of Serbia, Journal of Mining
Science, Springer, Vol. 52, No. 4, 2016

Y pagy je tUpegciuassmeHn jegHoasHU /A0KAYUOHU MOgesa Kao UOgpwKa upoyecy
goHoulerba 0g/ayKad U CHAdgesary Kpeurakd UWepMOoeHepleliCKUM CUClieMoM
Enextupotipuspege Cpduje. Yckaahusare paga uiepmoeHepielicKux Uocuipojerba ca
30KOHOgABCWBOM U HOPMAWUBHOM pelyAaiiugom y yusmsy 3auiuuile easgyxa o0g
emucuje 3aiahyjyhux matiepuja ykmyyyje aHaauzy molyhHocliu cHadgesaroa
wiepMoeHepielwicKux UOCWpojera KpeurakoM Koju he ce kopuctuutiu Kao pegyKyuoHo
cpegcwigo y gumy upoyec ogcymuopasarea laca. M3y3es Keaauulewa MUHEpPAAHUX
CUpOBUHA Kao 00ase3HOl yc/a08a Koju uipeda ga Oyge 3a0go80./bEH, CHAdgesarse
lwiepmoeHeplelicKuX UOCWPOojerbad KpeurbaKoM je y OCHO8U JO0KAUUJCKU UpOod/aeM,
OgHOCHO UpodsiemM ogadupa pygHuka ca Yusmem UOCWU3ara HAajHuxcux moiyhux

WipowKo8a uctopyke.



Xynej M., MyJaTuBapujaGW/IHM MOJeJiM ynpaB/baHa y PyAApCTBY, [loKTOpcKa
fucepTtanyja, YHuBep3auteT y beorpagy, Pypapcko-reosomku ¢axkyartet, beorpag,
2013.

Y gucepwiayuju M. Xygeja uctipaxcusarba cy ycmepeHa Kpullu4Kum Cuiagom upemd
upuciyuuma 3dCHOBAHUM HA U300pY Hajoosbel mogend 3a aHAAU3Y (OHOUWEHE
yupas/msa4kux O0gJaykKa y pYJHUYKUM yca08umd. Ymecuwio u3dopa Hajéoosbel,
HajuologHujel uau HajupukaagHujel Mogead 3a UOgpWKY 0g/1y4usary, upegaadxce ce
upoyegypaiuu upuaa3. 0gakaeg upuaas3 uogpasymesa UcCUo8pPeMeHO YK/AbYUUBdrbe )
aHa/u3u euwe mogeaa ca KOPEeKWHOM QaUpOKCUMAYUjOM MYJAUUBAPUJAOUAHUX
pygHu4Kux ycsaosa. llowitio yuse Huje uzdop Hajdosbel Mogena eeh Hajdboswel pewersa
3agawiol upodsema, Upema UOCWAB/HEHOM AAIOPUWIMY UOCUWIYUAK u3d0pa HAjd0/be
paHiupaHe ajauwiepHawiuge UAU Hajoéosbel UOpelika aallepHawuea, 3deucu 0g
Ko/1ebarba MyAWUMOgeaCKUX paHiosa. Y cayvajy ekeueaseHyuje MyAulumMogeackKux
paHiosa, gopmupaHu topegak aiiliepHawiuea Upuxeailia ce Kao ge@duHUWUBAH, Y
CyUpOUuIHOM KOHAYHU UOpegak aaulepHauiusa geguHuue ce toHgepucarbeM. Ako je
yusb Hajoosba anulepHawiusd, aHa.au3a je OouUYyUOHA 3ad8UCHO 0g culetueHd

ekguga/ieHyuje MyAuUuMogesacKux paHiosa.

CteBaHoBuh /I, OnTuMu3apMja Y IUIAaHMpake MNOBPIIMHCKMX KOIIOBa
CTOXaCTUYKUM MojAeauMma, /lIoKTopcKa AucepTalivja, YHUBep3UuTeT y beorpagy,

Pynapcko-reosiomku pakyartet, beorpag, 2015.

Y o0e0] gucepuwiayuju aHaau3upa ce yuouwipeda CWOXACWUYKUX MAWEMAWUYKUX
Mogeaa, y upoyecuma U/JAAHUPAFA U oUWlUMu3ayuje HA UOBPWUHCKUM KOUOBUMA.
HayuHu mewiogama gokaszaHe cy UpegHOCWU UMU/ieMeHWayuje culoXacuuykol uau
KOMOUHOBAHOI CUWOXACWUYKOl U gewlepMUHUCWUYKOl Upucuiyua HAg Yuclio
gewepMUuHUCWU4YKUM Upucyuom. Y gucepuiayuju cy pasgujeHa gea mogead, upeu ce
30CHUBA HA IeHEWICKUM aAloputuMuMa u wWpewupa upodaem UAaHUPar-a Upou3sogrse
Ha UOBPWUHCKOM KoOUy JAulHuwia, gpylu mogesa je XudpugHol wuud, cagpicu
cuoxacwu4yky U geWlepMUHUCWUYKY KOMUOHEHUWY U uwpewupa Upodiem

ouwumu3sayuje ipaHuUya Koua.



Henosuh H., Matuh-Kekuh CHexxana, Tomuh M., CaBuH JI., Cumukuh M., [Ipumena
JIMHEapHOr MporpaMMpama Ha Npo6JjeM JIOKaljidje PEeMOHTHUX I eHTapa,

CaBpeMeHa No/bONpPUBpPESHA TeXHUKA, 2014.

Y pagy cy upegcuiassmeHu mawlemawiu4ku Mogeau Koju pewasdajy J10Kayujcku
Upodaem Ha UyuwiHoj mpexcu ca 59 Hacesma (ueoposa). Llusm je ga ce ogpegu aokayuja
peMOHWHUX YeHWapa, a ga ce MUuHUMU3yje UWeIUHCKO paciiojarse usmehy
UotieHyujasnHux KaujeHaia u yeHwapa. YiopeheHo je yenodpojHO peuwerse ca
pewerbeM Kaga Hema Wakeoi 3axiiesa u wo y caegehum cayvajesuma:

a) ceu KaujeHuwiu Mopajy dutliu UOWUYHO YCAYHCEHU;

0) peMOHUWIHU KaUayuewu He cMejy Sutliu UpemaweHu;

Y) ceaku peMOHWHU YeHWap Mopa ga pagu ca dap 75% katayuiuetia;

g) go3eosmeHo je ga KaujeHWU u3 uciiol Hacesbd 8ygy YCAYHCEHU Yy PasAuduiilum
PEMOHUWHUM YeHUWpuMda.

[Ipewiioctias/beHoO je ga cy c8Uu peMOHWHU YeHUWPU OUPeM/beHU UCTUOM OUPEMOM U ga
cy Uo3Haue uouwlpede KaujeHauwda 3a cepsucoM. llesnodpojHo pewerse je ysek gasasio
gehy epegHociu ¢pyHkyuje yussa. 3a 50 tipoudsosbHux uzdbopa 14 peMoHWHUX YeHUapa
Ha mpedxcu og 59 Hacesma, 8pegHocll tipoceuHe PyHKYUje Yusba je suue og gea uya
dusa eeha og epegHociiu pyHKYUje yusba tUpu oUUMAIHOM pewerby. Ha cauyu 1.1

UpUKasaHa je UywHa mpeixca ca pacuwojarbda, gok je Ha cauyu 1.2 Upuka3aHo

OUWUMA/IHO peulerse.

Cauka 1.1 Ilywina mpedca ca paciojarsuma [18]



Cauka 1.2 OtuumasHo pewerse mogenaa [18]

lipHoropan, M. OnTuMH3anuja U360pa MeXaHUYKe MeTOJe eKCIloaTaluje
HapTHUX OymIOTHHA mNpUMeHOM ¢as3u Joruke, J[OKTOpcKa [HcCepTalHja,

YuuBep3urteT y beorpaay, Pyaapcko-reosomku ¢pakysaret, beorpaa, 2020.

Ayuwiop je y gucepwiayuju Kao MawWemMawluyku U KOHYeUYUjcKu Mogea 3da
outiumusayujy Kopucwiuo ¢aszu soiuuku mogea. Kao ¢pyHkyuja yuma je ysegeHna
uepgopmaHca ytouipedmusociu. Hcxogu, ogHocvo IF-THEN“ tpasusaa cy
¢opmupaHu Ha b6a3u uckycwiea ca euwe eKCcu/10awayuoHux Uuo/ba y ceelly.
Pesyatiatuiu cy lipuka3aHu Ha gea Ha4uHAa, 3a8UCHO 0g MolyhHocliu uHiiepupemayuje.
[Ipsu HauuH Upukasa pe3yawlawia gauw je Kpo3 gujalpame HA Kojuma cy UoepuluHe
Heupasu/Hux leomewipujckux weaa. Ilopeherwem Upekaauarba UOBPUWUHE HOBE
oywouluHe ca UpewxogHo godujeHUM UOBPWUHAMA UOjegUHAYHUX MeXaHUYKUX
Melioga goduja ce UpoyeHawl UPUMeEHbUBOCWU ogpeheHe mellioge HA HOB0]
oywouiuHu. Kaga tocwoje mane pasnuke y usiasuma, Upumerbyje ce gpylu HAYUH
Wako wio ce UpetwiXogHO godujeHuM tospwuHama ogpehyje wexcuwiie u pacutiarbe

pesyawiauia. Ha kpajy je gawia anaau3a ocetl/bU80CUiiU pa3gujeHol mogea.



- Dejanovi¢ P., Peri¢ T., Primjena fuzzy viSekriterijskog linearnog programiranja
u rjesavanju problema optimizacije plana proizvodnje i tehnoloskih varijanti,
Zbornik Ekonomskog fakulteta u Zagrebu, Vol. 17 No. 2, 2019.

Aytiopu uctupaxcyjy edpukacHoci upumeHe Meliogooiuje dasu
guweKpuepujyMcKol 1UHEeapHol Upolpamuparsa 3a pewasdrse sueKkputiepujymMcKkol
upodsema oumiumudayuje UpPOU3BOGHOI UAAHA U WEXHOJ0WKUX edpujaHuiu y
ipegysehy Koje ce 6asu Upou3gogrom MewlanaHux Upoussoga. IlpegciuassmeH je
wieopujcku Moges U Helogo peulerse, Kao U Mewioga Koja ce UpuMeryje 3a peuagarse
ciieyuguuHol Upodaema ouliumuzayuje UPOU3BOGHOI UAAHA U UWEXHO/AOWKUX
sapujaHuiu y upegy3ehy koje ce 6a8u Upou3zeogroM MellaaHux upoussoga. [lodujeHu
pe3yawiaiiu ykasyjy Ha MoilyhHocli egukacHe UpumeHe o08e Melloge y pewasarby

ogpebeHol tipodsema u keHe UpegHOCIU y 0gHOCY HA UpUMEHY HeKUX gpylux meuioga.

Y OKBUPY OCTa/IMX pe3yJ/iTaTa He PErUCTPYjy ce pesieBaHTHA UCTPaXKUBamba U MyO6JIMKalyje

M3 peruoHa Ha OBy TeMY.

TpakeweM HCTUX K/bYYHUX pedyd, ajJu Ha eHIJieckoM je3uky ,improving, efficiency,
decision making, mining, linear programming, optimization, model” no6ujeHo je 3HaTHO
Bulle pe3yJsTaTa, og4HOCHO npeko 20.000.000 pesyaTtara. [lopes anaTke npeTpakvBamwa, y
NoTpa3u AOCTUrHyha Ha NpeJMeTHOM INOJ/by Yy CBeTy KopuliheHe cy BebG CTpaHULe
peHOMHUpaHUX MehyHapoAHUX Yacomuca U3 06JIaCTH pyAapcTBa, Kao WTo cy Journal of
Mining Science, Archives of Mining Sciences, International Journal of Rock Mechanics and

Mining Sciences u ap.

['eHepaJsiHO, pe3yJITaTH ce OJHOCe Ha MOOOJblIae eHepreTcke eQUKACHOCTH Y PyAapCTBY,
CMakhelhe TPOIIKOBA, MOOOJbIIAKE KUBOTHE CPeJJMHE U ONTHUMU3AIU]y NMPOU3BOJE U
NPOAYKTUBHOCTHU. [l0CTOjU HEKOJIMKO paZjoBa O MeToJaMa ONTHUMHU3alLUje y PyAapCTBY.

Bpeay NOMeHYTH OHU KOjU CYy OCTaBUJIM 60JbU YTUCAK U KOjU Cy aKTYeJIHU Yy 0BOj TEMHU:
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Kazakidis V., Mayer Z., Scoble M.]., Decision making using the analytic hierarchy
process in mining engineering, Transactions of the Institution of Mining and

Metallurgy, Section A: Mining Technology, 2004.

Osaj pag upegcuiassmsa cepujy cayvydjesd y pasAuqdutliuM cyeHapujuma pygapcuisea
Kako du ce geMoHcUWpupaaa UpuMeHa aHaAuWu4yKkol xujepapxujckol upoyeca (AXII).
Aywiopu cy ucuiakau ga cy UCKyCW8o U UHWYUYuja duiu K/bYYHU 3d JOHOWEHE 0gayKa
3601 yYecwiol HegocwWlaWika KEAHWUWAWUBHUX Uogawlaka, YKsmy4yjyhu ieosoiujy,
cuietieHacwly gucwipudyyujy u yc/aoee wWJ/ad, KAo U eKOJ0WKUX, COYUJa/IHUX U
eKOHOMCKUX pakiiopa. KeaauliaiuueHa aHa.1u3a 3acHUBa ce Up8eHCUWIBeHO HA Cygqy,
3HAKY U UCKyCcW8Yy jegHOI Uau suule cupyyraka. Y cayyajeguma kaga cy goculyuHe
oipaHuyeHe uH@opmayuje, cydjekuiusHe eeposauiHohe, 3acHosaHe Ha ouUweM
UpopecuoOHaNHOM UCKYCUBY, 3HAFY U MUUL/BEHY CUIPYYHAKA, MOy dUulliu OCHO8A 34
aHaau3y. Takohe cy Upegcuias/eeHe Meliogo10luja 3a KeaAulaWueHO 0g/1yYUBarLe
uomohy matiemawiuvyke aHa/1u3e AHAAUWUYKOL XujepapXujckol upoyeca U aMa/ausd
ocewswusocwiu. Pygapcku cyenapuju 3a gemoHcwpayujy UpuMeHe aHAJAUWUYKOL
Xujepapxujckol tpoyeca ogHoce ce HA: UHBeCWUYUOHY aHA/Uu3y Hoge WexHoJoluje;
gu3ajH cuctiema WyHeAqa; UpoyeHa pusuka og U1aHuparba kouoea uulg. Ayuiopu gajy
lpeisieg Meuiogooiuje 3a K8AAUWAWUBHO JOHOWeEerEe 0g/aYKd HA OCHO8Y UiepeHCKUX
atiaukayuja. Mettioga aHaautiuvyku xujepapXujcku upoyec tiokazaaa ce e@ukacHuM
anauwioMm y Mogeaupary Wupokol cuekuipa pygapcKux cyeHapuja, ykayvyjyhu ogadup
aaliepHatiuea, UpoyeHy yuuyaja ogayke, cupogoherbe aHause UpojeKWHOl pusuka,
ogpehusarbe J0kayuje u ucuulliugarbe cyeHapuja ,wiia ako“ UywieM aHaaAu3a
ocetiswusocuiu. Omoiyhusa je Upukyl/barbe UCKYCUWIABA U MUW/bEHA CUPYYHAKA 3d

CUlpyKulypuparee Mogeaa 0g/ay1usearsa u towisphusarse pe3yauaiia.

Amankwah H., Mathematical Optimization Models and Methods for Open-Pit
Mining, PhD dissertation, Department of Mathematics, Linkoping University,
Linkoping, 2011.

Y o0e0j we3u aywiop upoy4yasa UpodaeM UPOjeKulo8ara UOBPUUHCKUX KOUO08dJ,

upodsem UAAHUPAFA UOBPWUHCKUX KOUO8A U Up0d/AeM gu3ajHUparsd UO8PUUHCKUX

Koliosa ca ie010WKOM U YEHOBHOM Heu38eCHOUWhy.
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Rubito, E., Mill feed optimization for multiple processing facilities using integer
linear programming, Proceedings of the fifteen international symposium on mine

planning and equipment selection, Turin, Italy, 2007.

Osaj pag I1osopu o paseojy ajaloputima 3a pacuogeay pyge upou3gegeHe U3
U0BpWUHCKOI KOUd Yy gea MAUHA €A pa3AuvuiiuM uociiaskama. Anokayuja pyge spuu
ce UpeKko Yye/100pojHOl AUHEeApHOI aalopuliMa Koju y3umd y 063up Mes/bU8oCll CuieHd,
JUWO/01Ujy, cuieueHe U eKOHOMCKe uapameuipe. /[pyiu aaioputiam ce cacuwioju og
ysoherba suHeapHOl ogHoca y YusbHy @yHKYuUjy pagu odpavyHa UOWEeHYUjaaHUX

Upou3eogHuUX cyeHapuja kopuwherbem UpoMeHsbu8e UpouyCHOCUU.

Ercelebi, S. G., & Bascetin, A., Optimization of shovel-truck system for surface
mining, Journal of The South African Institute of Mining and Metallurgy, 2009.

Osaj pag ouucyje mogese paga yuogap-wpaHCuopul u ouWuMu3ayuoHe upucuyte a
anokayuju u owupemu KAMUOHA UOG pa3AuMUliuM pagHum ycaoeuma. Teopuja
3auwieopeHe mpedce pegosd YeKkara KOpUucuiu ce 3a a/10Kayujy KaMuoHa u JAUHeapHo
upoipamuparee y C8pxy CAakad KamuoHa Ha yuwosap. 0saj upucuiyu Ou UpyHcUuo
MolyhHocll UpoyeHe mepa tepPopMaHcu cuctiema (cpegrbu dpoj KaAMUOHA, cpegroe
8peMe 4eKarba uilg.) 3a Uowipede U/NAHUpPAHA Kagad ce B803HU UapK cacuioju og
UgeHWUvYHUX KamuoHa. [lpegcuiass/eeHa je pavyHcka culyguja Koja UOKasyje Kako
u3do0p oUWUMA/IHOI dpOja KAMUOHA U OUWUMA/IHE UOoJAuWuKe ouwlupeme yuwudy Hd

wpowkoge upemMewiarba Mawepujand y cucuiemy yuiosapd.

J.A. de Carvalho Junior, Koppe J.C., and Costa ].F.C.L., A case study application of
linear programming and simulation to mine planning, |. S. Afr. Inst. Min. Metall.
vo0l.112 n.6 Johannesburg, 2012.

Pesyawmauiu godujeHu y o80oM pagy aHaAAu3upajy ywuyaj Heu38ecHocwu y ee3u ca
YAA3HUM Uapamewpumad y ouuumusayuju pygapckux mogeaa. Kpos peasau upumep
passujeH je mauwieMamiuyku Mmoges Koju ouucyje upoyec Upou3eogre yi/ba Kpo3
cuciieme uckKouaeara, upepage u UAdcMaHa yi/ea. Ouwiumuszayuja osol mogeaa
ypaheHa je y3 uomoh suHeapHol Upolpamuparba. AHaau3za godujeHux pe3yatiaiia
oMmolyhuaa je UpoyeHy pusuka Uo8e3aHol ¢a Hajoo/bUM peulerseM 3601 HeculypHoCcWu

yAa3Hux uapamewiapa. Pe3yawiawiu godujeHu Upeko ajqauid MawlemMawuykog
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Mogeauparea, ouwiumMuzayuje uomohy auHeapHol upoipamuparea U aHaau3de pusuka
cylepuwly ga ce ¢puHaHcujcku goduyu moly godutiu kopuuwherbeM osux UWEXHUKA Y
unavuparby pygHuka. Ilomohy osux asailia, goHocuaay o0g/aykKa Moxce ga u3spuu
esa/syayujy HuU3a u3dopa u xuuouwiesa y ee3u ca UpOU380gHUM UpPOYecoM, d HAKOH
woia to8o/bHO Upegaoxcu CUIpyKWYpHe UpoMeHe Y Upoyecy Kako du ce cuigopuo eehu
upoduti. Ha Kpajy ayuiopu 3ak/byuyjy ga kopuuwherse cumyAayuoHux WexHuka upyxrca
MolyhHoclWl KeaHWUPUKo8ara YyWiuYaja Koju clioxaciuyku uapameuipu upouseoge y
oUWUMAaAHOM o0g3ugy. Clioxaciuyku Upucilyu Upowupyje pacioH uHg@opmayuja

gocuiyuHux goHocuoyy og.yke, omolyhasajyhu tipoyeHy pusuka og gawol pe3yaiaua.

Gamache, M., Hebert-Desgroseilliers, L., & Desaulniers, G.. A generic linear
program for an optimal mine production plan, Mining Planning and Equipment
Selection Conference, 2009.

Y oeom pagy ayuwiopu upegsaaxcy IeHepuuyku moges 3ACHOBAH HA JAUHEAPHOM
upoipamuparsy Koju omolyhasa usipagrey oUWUMAAHOI UPOU3BOGHOI UAAHA 3 PAGHY
CMEHY Yy UOBPUWUHCKOM Kouy. JIuHeapHu Upolpam y3uma y o0d3up pasauvuilie Ipyue
OIpaHu4era Kao wuo cy Kapakulepucwiuke Meward Ha gpoduauyu, kauayuuiew
olipeme, KOAUYUHA pacloJ10xcueol maiiepujanda y useopuma, kauayuiiel 603HOI
uapka KamuoHa uuig. Y pagy ce cuassmsa Halaacak Ha o aupokcumayuja  u
JUHeapu3ayuja cKyua oIpaHuyersd Kojd Uu3pavyHasa epeme YeKdrbd KAMUOHA Hd

Cep8uUCHUM MectluMa.

Eivazy H.; Askari-Nasab H., A hierarchical open-pit mine production scheduling
optimisation model, International Journal of Mining and Mineral Engineering,
2012.

Y oeom pagy upukaszaHa je Xujepapxujcka meuiogoJioluja pacuopega upou3gogrbe
UOBpUWUHCKUX KOUo8a Koja Uoege3yje OUWUMAAHU culpatiewku UAaH UOBPUWUHCKUX
Kouoea ca outluUMa/aHUM cpegroopoYHUM pacuopegom upouseogree. I 1asHu Yyuse 0801
paga je passujarse, tUpumeHa u gepugpukayuja mawiemMawiuvykol UpoipaMckol okeupa
30 OUWUMA/IHO CPegrOpO4YHO UJAAHUpAre UPOoU380gHE OUWBOPEHUX KOouoea
Kopuwherwem  mewosuwiol YesnodpojHOI  AuHeapHol  Upoipamuparea. Lusm
Cpegr0pOYHOI pactiopega UpoU3BOgHe pYgHUKA je MUHUMU3IUpAWU ouepaliugHe

wipowkose, yksmy4yjyhu wpowkose caHayuje, Upepage, pygapcuiea, Upeso3a U
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UoHOBHOI pykosarsa owiuagom. /la du ce 8epudukosao UpegaoxiceHu Xujepapxujcku
Moges, UpegcuiasseeHa je culyguja cay4vaja pyge 18oxcha. Pesyaiiaiuu ce wymave u
aHaau3upajy kako du ce sepugdukosaia UpumMeH/bU80Cll Mogeaa y uoinegy pygapcke
upakce. ['zna8HU goUupuHoOCcUu Cpegr-OpO4YHOI Mogesa ouwiuMusayuje pacuopega
Upouseogree cy: Mogeauparse sulle gecliuHayuja, yk/by4yjyhu 3aauxe, upepahusauke
UoloHe u geloHuje owlaga; goHowere 0gJyKke O ogadupy pyuwia / pamiu pagu
CMarbera UWpowkosa Upego3a; U Mogeauparbe 3aauxa Uomohy kopuwherbem

Mewo8uliol Yes100pojHOI AUHEeAPHOI UPOIpaMuparsa.

Gurgur, C. Z., Dagdelen, K., & Artittong, S., Optimisation of a real-time multi-
period truck dispatching system in mining operations, International Journal of
Applied Decision Sciences, 2011.

Y oeom pagy paseujeH je mogesn suHedpHol Upoipamupdrbd 3d pacuopeg paga
KaMuoHa u KopuwheH 3ajegHo ca uociiojehum mogesnom mewo8uiiol yes0d6pojHOI
upolpamuparba 3a KpAauwkKoOpO4YHO U gyIOpO4HO pPygapcKko UaaHuparbe. Ayuwiopu cy
wecwiupaau mogea JAUHEApHOI Upoipamupdared U UCWOBPEMEHO U UHUWepakUiUueHO
UOKpeHyAU ca MewosuliuM Mogea UYeaodpojHOl UpolpamMupara 3a peuasdarbe
upodsema anokayuje kamuoHa. IlpegaoxceHu Upuculyu pacuogesie KAMUOHA
lipesasusasu Hegocwaiike Uociiojehux mogesna y3umajyhu y 063up eKOHOMCKe
uapameiupe, guwe BpeMeHCKUX Uepuoga U HeculypHOCW 8peMeHa yuwoeapa Uu

uyiioearsa u paspega pyge.

Ta C.H., Ingolfsson A., Doucette J., A linear model for surface mining haul truck
allocation incorporating shovel idle probabilities, European Journal of
Operational Research, Volume 231, Issue 3, 2013.

Osa Ipyua aywopa je y ceom pagy upegcuiagu/aa mogese KamMuoHa u oalepa ca
BUCUHCKOM KAWUKOM Yy UOBPWUHCKUM Kolosuma HaguiHoi Uecka. Mogeau cy
dopmyaucaHu wWako ga MuHuUMusupajy Opoj KamuoHa 3a gauwiu cKyu oaiepa,
10g/100CHO olpaHuyery UpoOWoKa u Keaauwewl pyge. [lpeko keaHwudukayuja u
sa/ugayuja HesluHeapHe ge3e usmehy eeposauiHohe HeuckopuwheHocwiu daiepa (Koja
ogpehyje uUpogykwiusHocui dalepa) u Opoja KamuoHa gogesmeHo Odalepa ca

jegHocwiagHuM UpudauxcasareeMm. Aywiopu Kopucuie aAuHeapu3ayujy ga ou ce 08dj
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u3pas ylpaguo y AuHeapHe yes00pojHe upoipame. [Ipewitiociiassbajy ga je y huxo8om
Mogesy ceaku dalep je gogesbeHa jegHa 8eAUMUHA KAMUOHA U UCWIUYY KAKO ce MOxice

UPpUOAUNCHO U3PAYYHAWU 8UWE 8e/AUHUHA KAMUOHA U0 daiepy.

Askari-Nasab H., Upadhyay S. P., Torkamani E. Tabesh M., Badiozamani M.M.,
Simulation Optimisation of Mine Operational Plans, Orebody Modelling and
Strategic Mine Planning Symposium, Perth, WA Australia, 2014.

Y oeom pagy ayuwiopu upegcuiasseajy gee L1asHe KOMUOHEHUIe MOgeaupard Kao
cpegcuiea 3a UocWiu3arbe ouepawiuHuUX UAAHO08A OAUCKUX ouliumaaHum. Mogen
JIUHEApHOI UpoIpaMuparea ca Mewo8uWUM Ye100pOjHUM YUs/beM 3d a10Kayujy pagHol
upocwiopa KAMUOHUMaA u dalepuma Uo CMeHamMa Wako ga ce ouepaulusHU WpowKosu
ceegy Ha MUHUMYM, a MAKCUMU3Uupa uckopuuwherbe pecypca u mogea cumyaayuje
guckpewiHux golahaja 3a ucuutiugarse UOHAWaHa WPAHCUOPWHOI cuciiemMa KamMuoHa
u éalepa y UuUpucycwigy HeculypHOCWU Yy pygapckum ouepayujama. Lumwesu cy
MaKcuMusuparbe Upoussogre, MUHUMU3UPAF-E 0gCulyuara 0g YuUsbHe Kjaace pyge,
MUHUMU3Upare ouepawiusHux wpowkosa. Mawemawiuuku Mogea uocmauwipa
3agauike éalepa u Yus/eHy UpOU3BOgHY KAO Y143 Yy MOgesa CuMyaayuje guckpewHux
goiahaja, ucwiospemeHo ucuyrasajyhu cesmeHe yusmese U OIpaHuyera pygapcke
ollepayuje. I'nasHu goupuHOC 0801 paga je paseoj, lUpumeHa U eepugukayuja
CUMYNAYUOHOI Mogeaa c¢d 6e30M go OUWUMA/IHOI KpaWKOpoyHol pacuopega
uckouasarba pygapckux UOSPWUHA, WO Uomadce y UOCWU3AHY BUCOKOI HUB0d
yckaabeHocwWiu MUHCKOI U/10HA KpO3 KPAWKOPOYHO U BPEeMEHCKO ouepauiugHol

U/1aHUpars-q.

Sofranko M., Optimizing Transport in Surface Mines, Taking into Account the
Quality of Extracted Raw Ore, Acta Montanistica Slovaca, 2012.

Osaj pag ce béasu Upodaemawiukom ogiosapajyhel ogeajarba WPAHCUOPUWIHUX
MexXaHU3amda 3a pygapcuieo MuHepaad ca uojeguHux wepuwiopuja. IIpegcuiassbeH je
Moges peuwlersa y3 yuouipedy UOCEOHO pa3eujeHol Upolpama 3a OoulluMu3ayujy
WwipaHcuopuia, y3umajyhu y o0d3up uowipedaH Keaauuwlewl eaheHe cupose pyge.

Outwiumusayuja WpaHcuopuia 8pwu ce Mewogom AUHeapHol Upoipamuparsa.
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Mahrous A., Hyung S. Y., Transportation problem: A special case for linear
programing problems in mining engineering, International Journal of Mining
Science and Technology, 2012.

Y osomM pagy je tpegaodxcena mewioga 3a MUHUMU3IUpArLe WpowKoea upesosa. Takohe
ce yuisphyjy wipowkosu cHadgesarba U WpaHcuopuia Uo jeguHuyu koau4vuHe. 0sa
cuiyguja je cupogegeHa ga du ce UpOyeHUo Keajaullell W/byHKA Kako ou ce yuspguaa

relosa tiologHOoC 3a 6etlloOHCKU U acgaatiHu aipeiatl.

Faraji R, A comparison between linear programming and simulation models
for a dispacthing system in open pit mines, Département de mathématiques et de
génie industriel, 2013.

080 ucuipaxcusarse ce 6asu 8p/10 KpAWKOPOYHUM UPOU3BOGHUM UJAAHOM cucliemd
KamuoHa-déaiepa y UOBPWUHCKUM Kouosuma. Lluwesu 0801 uctipaxcusarsa cy
pa3suiiu u UPUMEHUWU OCHOBHU CUMYAAYUOHU Mogea y3umajyhu y od3up peg u
gpeme YeKarba KAMUOHA KOog dalepa u gpoduauya HA OCHO8Y pe3yauwiawia mogead
JIUHEApHOI Upolpamupared y gewepMuHUCUUYKUM U Y CUWOXACWUYKUM cutdyayujama,
luakohe paszsuttiu, UpumeHUliu U sepudukosatiu gpyiu cuMyaayuoHu mMogea Koju je

cuctieM KOHWPOoAE Y peasHOM 8PEMEHY.

Van der Lingen E. Outsourcing in the mining industry: Decision making
framework and critical success factors, Journal of the Southern African Institute
of Mining and Metallurgy, 2014.

Aywiop os0l paga ucwiuve ga 11aeHU UOKpewia4 0gJ/yKe O Hadasyu pygapcKux
ouepayuja wipeda ga ce pasaukyje og KOMUdaHuje go KomuaHuje, a og KomuaHuje go
upojekiia og upojekwia go Upojekwa, a/au y CW8dpHOCWU ce 4Yeculo OgHOCU Ha
lupowkose. Hctipaxcusarbe uowiephyje ga Uociioju Hu3 akiiopa, yKmyuyjyhu
wipowkose, Koje uipeda ysewiu y 063up UpUAUKOM ogadupa u3mehy couciigeHol u
upeuywiieHol pygapcuigea. Hako sauuiepaulypa oduayje ¢akuwiopuma Koje uwipeda
pasmouipuiiu, Uocwoju Ma/a0 Uogawakd 0 WoMe KAKO UX UPUMEHUWU y Upakcu u
peAamiugHOM 3HA4Ajy pasauvuitiux gakwiopa koje wipeda y3euiu y 063up. PazsujeH je
OK8Up 30 goHOWere 0g/yKd Yy OKsupy upoyegypa gogesbusarsad ycayld 6e3aHux 3d

pygapcke pagose. Takobe cy yiispheHu cy kputiuyHu ¢akiiopu yctexa Kojux ce
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Wwipeda upugpicasauiu yKoaAUKO ce ogadepe UpeluywiieHo pygapcuigo. Ucuipaxcusaree
je uokasa/o ga usspuasarse pygapckux aKWugHOCWU HUje CYWWUHCKA HAgAeHCHOCU
uocmauipaHe pygapcke KomuaHuje. Pa3gujeH je okeup 3a goHowere 0g/ayka
Kopuciiehu ciupykuiypy UodegHuka / keaaudukawiopa HaJola, Koja ce Modce
Kopuclwuwiu 3a oJaKwasare ogJayke o u3sopy pygapcuisa. Ilpema cuyguju
KputiuvyHux ¢akuwiopa ycuexa, HajeaxcHuUju a/aauiu Koju cy Ha pacuoaaiarsy wiumy
8/10CHUKA pPYJHUKA 3a yupas/earbe pygapuma usgohavyuma pagosa cy coyujaaHu u

MexXaHu3mMu K'OHu_lpo./le us/1asda.

Tabesh, M., Mieth, C.,, and Askari-Nasab, H., A multi-step approach to long-term
open-pit production planning, International Journal of Mining and Mineral

Engineering, 2014.

Y oeom pagy ayiiopu cy passuau, sepugukosaau u Upegcuiasuau Meuiogoaoiujy y
guule Kopaka 3a wpu mehycodHo Uoee3aHe K/byvHe KOMUOHEHUWe U/AaHUparea
U0BPWUHCKUX KOUA: KOHWPOAUCAHU oUWuMaaHu a3Hu gusajH, kapakiiepusayuja
ce/leKWUBHUX pygapckux jeguHuya u gylopoyHa ouwumusayuja pacuopega
iipouzsogree. Ilpukazana je Metiogosoiuja xudpugHol pewersa 3a HasHO
upojexuiosarse, Kopucuiehu yesnodpojHO Upolpamuparbe U Xeypucwuky /A0KAAHOI
upeuipaxcusarsa. /lasme je Uupegcuias/beH XujepapXujcku Upuciiyu Kjaaculepucarby ca
KOHUWPO/I0M 8e/UMUHE U 00/1UKA, Koju alpeiupa 6/10Ko8e y U0/1uloHe 3a OWKOUa8ar-e
olpaHuveHe y IpaHuyama ogoéujarea; U HA Kpajy, y8egeH je mauwiemaiu4kKu mogeJ
Mewosuiol yYes08pojHOI JUHEApHOl UpoIpamMuparbd, Koju KOpUCWU IeHepucaHe
uospauwiHe peakyuje u alpeiauwie Kao jeguHuye 3a UJAAHUPAFE 30 UPYHCAHE
UpaKWUu4YHUX pacuopega xugouwd y pygHuky OAUCKUX ouwlumasaHum. [lopeg woia,

MogeJ CYWWUHCKU pewasa upodaeM oullumudayuje IpaHU4HUX 8pegHOCU.

Swain A., Application of Linear Programming in Mine Systems Optimization,
Mine Systems Engineering, 2016.

Osaj pag upuka3yje uogpyuje UpuMeHe JAUHEApHOol Upoipamupared y pygapckoj
UHgYCUIpUju Kao wWiio je Meware pyga u pactopeg Upou3eogree, WpaHCUOpuiHe
upodseme, UpodaemMe 8e3aHU Ca 3dgauike, OUWIUMU3AYUJa U YUPABAbAFE 3aAUXaMd,
UpojeKiWlHU MeHayMeHW U jow MHolo wola. Pag uctuuve usysewiaH 3Havaj suHeapHol

upolpamuparea y pygapckoj UHgycuipuju, UOCeSHO y oulluMudayuju cucuiema,
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uoseharby UpogyKWUBHOCUIU, CMAFEHY WIPOWKO8A U Uoseharby UpoduiiadusHOCUU,
wakobe tomadice y cyzdujarsy HelipegauheHUX yc./108a ycieq WpxcuwiHe GayKuyayuje

uotpaxcr-e u UoHyge.

Komljenovic D., Abdul-Nour G., Popovic N., An approach for strategic planning
and asset management in the mining industry in the context of business and
operational complexity, International Journal of Mining and Mineral Engineering,
2015.

Osaj pag upegaaxce HO8U Upucwyu y cuUpawlewkoM UAAHUPARY U YUpA8/bary
UMOBUHOM pygapcKux upegy3eha aHaau3zupajyhu ux Kao c/0JceHe agauliugHe
cuciueme. Mewioge cuctiemckux Hayka moly tuomohu ga ce dosbe pasyme CA0HCEHO
OKpYyJcerwe pygapckux oplaHu3zayuja Upyxcajyhu peasHuje pasymesarbe 0 HEMY.
Aywiopu cmauipajy ga du OHU MOLAU SUuliUu KOPUCHU Y GU3AjHUPARY U0O0/bUAHOT
oKeupa 3a goHouwlerse 0gJ/yKd O CUlpaulewKoM Yupae/oarby UMOBUHOM. Y pagy ce
wakobe pasmauwipajy UpegHocwiu, u3a308u, kao U UpetopyyeHa Oygyha

uctpaxcusared U UpumeHa y pygapciisy.

Patterson S.R,, Kozan E., Hyland P., An integrated model of an open-pit coal mine:
improving energy efficiency decisions, International Journal of Production
Research, Volume 54, 2016 - Issue 14, 2016.

Aytiopu 080l paga gajy opuluHa/AHU UHWeIPUCAHU Moge UOBPWUHCKOI Koud yl/ba 3d
uogpwky eHepieuicku ejpukacHum ogaykama. Kopuctiuau cy mewosuitio ye106pojHO
JUHeapHo Upoipamupare ga ou dopmyaucasu ouwliu UHWeEIpUCaHu Mmoges
ouepaliugHe UOWpPOWHe eHepluje vewlupu yoduvajeHa uogcucuiema 3d
eKcujioawayujy yiaba: Uckou U WpaHcuopl, 3aauxe, Upepahusauka uocuipojerba u
wpakacwu wpaHcuopuwepu. PygHuyu cy upegcuias/beHu Kao U08e3dHe UHCUWAaHYe
yeliupu uogcucuiema, Ha HaQ4uH UpouioKa, Koju ce 3awiuM Utpuaalohasajy tuogayuma
Koje Upyicajy ouepauiepu pygHuka. Pewerse uHlieipucaHol mogesaa oculypasa
CUHXpOHU3ayujy paga uogcuciiemMa u uUogciiuvye eHeplelicKy eg@ukacHocil yesol
pygHuka. Ilpegcuiassmene cy wmoiyhHocwiu 3a yuouwipedy mogeaa 3a uomoh y

eHepiellicku e(puUKacHOM goHOWerY 0g/1yKa Ha pa3AuYUUUM HUBOUMA PYGHUKA.
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Shishvan M.S., Benndorf ], Operational Decision Support for Material
Management in Continuous Mining Systems: From Simulation Concept to
Practical Full-Scale Implementations, Minerals, 2017.

Osaj pag lpegcuias/ba Upowuperse paseujeHol CloXacuyvkol cCuMyAayuoHol mogeaa
ayuwiopa o0og KoHyeuuwlyasqHe ¢aze go HOB0I HUB0A UWEXHO/IOWKE CUPEeMHOCUIU
UpUMEHOM Y UHGYCUWPUJCKU pe/se8aHWHOM OKpyxcersy. /letia/bHO je Upegcuias/beH
OKeup 3a mMogeauparse, CcumyAayujy u 8aaugayujy CcuMy/aayuoHol mogeaa
UpuMerbeHol Ha gea 8e/uKka pygHuka AulHuuia. Paamawipajy ce uutiarea ouepatwiugHe
umijiemeHwayuje, UCKycwiea U U3a308uUu y UpakwWu4Hoj upumeHu. Jlasve,
JeMoHcuipupaHa je cHala UpuMeHe CUMY/JAayUOHOI Mogeaupdrbd Kao Uogpulke
ouepawilusHuUM ogJaykamd 3d yupas/eare maulepujaiom Yy pygapcuigy yind.
Pesyawawiu cwyguja cayyaja kKopucwie ce 3ad oUUCUBAFE gelwlasbd OKeupa U

uaycuipayujy cHaie u olpaHu4ersd reloge UpumeHe.

Sitorus F., Cilliers ].J., Brito-Parada P.R., Multi-criteria decision making for the
choice problem in mining and mineral processing: Applications and trends,
Expert Systems with Applications, Elsevier Ltd., 2018.

Osaj pag upydca ceeodyxeauwlaH lUpelieg UpuMeHd, WipeHgoea U UOUWEHYUjaaa
gUWeEKpUlIepujyMcKol 0g/ayyusarsd 3d pewasarbe pa3Auduuiux upodiema y
UHgycuipujy pygapcuiea u upepaga MuHepa/aHux cuposuHa. Pag gaje ysug y
WpeHYWHO cularee UpUuMeHe BUWeKpUllepujyMckKol 0g/yvusared y pygapcusy u
Uputipemu MUHepa/IHUX CUpOBUHA U gaje cmepHuye dygyhux upasaya ucuipaixcuearsa
Yy paseojy mewoga euuleKpullepujyMcKol 0g/y4usared Koje ou Kopucuiujae 08UM

uosbumd.

Moradi-Afrapoli A.; Askari-Nasab H., A stochastic integrated simulation and
mixed integer linear programming optimisation framework for truck
dispatching problem in surface mines, International Journal of Mining and
Mineral Engineering, 2020.

Aywiopu cy paseuiu UHWeEIpUCaAHU OKeup 3ad CuMyjaayujy u outiumusayujy 3d

pewasarse gucte4epckux upodaema KaMUuoHa y Uo8pWUHCKUM Kouosuma. PassujeHu

OKBUp KOPUCWU CUMYAAQYUOHO MOogeaupdrbe ga uMmMuliupa pygapcke olepayuje u
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yxeawiu ulexHuvke HeculypHocwiu. Takohe Upumerbyje mogeauparse Meulo8UUIOM
Ye/n00pOJHOM AUHEAPHOM OUWUMU3AYUJOM 3ACHOBAHO HA HECULYPHOCWU 3a owuUpemy
KaMUOHa Y3 xeatlarbe UpakWu4HUX HeculypHocuiu. Pa3gujeHu mogesa outiumusayuje
uctiogpemeHo ouiumu3syje uckopuuwherse 803HOI UApka KAMUOHA, uckopuuwheHoct
yuwiosapHe ¢ps1olie u cliolly xparberba uociipojersa. Mogea pazmaiipa Ciioxactuuyky
upupogy guctieyepckKux udpamewapa U YK/ey4yje HeU3B8eCHOCWU Yy 6peMeHy
uywosarsa y uoculytuak goHouersa ogayka. Ilopeherse lipumeHe pasgujeHol mogeaa
ouwiumudayuje ca wWpeHywHUM MOgeaoM oullumMu3ayuje Wpicuwiia Koju Kopucuu
pasgujeHu UHWeIpuUcaHu OK8up 3d cumMyaayujy u outiumusayujy Uuokasa/ao je
uodosbwarsbe y upoussogru culyguje cayvaja 3a 11%.

Ha ocHOBy rope HaBeJeHUX paZiloBa MOXe Ce 3aK/by4YUTHU [ je ONTHUMHU3aLHUja PyJAPCKUX
npoleca jelaH o/ TJIaBHUX U3a30Ba y cBeTy. [lo6o/plIame JoHOLIEkha OAJIYKA Y PYAAPCTBY
je ol BeJIMKe BOXXHOCTU U M3a3KMBa BEJIMKO MHTepecoBame y NMOCJ0BHOM ceKTopy. OBo je
Jl0Ka3 Ja TeMe Mo6osblIakbe ePUKACHOCT OJJIyYMBamba U IPUMeHe MeTo/le ONITUMHU3aluje

Cy aKTyeJIHE U peJieBaHTHE C 003MPOM Ha TO Jjla MOT'y MHOT'O MOMONHU y 0BO /1062 U3a30Ba.

1.7 OCTBAPEHH PE3YJITATH

Y Hay4YHOM W CTPY4YHOM MOTJIEAY TEMY JOKTOPCKe AucepTaldje KapaKTepHIle aKTyeJTHOCT
M BXKHOCT 3a pyAapcTBo. OcTBapeHe cy /iBe KaTeropuje pesyJTarTa:
e PesysTaTu TeOpUjCKOT KapaKTepa; U
e PesysTaTu NpUMemEHOT - UCXOAHOT KapaKTepa 3a OlleHaMa BaXXKHUM 3a pyAapCTBO
na U mupe.

Teopujcka ucTpakuBawka MoOJesla JIMHeapHe OINTUMH3aluje NOTBpAUJIA CY HEroBy
IpYMeEHY y pyAapCTBYy, NOCEOHO 3a JloHOLlelwe ePpUKacHe oJJjyKe. PazBujeHH Mojen je
dJiekcubuIaH U MOXe Ce IPUMEHUTH Y HEKOJIMKO 06J1acTH y PYJApCTBY, ajld U y APYTUM
CEKTOpPMMa U UHAYCTpUjaMa.

20



2. JUHEAPHHU OIITUMHU3ALIMOHU MO EJ/IN

[locToje pa3HM ONTHMHU3ALMOHU MOJEJUM W ajJaTu y o06JacTU MaTeMaTHU4YKOr
nporpaMmupara Koju Mory 6UTH of, moMohu y nobosbiiarby ePUKACHOCTHU OJJyYUBaba.
Meby HajBUllle NpUMeHeHe, HajudydyaBaHWje M Haj3HA4YajHUje MeToJie y OBOj
npo6JsieMaTULU CHaja JIMHEApPHO MporpaMupame. Passor je mupoko noapyyje npuMeHe,

NPUJIAroi/bUBOCT U jeJHOCTABHOCT peasih3alyje.

Pey JsiMHeapHO yka3yje Ha TO Jla Cy M3BOJJ/bUBU IJIAHOBU OrpPaHUYEHU JIMHEAPHUM
orpaHuyemuMa (jeAHAKOCTUMA M/WJIU HejelTHAKOCTHMA), Kao U Ja Ce KBaJWTEeT IJlaHa
(HOp. TPOLIKOBH WJM Tpajarbe) Takohe Mepu JMHeapHOM (GYHKLMjOM pa3MaTpaHUX
BeJIM4YMHA. J/IMHeapHO NporpaMupame KOPUCTH ce 3a IIJIaHupakbe CBUX BPCTa eKOHOMCKHX
aKTUBHOCTH, ONYT TPaHCIOPTa CHPOBUHA U Npou3Boja Mehy dpabprukama, cedera poJIHU
nmanyMpa Ha pa3He BeJIMYMHE MO Hapyu6W Kynanua M CJAd4YHO. M3pa3 ,miaHupame ca
JIUHEAapHUM OrpaHuyYewmuMa“ MoxJAa 60U 6o/be 00yXBaTHO OBO H3BOPHO 3HaYeHe
JIMHeapHOI MporpaMupamwa. MebyTuM, nojaMm JsMHeapHOr mnporpaMupama je J006po
yCIIOCTaB/beH Beh Jyru HU3 ToJiMHA, a UCTOBPEMEHO jecTe CTeKao je 3HATHO IIUpe
3Hayelwe: He caMo Jla urpa yJory caMo y MaTeMaTH4yKoj eKOoHoMHju, Beh ce dyecTo

NojaBJ/byje y pauyyHapCTBY U Y MHOTHMM APYTHUM obsacTuMma [53].

21



2.1 KPATKA UICTOPHJA TMHEAPHOT IIPOTPAMHPAIHA

Kao HayyHa AucIUIIMHA, TEPMUH JIMHEAPHO IpOrpaMUpakse je MpBU NYT NPeACTaB/bEHO Y
ToKy /Jlpyror cBeTCKOr paTa ca LM/beM CMambHBalba BOjHUX TPOLIKOBA WU MoBehama
eduKacHOCTU Ha paTulITUMA. Taja pey mporpaMmupame je 6U0 BOjHU TEPMUH KOjU Ce

OJHOCHO Ha IIVIaHOBH WJIH pacliopen o6yKe, JIOTUCTHUYKO CHa6ﬂ,eBaHae H CJI.

[Ipema R. Ferguson u L. Sargent ocHOBe JiIMHeapHOI IporpaMuUpama Cy HacTaJjle 3HaTHO
panuje. OHM cMaTpajy [Aa ce JIMHeapHO MporpaMupame cycpehe npBu nyT y pajoBuma L.

Walras y 1874 rog. jep je dopMupao orpaHudema y GopMU JIMHEAPHUX jeJHAYHHA [27].

D. Judin u E. Golshtein cmaTpajy Aa ce sMHeapHO mporpaMupame MOjaBUJI0 TPUAECETUX
roauHa 20-TOT BeKa, jep je MocTojawke KpUTepUujyMcke QpyHKIMje, mopes, orpaHu4aBajyhux
daKTOpa, OCHOBHO CBOjCTBO JIMHEApHOT NpOrpaMupama, LITO HeJoCTaje y pajoBuma L.
Walras [36]. OHM Be3yjy HacTaHaK JIMHeapHOI NporpaMupama 3a 4JaHaK Mabhapckor
MaTeMmaTtuyapa J. Egervary, koju je o6jaBsbeH 1931. roa. u Koju caZp>Ku TeopeMy Ha 06asu
Koje je mocTaB/beHa MeToJia pacnopehuBama. /lepuHucame OBe TeopeMe je 3alouvyeo,
Takohe, mabhapcku wMatematuuyap Dénes Koénig 1916. rox, Tako Ja ce MeToja

pacnopebuBama yecto Ha3uBa MahapckoM MeToz0M [36].

BehuHa ayTopa ¥ HaydHMKa cMaTpa Jia ce JIMHeapHO MporpamMmupamwe nojasuso 1939. ron,
KajJla je COBjeTCKM MaTeMaThdap U ekoHoMucT Leonid V. Kantorovich o6jaBuo kwury
,MaTeMaTU4YKM MeTOJU y OpraHU3aluju U IJIaHUpawy NOpPOU3BOAWeE . Y KHbU3U Cy
npeaJioKeHe MeTo/ie 3a IPOHalaXKehe pelllelkha HEKUX TEXHUYK0-eKOHOMCKUX Npo6JieMa,
Kao LITO Cy HajpallMOHAJIHUjA paclozesa IMOCJA0Ba Ha MallUHe, Cceyewe MaTepujasa y3
HajHWKU OTNAZaK, pacnozesa TepeTa Ha TpaHCHOPTHA cpefcTBa U cauyHo. D. Judin u E.
Golshtein y cBojoj KWH3U Cy [AoKasaJd Be3u H3MeDy pellaBajyhux MHOXHUTe/ba
(06jeKTUBHO yC/JI0BJ/bEHE OLlEHE) U AyaJHUX NpoMeH/bUBUX. OTyla UMa OCHOBA Be3WBaTH

N0jaBy JINHEAPHOT NporpamMupama 3a Kantorovich [36].

TpaHcnopTHU npo6JieM JIMHEApHOT MporpaMupama je npsu ¢opmyauncao F. L. Hitchcock
1941. roa. u npeAsiokuo aaroputaM 3a pewaBamwe [34]. HesaBucho of F. L. Hitchcock Ha
bopMyiMcay TpaHCHOPTHOr Mpo6JieMa M HeroBoM pemaBawy paguo je u T. C.
Koopmans, koju je pesysTaTe CBOjUX UCTPaKUBawa 06jaBMO 1947. roA. u mpuTOM Aao
IpHMMeHY TeopHje ONTUMaJ/IHe aJloKallMje pecypca Ha oJpeheHy UHAYCTpPHjy, npejaaKyhu
Jla je cuCTeM LieHa KOjU OM OAroBapao MapruHa/IHUM TPOLIKOBMMA HEONXOJaH 3a

yIpaB/batbe ONTUMAJIHOM aJI0KaL1jOM pecypca y IpOU3BOJIHOM cucTeMy [46].
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HajsHauajHuju 3a pa3Boj ¥ Hanpe/JakK JIMHeapHOT porpaMupama 6uo je George B. Dantzig,
koju je 1947. roa. opMysincao ONUITH MPO6JIEM JIMHEAPHOT MpPOrpaMUpamba U MOCTaBUO
cumiiekc Metofy. OH je y mepuoay Il cBerckor parta paguo y Tpynd, Koja je MOJ
pykoBoactBoM D. Hitchcock u Marshall K. Wood, ucnutuBana asnokanuje pecypca y3
MHUHHMU3Hpame, OJHOCHO MaKCUMHU3Upawe jefjHe JiMHeapHe ¢yHKIHUje. [JaHLUIOB paj
(Maximization of a Linear Function of Variables Subject to Linear Inequalities) je
IpeACTaB/ba0 OCHOBY 3a CBe Hape/He ejlabopaliije JIMHeapHOT nporpaMmupama. Dantzig je
610 BpJIO aKTUBAH Yy U3pa/iu paZoBa U3 06J1acTH JIMHEApPHOT NporpaMupama. [IpBu o kux
(Programming of Interdependent Activities, Mathematical Model, Econometrica 17)
ny6JiMkoBaH je 1949. rog. U y beMy Cy U3J10KeHe OCHOBHE H/jieje CUMILJIEKC MeToze. Y
OCTa/IMM paJioBUMa, capabyjyhu ca fpyrum ayTopuMa, pasmaTpao je pasHe MoauduKanuje
MeTo/le, UCIUTUBAO CJy4aj JereHepaiuje, yajJHU MpobJsieM, NpejJarao ajJroputrMme 3a
pellaBame TPAaHCIIOPTHUX MP06JeMa, 11eJI00pOjHOT IporpaMupama UTA. tberosa kKwura ce
MOXe CMaTpaTH jeJHOM OJ INOTIYHUjUX U 3HAYAjHUX JieJla U3 JIMHEeapHOr NporpaMupama
[16]. OTKkpuhe ¥ nmpyMeHe CUMILJIEKC METOJE YBEJHUKO Cy JONPHUHENH TEOPUjU U MPAKCH
ekoHoMHje. JluHeapHO nporpamupame je kopuilheHOo 3a pacnopehuBame pecypca,
IJIaHUpake 3aloC/JeHUX, IJIaHUpame HWHBECTULMOHUX NopTdesba, IJIaHUpaAE

NPOU3BOE U POpPMyJICathbe MAaPKETUHUIKHUX U BOjHUX cTpaTeruja [53].

Y nepuomy 1947-1949 rop. noyume y CAJ/l WHTeH3MBHa paspaZa JIMHeEApHOT
nporpaMupama, NocebHo y TeopujckoM cMucay. Pagosu J. Von Neumann (Theory of Games
and Economic Behavior u wutp.), cy oMmoryhuau Teopujcko ¢opMy/ucame [JyaaHOT
npo6JsieMa, Kao U IpoHaJlaXkewe Be3e U3Melhy JiMHeapHOr IporpaMupara U Teopuje urapa.
Y paspaZiy Teopuje JIMHeapHOT NporpaMupama Jjajau cy 3HaTaH gonpuHoc D. Gale, H. Kuhn
u A. Tucker (Linear Programming and the Theory of Games), mebhy uujum pagoBuMma je

noce6HO 3HAYajHO UCTPAKUBAE ¥ 00JIaCTH Aya/THUX MpobsieMa.

A. Charnes, W. Cooper u A. Henderson cnajajy y BeoMma ycneuiHe ayTope. Hbuxos
3ajequuuyku pajy (A. Charnes, W. Cooper and A. Henderson, An Introduction to Linear
Programming, |. Wiley, 1953) je jenaH oj NpBUX MNOTHOYHUjUX pajioBa O JIMHEAPHOM
nporpamupamy. A. Charnes je npefioxkvo MeTo/, 3a OTKJIawake JiereHepanuje (Optimality
and Degeneracy in Linear Programming, Econometrica 20, 1952). E. Beale je npoy4aBao
npo6JieM IUKJIMYHOCTH, Kao jeAaH o Moryhux y3poka gereHepaunuje (Cycling in the Dual
Simplex Algorithm, Naval Res. Logist. Quart. 2/1955), a C. E. Lemke (The dual method of

solving the linear programming problem, Naval Res. Logists. Quart) je 1954. roj. pa3Buo
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JlyaJIHU CUMILJIEKC aJITOPUTAM, Kao BapUjaHTy MPUMaPHOT CUMILIeKC ajaropuTMma L. Ford u

D. Fulkerson cy pazBuiu npuMaJi — iyaj aJlrfOpMTaM 3a TPAHCIOPTHU npobsem [17].

KoMepiyjasiHa npuMeHa JIMHeapHOT NHporpaMupama mnodesa je 1952. roa. kaga cy A.
Charnes, W Cooper u B. Mellon o6jaBusiu paj Ha TeMy ONTUMAJHOT Mellakba HAaQpTHHUX
JlepuBaTa 3a npou3Bomwy 6eH3uHa (Blending Aviation Gasolines - A Study in Programming
Interdependent Activities in an Integrated Oil Company).

Hakon Tora, 1954. rog. je y RAND Corporation pa3sBujeH npBu KoMepuujajsHu copTBep 3a

pelaBamwe Npob/ieMa JIMHeapHoT porpaMupama.

L. G. Khachian je 1978. roa. pa3Buo aJiroputaM BpPEMEHCKOI MOJMHOMA 3a pellaBambe
JIMHeapHux nporpama (A polynomial Algorithm in Linear Programming) Koju je yKa3uWBao
Ha TO KaKO Ce eJIMIICOMJHA MeToJa 3a JIMHeapHO IporpaMupame MOoXKe NMPUMEHUTH ¥

[NOJIMHOMHOM BpeMEHY.

N. K. Karmarkar (4 new polynomial-time algorithm for linear programming) je 1984. ron.
pa3BMO aJropdTaM 3a pellaBambe MNpo6GsjeMa JIMHEApHOr IporpaMmupama y
IOJIMHOMUjaJIHOM BpeMeHy. BpeMeHcke nepdopMaHce ajiroputMa cy 6UJIU 3HAaTHO 60Jbe

oz Kachian-oB anropuram.

JlaHac mocTtoje xu/baZe codpTBepa M ajaTa 3a pellaBake NpobsjeMa JIMHEeapHOT
nporpamupama, Mehy KojuMa HajmomnyJsapHuju cy Maplesoft, Matlab, Mathematica, GLPK
(gnu.org/software/glpk), SageMath (sagemath.org), Visual Math, yak je u Microsoft Excel

O/IIMYaH MporpaM ca 3HauyajHOM MPUMEHOM Y OBOj PO6JieMaTHIIU.

2.2 JEGMHUIH]JE U OBJIACTU IPUMEHE

JIuHeapHO mporpaMupame je KBAHTUTAaTMBHA HayyHa MeToJa, moMohy Koje ce, usamebhy
octasior, of, Beher 6poja pasHUX aJTEPHATUBHHUX pelllelba MOXe HU3abpaTh ONTHUMAJIHO

peliemwe, 0JHOCHO YTBPAUTH ONTHMAJIHO UCKopUlThewe pecypca.

[Ipema [36] npeMeT JiIMHeapHOT POrpaMypama je U3padyHaBakbe eKCTpeMa, MUHUMaJIHe
WJIM MaKCUMaJiHe BPEeJHOCTH, JIMHEAapHUX HWH/JUKATOPU KBaJWTeTa, MOJ, YCJOBOM Ja
pOMeHJ/bUBE Koje ce oApehyjy 3a70Bo/baBajy JIMHEApPHE jeIHAKOCTH WJM HejeHAKOCTHU.

JIuHeapHO mnporpamMupame Moxe ce JedpHUHHUCATU Kao Mpo6GJieM MUHUMU3Upama WU
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MaKCHUMH3Upawa JMHeapHe OQYHKIHje Koja je NpeaMeT JIMHEAPHUM OrpaHUYerHhHMa.

OrpaHuyera MOTY GUTH jeITHAKOCTU WUJIU HejeTHAKOCTH.

JenHOCTaBHY W NpakTUYHY JAedUHUIHM]jy JUHeapHOT nporpamMupama jaau cy S. Khan, A.
Bari, M.F. Khan y wuxoBoj kwu3u [43]. [[peMa vuMa, IMHEAPHO NpOrpaMUpae je npouec
TpaHcpopMaluje CUTyallyje U3 CTBAPHOT )KUBOTA y MaTeEMaTUYKU MOJiesl KOjU Ce CacToju
oJi 1MHeapHe QyHKIMje Koja ce MOpa MaKCMMU3UPATHU UM MUMHUMU3WPATH N0/, KOHAYHUM
O6pojeM JIMHeapHUX OrpaHHUYeHa, a 3aTUM pa3BHUjalbe ajJlropMTaMa MOMOhy Kojux ce

MaTeéMaTHU4YKHU MOZeJl MOXKe PellINTH.

[IpyMeHa JiMHeapHOr MporpamMupama je LHMPOKa, KOPUCTHU Ce 3a aHa/U3y pasJMYUTHX
npo6JieMa, pa3JIMYMTUX U MO NPUPOJAU U MO 00MMy. PellaBaweM mpob6sieMa NMPUMEHOM
JIMHEApHOT MporpaMupama Ao6uja ce 06jeKTHBHA OCHOBA 3a JOHOLIEHE€ NpaBe OJJIyKe.
JluHeapHO NporpaMupame HMMa 3a LW/b CTBapame HayyHe MOJJIOTe 3a JOHOLIeHe
HajlIpUxBaT/bMBUje oAayKe. OBo oMoryhyje U3pasy eKOHOMCKOT IpopadyyHa 3a ONTHMaJ/HO

I/ICKOpI/II.LIhEH:)e NpouewmheHUX CpeacCTaBa.

Kox npuMeHe y mpakcd, HajoUTHHUje je pa3BUTH MaTeMaTUUYKU MOJeJ WHAULUPAHOT
npo6JsieMa, Kao ¥ BpJIo MPelM3HO YCTAaHOBUTHU Mehyco6HY JIMHeapHY 3aBUCHOCT I0jeIUHUX
yrHUIana. Ha tako gepuHucaHoM Mojiesly, MaTEMAaTUYKUM MaHUIyJIalldjaMa UCITUTYjy ce
TEXHOJIOIIKE U eKOHOMCKe MMILJIMKAI[{je MOCTaB/beHUX PECTPUKLIMjA KA0 U J0JIAXKEHE 10

6a3MYHUX ONTUMAJIHUX pellema U 3ak/bydaka [90].

MeTosamMa JiMHEAapHOT MporpaMHpalma MOTY Ce pellaBaTH Hajpa3/IMuYUTHjU NMPoOGJIeMU
pazsnuyuTte npupoje. [lopea MaTeMaTHke, eKOHOMHUje, TeJIEKOMYHUKAIMja U, TEHEPAJHO,
TIOCJIOBHUX MPOIleCca, IMHEAPHO MPOrpaMUpare MOXe Ce MPUMEHUTH MPAKTUYHO Y CBaKOj
WHAYCTPHUjHU 3a pelllaBabe Pa3IMYUTHX HHXKEHepPCKUX NpobseMa (HIp. ONTHMH3alHja
NpoJIyKTa U Au3ajHa), edUKAacHA NPOU3BOAA (HIIP. MaKCUMaJsiaH NMpodHUT), mpexpamMmbeHa
¥ MOJbOTNIPUBpPEAHA UHAYCTPHja (HIP. KOjy BPCTY yceBa KOPUCTUTHU M HUXOB KBAJIUTET),
ONTHMM3AIMja TPAHCIOPTHUX CUCTEMA, €HepreTcka HWHAYCTpHUja, Takohe pyaapcka

WHAYCTpHja (HIIp. pyAHe pe3epBe, KBAJUTET pPy/ie, ONTUMU3aLUja TPOU3BOAHE) UT/.
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2.3 I'TABHE KAPAKTEPUCTHUKE ITPOBJIEMA

JIuHeapHO nporpaMuparme MpeJAcTaB/ba CKyll MeToJa MOMONy KOjux ce pellaBajy
pa3sHOBpcHU 1npobseMu. Jla 6uM ce mpobGseM MOrao pelwdTd IOMOhy JiMHeapHOT
nporpaMupama NoTpe6HO je UCIYHUTH HEKOJIMKO OCHOBHHX ycJIoBa. AyTOpU KOju ce 6aBe
oBOM Impob6JsieMaTukoM [16,36,44,59] omnucyjy cBOjy MNepCIeKTUBY KapaKTepUCTHUKA
npo6sieMa. [‘eHepasHO, 3ajelHUYKE KapaKTepPUCTHKE CBUX IMpobJieMa JIMHeapHOr

nporpaMupama cy:

1. J/IuHeapHa Be3a. H3mehy mnpoMeH/bUBUX, Yy CBakKOM Mpo0JieMy JIMHEApHOT
nporpaMupama, Mopa /Jia oCTOju JIMHeapHa 3aBUCHOCT, JIMHeapHa Be3a. MehyTum,
y BehnHU mpobJieMa CKOpPO Ja U He MOCTOjU QYHKIIMOHA/JHA 3aBUCHOCT HU3Meby
NpOMeHJ/bUBUX, Tj. U3Mehy MojaBa koje popmupajy jesaH mnpobsieM. O6UYHO ce
jaBJbajy CTOXaCTUYKe 3aBUCHOCTHU. [IpeocTaje jeAMHO [1a ce MPeTNOCTaBHU A NOCTOjU
byHKIMOHA/MHA, OJAHOCHO joll 6JIMXKe, IMHeapHa 3aBUCHOCT M3Mel)y OBUX M0jaBa, a
pasJiiKe WM 3aHeMape WJM M3pauyyHa KoepUIMjeHT OJCTyNama. AKO OJCTyIambe
HUje 3aHeMap/bUBO, MNpoOJeM ce He MOXe peUrMTH MeTojJaMa JIMHEeapHOor

nporpaMupama.

2. Db, Unu numHa pyHKIM)a, AePuHUCAHA je Kao peJMeT JJoHollewa oA/1yKa. OBaj
ycJI0B MepHu eQUKACHOCT cucTeMa y GyHKLUjU npoMeH/bUBe. Linsb Takohe ofpebhyje
npaBal, ONTUMH3alMje, OUJIO0 Ja ce MaKCHUMU3uMpa WJd MUHUMH3Upa. Tpeba
OJlpeIUTH MPOMEH/bUBE KaKO 6U Ce LU/bHU yCJ0B GUTH ONTUMHU30BaH. L[k Mopa

Jla 6yJie jacHo ¢popMy.ivcaH, 6e3 alTepHAaTUBHE AedUHULIMje U CYLITHHE.

3. OrpaHuyemwa. CBaku Npob/sieM KOjU Ce »KeJd pellMTH MeToJaMa JIMHeapHOT
nporpaMupama Tpeba Aa 0yJe orpaHU4YeH U3BECHUM JIMMUTHpPAjyhuM dpakTOpUMa.
To je ckyn pyHKIIMOHA/NHUX jeJHAKOCTU UJIM HEjeITHAKOCTH KOjH, Y 3aBUCHOCTH OJ,
npo6JsieMa, NpejcTaB/bajy $HU3MYKa, €KOHOMCKA, TEXHOJIOUIKA, MpaBHA U JApyra
OrpaHHYema y Be3u ca BpeJJHOCTHUMa Koje ce MOTy JOJeJIUTe NpoMeH/bUBaMa. To
3HauM, Ja 3a pelleme NpobseMa Tpeba Ja INOCTOje orpaHudeHe MoryhHocry,

OrpaHHUY€Ha CpeaCTBa UTA.

4. HeHeraTMBHOCT. Y CBakoM Ipo06JieMy, BpeJHOCT HNpOMeHJ/bMBe Tpeba Ja je

HeHeraTHBHa, Tj. Mopa Jia Oyzie HyJia UM NO3UTUBHA.
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2.4 ®A3E Y PEIIABALY ITPOBJIEMA

MopesioBatbe M aHasu3a MNpobJieMa y JIMHEAapHOM IMporpaMupamy pa3BUja ce Kpos3
HeKoJsIMKO ¢a3za. BehuHa ayTopa, kao D. Judin, G. Dantzig, A Charnes, V. Radevi¢, S. Vuji¢, B.
Kolman y cBojum kwurama [14,16,36,44,90] cy meTta/bHO onucasid ¢ase y pellaBamby

npo6Jsema.

['eHepasiHO, TOK pellaBakba NpobGJeMa MeToJaMa JIMHEeAapHOT IMporpaMupame MOXe ce
nojesiMTH Ha Tpu ¢dase, TayHuje dopMysalvja, UHTepHpeTalnyja U aHanu3a. [IpBa ¢asa
yKJby4yje nepuHUcambe npobseMa, U360p MeTo/ie, MPUKYyIJbaHe MoJaTaka U GopMUpame
MoJiesna. MUHTepnpetauuoHa ¢asza mojpasyMeBa pellaBakbe MOJejSa U CTabUIM30Bakbe

pewema. Ciesehy, 3abH, KOpak je aHaIM3e U OLieHa Mo/ieIa.
dasze pelraBama pobJieMa 1eTa/bHO Cy ONUCaHe Y HACTaBKY.

1. JedpuHucamwe mnpooésemMa. CBpxa JedbuHHcamba U opMyJucama mnpobdseMa je
HUCTPAKUTHU PACIOJIOKUBE pecypce, NMOCTABUTH yJa3He MOJAaTKe U IU/beBe KOju
Tpeba UCINYHUTU U YCJIOBe MOJ KOjuMa ce Moxe ocTBapuTH. Takobhe ce mopa
06paTUTH MNakKkha Ha OrpaHUYeHa, OTrpaHHYeHa M 3axXTeBe pa3JUYUTHX
ajiTepHaTuBa. Y 0Boj ¢asu HajOUTHHje je Ja ce YTBpPAU, Aa JM MpobjeM uMa
KapaKTepUCTHKe Koje Cy MoTpeOHe Aa 61 MOrao 6UTH pellieH MeTo/jaMa JIMHEeapHOT

nporpaMupama.

2. HN360p MeTOje. JenHOM Kaja ce YTBpPAU JAa ce MPOOJIEM MOXKe pellUuTH momohy
JIMHEApHOI NporpaMupama, MNpUCTyNa ce u3bopy MeToze. Bpcra Metogne
JINHeapHOT NporpaMyupama Koja he 6UTH NprMemweHa, JUPEKTHO 3aBUCH 0Jf OJJINKA

npob6Jsema.

3. Ipukymbame noaaraka. OBo je kbyyHa (asza Koja ce 3aCHUBA HAa NPUKYI/bAbY
nojaraka o/ KOjUX 3aBUCUM [Ja/bh TOK paja. TadyHOCT U BepOLOCTOJHOCT
ONTHUMAJIHOT pellera 3aBUCH 0Jf TAYHOCTU M UCTUHUTOCTU IOJIa3HUX NoJaTakKa
NPUKYIJbeHUX y 0BOj a3y, Mehy KojuMa noce6HO MecTo Npunaza ofrosapajyhem
JIOKYMEHTALlMOHOM MaTepHjaly. YKOJMKO MoJIa3HU NoAalM (HAa OCHOBY KOjUX je
dopmMupaH MoJes TpobJeMa) HUCY aieKBaTHU, METO/ie IMHEAPHOT IporpaMupama

He MOT'y IO3BUTHUBHO YTULATHU HA KBAJIUTET OIITHUMAJ/JIHOT pelieHa.
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4. dopmupame Mojgesa. Y oBoj ¢asyd pajJu Ce HA NOCTaB/bakby MaTeMaTHU4YKOT
npuKasa npobJseMa Ha OCHOBY MPHUKYIJbeHUX NojaTaka. CBU M3a30BU WU NOTpebe
MOpajy ce TyMauyuTH MaTeMaTHYKU Kako 60U ce JeduHHCcAlla OTrpaHUYEHA
npo6sieMa. Mopa ce BOAUTHU padyyHa Jla MoJeJ 3a/0BO/baBa MpUKa3 MpobJieMa Koju
ce aHa/IM3Upa, a a IPUTOM OCTaHe MaTeMaTHUYKU U3BoA/bUB. OH Tpeba Ja pearyje
Ha CBe NpPOMEHE HeroBHMX NMapaMeTapa MCTO OHAaKO, KaKo OW pearoBao CTBapHHU
npo6JieM Mo/, yTHIAjeM MpPOMeHe orpaHuyaBajyhux ¢akrtopa. Yecto ce popmupa
MaTeMaTH4YKMd MOJieJl KOju MMa NMO3HAaTH OOJIMK U 33 KOjU Cy JOCTYIIHE METOoje

peimaBama.

5. PemaBame MojeJia. Y oBoj ¢a3u MPUCTYIa ce pelllaBamwy MPeTX0JHO GOopMUpaHOT
Moziesa. [locTynak peniaBamba Mo/ieJia MOXe GUTH PeJIATUBHO JIaraH, jeJHOCTaBHUM
YHOCOM NOTPEOHUX MapaMeTapa y pauyyHapcKu mporpaM. Mebhytuwm, y ciaydajy kaga
Cy Mpo6JieMH HECTPYKTYUPAHH HJIM HEJOBOBHO CTPYKTYHMpaAHU, UJIM Kaja je
NpUMeHa er3akTHHUX MeTO/a HEeU3BOJJ/bMBA y PA3yMHOM BpeMeHy (HIOp. yCien
eKCIIOHEHI[Hja/IHe CJIOKEHOCTU NpobJseMa), IPUCTYNA Ce PUMEHH XeyPUCTHYKHUX
MeTO0/ia KOje He rapaHTyjy ONTHUMAJIHO pellekbe, aJli Hy/le JOBOJbHO 1000 pellekbe,
a y HeKMM CJiyyajeBUMa je Hajbo/be HalpaBUTH Kopekuuje y ¢dasu opMupama

MozeJsa.

6. AHaiM3a M OLeHAa pellewma. Bpumu ce cucreMarcka aHaJjau3a Jo6ujeHOr
ONTUMAJIHOT pellewa. Pelllewe MoJesia 3aBUCU OJi BPEJHOCTU HaBEAEHUX Y
MozZeJsy. BeoMa Ba)kaH acneKT NPW aHa/IM3M I0JaTaKa je KaKo pellere Bapupa y
3aBUCHOCTH 0J] YHETHUX mojaTaka. [I[pu oneHu peuniewa, BaXKHO je YTBPAUTH Ja JIU
pelliele 3aWcTa MpeJjCTaB/ba Ke/beHO pellewe npobsieMa. OLHOCHO, Ja JM je
pelllele peasiHO, NPUXBAaT/bUBO U MOXe JIM Ce NpPUMeHUTH y mnpakcu. OBo je

nocsie/wa gasa Koja UHTEPAKTHBHO IIOMake Y POIecy JIOHOLIeHha O//IyKa.
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2.5 METOJE JIMHEAPHOT ITIPOTPAMHUPAIBA

2.5.1 'padpuuka meToaa

[paduuka MeTona ce NMPBEHCTBEHO KOPUCTUTHU 3a pelllaBakbe MpobGseMa JIMHeapHOT
nporpaMupara caMo ako nmpo6JieM HeMa BUllle O/ iBe Helo3HaTe. Y PeTKUM CJydyajeBuMa,

jeqHOCTaBHUX Npo6JsieMa, rpadpruiKa MeTo/ja MOXe PEeIIMTH NpobJieMe ca TPYU HEMO3HATe.

[locTynak peliewa ce U3BOJAM Y JABOJUMEH3UOHAJHOM npocTopy. Mozesn obyxBaTa jefaH
CUCTEM pa3JUYUTOr Opoja JIMHEAapHUX jeJHAaYMHA U HejegHayrWHA. CBe jelHAYUHE U
HejeJHaYMHe MOpajy MMaTH 3ajeJHUYKUX eJIeMeHaTa, jep LeJyjy Kao jefHa LieJUHa, jeaH
npo6sieM. Y NpBOM KBaJIpaHTy KOOPJMHATHOI CHUCTeMa jeJHAauyuHA Cy MNpeJCcTaB/beHa
IpaBaMa, a HejeJHa4YMHa INpeJCTaB/beHa Cy MOJYpaBHUMA, JOK QYHKLHja KpUTEpUjyMa

npe/icTaB/beHa je mpaBoMm [43].

YKoJIMKO je MOTpeOHO Hahu pellewme KOjUM ce MaKCMMHU3Wpa BpeAHOCT QyHKLHje, IpU
yeMy Cy 3aJJ0BO/b€HM oJipeheHU KpUTepHjyMH, OJHOCHO OrpaHHUYEHa, aJropUTaM

pelllaBama je objalibeH Ha ciefeheM npumepy.
UpenTudukoBame ynpaB/bauyKUX IPOMEH/bUBUX X; U X, U AedUHUCAbE QYHKLUje [U/ba:
max z(x) = 4x; + 5x,
npu yeMy Tpeba Jia 6y/ie 3a710BOJ/beHA OTPaHUYEA:
2x1 + 5x, < 30
6x; + 5x, < 50

X1; %, =20

I[IpBo, @ 6U ce f06MIe KOOPAUHATHE TauKe 3a CBAKy jeJHA4YUHY, IOTPe6GHO je IPeTBOPUTH
CBe Heje/lHAYMHe Yy jelHAYMHEe M NOCTAaBUTHU BPEJHOCT CBake npoMeHsbrBe Ha 0. Kaza ce
Jlo6Ujy cBe KOOpJMHATHe Tauyke, oApehyje ce oncer npoMeH/bUBUX KOju oMoryhyje aa ce
yTBpAU ofrosapajyha ckana koja he ce kopuctutu 3a rpadukoH. HakoHn Tora, ce nprta

rpadMKOH U Clajajy ce cBe KOOpAHWHATHE TauyKe MOTPEOGHOM NMPAaBOM JIMHUjOM.
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2x; + 5x, = 30
X =0->x,=6
X,=0 - x;, =15
6x; + 5x, =50
x,=0- x,=10

x, =0 - x; =833

[Ipema oBoMe, oncer x4 je 0 < x; < 15,a oncer x, je 0 < x, < 10.

'padruku NprKas AOMYCTHBE 006JIaCTU pellieha je MpUuKasaH Ha cauiu 2.1.

e |\
NN
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Cauka 2.1 I'paguuku npuka3 donycmuee obaacmu peulera
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BpenHocT GyHKIH]je 32 CBaKy 0/i 0OBUX EKCTPEMHUX Tayaka je ciefgeha:

KoopauHaTe eKCTpeMHHUX Ta4yaKa BpeaHocT pyHKIHje
(x1, X2) Z(x) = 4x1+ 5x2
0 (0,0) 4(0)+5(0)=0
A (8,33,0) 4(8,33) + 5(0) = 33,33
B (5, 4) 4(5) +5(4) =40
C(0,6) 4(0) +5(6) =30

MakcumanHa BpeaHocT ¢pyHkuuje z = 40 jaBsba ce y eKcTpeMHOj Tauku (5, 4), Aakie

ONTUMAJIHO pelliee AaTor npobsema je x; = 5,x, = 4 u maxZ = 40.

2.5.2 CuMILIekc MeToaa

CuMniekc MeToza je eduKacHa, IIMPOKO KopuliheHa U YHHMBep3a/Ha METO/la pellaBambe
npo6JsieMa JIMHeAapHOT NporpaMupame Kojy je pa3Buo G. Dantzig, 1947. ron. MeTtoaa ce
3aCHMBa Ha MOMepamy O0/Ji JAaTe eKCTpeMHe Tauke (0a3HO [AOMYCTUBO pelleme) [0
rpaHMYHe eKCTpeMHe TaykKe Ha TaKaB HayMH Jja ce BPeJHOCT Iiu/bHe PyHKLMje noBehaBa
WJIY, y HajropeM cJy4ajy, ocTaje ucta. KOHKpeTHHUje, y CBAaKOM KOpaKy, BpeAHOCT QyHKLHje
je 6JiMKa eKCTpeMHOj BpeAHOCTU. MeTo/ja ce HacTaBJ/ba CBe [JOK Ce He 00Uje ONTUMAJHO

pelliere UM Ce He YTBPAH Jia JaTh MPo6JieM HeMa KOHAYHO ONTUMAJIHO pelieme [44].

CuMmiekc MeToza Kpehe o nmpeTnocTaBke /ia je JIakile paJUTH ca jeJJHAYMHAMa Hero ca
HejeJHAUMHAMa Ha HA4YMH KOjU HX IpeTBapa y jeJHayMHe J0JaBameM J[JONMYHCKUX
IPOMEH/bUBUX, IPHU YeMY 3a IIOYETHO pellere y3uMa pellerme KaJla Cy CBe IPOMeHJ/bUBE
jeAHaKe HyJM, a JJONyHCKe NMPOMeH/bUMBE UMajy BpeJHOCT CJA000JHMX YJIaHOBA U3 CKyIa

OrpaHUYemma.

CUMIlJIEKC METO/IOM MOTY Ce pellaBaTH CBU NMPOOGJEMU JIMHEAPHOT Nporpamupama. To
3HAYH Jla Ce 0BOM METO/IOM MOTY Jla pellaBajy U T3B. TPAHCIIOPTHU MPO6JIeMHU U TPOGJIEeMH
pacnopebuBama, 3a Koje, MHaYe, nMocToje nocebHe MeToZe. OTyZa je ompaBAaHO Kaja ce
KajKke /la CUMILJIEKC MeTOo/le MMa U3BEeCTaH KapaKTep ONLITOCTH, OJHOCHO /A je, y mopehewny

Ca OCTaJIUM MeTOAaMa JIMHEAPHOT MporpaMupama, YyHUBEp3aJiIHa MeTOoJa.

CUMIJIEKC a/ITOPUTAM Ce CaCTOjy U3 ABa Kopaka [44]:
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1. YTBphuBame J1a Jiv je AATO AONMYCTHUBO pelliehe ONTUMAHO pelllekbe, U

2. HauwuH fobujamba U3BOAJBUBOT pelllekha ca UCTOM WU BehoM BpeaHouihy 3a U/bHY

byHKuHjy.

Y mpakcy, CUMILJIEKC METO/|a He CIIUTYje CBaKo U3BOJJbHBO peliebe, Beh mpoBepaBa caMmo

peslaTHUBHO MaJik OpOj HbUX.

[loctoju Behu O6poj asroputamMa CUMILJIEKC METOAA KOjU MOTY pEIIMTH pasIduuTe

npo6JieMe JIMHEAPHOT NporpaMmupama. HajsHauajuuje cy:

- CuMILekc TabeJa,

- JlaHUMTrOB aJrOpUTaM,

- PeBuaupaHa cUMIIEKC METO/1a,

- MeTo/ia eJleMeHTapHUX MaTPUIA U

- MeToaa nogMaTpuIa.

['eHepasiHO, pa3J/IMKe y aJICOPUTMY METOZA Cy BPJIO MaJie, a ONTUMAJIHO pellere nNpobsieMa

6uhe rcrto 6e3 063Mpa Koja ce MeTo/ja KOPUCTH.

Teopujcke ocHOBe CMMIIJIEKC METO/ia JIMHEAPHOT MporpaMupama nocrasuo je G. B. Dantzig

[16] u cacToju ce cneneher.

Onmrra CTPYKTypa CHUMILJIEKC MeTode CaCTOjI/I ce o/ NMpOoHaJ/laXXeme TaKBE€ BPpE€AHOCTHU 3a

npomen/buBe X, (j = 1,2, ..., k) Koje he 06e36e1uTH a yHKIMja KpUTEpHUjyMa:

Zy = Z C]X] (11)

J=1

y3Me CBOjy MaKCUMaJIHy BpeJHOCT Koja he HCTOBpeMeHO 3a/J0BOJbUTH CHUCTEM

HejeHAa4YHUHa:

k
Z al-]-xj < Ao (l = 1,2, ,m) (12)
%20, (=12.,k (1.3)

IpU YEMY CY Cj, Aij U Aio IO3HATE BEJIMYKHE, a CBAKO Uio je HEHETATUBHO, Tj. dio 2 0.
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Y pa3BujeH0j MaTeMaTH4Koj GOpMH 0Baj Mpo6JIEM UMA:

A) OyHkUja KpuTepujyma:

max Zo S C1x1 + C2x2 + -+ Ckxk

b) OrpanuyaBajyhe ¢pakTope:
a11x1 + alzxz + e + alkxk S alO

321x1 + a22x2 + e + azkxk S azo

Am1X1 T amaXy + o+ A Xk < amo

520,  (=12.,k).

Jla 6u ce mpob6seM pelIMO CHMIJIEKC METOJ0M, NOTPeOGHO je MaTeMaTU4yKy ¢opMy

IPUJIAroAUTH J10/laBakbeM U3paBHABajyhUX MPOMEH/bUBUX Xy 4;, (i = 1,2,...,m) Tako ja ce

Jlobuja cucTeM jeJHA4YUHA.

dyHKIMja KpUTEPUjyMa ce, Takohe, Mopa MPOUIMPUTH ca HOBOYCBOjeHUM M3paBHaBajyhux

npoMeH/bUBUX. [la He 6U JOLLIO A0 TPpOMeHe BpeJHOCTH PYHKIMja KpUTEPHUjyMa, ycies,

OBOT TpPOLIHMpEHa, YCBOjUMO Ja CY CBU KOeQUIHUjeHTH Ciyi (I=1,2,..,m) y3

NpPOMeHJbUBE X 4;, (i = 1,2,...,m) jeAHAKHU HYJIH, Tj:
Crri =0, (i=12,..,m)

DyHKIMjy KpUTEepHUjyMa je caza:

maxzy = C1Xq + CpXy + o+ + Cp X + Cpp1Xk+1 T Cry2Xk42 +

a orpaHuyaBajyhu ¢pakTopu:
a11X1 + a12Xp + o+ QX T Xpp1 = Aqo

az1Xq +azXy + o+ Agp Xy T Xy = Ay

Am1X1 T AmaXy T+ A Xk T Xgam = Amo
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OZITHOCHO:
x;=20,(G=12,..,.kk+1,..,k+m)

a, =0, (i=12,..,m)
Crri =0, (i=12,..,m).

[Ipu yemy fo6ujamo:

A) OyHkuja KpuTepujyma:

k m
max z, = Z cjxj + Z Cr+iXk+i (1.5)

j=1 i=1

B) OrpanuyaBajyhu pakTopu:

k

Z A% + Xy = a0 (E=12,..,m) (1.6)
j=1

20, (=12,..,kk+1,..k+m). (1.7)

Ha OCHOBY OBAKO npnnaroheHor Mo/JeJla MOXKe Ce CACTaBUTH IIOYETHA CHUMIIJIEKC Tabesa

WU GOpMUPATU MAaTPUUHU OOJIUK Ha cieJiehy HauuH:

IlouemHa cumnsekc mabeaa

— — Cr+m
€1 C2 Ck | Ckt1 =0 | Coy2=0 |..] ~
C B Xo =
Xy Xp | ] Xk X1 Xie+2 o | Xirm
Che1 =0 Xpiq Ao aiq ap» A1k 1 0 0
Cr2 =0 Xyyz QAo az, az; Ark 0 1 0
Cr+m
— Xk+m, Amo Am1 Ama2 Amk 0 0 1
Zj — ¢ Zo=0] —¢ —Cy —Cy 0 0 0
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Y 06/1MKy MaTpHUIie TO 6U U3TJIe/jaI0 OBAKO:

a1 A4z a, 1 0 0
cx = | % a:22 az, 0 1 0
aml amz amk O 0 1

JenHo on Moryhux penierwa nmpo6JiemMa MoXKe ce YTBPAUTH y3 MOMOh MoYeTHe CUMILIEKC

TabeJie, Tj.

Xk+1 = Qq0,

Xk+2 = Q20)

Xk+m = Amo»

pu YeMy je BpeJHOCT GyHKLHja KpUuTepujyma: z, = 0.

Jlpyra BapujaHTa 3a oApehuBame MOYETHOT pellera je pelllaBakbe CUCTEMA jeJHAYHMHA

(1.6) y3 u3BecHe XUNoTe3e.
A) IlpBa utepauuja

Xumnoresa:
Xj = 0, =1.2,..,k). (1.8)

Y ommTeM Mojeny CBe NpOMeH/bUBE [JequMo Ha peanHe (x; j=12,..,k) u Ha

uspaBHaBajyhe (x,,; = 1,2,...,m).

Jla 6McMO pelIMJIM CUCTEM jeJlHAYMHA y NpBOj UTepauuju, xunoredy (1.8) yHecumo y

cucteM jegHavyurHa (1.6), ma hemo g06uTH 14 je:
Xpi = Qig, (T =12,...,m). (1.9)

jep je 36or (1.8):

k
z aijxj = 0, (l = 1,2, ,m)
j=1

Pememwe cuctema (1.6) je MAEHTHYHO ca 6a3uyHO MoryheMm pellewmeM J0OUjeHOM U3

CUMILJIEKC TabeJie.
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xk+i = aiO’ (l = 1121 "'Im)r

Ako 6asuyHO Moryhe pelllere U3 NMpBe UTepalUje 3aMeHUMO y YHKIUjU KPUTEpUjyMa

(1.5), po6ujamo:
m
Zo= ) Ceritin (1.10)
i=1
jep je 36or (1.8):
ij]' = 0.
j=1
Axo xunotesy (1.4) ynecemo y (1.10) nobujamo aa je BpeJHOCT PyHKIIMja KpUTEPUjyMa:
m
7'y = Z Cr+iXp+i = 0
i=1

ILITO OAr0Bapa BpeAHOCTHU OBe QpYHKIIMje Y IPBOj CUMILIEKC TabesH.

[lomrto HUje mpoHaheHa MakcUMaJiHA BpeJHOCT QyHKIMja KpUTepujyma, Tpeba Aa ce

yTBpAU ciaenehe Mmoryhe pelieme.

B) [lpyra utepanuja
Xunoresa:
x, >0, (1.11)
xj =0, G=12,...,.v—1v+1,..,k) (1.12)
a;, > 0. (1.13)

Y HapezAHOj uUTepauujy, NpoMeHUIU cMo xunote3y (1.8) u3 mpBe uTepauuje Tako LITO
TPaXXMMO Jia MOCTOju 6ap jeAHA NMO3WTHMBHA NpPOMeHJ/bHMBA X, > 0, a fja cy cBe ocTaje
peasiHe IpoMeHJ/bUBE jeiHaKe HyJU. Takohe, koebUulMjeHT a;, KOjU CTOjU Y3 IPOMEH/bUBY

X, Tpeba aa 6y/e 6ap y jeZlHOj jelHAYUHU MO3UTHBAH.
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KopuutheweM 0BUM xunoTe3aMa NpoHasiasu ce pelieme cucrtema (1.6), Tj.

k
Z A% + Xy = a0 (E=12,..,m) (1.6)

j=1
ba3Ho I0NyCTHUBO pellemne je:
AipXy + Xpyi = A, ([ = 1,2,...,m). (1.14)

jep cy cBe ocCTaJie peasiHe IPOMEH/bUBE, U3Y3€B X, jelHaKe HyJIY, 1A je U:

k

Z aijx]' = O, (l = 1,2, ,m)

j#v
BpeAHOCT INPpOMeH/bUBE X,, U NIPOMEH/BUBUX Xj i, (i = 1,2,...,m) y p,pyI‘Oj I/ITepaLLI/IjI/I,

NpoHaJa3u ce Ha caeAenr HaYuH:

PemaBaweM cucteMa jeaHauuHa (1.14) mo Hemo3HATUM Xy 4;, (i = 1,2,...,m) nobuja ce:
Xi+i = Ajp — AjpXy, (i=12,..,m) (1.15)

CBaka NMpoMeHJ/bMBA Y CUMILJIIEKC Ipo6JIeMy Mopa, 360r (1.7), 6UTHM HeHeraTHBHA. Y NMPBO]
uTepanuju yTBpheHo je:
Xk+i = QAio, (l = 1,2, ,m) (19)

III'TO 3HAYH /ia Cy CBe MPOMeHJbUBe Xi4; = 0, (i = 1,2, ..., m).

AKo cy cBe nmpoMeH/bUBE Xi,; = 0, oHAA U JecHa cTpaHa cuctema (1,15) mMopa 6uTH
HeraTuBHa, Tj.

Qio — AipXy = 0, (i=12,..,m)

PemaBamweM 10 X, A,006U4ja ce MaKCUMaJIHa BPeJJHOCT NIPOMEHJbUBE X, Tj.

a.
X, < —lO, (i=12,..,m)
Ay

[Ipu yemy je a;;, > 0, 360r npetnoctaBke (1.13).
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MuHMMaIHA ¥ MaKCHMaJlHa BpeIHOCT IPOMEHJ/bUBE X,, je yTBpheHa y rpaHuIiama:

a.
0<x,<—, (i=12..,m), a;>0.
iy
Byayhu pa je ytBpheHu kpuTepujym ¢QyHKIUje MakcUMajJHa BpeAHOCT, CBaka
npoMeH/bUBA Tpeba Ja y3Mme HajBehy moryhy BpesHocT. [IocToju m pasHUX MaKCHMaTHUX

Bpe/IHOCTU MMPOMEHJbUBE X, U3MeDy KOjUX Tpeba u3abpaTu caMo jeIHy.

. a
Bai=1;x, ==
A1y
. a
3ai = 2;x, ==,
azy
. a
3ai =3;x, ==
azy
. a
Bai =1;x, =
Ary
. a
3ai =m;x, = =%
Amy

[lToTpe6HO je u3abpaTu jeAHY BPeJHOCT 3a NMPOMEHJ/bUBY X,, U3MeDhy OBUX m pa3HUX
BpeJIHOCTH, 110/J] yCJI0BOM Ja npeTnocTaBka (1.7) octaHe U Aasbe y BaXKHOCTH. [la 64 ce To

ypaZuiio, NOTpPeOHO je U3abpaTH HajMamwy oJf bUX. /lakiie,

a.
X, = min—=, (i=12..,m)ay>0. (1.16)

L Qjy

Hajmamwy BpefHOCT mpoMeHJ/bUBa X, A00Hja y r-Toj jejHayuHu (3a i=r). [Ipema ToMe

BpeJHOCT IPOMEHJbUBE X,, je:
xv - (117)

BpeaHOCT MpOMeHJ/bUBUX X4, (i = 1,2,...,m) y cucremy jeaHaduna (1.15), go6uja ce

3aMeHOM BpeJHOCTH 3a X, u3 (1.17):
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Xk+i = Ajp — AjpXy,

Aro . _
Xk+i = Ajo — aivaL' (i=12,..,m). (1.18)
TV

BasHo 0NMyCTHUBO pelliebe y Ipyroj UTepalujyu cacToju ce oJi IpOMeHJ/bUBeE:

a
X, ===,  j=v, (1.17)
a'rv
a
xk+i = aiO - aiv a_m’ (i = 1,2’ "')m))i ¢ r' (1-18)

TV

Ca z, Genexxu ce BpegHOCT GYHKIHUja KpUTepHjyMa y ApYroj MTepaljd, OJHOCHO 3a
Mmoryhe pememwe (1.17) u (1.18).

3amenom (1.17) u (1.18) y (1.5) mob6uja ce, ¢ 063MpoM Ha MpeTNOCTaBKe 3a JPYry

vTepanujy, aaje:

Zy = CpXy t+ E Cr+iXk+i
i=1

Ao = Ao
- _+Z Cr+i (alO v_>l (1'19)
a Ay
i=1
npema (1.4) nobwuja ce:
; a
Zy = Cp— (1.20)

v

Y npyroj utepauujyu BpegHocT GyHKILMja KpUTepHjyMa oArosapa uspasy (1.20).

HapeaHu kopak je nmpoBepa Aa jii noctoju ciefeha, Tpeha, utepanuja, Aakie, ako MOCTOjU:
'” > ZO

Tj. ako BpeJJHOCT QyHKIMja KpUTepUjyMa y HapeJHOj UTepalyju je Beha o/l BpeJHOCTU Te
byHKIMje y MpeTXO0/HOj WTepalUju, OHAA Yy NPEeTXO0AHOj UTepalyju HHUje NpoHaheHO

OINITHUMAJIHO pelieHe.

39



[IpoBepa fa /v je npoHaheHO ONTHMAJIHO pelliehe Y HEKOj UTepalujy BpILU ce Ha ciaeehu

HA4YHUH:

HacTaBu ce o1 BpeiHOCTH yHKLHje Y Apyroj utepanuju (1.19):
a a
o Z ] (1.19)

HakoH MHOXewa u cpehuBama, J00Hja ce:

m m
arO

—+ Z Cr+i — Z Ck law
arv e

=1 i=1

m m
. Ao
Zy = Z Cr+iQio — aL (Z Ay Chti — Cv) - (1.21)
TV

i=1 i=1

[Ipema (1.10) BpegHoCcTH GyHKIIMja KpUTEPHjyMa Y IPBOj UTEPALIUjH je:
m
zp = z Ck+iXk+i
i=1
HakoH u3BpiieHe 3ameHe y (1.21) go6uja ce:

a
20 =2~ (2, — ), (1.23)

rv
[Ipu yemy je:

m
Zy = Z AiyCr+i

i=1

/la 6u ce 3ai0BOJbMIJIA IPETIIOCTABKA X, > 0, 03BOJ/baBa ce Aa 6u0 Koja of, cBux (k + m)
NpPOMEH/bUBUX OyJie MO3UTUBHA. 360r Tora, npoumupyje ce (1.23) gAa Baxu 3a O6UJIO KOjy

IpOMEHJ/bUBY, A 00Hja ce:

" a
zy = 2z} _a_”’ zi—¢), (=12, kk+1, ., k+m). (1.24)
TV
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Ha ocHoBy (1.24), z, > z}, caMo ako je:

zi—¢ <0, (=12, kk+1,.. k+m) (1.25)

Utepaumja (1.25) npeacraB/ba KpUTEPUjyM 3a yTBphuBawe Ja JU je mnpoHaheHO

OIITHUMAJIHO pelieHe.

OnTuManHO pellewe HUje NMpoHaheHO W Tpeba HACTAaBUTU ca pelllaBameM IpobJeMa

YKOJIMKO TIOCTOjH 6ap jeHO:
Zj—Cj<O, (]=1,2,,k,k+1,,k+m)

KpuTepujyM 3a u360p npoMeH/bMBe Koja yJia3y y HapeAHO JOIMYCTUBO pellere 6a3upa ce
Ha pas/vLu (zj - cj) < 0. [la 6u ce mro Bulle noBehana ¢yHKUHWja KpuUTepujymMa y
HapeJHOM pelleky, Tpeba U3abpaTH HajBehy HeraTUBHY pasJIUKy (Zj - cj), M Ha OCHOBY
e O/IpeJUTU IPOMEeH/bHBY Koja yJIa3u y HapeAHO pellewe. Tpeba usabpaTu Jja y HapeJHo

6a3Ho J0MYCTUBO peliee yhe oHa MpoMeH/bUBA 3a KOjy je:

[max(zj - cj)] <0, G=12,...k,k+1,..,k+m) (12.26)
j

YcBojeHo je gma je (j = v) HajBeha HeraTuBHa pa3JidKa (Z]- —cj), na je ojpeheHo ja
IpOMeHJ/bUBA X, Yhe y Apyro 6a3Ho JonycTUBO pellewe. OTy/a je yBeJleHa PeTHNoCTaBKa
x, > 0. Kputepujym 3a yTBphrBame NpoMeH/bUBE KOja HU3Ja3d M3 pellewma JAaTo je y
uspasy (1.16), 1j.,

a.
x, =min—, (i=12,..,m),a; =0 (1.16)
L Qjy

4yyMe UCTOBpPEMEeHO yTBphyje U BpeJHOCT IPOMeHJ/bUBE KOja yJla3u y pellebe.

[IpeTnocTaBsba ce Aa ce MUHUMaJIHa BpegHOoCT (1.16) mocTmke 3a (i = r), mTo 3Ha4yu Aa he

IPOMEHJ/bUBA X, UMAaTH BPeJHOCT HYJIy Y PYr0j UTepaLuju U usahu us peliemwa.

Y apyroj uTepanuju KOHCTAaTOBAHO je Ja HUje MpoHaheHO ONTUMAJIHO pellere, JaKje
Tpeba HACTaBUTUM ca pellaBameM IMpobseMa. HeonxomHo je pga ce wu3padyHaBajy
KoeHIIHMjeHTH KOjU CTOje y3 CBe NMPOMEH/bUBE Yy APYroj UTepalyju, OJHOCHO Y JIPYToj

CHUMILJIEKC TabesH.
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Koedunujentu ce yTBphyjy Ha ciesehu HauuH:

U3 cuctema jesHauuHa (1.6) u3abepemo r-Ty jeJHaYMHy 3a i = T, Tj:

k

Z ArjXj + Xg4r = Qpo
j=1

OJHOCHO:

Ar1X1 + QppXy + 00+ AppXy + 00t QX + Xpepr = Ay

[IpeTnocTaBKOM Ja je a,, > 0, Iesu ce cBaky KoeUIMjeHT r-Te jeJHAYUHe U fo6Uja ce:

a a a 1 a
le1+L2x2+...+xv+...+kak+a—xk+r=LO. (1.27)

aTU TV aTU Trv TV

Ocrasne jenHayrHe cucrema (1.6) cy:
aXy tagpXy + o+ Ay Xy + X = Ago

Az1X1 T AxpXp + o+ Agp X + X2 = Ao

Am1X1 T AmaXy + o+ A Xk T Xgrm = Amo

MHoxemweM jeaHauuHe (1.27) ca a;, a 3aTUM OAy3UMameM O/ NPBe jeZlHAUUMHEe CHUCTeMa
(1.6) nobwuja ce:

arq ay, Arg
(au - _aw) X1+ <a12 — ==y | Xz + -+ (A1 — agp)xy + o+ (A — ——ayy | X
TV TV TV

1 Aro
T Xg41 — = ApXgyr = Q10 — = A1y
TV a'l’"l)

JlobujeHe koedulMjeHTe Tpeba ynucaTU y NPBU pel Apyre cuMiuiekc Tabese. Ha vctu
Ha4yuH yTBphyjy ce KoepUMjeHTH 3a CBe peloBe, U3y3eB r-Tor 3a Koju y (1.27) Beh umamo

Te KoeQUIUjeHTe.

Koedunyjente 3a Apyru pej Apyre cUMIIeKC Tabesie 106UjaMO MHOXEHEM je[HAYHMHE

(1.27) ca a,,, na ogy3uMameM o/ ApyTe jeAHadrnHe cucTeMa (1.6).
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arq ay, Arg
<a21 T a2v> X1 + (azz T App ) Xy + o+ (Agy — Ap) Xy + o+ | A — P Azy | Xk
TV TV TV
1 Aro
T Xpy2 — = AopXg4r = Q20 — Ay
TV aT"U

W Ha kpajy 3a m-Tu peJ; fo6ujajy ce koepuliMjeHTH, aKo ce jegHayrHa (1.27) moMHOXKHU ca

Ay, 112 CE 01y3Me 01 m-ToT peja cuctema (1.6), Tj.

arq Ay Ay
1 — Amy | Xm + | Qmz — Ay | X + o+ (amv - amv)xv +ot | Gk — Ay | Xk
Ay Ay Ary
1 Aro
+ Xk+m — AmvXk+r = Qmo —
TV ™

amv

AKo ce y3Me y 063up xunoTe3a 3a Apyry utepauujy (1.11), (1.12) u (1.13) gob6wuja ce 3a:

=1 _ aro
L= LU Xk+1 = 7 QuoXg+r = Q10 — 7 Q1w
(% aT‘U
= 2. _ Qro
L= 2, Xg42 — — QopXg4r = Q20 — —— A2y
TV aTU
. 1 Qro
L=TXy — —— QupXgyr = )
(% a’T‘U
. 1 Aro
L =M, Xg4ym — AmuXk+r = Amo — Amy
TV aT‘U
YcraHoBJsbeHo je nay (1.17):
X = Aro
, = —
aTU

naje, ycjaez TOra, r-Toj jeAHa4YUHHU:
Xi+r = 0

[IpoMeHOM BpeHOCTH Xy, Y CBUM jeIHAYMHAMa Jl06Hja ce:
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Xk+1 = Q10 — —— Q1)
TV
_ Aro
Xg+2 = Q0 — — A2y
aTU
_ aro
v— _
aTU
_ aro
Xk+m = Qmo — Ay,

TV
OBako [106HMjeHO pelliere MpobeMa je UICTOBETHO ca pellewe y pyroj utepanuju (1.17) u

(1.18).

Y3 nomoh oBor nmpuHuuna mMoryhe je yTBpAUTH 6a3HO AOMYCTUBO pelleke, U3padyyHaTH
BpeJHOCT QYHKIMja KpUTEpUjyMa U U3padyyHATU KoedUIUjeHTe y3 MPOMeH/bUBE 3a OUJIO

KOje JiBe y3aCTOIIHe uTepalyje.

Pemewe MoOXe ce CKJONUTHU Yy JAPYry CHUMILIEKC Tabeay WM y MAaTPUYHU OOJIMK IO

NoTpeoHu.
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0 Ay — Az 0 0 A — Az 0 -1z 0z LH_ Iy
au, D aup 0y auy P auyy P qu Wt Wy
1 D— — 0 0 D — Auy 0 D — TWp D — — OUp X| 0= 2
1 iy p 04p
at as as au
1 — 0 0 2 1 2 2 % | 0%
1 Ty p 04p
arl ax ax ai
(4 D D (Y
0 Ay — 1 0 azy__— _ ATy 0 azy___ _ 1Ty azy __— _ 0Zp N+vc~ 0= Z+Ay
T iy o O4p
al au as au
D D D D
0 alpy 0 T aty ___— _ ATy 0 aty__— _11p aty__— _ 0lp H+vcm 0= T+2Ay
1 Ty p 04p
E+vcm &+qu N+VGW H+va vcm :vm va
ox g V)
0 = Wi 0="*"D =¥ = T+ i 9 =)

Dragbul 2xMavuwnd p2Adly
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OnuTy MoJies1 KOjU je MOro/iaH 3a pelllaBakbe CBUX MPo6JeMa JIMHeapHOoT MporpaMupama y

MAaTpHUYHOM O6JII/IKy MOXe€ Ceé HaBeCTH Ha CﬂeﬂehI/I Ha4YHWH:

A) OyHKIMja KpUTEpHUjyMa:

zo =CX (1.28)
B) OrpanuyaBajyhu ¢pakTopu:
X=0 (1.29)
AX = A, (1.30)
IIpU YeMy je:
X1
X
x=|"7
xn
a1 A2 A1n Q10
a a a a
4 =% 22 2n Ay = 20
Am1  Am2 Amn Amo

C = (cq1,Cq) ey Cn)

[Ipu ToMe cy mo3HaTHU CBU KoedunujeHTH BekTopa C u Ao u matpule A. KoebunujeHtu

BeKTOpa Ao Ccy HEHeraTUBHHU, a y MaTpULM A, m < n.

Pelwierwse npob6sieMa je cBaku BeKTOp X Koju 3aZj0BosbaBa orpanuyeme (1.30). Ako nmopef,
(1.30) sagoBo/baBa u orpaHuueme (1.29), peliewe npexacTaB/ba Moryhe pelieme
npo6sieMa. basuuHo Moryhe pellieme je OHe pelllere Y KOMe BEKTOp X He CaJip>KU BHUIIE 0/
m MO3UTHUBHUX KoopAuHaTa. ONTHMaJHO pellewe MpesAcTaB/ba pellewme Koje UMa jeJHO
WM BUIle 6a3WMYHUX MOryhHX pellewmha KOju McnywaBajy yciaoB (1.28). basuuno moryhe
pelierbe y KoMe BeKTOp X caJjpPkh Ta4yHO M NO3UTHUBHUX KOOpJMHATa INpeJCcTaB/ba
HeJlereHepycaHO pellewe. /lereHepUCaHO pellelme je OHO Koje CaZpXKU Mame 04 m

MMO3UTHUBHUX KOOPpJHUHATA.

. n
]eaaH npo6neM 0 n BEKTOpa, Ca m JIMHEApPHO HE€3aBHCHHX, MOX€ HMMATHU HA)BHIIE (m)

. . n
pa3/JMYUMTUX MOTryhHux pellewa, jep ce HajBulle Moxke GOpMHUpaATH (m) Pa3IUIUTHUX

KOMOMWHalMja JIMHEAapHO He3aBUCHUX BeKTopa. OBako ce Mory JoOUTH 6pojHa Moryhux

pelema, a IpoHa/IaXKehe OIITUMAJIHOT pelliekhad YeCTO je TEeXHHUYKH HEW3BOJAJ/bHUB I10CAO0.
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KopuuheweM cuMIiekc MeTo/ie 10 ONTUMAJIHOT pelllerha [j0J1a3u ce MOCTeNeHo, JIaHCKU
U HajkpahuM nyTeM, IpU YeMy HHje MOTPEOHO JAa Cce MpOHasIa3u CBako 6a3MyHO Moryhe

pelieme.

[Ipouec y pemaBawy mpobseMa CUMILJIEKC METOZOM MoJpa3yMeBa Jja ce MOCTOjaHO BPILU
3aMeHa BeKTOpa KOju 4MHe 6a3y BeKTOpcKor mnpoctopa. OpabupameM MO3UTUBHUX
KOOpAMHATa BeKTOpa X, BPLIM Ce 3aMeHa 