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Foreword


This thesis is a modest contribution to the clone-theory for co-operations.
Clone theory for co-operations is a dual theory to the well established clone
theory for operations. As in the case of operations, the clone theory for
co-operations constitutes a beautiful part of discrete mathematics, with ex-
cursions to lattice theory, universal algebra and enumerative combinatorics.
Although almost parallel to its covariant counterpart, the clone theory for
co-operations has its particular flavour and is in general much better be-
haved.


The aim of the thesis is to shed as much light as possible to the lattice
of clones of co-operations, the abstract properties of clones of co-operations
and the accompanying objects.


Introduction to the thesis demonstrates in short the genesis of concepts of
co-operation and co-algebra, and presents two approaches to the topic: the
Kleisli approach which originated in the category theory, and the approach
of Drbohlav which is more in the spirit of universal algebra and which is
adopted in the thesis.


Chapter 0 is a short display of standard set-theoretic terminology and
notation which is used in the thesis. Chapters 1 and 2 present standard
notions of theory of clones of operations and co-operations, respectively.
They contain lists of the most important known results.


The original contribution of this thesis is contained in Chapters 3–7.
Chapter 3 contains the basic result of the thesis. By means of contravari-


ant lifting of co-operations we establish an isomorphism between the clone
of all co-operations on a set X and one special clone of operations on the set
P(X). This isomorphism is not only the abstract clone isomorphism, but
also a lattice isomorphism between the lattice of all clones of co-operations
on X and a principal ideal in the lattice of all clones of operations on P(X).


v
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The same mapping is an embedding of the algebra of co-operations on X


into the algebra of operations on P(X). Locally co-closed clones of opera-
tions are also characterised via this most useful mapping. Representation
of clones of co-operations by operations on the powerset is compared to the
representation by selective operations. Although isomorphic to a special case
of the representation by selective operations, representation by operations
on the powerset is highly important because it places clones of co-operations
into a familiar setting of set-theoretic Boolean algebras, rather then in the
quite obscure setting of selective algebras. Further, we develop the calculus
for co-operations and co-relations. We obtain algebras on cOX and cRX , re-
spectively, with the property that a set of co-operations, resp. co-relations,
is a clone if and only if it is the carrier of a subalgebra of the respective
algebra. At the end of this lengthy chapter, we investigate the relationship
of corresponding liftings of the clone of all operations and the clone of all
co-operations, and ellaborate the lifting proces and the interplay between
description of transformation monoids by relations and co-relations.


Chapter 4 exibits some order-theoretic properties of the lattice of clones
of co-operations. Intervals of the form Int(M) are described for some spe-
cial transformation monoids M . In case M = TX it is demonstrated that
the so-called “Burle anomaly” does not occur in the lattice of clones of co-
operations. The investigation of collapsing clones and monoids is, however,
deferred until Chapter 5. After that a construction of an independent set of
co-operations is presented, based on which a lower bound for the number of
clones of co-operations is obtained. Although pretty rough, this lower bound
shows that the number of clones of co-operations on a finite set is of a “very
exponental nature”. The number of clones of operations on an infinite set is
also obtained. The investigations of a particular principal filter of the lattice
provide an upper bound for the height of the lattice.


Chapter 5 is devoted to the investigation of maximal clones of co-opera-
tions on a finite set. All the maximal clones of co-operations are described
in [Szék 89] in terms of regular families. We first reinterpret that result in
terms of co-relations and show that the description is the best possible as far
as arities of co-relations involved are considered. After that we supply some
more information on the maximal clones. We show that no maximal clone of
co-operations has a Sheffer co-operation and describe clones covered by Uν−1.
Then we turn to intersections of maximal clones of co-operations. First we
consider intersections of some special pairs of maximal clones and show that
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in some cases this is not a maximal clone. As for the intersection of several
maximal clones of co-operations, we show how to embed cLB1 × . . .× cLBk


in cLX . Using results on the structure of maximal clones we show that the
lattice cLX is complemented. The chaptr ends with a note on collapsing
clones of co-operations.


Chapter 6 provides the description of minimal clones of co-operations and
those supminimal clones of co-operations which are not essentially unary.
The structure of supminimal clones of co-operations provides a lower bound
for the height of the lattice of clones of co-operations. As a spin-off, there is
a brief discussion on associativity.


Chapter 7 is devoted to enumerations of various objects connected to
the lattice of clones of co-operations on a three element set. Besides the
enumeration of the lattice itself, the submaximal clones have been listed and
the height of the lattice on a three element set is determined. A separate
section deals with a classical clone-theoretic topic of enumerating the bases
for the clone of all co-operations and for the maximal clones of co-operations.
The Appendices to this chapter contain some tables that summarize various
enumerations, as well as a description of a modest software tool that palys the
role of the “computer atlas” of cL3. Since the lattice has too many elements
to be drawn explicitely, this was the simplest and the most efficient way to
handle it. Let us remark that many results of this thesis were obtained by
gathering the information on the particular case from the “computer atlas”
and by generalisation, such as: the structure of Uν−1 maximal clones, the
bounds for the height of the lattice, the fact that maximal clones have no
Sheffer co-operation and the fact that cLX is complemented.


*
* *


Major results of the thesis were obtained during my three month stay at
the University of Technology, Dresden, Germany, which was supported by
the DAAD short-term research scholarship, and during my four month stay
at the RISC Institute of the “Johannes Kepler” University, Linz, Austria,
which was supported by the ÖAD.


Allow me first of all to express my gratitude to my mentor, dr Ratko
Tošić, who has been following my work for past fifteen years. In his discrete
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time, for formal discussions we had had, and for all the informal discussions
which usually took place during luch breaks.
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Introduction


By generalizing the results of Hopf from 1941 on manifolds which admit
products (such as Lie groups), algebraic topologists came to the notion of
the Hopf algebra (see e.g. [Kas 95]). Beside many applications they have
in theoretical physics, they themselves are a very interesting algebraic phe-
nomenon: they are first mathematical objects endowed with a coalgebraic
structure.


Operation of a set X is any mapping Xn → X, where n is a positive
integer. If X is, say, a vector space then one might find it more convenient
to consider a tensor product instead of the cartesian product. In that case,
an operation can be thought of as a mapping of the tensor power X⊗n into
X. Since X⊗n is in fact a factor of a cartesian power Xn, in a very broad
sense we can think of an operation as of a mapping S(X) → X, where S(X)
is a certain construction on X. A co-operations, then, can be thought of as
a mapping X → S(X). Let us very briefly and very informally consider the
structure of a Hopf algebra. Let X be a vector space over a field k. A Hopf
algebra on X is an ordered six-tuple 〈X, µ, η,∆, ε, S〉 where µ : X ⊗X → X


is the multiplication (which is assumed to be associative), η : k → X is the
unit, ∆ : X → X ⊗ X is the co-multiplication (which is supposed to be
co-associative), ε : X → k is the co-unit and S : X → X is the antipode.
For the precise definition the reader is referred to [Kas 95].


The development of the category theory brought to a very abstract con-
sideration of algebras and co-algebras based on ideas we discussed in the
previous paragraph. Let C be a category and F : C → C an endofunctor. For
every object X of C and every morphism α : F (X) → X, the pair 〈X, α〉
is referred to as an F -algebra. If β is a morphism β : X → F (X), pair
〈X, β〉 is referred to as an F -co-algebra. Basic properties of F -algebras and
F -co-algebras and importance they have in category theory were shown by
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Eilenberg-Moore [Eil-M 65] and Kleisli [Kle 65].
Co-algebras as models of various transition systems were introduced in


computer science in 1988 by Aczel and Mendler [Acz-M 88]. Co-algebras
provided an elegant and unified apparatus for description and investigation
of various models of computation as well as data structures. For example,


• if F (X) = X2, F -co-algebras turn out to be a natural model of binary
trees;


• for F (X) = A×XB corresponding co-algebras are models of determin-
istic automatons with the input alphabet B and the output alphabet
A;


• F -co-algebras obtained from the functor F (X) = P(X) represent non-
deterministic transition systems.


H. Reichel [Rei 95] and B. Jacobs [Jac 96] showed how to approach co-
algebraically problems concerning object-oriented paradigm and formal pro-
gram verification.


*
* *


More in the spirit of universal algebra, in 1971 K. Drbohlav started
investigations in a slightly different direction [Drb 71]. This approach is
adopted in the thesis. By the “full” dualization in the category SET (i.e.
by reversing the arrows and dualizing the constructions) we can think of
a co-operation as of a mapping X → X t . . . t X, where t denotes the
disjoint union of sets. A co-algebra is, then, a pair 〈X,F 〉, where F is a
set of co-operations of various arities. His key motiv was the dualization of
universal-algebraic propositions.


The clone of co-operations was introduced in 1985 by B. Csákány [Csá 85].
Two major ingredients, the superposition and the projections, are obtained
easily: co-projections came with the co-product as the accompanying mor-
phisms, while the superposition of co-operations is obtained by reversing
the arrows in the diagram of superposition of operations. Clones of co-
operations are abstract clones, which justifies the term “clone”. They are
similar to “usual” clones of operations in many aspects, but there are also
drastic differences. Some examples are listed in the tables which appear at
the end of the Introduction.
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In order to develop its full potential, clone theory needs its “relational”
counterpart by which we can express that certain clones have certain proper-
ties. The corresponding objects called co-relations were introduced in 1997
by R. Pöschel and M. Rößiger [Pös-R 97]. It came as no surprise that the
notion of a co-relation is obtained by reversing the arrows. With co-relations
at hand, they were able to build the Galois theory for co-operations and co-
relations, and thus lay the foundations of the theory. This thesis is a direct
continuation of their research.


Differences
Clones of operations Clones of co-operations


the lattice of clones of operations is
infinite


the lattice of clones of co-operations is
finite [Csá 85]


the lattice of clones of operations is not
complemented


the lattice of clones of co-operations is
complemented (Chapter 5)


there exist clones of operations which
cannot be described by finite number
of finitary relations


every clone of co-operations can be de-
scribed by one finitary relation (Chap-
ter 3)


the length of the chain formed by the
clones containing all unary operations
is ν + 1 (ν is the cardinality of the un-
derlying set)


the length of the chain formed by the
clones containing all unary operations
is ν (ν is the cardinality of the under-
lying set; Chapter 4)


the full description of minimal clones is
unknown


the full description of minimal clones is
known (Chapter 6)


there is no internal characterization of
collapsing permutation groups


there exists a simple internal char-
acterization of collapsing permutation
groups (Chapter 5).
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Similarities


• both kinds of objects are abstract clones (for co-operations see
[Csá 85]);


• both kinds of objects form algebraic lattices with respect to set-
theoretic inclusion (for co-operations see Chapter 3);


• in both cases the lattice of clones has finite height if the under-
lying set is finite (for co-operations see Chapter 4);


• in both cases the lattice of clones has finite number of atoms and
co-atoms and is not modular (for co-operations see [Csá 85]);


• the lattice of clones on a bigger set contains a copy of the lattice
on any smaller set (for co-operations see Chapter 5);


• in both cases the exact description of maximal clones is known
(for co-operations see [Szék 89] and Chapter 5);


• the set of clones containing all unary (co-)operations is a chain
(for co-operations see Chapter 4);


• both kinds of objects are subalgebras of algebras constructed in
the same way (for co-operations see Chapter 3);


• in both cases, the only automorphisms of the above mentioned
algebras are the inner automorphisms, while the congruence lattice
of those algebras is a three element chain (for co-operations see
Chapter 3).







Chapter 0


Preliminaries


In this short chapter we overview the standard notions and notation that
shall be used throughout without referencing.


Convention. Throughout we assume that X is a set and ν := |X| ≥ 3.


0.1 Sets, relations and mappings


Let N := {1, 2, 3, . . .}, resp. N0 := N ∪ {0}, denote the set of positive, resp.
non-negative, integers. For an integer n ∈ N let n := {1, . . . , n}. Let P(A)
denote the powerset of A. By A ⊆ B we denote that A is a subset of B.
A ⊂ B stands for A ⊆ B ∧A 6= B.


Let RT(X) denote the set of all reflexive and transitive binary relations
on X. 〈RT(X),⊆〉 is a lattice with the least element ∆X := {〈x, x〉 : x ∈ X}
and the greatest element ∇X := X ×X.


By idA we denote the identity mapping of A. For mappings f : A → B


and g : B → C, we set (f · g)(x) := g(f(x)) and (f ◦ g)(x) := f(g(x)). Let
TX denote the set of all mappings X → X. For a, b ∈ X, a 6= b, define λa 7→b


and λ(ab) by


λa 7→b(x) =


{
b, x = a


x, otherwise
and λ(ab)(x) =







b, x = a


a, x = b


x, otherwise.


Let us denote by Mon(X) the set of all submonoids of the monoid
〈TX , ◦, idX〉. Note that 〈Mon(X),⊆〉 is a lattice. For f ∈ TX let fix(f) :=


5
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{x ∈ X : f(x) = x} denote the set of all fixed points of f and let supp(f) :=
X \fix(f). Further, for ∅ 6= F ⊆ TX let fix(F ) :=


⋂
f∈F fix(f) and supp(F ) :=⋃


f∈F supp(f).


Let T
(p)
X denote the set of all permutations of X and let GPerm(X) denote


the set of all permutation groups on X. 〈GPerm(X),⊆〉 is a lattice. We
shall sometimes find it more convenient to write G ≤ T


(p)
X instead of G ∈


GPerm(X). In particular, G <· T(p)
X denotes that the permutation group G is


covered by T
(p)
X in the lattice 〈GPerm(X),⊆〉 (see the paragraph on lattices).


For a mapping f : A → B let im(f) := {f(a) : a ∈ A}. For D ⊆ A let
f |D denote the restriction of f to D. Let f1 : A1 → B1 and f2 : A2 → B2


be mappings such that A1 ∩A2 = ∅. The disjoint sum of f1 and f2, denoted
by f1 ⊕ f2, is the mapping f1 ⊕ f2 : A1 ∪A2 → B1 ∪B2 defined by


(f1 ⊕ f2)(x) =


{
f1(x), x ∈ A1


f2(x), x ∈ A2


0.1. Lemma. Let f, g ∈ T
(p)
X , C := supp(f), D := supp(g) and C ∩D = ∅.


Then


• f ◦ g = g ◦ f ;


• (f ◦ g)|C = f |C and (f ◦ g)|D = g|D;


• f |C ⊕ g|D ⊕ idX\(C∪D) = f ◦ g.


For a partial mapping f : A ◦−→B let dom(f) denote the domain of f . We
assume that there is a special partial mapping ∅ such that dom(∅) = ∅. Let
PTX denote the set of all partial mappings X ◦−→X. Note that TX ⊂ PTX .


0.2. Definition. For f ∈ PTX define f+ : P(X) → P(X) and f− : P(X) →
P(X), the covariant and the contravariant lifting of f , by


f+(A) := {f(x) : x ∈ dom(f) ∩A},
f−(A) := {x ∈ dom(f) : f(x) ∈ A},


A ∈ P(X). If F ⊆ PTX is a set of partial mappings then


F+ := {f+ : f ∈ F} and
F− := {f− : f ∈ F}.
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0.3. Remarks. (i) Let us note that for the empty partial mapping ∅ and
every A ⊆ X, ∅+(A) = ∅ and ∅−(A) = ∅.


(ii) For every f, g ∈ PTX and A,B ⊆ X it is easy to check that (f ◦g)− =
g− ◦ f−, f−(A ∪B) = f−(A) ∪ f−(B) and f−(A) ∩ f−(B) = f−(A ∩B).


(iii) In case f ∈ TX , the covariant and contravariant lifting of f have the
familiar form: f+(A) = f [A] and f−(A) = f−1[A].


(iv) If M ≤ TX is a transformation monoid on X then both M+ and
M− are transformation monoids on P(X).


0.2 Lattices


If L is a lattice on X and a, b ∈ X let 〈a]L, resp. [a〉L, denote the principal
ideal in L, resp. the principal filter in L, generated by a and let [a, b]L denote
the interval {c ∈ L : a ≤ c ≤ b}. We say that a <· b in L if a ≤ c ≤ b implies
c = a or c = b. We write a ¿ b if a < b and not a <· b.


A chain in the lattice L is a set of elements {x1, . . . , xk} of L such that
x1 < x2 < . . . < xk. We say that k is the length of the chain {x1, . . . , xk}. A
chain {x1, . . . , xk} in the lattice with 0 and 1 is maximal if 0 = x1 <· x2 <·
. . . <· xk = 1. The length of the shortest maximal chain is referred to as the
height of the lattice L and shall be denoted by h(L). Let us note that if L is
finite then shortest maximal chains always exist.


Let L be a lattice with the least element 0 and the greatest element 1.
We say that b ∈ L is a complement of a ∈ L if a ∨ b = 1 and a ∧ b = 0. We
say that L is complemented if every element of L has a complement.


0.3 Partitions


If 〈Aξ : ξ < α〉 is a family of subsets of X such that
⋃


ξ<α Aξ = X and
ξ 6= η ⇒ Aξ ∩ Aη = ∅ we say that 〈Aξ : ξ < α〉 is a weak α-partition of X


or an α-partitioning vector. If 〈Aξ : ξ < α〉 is a weak α-partition of X such
that Aξ 6= ∅ for all ξ < α we say that 〈Aξ : ξ < α〉 is an α-partition of X.
We also say that 〈Aξ : ξ < α〉 is an ordered partition. If 〈Aξ : ξ < α〉 is an
ordered partition, then {Aξ : ξ < α} is said to be an unordered partition of
X.


If % ⊆ P(X)α is a relation such that every element of % is a partitioning
vector, we say that % is a partitioning relation. Let PRP(X) denote the set
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of all finitary partitioning relations on P(X).
Let 〈Aξ : ξ < α〉 and 〈Bη : η < β〉 be weak partitions of X. We say that


〈Aξ : ξ < α〉 ¹ 〈Bη : η < β〉 if (∀η < β)(∃ξ < α)Aξ ⊇ Bη. As usual, “≺”
stands for “¹ and 6=”. Since the definition of “¹” does not depend on the
particular order of elements of the partitions being compared, we can use it
to compare unordered partitions as well.


Denote by Part(X) the set of all unordered partitions of X. Then
〈Part(X),¹〉 is a lattice the structure of which is well known.


0.4. Lemma. Let 〈A1, . . . , Ah〉 and 〈B1, . . . , B`〉 be weak partitions of X.
Ah = X \B1 if and only if


Ah ∩B1 = ∅
A1 ∩B2 = A1 ∩B3 = . . . = A1 ∩B` = ∅
A2 ∩B2 = A2 ∩B3 = . . . = A2 ∩B` = ∅


...
Ah−1 ∩B2 = Ah−1 ∩B3 = . . . = Ah−1 ∩B` = ∅.


Proof. ⇒: Evident.
⇐: Evidently Ah ⊆ X \ B1. Suppose Ah ⊂ X \ B1 and take any x ∈


X \ (B1 ∪ Ah). Since 〈A1, . . . , Ah〉 is a weak partition of X and x /∈ Ah,
there exists a j ∈ {1, . . . , h − 1} such that x ∈ Aj . Similarly, there exists a
k ∈ {2, . . . , `} such that x ∈ Bk. Therefore, Aj ∩Bk 6= ∅. Contradiction. 2







Chapter 1


Clones of operations


The first interest in clone theory came from combinatorial investigations of
the propositional calculus [Post 21, Yab 52, Yab 58, Gin 85]. They reach
their peak in the the works of E. Post who managed to provide the full de-
scription of the lattice of clones of operations on a two element set [Post 41].
The attention of clone-theorists then moved on to analogous investigations
on arbitrary finite sets and even on infinite sets. One of the first and at the
same time the most surprising results was the result of Yanov and Mučnik
who showed in 1959 that the cardinality of the lattice of clones on a three
element set is continuum.


At the very beginning, the investigation of clone theory on an arbitrary
finite set was considered as a contribution to the so-called multiple-valued
logic, X being considered as a set of truth values. At the end of 1950’s there
were attempts to build a trivalent computer, based on the propositional
calculus on the set {0, 1, 2}. The point of view has meanwhile changed and
nowdays clone theory is generaly seen much closer to the investigation of the
structure of finite algebras.


The recent development of clone theory is quite fascinating and it would
take us too much to cover it in full. Let us just mention that clone theory
has found its applications in many branches of mathematics. In 1987 Burris
and Willard showed that the number of primitive-positive definable clones is
finite [Bur-W 87]. Their proof relies heavily on universal-algebraic methods.
The investigation of primitive-positive clones pointed to a link to the finite
model theory.


Clones can be associated to many familiar mathematical structures. This


9
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raises a variety of questions as to what extent does the associated clone
reflect the properties of the original structure. Let us only mention the
clone-theoretic investigations in universal algebra [Szen 86] and in topology
[Tay 86, Cook 67, Trn 94].


In this chapter we list the basic notions and the most important resuls
of (the classical) clone theory.


1.1 Operations


1.1. Let O
(n)
X denote the set of all n-ary operations on X, O


(n)
X := XXn


,
and let OX :=


⋃
n∈N O


(n)
X be the set of all finitary operations on X. By ar(f)


we denote the arity of f . If F ⊆ OX , by F (n) we denote the set of all n-ary
operations in F : F (n) = F ∩ O


(n)
X .


Some special operations shall be of particular interest. An i-th n-ary
projection, i ≤ n, is an operation πn


i ∈ O
(n)
X such that for all x1, . . . , xn ∈ X,


πn
i (x1, . . . , xn) = xi. The set of all projections of all arities shall be denoted


by JX . For a ∈ X, let ca : X → X denote the constant mapping ca(x) = a,
and let Const(X) denote the set of all constant mappings on X. Let us note
that O


(1)
X = TX and that π1


1 = idX .
For arbitrary operations f ∈ O


(n)
X and g1, . . . , gn ∈ O


(m)
X we can consider


the operation h ∈ O
(m)
X defined by


h(x1, . . . , xm) = f(g1(x1, . . . , xm), . . . , gn(x1, . . . , xm)).


We say that h is a superposition of f and g1, . . . , gn and write simply: h =
f(g1, . . . , gn).


1.2. Clones of operations. The clone of operations on X is any subset
C ⊆ OX such that


• JX ⊆ C, and
• if f ∈ C(n) and g1, . . . , gn ∈ C(m), then f(g1, . . . , gn) ∈ C.


The intersection of arbitrary family of clones is again a clone. Therefore,
for every F ⊆ OX , there is the least clone CF containing F . We denote the
clone CF by CloX F and say that CloX F is the clone generated by F .


The set of all clones on X forms a lattice LX with respect to inclusion.
The infimum, resp. supremum, of C1, C2 ∈ LX is given by C1∧C2 = C1∩C2,
resp. C1 ∨ C2 = CloX(C1 ∪ C2).
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If C and D are clones of operations and C ⊆ D (C ⊂ D), we shall often
write C ≤ D (C < D) to stress that C and D are clones. In particular,
C ≤ OX means “C is a clone of operations on X”.


1.3. Algebra of operations. Let f ∈ O
(n)
X . For n = 1 put ζ(f) := τ(f) :=


4(f) := f . For n > 1 put


(ζ(f))(x1, . . . , xn) := f(x2, x3, . . . , xn, x1)
(τ(f))(x1, . . . , xn) := f(x2, x1, x3, . . . , xn)
(4(f))(x1, . . . , xn) := f(x1, x1, x2, . . . , xn−1).


For f ∈ O
(n)
X and g ∈ O


(m)
X put


(f ∗ g)(x1, . . . , xn+m−1) := f(g(x1, . . . , xm), xm+1, . . . , xn+m−1).


Algebra 〈OX , ∗, ζ, τ,4, π2
1〉 shall be referred to as the algebra of operations


on X. It is well known that C is a clone of operations on X if and only if
C is a carrier of a subalgebra of the algebra of operations on X. Therefore,
LX is an algebraic lattice.


1.4. The lattice of clones of operations. The set of all clones of opera-
tions on X forms a lattice LX with respect to the set-theoretic inclusion. The
infimum, resp. the supremum, in the lattice are given by C1 ∧C2 = C1 ∩C2,
resp. C1 ∨ C2 = CloX(C1 ∪ C2).


The lattice LX is algebraic since every clone of operations is a carrier of
a subalgebra of the algebra of operations on X. The algebra of operations of
a finite set is finitely generated (Webb, 1936), whence follows that LX has
finitely many co-atoms. We refer to the co-atoms of LX as maxmial clones
of operations.


E. Post showed in 1941 that the lattice of clones of operations on a two
element set is countable. In 1959 Yanov and Mučni showed that this is an
exception rather than the rule [Yan-M 59]: If X is a finite set and |X| ≥ 3
then |LX | = c.


1.2 Relations


Quite often it is much easier to work with clones viewed as sets of operations
having some properties. This is particularly useful if one has to prove that
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certain operation, say f , does not belong to the given clone. A standard way
to do it is to find a property S in such a way that f does not have the property
S while all the operations contained in the clone have the property S. The
good thing about clone theory is that such a property always exists. The
bad thing is that it is not always easy to find it.


One might wonder what mathematical objects could be models of such
properties. It turns out that usual relations are good enough.


1.5. Let α be any ordinal number. A relation on X is any subset % ⊆ Xα.
We say that α is the arity of the relation % and write: α = ar(%). ar(∅) = 0
and ∅ is the only relation of arity 0. For any ordinal number α > 0, let R


(α)
X


denote the set of all α-ary relations on X togehter with ∅, i.e. R
(α)
X := P(Xα),


and let RX :=
⋃


n∈N R
(n)
X denote the set of all finitary relations on X. For


any set Q of relations and any ordinal number α let Q(α) denote the set
Q ∩ R


(α)
X .


Some special relations shall be of particular interest. Let α be any ordinal
and let ε be an equivalence relation on α. The α-ary ε-diagonal on X,
denoted by δε


α, is the following relation:


δε
α := {〈xξ : ξ < α〉 ∈ Xα : (∀i, j ∈ α)(〈i, j〉 ∈ ε ⇒ xi = xj)}.


If α is a finite ordinal, instead of α we shall use n, where n := |α|. Also, if
α is finite we shall write δ


[B1|...|Bk]
n where n := |α| and B1, . . . , Bk are blocks


of the defining equivalence relation. Let DX denote the set of all finitary
diagonals on X. We consider ∅, the empty relation, to be a diagonal, too.


1.6. Algebra of finitary relations. We shall now introduce some useful
operations on finitary relations which will enable us to introduce the notion
of the algebra of relations. Let % and σ be finitary relations on X and let
h := ar(%) and ` := ar(σ).


If h ≤ 1 put ζ(%) := τ(%) := 4(%) := %. If h > 1 put


ζ(%) := {〈x2, . . . , xh, x1〉 : 〈x1, . . . , xh〉 ∈ %}
τ(%) := {〈x2, x1, x3, . . . , xh〉 : 〈x1, . . . , xh〉 ∈ %}
4(%) := {〈x2, . . . , xh〉 : 〈x1, . . . , xh〉 ∈ % ∧ x1 = x2}.


If h = 0 or ` = 0 or h = 1 ∧ ` = 1 put % ◦ σ := ∅. For h > 1 or ` > 1 let


% ◦ σ := {〈x1, . . . , xh−1, y2, . . . , y`〉 : (∃z ∈ X)(〈x1, . . . , xh−1, z〉 ∈ %∧
〈z, y2, . . . , y`〉 ∈ σ)}
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denote the composition of relations % and σ. Algebra 〈RX , ◦, ζ, τ,4, δ
[1,2|3]
3 〉


shall be referred to as the algebra of (finitary) relations on X.
We shall make use of two more operations on RX . With the notation as


in the previous paragraph, let


%× σ := {〈x1, . . . , xh, y1, . . . , y`〉 : 〈x1, . . . , xh〉 ∈ % ∧ 〈y1, . . . , y`〉 ∈ σ}


denote the product of relations % and σ. For an integer k ∈ N and any
mapping f : k → h let


prf (%) := {〈xf(1), . . . , xf(k)〉 : 〈xi, . . . , xh〉 ∈ %}


be the f-projection of %. If f =


(
1 2 . . . k


i1 i2 . . . ik


)
, instead of prf we shall


often write pri1,...,ik
. For a vector x ∈ Xh the f-projection of x, prf (x), is


defined analogously.


1.7. Clones of relations. Let us note that it is possible to introduce the
notion of clones of relations, [Pös 80]. Let α be an ordinal number, let I be
an index set and let %i ∈ R


(mi)
X , mi ∈ N, i ∈ I. Furhter, let fi : α → mi be


arbitrary mappings, let h ∈ N and let f : α → h. The general superposition
of 〈%i : i ∈ I〉 with respect to f and 〈fi : i ∈ I〉 is the following relation


f∧


〈fi:i∈I〉
〈%i : i ∈ I〉 := {prf (x) : x ∈ Xα ∧ (∀i ∈ I) prfi


(x) ∈ %i}.


The clone of relations is any subset Q ⊆ RX such that


• DX ⊆ Q and


• Q is closed with respect to all general superpositions.


If X is a finite set, then Q is a clone of relations on X if and only if Q is
a carrier of a subalgebra of the algebra of relations [Pös 80].


If Q and S are clones of relations and Q ⊆ S (Q ⊂ S), we shall often
write Q ≤ S (Q < S) to stress that Q and S are clones. In particular,
Q ≤ RX means “Q is a clone of relations on X”.
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1.3 The Galois connection


The operators Pol and Inv we are just about to introduce constitute the
“clone-theoretic toolbox”. First of all, PolQ is a clone of operations for
every Q ⊆ RX . As we shall see later, for every clone C there exists a set of
relations Q such that C = PolQ. Due to the overall beauty of mathematics,
Inv F , F ⊆ OX , also has a very interesting “clone-like” structure. We say
that Inv F is a clone of relations on X.


1.8. Pol and Inv. Let f be an n-ary operation on X and % an α-ary relation
on X. We say that f preserves % and that % is invariant under f if for
every n α-tuples 〈x1


ξ : ξ < α〉, . . . , 〈xn
ξ : ξ < α〉 ∈ % we have 〈f(x1


ξ , . . . , x
n
ξ ) :


ξ < α〉 ∈ %.
Given a set of relations Q, let PolX Q denote the set of all operations that


preserve every relation in Q. On the other hand, given a set of operations
F , let InvX F denote the set of all finitary relations that are invariant under
every operation in F . If C = PolX Q, then C is a clone of operations. We say
that the clone C is described by the set of relations Q. We say that a clone
is locally closed if it can be described by a set of finitary relations. In case
of finite X, C ⊆ OX is a clone of operations if and only if C = PolX InvX C


and CloX F = PolX InvX F [Pös-K 79, Pös 80]. Also, in case of finite X,
Q = InvX PolX Q if and only if Q is a clone of relations, [Pös-K 79, Pös 80].


For a set of (not necessarily finitary) relations Q let EndX Q := Pol
(1)
X Q


denote the set of all unary operations preserving every relation in Q. EndX Q


is a monoid often referred to as the endomorphism monoid of Q.


1.9. Proposition. [Pös-K 79] PolX and InvX form a Galois connection be-
tween lattices P(OX) and P(RX). Namely, if F , F1, F2 are sets of operations
and Q, Q1, Q2 are sets of relations then


F1 ⊆ F2 ⇒ InvX F1 ⊇ InvX F2 Q1 ⊆ Q2 ⇒ PolX Q1 ⊇ PolX Q2


F ⊆ PolX InvX F Q ⊆ InvX PolX Q


InvX F = InvX PolX InvX F PolX Q = PolX InvX PolX Q


EndX and InvX form a Galois connection between lattices P(TX) and P(RX).
Namely, if F , F1, F2 are sets of unary operations and Q, Q1, Q2 are sets of
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relations then


F1 ⊆ F2 ⇒ InvX F1 ⊇ InvX F2 Q1 ⊆ Q2 ⇒ EndX Q1 ⊇ EndX Q2


F ⊆ EndX InvX F Q ⊆ InvX EndX Q


InvX F = InvX EndX InvX F EndX Q = EndX InvX EndX Q


Within the clone-theoretic setting two natural closure operators have
emerged: the Clo closure operator (the least clone generated by the given
set of operations) and the Pol Inv closure operator. Since PolQ is a clone
of operations, one could suspect that Clo and Pol Inv should be somehow
related. Indeed, they are related in the most beautiful way:


1.10. Theorem (Geiger 1968 [Gei 68]; Bondarčuk, Kalužnin, Kotov, Romov
1969 [Bon-K-K-R 69]) Let X be a finite set. Then Clo = Pol Inv.


This theorem, which is in the very core of the clone theory, not only
relates two important closure operators, but also supports our intuition: it
says that a clone is fully determined by the set of all the common properties
of its elements.


1.4 Maximal clones of operations


The lattice of clones of operations on a finite set has finitely many dual atoms
called the maximal clones of operations. One of the major results of the clone
theory is the description of maximal clones of operations as sets of operations
having some common property. The more than twenty year long search was
completed by I. Rosenberg in 1977 [Ros 77]. We shall now introduce six sets
of relations on X without going too much into technicalities:


M1 the set of all bounded parital orders on X


M2 the set of all nontrivial equivalence relations
on X


M3 the set of all relations of the form {〈x, f(x)〉 :
x ∈ X} where f is a permutation of X such
that fp = idX for some prime number p


M4 the set of all relations of the form {〈x, y, z, u〉 :
x − y + z = u} where 〈X,+,−, 0〉 is a
p-elementary abelian group for some prime
number p
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M5 the set of all central relations
M6 the set of all h-regular relations, h ∈ N


(where the definitions of central and h-regular relation are deliberately om-
mitted). Then:


1.11. Theorem (Rosenberg 1977 [Ros 77]) C is a maximal clone (i.e. a
coatom in LX) if and only if C = Pol{%} for some % ∈M1 ∪ . . . ∪M6.


The best known corollary of this theorem is the equivalent formulation
of the Post completeness criterion:


1.12. Post completeness criterion Let X be a finite set and let F ⊆ OX .
Then F is complete if and only if F 6⊆ C for every maximal clone C of
operations. Equivalently, F is complete if and only if for every relation
% ∈ M1 ∪ . . . ∪M6 there exists an operation f ∈ F such that f does not
preserve %.


The equivalent version of the Post completeness criterion is interesting
from the “computerish” point of view: there exists a decision procedure for
the question “Is CloF = OF ?”, where F ⊆ OX is, say, finite. In other words,
there exists a decision procedure for the question of primality of a given finite
algebra.


1.5 Abstract clones


Recall that an abstract clone is an N-sorted algebra


〈(Cn)n∈N, (Sn
m)m,n∈N, (en


i ) 1≤i≤n
n∈N


〉


where 〈Cn : n ∈ N〉 is a pairwise disjoint family of carriers of the algebra,
Sn


m : Cm × (Cn)m → Cn are fundamental operations and en
i ∈ Cn are con-


stants, and the following identities hold:


Sn
k (ek


i ; x1, . . . , xk) ≈ xi; 1 ≤ i ≤ k


Sn
n(x; en


1 , . . . , en
n) ≈ x;


Sn
t (x; Sn


j (y1; z1, . . . , zj), . . . , Sn
j (yt; z1, . . . , zj)) ≈


≈ Sn
j (Sn


t (x; y1, . . . , yt); z1, . . . , zj).
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The clone isomorphism between the abstract clones C and D is a family of
mappings Φ := 〈ϕn : n ∈ N〉 such that ϕi : C(i) → D(i) is a bijection for all
i ∈ N and Φ preserves superpositions and projections.


Every clone of operations C can be understood as an abstract clone:
〈C(n) : n ∈ N〉 is the family of sorts, Sn


m (m,n ∈ N) are superpositions of
operations, while en


i are projections πn
i . Moreover, we have the following


interesting property (see e.g. [Bur-S(h) 88, Tay 93])


1.13. Theorem. Every abstract clone is isomorphic to a clone of opera-
tions.


1.6 Clones of operations on 2


In 1941 E. Post published a paper [Post 41] (rather, a booklet) in which he
described the lattice of all clones of operations on 2 which we shall denote
by L2 (see Fig. 1.1). Among other things his description revealed that


• |L2| = ℵ0 (which was quite a surprise), and
• L2 has 5 coatoms, denoted by T0, T1, S, L, M .


Let us give the description of the five maximal clones of L2, namely, of
T0, T1, S, L and M . Let


%0 := {0}
%1 := {1}
%¬ := {〈x, y〉 ∈ 22 : y = ¬x}
%+ := {〈a, b, c, d〉 ∈ 24 : a + b ≡ c + d (mod 2)}
%≤ := {〈x, y〉 ∈ 22 : x ≤ y}


where ≤ denotes the usual order 0 < 1. Then T0 = Pol{%0} is the set of all
operations such that f(0, . . . , 0) = 0; T1 = Pol{%1} is the set of all operations
such that f(1, . . . , 1) = 1; S = Pol{%¬} is the set of all selfdual operations,
i.e. operations such that f(¬x1, . . . ,¬xn) = ¬f(x1, . . . , xn); L = Pol{%+}
denotes the set of all quasi-linear operations, i.e. operations such that


f(a1 + b1, . . . , an + bn) = f(a1, . . . , an) + f(b1, . . . , bn) + f(0, 0, . . . , 0)


(where addition is modulo 2); M = Pol{≤} is the set of all monotone oper-
ations.


Post’s description was used in 1951 by R. Lyndon [Lyn 51] to show that
every two-element algebra has a finite base of identities.
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J2


L


T1 T0


O2


M


S


Figure 1.1: The lattice L2







Chapter 2


Clones of co-operations


In 1971 K. Drbohlav [Drb 71] started an investigation of co-operations and
universal co-algebras as the dual of classical notions of operations and uni-
versal algebras. He obtained duals of many universal algebraic properties.
Clones of co-operations were introduced by Csákány [Csá 85], and maximal
clones of co-operations were described by Székely [Szék 89]. Co-relations
and the clone theoretic apparatus were introduced in 1997 by Pöschel and
Rößiger.


In this chapter we give the overview of notions and known results con-
cerning clones of co-operations. These are the very fundaments of the inves-
tigations that follow in the sequel.


2.1 Co-operations


The notion of co-operation is obtained by reversing arrows in the category
SET, as indicated in the Table 2.1 (we do not intend to go too deeply into
category theory; for all the notions the reader is referred to [Adá-H-S 90,
MacL 72]). An example is presented in Figure 2.1, (a). It is an illustration
of a co-operation f : X → Xt3. We say that the third argument of f is
fictitious because no arrow hits the third box. We either write f(a) = 〈2, b〉,
f(b) = 〈2, b〉, f(c) = 〈1, c〉, f(d) = 〈2, b〉, or


f =


(
a b c d


〈2, b〉 〈2, b〉 〈1, c〉 〈2, b〉


)
.


19
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Covariant notion Contravariant notion


Product Coproduct
X × Y X t Y


Power Copower
Xn = X × . . .×X Xtn = X t . . . tX


= n×X


Operation Co-operation
f : Xn → X f : X → Xtn


O
(n)
X = the set of all cO


(n)
X = the set of all


n-ary operations n-ary co-operations


OX = the set of all cOX = the set of all
operations on X co-operations on X


Table 2.1: The notion of a co-operation


(a)


a
b
c
d


a
b
c
d


a
b
c
d


a
b
c
d


z-


7


*


(b)


a
b
c
d


a
b
c
d


a
b
c
d


a
b
c
d


7
7
7
7


Figure 2.1: An example of a co-operation and a co-projection
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2.1. Let Xtn := n×X denote the union of n disjoint copies of X, i.e. the
n-th co-power of X. An n-ary co-operation is any mapping f : X → Xtn.
We say that n is the arity of f and write n = ar(f). Let cO


(n)
X denote the set


of all n-ary co-operations on X and let cOX :=
⋃


n∈N cO
(n)
X . For F ⊆ cOX


let F (n) := F ∩ cO
(n)
X .


Let f ∈ cO
(n)
X . Define r(f), the rank of f , by r(f) := |{f(x) : x ∈ X}|.


To every co-operation f ∈ cO
(n)
X we can assign a sequence 〈f1, . . . , fn〉 of


partial mappings X ◦−→X in the following way: f j(a) = b :⇐⇒ f(a) = 〈j, b〉
for all j ∈ n and all a, b ∈ X. We say that f j is the j-th component of the
co-operation f . If Bi := dom(f i), i ∈ n, put d(f) := 〈B1, . . . , Bn〉.


Let f be a co-operation and let ∅ 6= S ⊆ X. We say that f glues on S if
f(x) = f(y) for some distinct x, y ∈ S. We say that f is a glueing if f glues
on X [Csá 85]. Let cO


(gl)
X := cJX ∪ {f ∈ cOX : f is a glueing}.


We say that a co-operation f depends on i-th argument if dom(f i) 6= ∅. If
dom(f i) = ∅ we say that the i-th argument of f is fictitious. A co-operation
f is essential if it is not glueing and depends on at least two arguments
[Csá 85].


Every co-operation f : X → Xtn gives rise to two mappings, the labeling
of f , lbl f : X → n, and the value of f , val f : X → X, defined by


f(x) = 〈i, y〉 ⇐⇒: (lbl f)(x) = i, and
(val f)(x) = y.


Let us note that lbl f is the first projection of f while val f is the second
projection of f . (In [Csá 85] val f was referred to as the mapping of f .)


The n-ary co-operation f ∈ cO
(n)
X such that val f = idX and (lbl f)(x) = i


for all x ∈ X and some fixed i ∈ n is called the i-th n-ary co-projection on X


and is denoted by ιni . The first ternary co-projection is depicted in Fig. 2.1,
(b). Let cJX denote the set of all co-projections on X of all arities.


We shall identify Xt1 with X. In view of that, cO
(1)
X = TX and ι11 = idX .


Let X = {x1, . . . , xν} and let {a1, . . . , aν} ⊆ X (where some of the ai’s
may be equal). Then diag(a1, . . . , aν) is the ν-ary co-operation defined by


diag(a1, . . . , aν)(xi) = 〈i, ai〉,


for all i ∈ ν. We call this co-operation the 〈a1, . . . , aν〉-diagonal co-operation
or just the diagonal co-operation for short. Note that this concept differs
from the concept of the diagonal co-operation introduced in [Csá 85].
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For a nonempty set A and mappings g1, . . . , gn : X → A let [g1, . . . , gn]
denote the co-tupling of g1, . . . , gn:


[g1, . . . , gn] : Xtn → A : 〈i, x〉 7→ gi(x).


For co-operations f ∈ cO
(n)
X and g1, . . . , gn ∈ cO


(m)
X , the superposition of f


and g1, . . . , gn is the co-operation f · [g1, . . . , gn] ∈ cO
(m)
X .


It is easily seen that the superposition of co-operations, too, can be ob-
tained by reversing the arrows in the diagram of superposition of operations.
Let us demonstrate this on an example. If f , g1 and g2 are co-operations
given by:


f
-


-


s


*


g2


7


j
j
j


g1


^


1


q


-


then the superposition of f and g1, g2 is obtained by “overlapping the dia-
grams” and taking out the essence:


f
-


-


s


*


g2


7


j
j
j


g1


^


1


q


-


f · [g1, g2]


7


R


-


^


2.2. Lemma. Let g ∈ cO
(n)
X , d(g) = 〈B1, . . . , Bn〉 and let f1, . . . , fn ∈ cO


(m)
X .


Then


val(g · [f1, . . . , fn]) = (val g · val f1)|B1 ⊕ . . .⊕ (val g · val fn)|Bn .


Particularly, if ar(g) = 1 we have val(g · f) = g · val f .
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2.3. Lemma. Let f ∈ cO
(n)
X and g1, . . . , gn, h ∈ cO


(m)
X be co-operations such


that h = f · [g1, . . . , gn]. Then (hj)−(B) =
⋃n


i=1(g
j
i ◦ f i)−(B) for all j ∈ n


and B ⊆ X.


Proof. ⊆: Take any x ∈ (hj)−(B). Then hj(x) ∈ B. Since
〈dom(f1), . . . , dom(fn)〉 is a weak partition of X, there is a k such that
x ∈ dom(fk). So hj(x) = (gj


k ◦ fk)(x) and hence (gj
k ◦ fk)(x) ∈ B. This


implies x ∈ (gj
k ◦ fk)−(B) ⊆ ⋃n


i=1(g
j
i ◦ f i)−(B).


⊇: Take any x ∈ ⋃n
i=1(g


j
i ◦ f i)−(B). There is a k such that x ∈ (gj


k ◦
fk)−(B) i.e. (gj


k ◦fk)(x) ∈ B. Since (gj
k ◦fk)(x) = hj(x), we have hj(x) ∈ B


or, equivalently, x ∈ (hj)−(B). 2


2.4. Clones of co-operations. The clone of co-operations [Csá 85] on X


is any subset C ⊆ cOX such that


• cJX ⊆ C, and


• if f ∈ C(n) and g1, . . . , gn ∈ C(m), then f · [g1, . . . , gn] ∈ C.


cOX and cJX are clones of co-operations, often referred to as trivial clones
of operations. cO


(gl)
X is an example of a nontrivial clone of co-operations.


As it was noticed in [Csá 85], every clone of co-operations is an abstract
clone. Therefore, every clone of co-operations is isomorphic to a clone of
operations. We ellaborate this observation in Chapter 3.


The intersection of arbitrary family of clones of co-operations is again a
clone of co-operations. Therefore, for every F ⊆ cOX , there is the least clone
of co-operations CF containing F . We denote the clone of co-operations CF


by cCloX F and say that cCloX F is the clone of co-operations generated
by F . We shall often ommit the subscript X.


We say that a co-operation f is a Sheffer co-operation for a clone of
co-operations C if C = cCloX{f}.


Note that if C is a clone of co-operations and f ∈ C then val f = f ·
[ι11, ι


1
1, . . . , ι


1
1] ∈ C. We say that a clone of co-operations is unary if every


co-operation in the clone depends on exactly one argument. For a clone of
co-operations C let C(un) := cCloX(C(1)).


The set of all clones of co-operations on X forms a lattice cLX with
respect to inclusion. The infimum, resp. supremum, of C1, C2 ∈ cLX is
given by C1 ∧ C2 = C1 ∩ C2, resp. C1 ∨ C2 = cCloX(C1 ∪ C2).
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Covariant notion Contravariant notion


Projection Co-projection
πn


i ιni


JX = the set of all cJX = the set of all
projections on X co-projections on X


f(g1, . . . , gn) f · [g1, . . . , gn]


Clone of operations Clone of co-operations


CloF cClo F


Table 2.2: The notion of clone of co-operations


If C and D are clones of co-operations and C ⊆ D (C ⊂ D), we shall
often write C ≤ D (C < D) to stress that C and D are clones. In particular,
C ≤ cOX means “C is a clone of co-operations on X”. Table 2.2 is another
display of dual concepts.


2.5. The lattice of clones of co-opera-
tions. In his paper [Csá 85], B. Csákány
showed that


• clones of co-operations form a lattice,
cLX


• cLX is finite for finite X (!)


• cL2 looks like this −→
• clones of co-operations are abstract


clones (which means that they really
capture the falvour of clones).


Therefore, it is quite obvious that the lattice of clones of co-operations
has finitely many co-atoms. We call the maximal clones of co-operations.
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Covariant notion Contravariant notion


vector co-vector
r : n → X r : X → n


(also called colouring)


relation: co-relation:
a set of vectors a set of co-vectors


R
(n)
X = the set of all cR


(n)
X = the set of all


n-ary relations n-ary co-relations


RX = the set of all cRX = the set of all
finitary relations on X finitary co-relations on X


Table 2.3: The notion of a co-relation


2.2 Co-relations


In order to develop its full potential, clone theory needs its “relational”
counterpart by which we can express that certain clones have certain prop-
erties. The corresponding objects called co-relations were introduced in 1997
by R. Pöschel and M. Rößiger [Pös-R 97]. It came as no surprise that the
notion of a co-relation is obtained by reversing the arrows, as indicated in
Table 2.3.


2.6. Let α be an ordinal number. An α-ary co-vector or α-colouring is
any mapping r : X → α. An α-ary co-relation [Pös-R 97] is any nonempty
subset % ⊆ αX . We say that α is the arity of the co-relation % and write:
α = ar(%). ar(∅) = 0 and ∅ is the only co-relation of arity 0. For any ordinal
number α > 0 let cR


(α)
X denote the set of all α-ary co-relations on X together


with ∅, and let cRX :=
⋃


n∈N cR
(n)
X denote the set of all finitary co-relations


on X. For any set S of co-relations and any ordinal number α let S(α) denote
the set S ∩ cR


(α)
X .


If n is an integer, we find it more convenient to regard co-relations as
subsets of nX instead of nX .
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Let % be an α-ary co-relation on X and let ξ < α. We say that the ξ-th
coordinate (argument) of % is fictitious if r−1(ξ) = ∅ for every r ∈ %.


Let h ∈ N and ∅ 6= B ⊆ h. The co-relation δh
B := {r ∈ hX : im(r) ⊆ B}


is called the h-ary B-co-diagonal [Pös-R 97]. Let δh
∅ := ∅ and let cDX denote


the set of all finitary co-diagonals.
Note that every co-vector r ∈ αX uniquely determines the α-partitioning


vector 〈r−1(ξ) : ξ < α〉. For co-vectors r ∈ αX and s ∈ βX on X we let r ¹ s
if 〈r−1(ξ) : ξ < α〉 ¹ 〈s−1(η) : η < β〉.


2.3 The Galois connection


With the notion of co-relation at hand, we can build the clone-theoretic
apparatus for co-operations and co-relations (i.e. we have the general Galois
theory for co-operations and co-relations, [Pös-R 97]).


2.7. cPol and cInv. Let f be an n-ary co-operation on X and let % be
an α-ary co-relation on X. We say that f co-preserves % and that % is co-
invariant under f [Pös-R 97] if for every n co-vectors r1, . . . , rn ∈ % we have
f · [r1, . . . , rn] ∈ %.


Regarding co-vectors as colourings, f · [r1, . . . , rn] can be thought of as
a co-vector obtained from r1, . . . , rn by “back propagation of colours”, see
Fig. 2.2


Given a set of co-relations S, let cPolX S denote the set of all the co-
operations that co-preserve every co-relation in S. On the other hand, given
a set of co-operations F , let cInvX F denote the set of all finitary co-relations
that are co-invariant under every co-operation in F . If C = cPolX S then
C is a clone of co-operations. We say that C is described by the set of co-
relations S. A clone of co-operations is locally co-closed if it can be described
by finitary co-relations. In case of finite X, C ⊆ cOX is a clone of co-
operations if and only if C = cPolX cInvX C and cCloX F = cPolX cInvX F ,
[Pös-R 97].


For a set of (not necessarily finitary) co-relations S let cEndX S :=
cPol


(1)
X S denote the set of all unary co-operations co-preserving every co-


relation in S. cEndX S is a monoid often referred to as the co-endomorphism
monoid of S.


Let us note that it is possible to introduce the notion of clones of co-
relations in general, and the interested reader is referred to [Pös-R 97]. We
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Figure 2.2: “The back propagation of colours”


shall just mention that on a finite set, Q ⊆ cRX is a clone of co-relations
if and only if Q = cInvX cPolX Q, if and only if there exists a set of co-
operations F such that Q = cInvX F , [Pös-R 97].


If Q and S are clones of co-relations and Q ⊆ S (Q ⊂ S), we shall often
write Q ≤ S (Q < S) to stress that Q and S are clones. In particular,
Q ≤ cRX means “Q is a clone of co-relations on X”.


2.8. Proposition. [Pös-R 97] cPolX and cInvX form a Galois connection
between lattices P(cOX) and P(cRX). Namely, if F , F1, F2 are sets of
co-operations and Q, Q1, Q2 are sets of co-relations then


F1 ⊆ F2 ⇒ cInvX F1 ⊇ cInvX F2 Q1 ⊆ Q2 ⇒ cPolX Q1 ⊇ cPolX Q2


F ⊆ cPolX cInvX F Q ⊆ cInvX cPolX Q


cInvX F = cInvX cPolX cInvX F cPolX Q = cPolX cInvX cPolX Q


cEndX and cInvX form a Galois connection between lattices P(TX) and
P(cRX). Namely, if F , F1, F2 are sets of unary co-operations and Q, Q1,
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µ


R


f1


f2


Figure 2.3: A binary splitting co-operation


Q2 are sets of co-relations then


F1 ⊆ F2 ⇒ cInvX F1 ⊇ cInvX F2 Q1 ⊆ Q2 ⇒ cEndX Q1 ⊇ cEndX Q2


F ⊆ cEndX cInvX F Q ⊆ cInvX cEndX Q


cInvX F = cInvX cEndX cInvX F cEndX Q = cEndX cInvX cEndX Q


Again, we have the full duality with the standard (covariant) apparatus:


2.9. Theorem (R. Pöschel, M. Rößiger 1997 [Pös-R 97]). Let X be
a finite set. Then cClo = cPol cInv.


Let us conclude the section with an important notion and a couple of
technical lemmata.


2.10. Definition. We say that a co-operation f is a k-ary splitting co-
operation if ar(f) = k and val f = idX (a binary splitting co-operation is
depicted in Fig. 2.3).


2.11. Lemma. Let X = {x1, . . . , xν}, let Σ := {r} where r : X → ν is
defined by r(xi) = i for all i ∈ ν and let f be a co-operation. f is a splitting
if and only if f ∈ cPolX{Σ}, or, equivalently, Σ ∈ cInvX{f}.


Proof. Obvious. 2
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2.12. Lemma. Let ri : X → 2, i ∈ 2, be co-vectors such that ri(X) = {i}
and let Ω := {r1, r2}. Then the clone of co-operations C is unary if and only
if C ≤ cPolX{Ω}, or, equivalently, Ω ∈ cInvX C.


Proof. ⇒: Evident.
⇐: Suppose C is not a unary clone. Then there exists a co-operation


g ∈ C which depends on at least two arguments. Let us assume that g


depends on the first and the second argument. Put s := g · [r1, r2, r2, . . . , r2].
Then s(X) = {1, 2} implying s /∈ Ω. Therefore, Ω /∈ cInvX C. 2


2.4 Maximal clones of co-operations


In 1989 Z. Székely described maximal clones of co-operations and formulated
the analogon of the Post completenes criterion for co-operations [Szék 89].


2.13. Regular families. Let M ⊆ P(X). We say that M is a regular
family [Szék 89] if


• M 6= ∅, ∅ /∈M and M 6= {{x} : x ∈ X},
• (∀S, T ∈M)(S 6= T ⇒ S ∩ T = ∅), and


• (∀S, T ∈M) |S| = |T |.
For a regular family M and any S ∈ M, the cardinality of S is referred to
as the rank of M, in symbols, r(M).


Let M be a regular family and let f be a co-operation. We say that
f weakly preserves M [Szék 89] if for every S ∈ M either f glues on S or
S ⊆ dom(f i) for some i and (f i)+(S) ∈M.


2.14. Theorem. [Szék 89] Let C be a clone of co-operations on X. C is
a maximal clone of co-operations on X if and only if there exists a regular
family M such that C is the set of all co-operations weakly preserving M.


Therefore, the Post completeness criterion for co-operations takes the fol-
lowing form [Szék 89]:


2.15. Theorem (Post completeness criterion). Let F ⊆ cOX . Then
cCloX F = cOX if and only if for every regular family M on X, F 6⊆
Max(M).
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In Chapter 5 we give a reinterpretation of this result in terms of co-
relations. We obtain a description of maximal clones of co-operations which
is more in the spirit of the Rosenberg characterization of maximal clones of
operations.







Chapter 3


Clones of co-operations vs.


clones of operations


In [Csá 85] clones of co-operations have been brought to connection with
clones of selective algebras [Csá 84, Csá 85] in the sense that every clone of
co-operations is isomorphic (as an abstract clone) to the clone of a selec-
tive algebra. By means of contravariant lifting of co-operations we prove
in this chapter that every clone of co-operations is isomorphic to a clone of
operations on a power set. Moreover, we prove that the lattice of clones of
co-operations on X is isomorphic to a principal ideal of the latice of clones
on P(X) whereby obtaining a “representation” theorem for the lattice of
clones of co-operations.


After the characterization of locally co-closed clones of operations we
compare the representation of clones of co-operations by operations on the
powerset with the representation by selective operations. Although isomor-
phic to a special case of the representation by selective operations, represen-
tation by operations on the powerset is highly important because it places
clones of co-operations into a familiar setting of set-theoretic Boolean alge-
bras, rather then in the quite obscure setting of selective algebras.


Further, we develop the calculus for co-operations and co-relations. We
obtain algebras on cOX and cRX , respectively, with the property that a set
of co-operations, resp. co-relations, is a clone if and only if it is the carrier
of a subalgebra of the respective algebra.


At the end of this lengthy chapter, we investigate the relationship of
corresponding liftings of the clone of all operations and the clone of all
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co-operations, and ellaborate the lifting proces and the interplay between
description of transformation monoids by relations and co-relations.


3.1 Contravariant lifting of co-operations


3.1. Definition. Let f ∈ cO
(n)
X be a co-operation. The contravariant lifting


of f , f−, is the mapping f− : P(X)n → P(X) defined by f−(B1, . . . , Bn) =⋃n
i=1(f


i)−(Bi). For F ⊆ cOX we let F− := {f− : f ∈ F}.


3.2. Lemma. (ιni )− = πn
i .


Proof. Without loss of generality we may assume that i = 1. Then (ιn1 )1 =
idX , while (ιn1 )2 = . . . = (ιn1 )n = ∅. Having this in mind, we have:
(ιn1 )−(B1, . . . , Bn) =


⋃n
i=1((ι


n
1 )i)−(Bi) = id−X(B1) ∪ ∅−(B2) ∪ . . . ∪ ∅−(Bn) =


B1 = πn
1 (B1, . . . , Bn). 2


3.3. Lemma. Let f ∈ cO
(n)
X and g1, . . . , gn ∈ cO


(m)
X be co-operations. Then


(f · [g1, . . . , gn])− = f−(g−1 , . . . , g−n ).


Proof. Let h = f · [g1, . . . , gn]. Then h−(B1, . . . , Bm) =
⋃m


j=1(h
j)−(Bj) =⋃m


j=1


⋃n
i=1(g


j
i ◦ f i)−(Bj). On the other hand,


f−(g−1 , . . . , g−n )(B1, . . . , Bm) =
= f−(g−1 (B1, . . . , Bm), . . . , g−n (B1, . . . , Bm)) =
= f−(


⋃m
j=1(g


j
1)
−(Bj), . . . ,


⋃m
j=1(g


j
n)−(Bj)) =


=
⋃n


i=1(f
i)−(


⋃m
j=1(g


j
i )
−(Bj)) =


=
⋃n


i=1


⋃m
j=1(f


i)−((gj
i )
−(Bj)) =


=
⋃n


i=1


⋃m
j=1((f


i)− ◦ (gj
i )
−)(Bj) =


=
⋃m


j=1


⋃n
i=1(g


j
i ◦ f i)−(Bj).


2


An easy induction now suffices to show that the contravariant lifting of a
clone of co-operations is a clone of operations on the power set.


3.4. Lemma. Let F ⊆ cOX . Then (cCloX F )− = CloP(X)(F−).
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3.5. Notation. Let B be a Boolean algebra. We say that a homomorphism
f : Bn → B is totally additive if f(


∨
ξ a1


ξ , . . . ,
∨


ξ an
ξ ) =


∨
ξ f(a1


ξ , . . . , a
n
ξ )


for any choice of families 〈a1
ξ : ξ < λ〉, . . . , 〈an


ξ : ξ < λ〉 of elements of B. Let


H(n)
P(X) denote the set of all totally additive homomorphisms


〈P(X),∪,∩,c , ∅, X〉n → 〈P(X),∪,∩,c , ∅, X〉 and let HP(X) :=
⋃


n∈NH(n)
P(X).


Consider the following seven relations on P(X):


%∅ := {∅},
%C := {〈A,X \A〉 : A ⊆ X},
%∪ := {〈Aξ : ξ < ν〉 : A0 =


⋃
0<ξ<ν Aξ},


%X := {X},
%⊆ := {〈A,B〉 : A ⊆ B ⊆ X},
%dis := {〈A,B〉 : A,B ⊆ X ∧A ∩B = ∅},
∪• := {〈A,B, A ∪B〉 : A,B ⊆ X}.


Note that HP(X) = PolP(X){%∅, %C , %∪} and HP(X) ⊆ PolP(X){%X , %⊆, %dis}.
If X is finite then HP(X) = PolP(X){%∅, %C ,∪•}.
3.6. Proposition. cO−X = HP(X).


Proof. ⊆: Take any f ∈ cO
(n)
X . Since f−(∅, ∅, . . . , ∅) =


⋃n
i=1(f


i)−(∅) = ∅, f−


preserves %∅. It is also easy to show that f− preserves %∪:


f−(
⋃


ξ A1
ξ , . . . ,


⋃
ξ An


ξ ) =
⋃n


i=1(f
i)−(


⋃
ξ Ai


ξ) =
⋃n


i=1


⋃
ξ(f


i)−(Ai
ξ)


=
⋃


ξ


⋃n
i=1(f


i)−(Ai
ξ) =


⋃
ξ f−(A1


ξ , . . . , A
n
ξ ).


To show that f− preserves %C , take any 〈A1, B1〉, . . . , 〈An, Bn〉 ∈ %C . We are
going to show that f−(A1, . . . , An)∪f−(B1, . . . , Bn) = X and f−(A1, . . . , An)
∩f−(B1, . . . , Bn) = ∅.


f−(A1, . . . , An) ∪ f−(B1, . . . , Bn) = f−(A1 ∪B1, . . . , An ∪Bn)
= f−(X,X, . . . ,X)
=


⋃n
i=1(f


i)−(X)
=


⋃n
i=1 dom(f i)


= X.


On the other hand,


f−(A1, . . . , An) ∩ f−(B1, . . . , Bn) =
= (


⋃n
i=1(f


i)−(Ai)) ∩ (
⋃n


j=1(f
j)−(Bj))


=
⋃n


i=1


⋃n
j=1 ((f i)−(Ai) ∩ (f j)−(Bj)).
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We shall show that for every i, j ∈ n, (f i)−(Ai) ∩ (f j)−(Bj) = ∅. If i 6= j


then dom(f i)∩dom(f j) = ∅ and thus (f i)−(Ai)∩(f j)−(Bj) = ∅. If, however,
i = j then (f i)−(Ai) ∩ (f i)−(Bi) = (f i)−(Ai ∩Bi) = (f i)−(∅) = ∅.


⊇: Take any f ∈ H(n)
P(X) and define g ∈ cO


(n)
X by gj(x) = y :⇐⇒ x ∈


f(∅, . . . , ∅, {y}
6j


, ∅, . . . , ∅). Let us show that g is well-defined.


Claim 1: (gj)−({y}) = f(∅, . . . , ∅, {y}
6j


, ∅, . . . , ∅). Evident.


Claim 2: For every B ⊆ X we have (gj)−(B) = f(∅, . . . , ∅, B
6j


, ∅, . . . , ∅).


Follows from Claim 1 and the fact that f preserves %∅ and %∪.
Claim 3: dom(gj) = f(∅, . . . , ∅, X


6j


, ∅, . . . , ∅). Follows from Claim 2 and


dom(gj) = (gj)−(X).
Claim 4: dom(g1) ∪ . . . ∪ dom(gn) = X. Proof:


dom(g1) ∪ . . . ∪ dom(gn) =
= f(X, ∅, . . . , ∅) ∪ f(∅, X, . . . , ∅) ∪ . . . ∪ f(∅, ∅, . . . , X) =
= f(X ∪ ∅ ∪ . . . ∪ ∅, ∅ ∪X ∪ . . . ∪ ∅, . . . , ∅ ∪ ∅ ∪ . . . ∪X) =
= f(X,X, . . . , X) = X.


Claim 5: If i 6= j then dom(gi) ∩ dom(gj) = ∅. For the sake of sim-
plicity let i = 1 and j = 2. Then dom(g1) ∩ dom(g2) = f(X, ∅, . . . , ∅) ∩
f(∅, X, . . . , ∅). Since 〈X, ∅〉, 〈∅, X〉, 〈∅, ∅〉 ∈ %dis and since f preserves %dis, we
have 〈f(X, ∅, . . . , ∅), f(∅, X, . . . , ∅)〉 ∈ %dis i.e. f(X, ∅, . . . , ∅)∩f(∅, X, . . . , ∅) =
∅.
Therefore, g is well-defined. Now we can show that g− = f :


g−(B1, . . . , Bn) =
= (g1)−(B1) ∪ (g2)−(B2) ∪ . . . ∪ (gn)−(Bn)
= f(B1, ∅, . . . , ∅) ∪ f(∅, B2, . . . , ∅) ∪ . . . ∪ f(∅, ∅, . . . , Bn)
= f(B1 ∪ ∅ ∪ . . . ∪ ∅, ∅ ∪B2 ∪ . . . ∪ ∅, . . . , ∅ ∪ ∅ ∪ . . . ∪Bn)
= f(B1, B2, . . . , Bn).


2


Lemmata 3.2, 3.3 and Proposition 3.6 enable us to give the promissed rep-
resentation theorem for clones of co-operations.
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3.7. Proposition. The clone cOX is isomorphic to the clone HP(X) under
the clone isomorphism ϕ : cOX → HP(X) : g 7→ g−. As an immediate
consequence we get the following: for every clone of co-operations C ≤ cOX


we have C− ≤ HP(X). Conversly, for every clone D ≤ HP(X) there is a
clone of co-operations C ≤ cOX such that C− = D. Therefore cLX


∼=
〈HP(X)]LP(X)


.


3.8. Remark. So, we have once more proved that every clone of co-
operations is isomorphic to a clone of operations. However, the converse
is not true. There exist clones of operations which are isomorphic to no
clone of co-operations whatsoever. To see this, let C be a clone of oper-
ations containing a binary commutative operation f . The fact that f is
commutative can be expressed in the following equivalent form:


f(π2
1, π


2
2) = f(π2


2, π
2
1).


Suppose that D is a clone of co-operations isomorphic to C and let Φ : C →
D be an isomorphism. Then Φ(f(π2


1, π
2
2)) = Φ(f(π2


2, π
2
1)), i.e.,


Φ(f) · [ι21, ι22] = Φ(f) · [ι22, ι21].


But it is easy to see that no co-operation has this property. Contradiction.


3.2 Locally co-closed clones of co-operations


Next, we are going to characterize locally co-closed clones of co-operations
in terms of their contravariant lifting. We shall introduce the contravariant
lifting of co-relations and prove that this concept is compatible with the
contravariant lifting of co-operations.


3.9. Definition. Let r ∈ αX be a co-vector and % ∈ cR
(α)
X be a co-relation.


Then the contravariant lifting of the co-vector r and the co-relation % is
defined by:


r− := 〈r−1(ξ) : ξ < α〉
%− := {r− : r ∈ %}.


3.10. Definition. Let 〈Aξ : ξ < α〉 be a partitioning vector on X. Then
〈Aξ : ξ < α〉∇ is the co-vector r ∈ αX defined by r(x) = ξ :⇐⇒ x ∈ Aξ for
all ξ < α. For a partitioning relation % on P(X) let %∇ := {p∇ : p ∈ %}.
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3.11. Remark. If r is a co-vector on X then r− is a weak partition of
X and r−∇ = r. Similarly, if % is a co-relation then %− is a partitioning
relation, ar(%) = ar(%−) and %−∇ = %.


3.12. Lemma. Let f be a co-operation and σ be a co-relation. Then f


co-preserves σ if and only if f− preserves σ−.


Proof. ⇒: Take any f ∈ cPolX{σ} and let ar(f) = n. Let


〈A1
ξ : ξ < λ〉, . . . , 〈An


ξ : ξ < λ〉
be arbitrary elements of σ− and let r1, . . . , rn be elements of σ such that
(rj)− = 〈Aj


ξ : ξ < λ〉 for all j. Since f co-preserves σ, s := f · [r1, . . . , rn] ∈ σ.
On the other hand, let Bξ := f−(A1


ξ , . . . , A
n
ξ ), ξ < λ. We are going to show


that s− = 〈Bξ : ξ < λ〉. First let us note that s−1(ξ) =
⋃n


i=1(r
i ◦ f i)−(ξ),


that Bξ =
⋃n


i=1(f
i)−(Ai


ξ) and that Ai
ξ = (ri)−1(ξ). Putting it all together,


we get:


s−1(ξ) =
⋃n


i=1(r
i ◦ f i)−(ξ) =


⋃n
i=1(f


i)−((ri)−1(ξ))
=


⋃n
i=1(f


i)−(Ai
ξ) = Bξ.


Therefore, s− = 〈Bξ : ξ < λ〉 and so 〈Bξ : ξ < λ〉 ∈ σ−.
⇐: Take any f− ∈ cPolP(X){σ−} and any r1, . . . , rn ∈ σ. Then


(r1)−, . . . , (rn)− ∈ σ−. Let (ri)− = 〈Ai
ξ : ξ < λ〉 and let Bξ = f−(A1


ξ , . . . , A
n
ξ ).


Since f− preserves σ− we have that 〈Bξ : ξ < λ〉 ∈ σ−, i.e. there is an s ∈ σ


such that s− = 〈Bξ : ξ < λ〉. Let us show that s = f · [r1, . . . , rn]. Let
t := f · [r1, . . . , rn]. Then


t−1(ξ) =
⋃n


i=1(r
i ◦ f i)−(ξ) =


⋃n
i=1(f


i)−((ri)−1(ξ))
=


⋃n
i=1(f


i)−(Ai
ξ) = f−(A1


ξ , . . . , A
n
ξ )


= Bξ = s−1(ξ).


Therefore, s = t and thus f ∈ cPolX{σ}. 2


3.13. Corollary. Let S be a set of co-relations and C = cPolX S. Then
C− = PolP(X)(S−) ∩HP(X) = PolP(X)(S− ∪ {%∅, %C , %∪}).


3.14. Lemma. For every finitary relation θ on P(X) there is a finitary
partitioning relation θ on P(X) such that


PolP(X){%∅, %C , %∪, θ} = PolP(X){%∅, %C , %∪, θ}.
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Proof. For a positive integer h, let Ph := P({1, . . . , h}) and let us fix a strict
linear order < on Ph (e.g. ∅ < {1} < . . . < {h} < {1, 2} < . . . < {h− 1, h} <


. . . < {1, . . . , h}) so that we can consider vectors indexed by elements of
Ph. In other words, instead of 〈A∅, A{1}, . . . , A{h−1,h}, . . . , A{1,...,h}〉 we shall
simply write 〈AJ : J ∈ Ph〉.


Let θ be an h-ary relation on P(X), h ∈ N. To every 〈A1, . . . , Ah〉 ∈ θ


we shall assign a vector 〈BJ : J ∈ Ph〉 as follows:


B∅ = X \⋃h
i=1 Ai, and


BJ = (
⋂


j∈J Aj) \ (
⋃


j∈{1,...,h}\J Aj), for J 6= ∅.


Let θ denote the set of all vectors 〈BJ : J ∈ Ph〉 obtained in this way. The
proof of the required equality is an immediate consequence of the following
observations:


• for every 〈A1, . . . , Ah〉 ∈ θ, the corresponding sequence 〈BJ : J ∈ Ph〉
is a weak partition of X;


• for every f ∈ HP(X) and every A1, . . . , An, B1, . . . , Bn ⊆ X:


f(∅, ∅, . . . , ∅) = ∅
f(X \A1, . . . , X \An) = X \ f(A1, . . . , An)
f(A1 ∪B1, . . . , An ∪Bn) = f(A1, . . . , An) ∪ f(B1, . . . , Bn)
f(A1 ∩B1, . . . , An ∩Bn) = f(A1, . . . , An) ∩ f(B1, . . . , Bn)
f(A1 \B1, . . . , An \Bn) = f(A1, . . . , An) \ f(B1, . . . , Bn);


• if 〈BJ : J ∈ Ph〉 corresponds to 〈A1, . . . , Ah〉, then for every j ∈
{1, . . . , h}, Aj =


⋃
j∈J∈Ph


BJ .


2


3.15. Definition. Let C and D be clones of operations on X and let C ≤ D.
We say that C is locally closed relative to D if there exists a locally closed
clone C ′ on X such that C = C ′ ∩D.


3.16. Proposition. Let C ≤ cOX be a clone of co-operations. C is locally
co-closed if and only if C− is locally closed relative to HP(X).


Proof. ⇒: Suppose that C is a locally co-closed clone of co-operations. Then
there exists a set S of finitary co-relations such that C = cPolX S. According
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to Corollary 3.13, C− = PolP(X)(S−) ∩ HP(X). Since S− is a set of finitary
relations on P(X), C− is locally closed relative to HP(X).


⇐: Suppose that C− is locally closed relative toHP(X). Then there exists
a locally closed clone D on P(X) such that C− = D ∩ HP(X). Let Q be a
set of finitary relations on P(X) such that D = PolP(X) Q. Let Q := {% :
% ∈ Q} where % is a partitioning relation assigned to % by the construction
given in Lemma 3.14. Consider a set of co-relations S := {(%)∇ : % ∈ Q}.
Note that S− = Q. Let us show that C = cPolX S or, equivalently, that
C− = (cPolX S)−:


C− = D ∩HP(X)


= PolP(X)(Q ∪ {%∅, %C , %∪})
= PolP(X)(Q ∪ {%∅, %C , %∪}) [according to Lemma 3.14]
= PolP(X)(S− ∪ {%∅, %C , %∪}) [since Q = S−]
= PolP(X)(S−) ∩HP(X)


= (cPolX S)− [according to Corollary 3.13].


Since S is a set of finitary co-relations, C is a locally co-closed clone of
co-operations. 2


3.3 Clones of co-operations and clones of selective


operations


It was remarked in [Csá 85] that every clone of co-operations on a finite set
X is isomorphic to a clone of selective operations on the set Y |X|, where
Y is an arbitrary set with at least two elements. On the other hand, the
purpose of this chapter was to introduce another representation of clones of
co-operations. The present situation can be depicted as in Fig. 3.1.


Corollary 3.13 demonstrates that the lifting process by which to every
clone of co-operations on X a clone of operations on P(X) is assigned is
compatible with the notion of preservation. In this section we show that
there is an analogous relationship between (clones of) co-relations on X and
(clones of) relations on Y |X| which would back up the relationship between
clones of co-operations on X and clones of selective operations on Y |X| (see
Fig. 3.2).


We first derive a correspondence between the two representations of
clones of co-operations (Fig. 3.1). Then we show that for every co-relation
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Clones of
co-operations
on X


¾ -[Csá 85]
Clones of
selective operations
on Y |X|


?


6


Proposition 3.7


Clones of
operations
on P(X)


Figure 3.1: Two representations of clones of co-operations


σ on X there exists a relation σ̂ on Y |X| of the same arity such that a co-
operation f co-preserves σ if and only if the corresponding selective operation
f̂ preserves σ̂.


3.3.1 Selective operations


Convention. Throughout X and Y are finite sets, X = {1, . . . , ν} with
ν ≥ 3 and |Y | ≥ 2.


3.17. Definitions. Let Y be a set and let k and n be integers. An operation
f : (Y k)n → Y k is called a selective operation if there exist mappings l : k →
n and v : k → k such that


f̂










x1,1


x1,2
...


x1,k






,






x2,1


x2,2
...


x2,k






, . . . ,






xn,1


xn,2
...


xn,k










=






xl(1),v(1)


xl(2),v(2)
...


xl(k),v(k)






.


(Note that in [Csá 84] such operations are referred to as regular selective
operations.)


Let SelY k denote the set of all selective operations on Y k. It is easy to
verify that SelY k is a clone of opertions on Y k.
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Co-relations
on X


¾ -? Relations
on Y |X|


?


6


Corollary 3.13


Relations
on P(X)


Figure 3.2: “The missing link”


For a relation % ∈ R
(h)
Y define %↑k ∈ R


(h)


Y k by


〈




x1,1


x1,2
...


x1,k






,






x2,1


x2,2
...


x2,k






, . . . ,






xh,1


xh,2
...


xh,k






〉
∈ %↑k :⇐⇒ (∀j ∈ k) 〈x1,j , . . . , xh,j〉 ∈ %.


Further, letQY k := {%↑k : % ∈ RY }. Then we know that SelY k = PolY k(QY k).


3.18. Representation of co-operations by selective operations. To
every co-operation f : X → Xtn we assign a selective operation f̂ : (Y ν)n →
Y ν (obviously of arity n) by


f̂










x1,1


x1,2
...


x1,ν






,






x2,1


x2,2
...


x2,ν






, . . . ,






xn,1


xn,2
...


xn,ν










=






xl(1),v(1)


xl(2),v(2)
...


xl(ν),v(ν)






where v := val f and l := lbl f .


3.19. Proposition. If C is a clone of co-operations on X then Ĉ :=
{f̂ : f ∈ C} is a clone of selective operations. Moreover, mapping ˆ :


cOX → SelY ν is a clone isomorphism, i.e. ι̂ni = πn
i and f · [g1, . . . , gn] =


f̂(ĝ1, . . . , ĝn).
For every clone clone D of selective operations on Y ν there exists a clone


C of co-operations on X such that C ∼= D.
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As an immediate consequence of Proposition 3.7 we have:


3.20. Proposition. For every clone C of selective operations there exists
a finite boolean algebra B such that C is isomorphic to a subclone of the
clone


⋃
n∈N Hom(Bn,B). Conversly, for every finite boolean algebra B and


every subclone D of
⋃


n∈N Hom(Bn,B) there exists a clone C of selective
operations such that C ∼= D. (Here, by Hom(A,B) we denote the set of all
homomorphisms from an algebra A to an algebra B of the same type.)


If we set Y = {0, 1} then we can show that there exists a natural correspon-
dence between the two representations.


3.21. Proposition. Let Y := {0, 1}. For a set B ⊆ X let


χB :=






x1


x2
...


xν




∈ Y ν


denote the characteristic vector of B, i.e. the element of Y ν defined by xi =
1 :⇐⇒ i ∈ B. Then for any co-operation f ∈ cO


(k)
X and any A,B1, . . . , Bk ∈


P(X) we have


f−(B1, . . . , Bk) = A ⇐⇒ f̂(χB1 , . . . , χBk
) = χA.


Proof. ⇒: Assume that f−(B1, . . . , Bk) = A and let


χBi =:






xi,1


xi,2
...


xi,ν






be the characteristic vector of Bi, i ∈ k. Further, let


f̂(χB1 , . . . , χBk
) =






y1


y2
...


yν






.
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We are going to show that yp = 1 ⇐⇒ p ∈ A. Actually, we shall show only
one direction since the other one can be carried out analogously. So, suppose
p ∈ A = f−(B1, . . . , Bk) =


⋃k
j=1(f


j)−(Bj). Then p ∈ (f i)−(Bi) for some
i ∈ k. Let q := f i(p) ∈ Bi. f i(p) = q means that f(p) = 〈i, q〉, so yp = xi,q.
Now, q ∈ Bi implies xi,q = 1 i.e. yp = 1.


⇐: Similarly. 2


3.3.2 Encoding co-relations on X by relations on Y ν


3.22. Definitions and notation. Let 1 ∈ Y be a fixed element of Y . For
a co-vector r = 〈A1, . . . , Ah〉∇ on X define the relation Θr ∈ R


(h)
Y ν as follows:


〈




x1,1


x1,2
...


x1,ν






,






x2,1


x2,2
...


x2,ν






, . . . ,






xh,1


xh,2
...


xh,ν






〉
∈ Θr :⇐⇒


:⇐⇒ (∀j ∈ ν) ((x1,j = 1 ⇐⇒ j ∈ A1) ∧
(x2,j = 1 ⇐⇒ j ∈ A2) ∧


. . . ∧
(xh,j = 1 ⇐⇒ j ∈ Ah))


Further, for a co-relation σ on X define a relation σ̂ on Y ν by σ̂ :=
⋃


r∈σ Θr


and for a set S of co-relations on X let Ŝ := {σ̂ : σ ∈ S}.


3.23. Proposition.


(i) Let f be a co-operation on X and σ be a co-relation on X. Then: f


co-preserves σ if and only if f̂ preserves σ̂.
(ii) Let C be a clone of co-operations on X and let S be a set of co-relations


on X such that C = cPolX S. Then Ĉ = PolY ν (Ŝ ∪QY ν ).


Proof. The proof of (i) is analogous to the proof of Proposition 3.21. (ii)
follows from (i) immediately. 2


A careful examination of the above encoding shows that we used the fixed
element 1 on position j to encode the information “j ∈ A”. But it is possible
to use other elements of Y , too. We shall now show how to encode “small”
co-relations on X by unary relations on Y ν .
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3.24. Assumptions. Suppose σ is a co-relation on X such that h :=
ar(σ) ≤ |Y |. For the sake of simplicity assume that {1, . . . , h} ⊆ Y .


3.25. Definitions and notation. For a co-vector r = 〈A1, . . . , Ah〉∇ ∈ σ


define the (unary) relation Θ̃r ⊆ Y ν by:




x1


x2
...


xν




∈ Θ̃r :⇐⇒ (∀j ∈ ν) ((xj = 1 ⇐⇒ j ∈ A1) ∧


(xj = 2 ⇐⇒ j ∈ A2) ∧
. . . ∧


(xj = h ⇐⇒ j ∈ Ah)).


and put σ̃ :=
⋃


r∈σ Θ̃r.


Then we have


3.26. Proposition. Let f be a co-operation on X. f co-preserves σ if and
only if f̂ preserves σ̃.


We shall see later (Corollary 3.75) that for every clone C of co-operations
on X there exists a co-relation σ of arity ν2 such that C = cPolX{σ}. This
porperty of clones of co-operations, together with the possibility to encode
co-relations on X by unary relations on Y ν if Y is large enough, gives an
interesting abstract property of clones of co-operations/selective operations.
That concludes the section.


We say that a subclone C of a clone D can be described by a relation %


relative to D if C = D ∩ Pol{%}.


3.27. Proposition. Every clone of co-operations (clone of selective opera-
tions) is isomorphic to a clone of selective operations which can be described,
relative to the clone of all selective operations, by one unary relation.


Proof. Let C be a clone of co-operations on X and let σ be a co-relation
of arity ν2 such that C = cPolX{σ} (Corollary 3.75). Choose a finite set
Y in such a way that |Y | = ν2 and let σ̃ be the encoding of σ described
in the Definition 3.25. Note that σ̃ is a unary relation. Then C ∼= Ĉ =
SelY ν ∩ PolY ν{σ̃}. 2
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3.4 Algebra of co-operations on a finite set


The Proposition 3.7 has another interesting consequence. We can endow
cOX with one binary and three unary operations and thus turn it into an
algebra analogous to the algebra of operations. Then we can characterize
clones of co-operations as carriers of its subalgebras, as expected. Next, we
are going to describe all automorphisms and congruences of the algebra of
co-operations.


Convention. In this section, X is assumed to be finite.


3.28. Definition. Let f ∈ cO
(n)
X . For n = 1 let ζf := τf := 4f := f . For


n > 1 let
ζf := f · [ιn2 , ιn3 , . . . , ιnn, ιn1 ],
τf := f · [ιn2 , ιn1 , ιn3 , . . . , ιnn],
4f := f · [ιn−1


1 , ιn−1
1 , . . . , ιn−1


n−1].


For f ∈ cO
(n)
X and g ∈ cO


(m)
X let


f ∗ g := f · [g · [ιn+m−1
1 , . . . , ιn+m−1


m ], ιn+m−1
m+1 , . . . , ιn+m−1


n+m−1].


We shall refer to the algebra 〈cOX , ∗, ζ, τ,4, ι21〉 as the algebra of co-operations.


3.29. Lemma. Let f, g ∈ cOX . Then (ζf)− = ζ(f−), (τf)− = τ(f−),
(4f)− = 4(f−) and (f ∗ g)− = f− ∗ g−.


3.30. Proposition. C ⊆ cOX is a clone of co-operations if and only if C


is a carrier of a subalgebra of 〈cOX , ∗, ζ, τ,4, ι21〉.


3.31. Notation. For brevity, we denote the algebra of co-operations by A.
Let AutA, resp. ConA, denote the set of all the automorphisms, resp. the
set of all the congruences, of A.


For each operator O ∈ {ζ, τ,4} by On(f) we mean O . . . O︸ ︷︷ ︸
n


(f) if n > 0,


while we let O0(f) := f .
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x


ψ−1(x)
6


〈j, ψ(y)〉


〈j, y〉


?


ψ−1 ψ


-Φψ(f)


-f


Figure 3.3: The action of the automorphism Φψ


3.4.1 Automorphisms of the algebra of co-operations


Every permutation ψ : X → X gives rise to an automorphism Φψ : cOX →
cOX ofA which maps a co-operation into another one obtained by “renaming
the elements of X according to ψ”. More precisely,


3.32. Definition. Let ψ : X → X be a permutation. Denote by Φψ :
cOX → cOX the following mapping:


Φψ(f)(x) = 〈lbl f(ψ−1(x)), ψ(val f(ψ−1(x)))〉.


The action of Φψ is depicted in Figure 3.3 where j := lbl f(ψ−1(x)) and y :=
val f(ψ−1(x)). It is a routine to verify that Φψ is indeed an automorphism of
A. Such automorphisms are referred to as inner automorphisms of A. Our
intention is to show that A allows no other automorphisms.


Notation. In Lemmata 3.33–3.36 we assume that ϕ is an arbitrary auto-
morphism of A.


3.33. Lemma. ar(f) = ar(ϕ(f)) for every co-operation f ∈ cOX .


Proof. We make use of the following obvious facts:


• for every co-operation f ∈ cOX , ar(f) = 1 if and only if 4(f) = f ;


• for every co-operation f ∈ cOX , ar(f) ≤ n if and only if 4n(f) =
4n−1(f).
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To show the Lemma, we are actually going to show that for arbitrary f ∈
cOX and all n ∈ N


ar(f) = n ⇐⇒ ar(ϕ(f)) = n. (∗)
The proof procedes by induction on n. For n = 1 one can easily prove the
following chain of equivalences having in mind that ϕ is an automorphisam
of A along with the above mentioned facts: ar(f) = 1 iff 4(f) = f iff
ϕ(4(f)) = ϕ(f) iff 4(ϕ(f)) = ϕ(f) iff ar(ϕ(f)) = 1. Suppose (∗) holds for
all k < n.


⇒: Suppose ar(f) = n. Then 4n(f) = 4n−1(f) implying 4n(ϕ(f)) =
4n−1(ϕ(f)) whence ar(ϕ(f)) ≤ n. If ar(ϕ(f)) = k < n then, according
to the induction hypothesis, ar(f) = k as well. Contradiction. Therefore,
ar(ϕ(f)) = n.


⇐: Similarly. 2


3.34. Lemma. Let f ∈ cO
(n)
X and g1, . . . , gn ∈ cO


(m)
X . Then


ϕ(f · [g1, . . . , gn]) = ϕ(f) · [ϕ(g1), . . . , ϕ(gn)].


3.35. Lemma. For every n ∈ N and every j ∈ n we have ϕ(ιnj ) = ιnj .


Proof. ϕ(ι21) = ι21 since ϕ ∈ AutA. Further, ϕ(ι11) = ϕ(4(ι21)) = 4(ϕ(ι21)) =
4(ι21) = ι11.


Suppose n > 2. Then ιn1 = ι21 ∗ (ι21 ∗ (. . . ∗ (ι21 ∗ ι21)︸ ︷︷ ︸
n


. . .)). Now ϕ(ιn1 ) =


ϕ(ι21 ∗ (ι21 ∗ (. . . ∗ (ι21 ∗ ι21) . . .))) = ϕ(ι21) ∗ (ϕ(ι21) ∗ (. . . ∗ (ϕ(ι21) ∗ ϕ(ι21)) . . .)) =
ι21 ∗ (ι21 ∗ (. . . ∗ (ι21 ∗ ι21) . . .)) = ιn1 . For every j ∈ n, ιnj = ζn+1−j(ιn1 ) whence
ϕ(ιnj ) = ϕ(ζn+1−j(ιn1 )) = ζn+1−j(ϕ(ιn1 )) = ζn+1−j(ιn1 ) = ιnj . 2


3.36. Lemma. ϕ(Const(X)) = Const(X).


Proof. In this proof we use the simple fact that c ∈ Const(X) if and only if
(∀f ∈ cO


(1)
X )f · c = c, for every c ∈ cO


(1)
X .


Since Const(X) is finite and ψ is a bijection it suffices to show that
ϕ(Const(X)) ⊆ Const(X). Let c ∈ Const(X). Take any f ∈ cO


(1)
X and let


g := ψ−1(f). Then f ·ψ(c) = ψ(g) ·ψ(c) = ψ(g · c) = ψ(c) proving thus that
ψ(c) ∈ Const(X). 2


3.37. Proposition. All automorphisms of A are inner automorphisms.
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Proof. In this proof we use the following simple observation. Let f ∈ cO
(n)
X ,


and let j ∈ n and a, b ∈ X be arbitrary. f(a) = 〈j, b〉 if and only if ca · f =
cb · ιnj .


Take any ϕ ∈ AutA. Since ϕ|Const(X) is a bijection, we can define a
permutation ψ : X → X as follows:


ψ(a) = b :⇐⇒ ϕ(ca) = cb.


We are going to show that ϕ = Φψ. Take any f ∈ cO
(n)
X and let g := ϕ(f).


We have to show that g = Φψ(f) i.e. that


g(x) = 〈lbl f(ψ−1(x)), ψ(val f(ψ−1(x)))〉.


Let g(x) = 〈j, y〉. Then cx ·g = cy ·ιnj whence ϕ(cx ·g) = ϕ(cy ·ιnj ). According
to Lemma 3.34 we have ϕ(cx)·ϕ(g) = ϕ(cy)·ϕ(ιnj ) i.e. cψ−1(x) ·f = cψ−1(y) ·ιnj .
This is equivalent to f(ψ−1(x)) = 〈j, ψ−1(y)〉. In other words,


j = lbl f(ψ−1(x)) and
y = ψ(val f(ψ−1(x))),


as required. 2


3.4.2 Congruences of the algebra of co-operations


Next, we shall characterize congruences of A. The following three are triv-
ially congruences of A:


∇cOX
:= {〈f, g〉 : f, g ∈ cOX}


Θ := {〈f, g〉 : f, g ∈ cOX and ar(f) = ar(g)}
∆cOX


:= {〈f, f〉 : f ∈ cOX}


We are going to show that these are the only congruences of A by showing
that θ ⊇ Θ for every θ ∈ ConA \ {∆cOX


} and that Θ <· ∇cOX
.


3.38. Lemma. Let θ ∈ ConA.


(i) Let F ⊆ cOX . If F × {idX} ⊆ θ then (cCloF )× {idX} ⊆ θ.
(ii) Let f, f ′ ∈ θ such that ar(f) = ar(f ′) and let 〈g1, g


′
1〉, . . . , 〈gn, g′n〉 ∈


θ such that ar(g1) = ar(g′1) = . . . = ar(gn) = ar(g′n). Then 〈f ·
[g1, . . . , gn], f ′ · [g′1, . . . , g′n]〉 ∈ θ.
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3.39. Lemma. Let θ ∈ ConA\ {∆cOX
}. Then 〈cx, cy〉 ∈ θ for all x, y ∈ X.


Proof. Take any 〈f, g〉 ∈ θ \ ∆cOX
. Then f 6= g. Also, let x, y ∈ X be


arbitrary.
Case 1: ar(f) = ar(g). Since f 6= g, there exists an a ∈ X such that


f(a) 6= g(a). Let f(a) = 〈j, b〉 and g(a) = 〈k, d〉.
Case 1.1: j 6= k. Without loss of generality we may assume that j = 1


and k = 2. Since 〈ca, ca〉, 〈f, g〉, 〈cx, cx〉, 〈cy, cy〉 ∈ θ, Lemma 3.38 (ii)
guarantees that 〈ca · f · [cx, cy, cy, . . . , cy], ca · g · [cx, cy, cy, . . . , cy]〉 ∈ θ. But
ca · f · [cx, cy, cy, . . . , cy] = cx while ca · g · [cx, cy, cy, . . . , cy] = cy. Therefore,
〈cx, cy〉 ∈ θ.


Case 1.2: j = k. Then b 6= d. Let h be a co-operation such that
h(b) = 〈1, b〉 and h(d) = 〈2, d〉. Since 〈f, g〉 ∈ θ and 〈h, h〉 ∈ ∆cOX


⊂ θ


we have 〈f ∗ h, g ∗ h〉 ∈ θ. Let us denote f ∗ h, resp. g ∗ h, by f ′, resp. g′.
Then 〈f ′, g′〉 ∈ θ, f ′(a) = 〈1, b〉, g′(a) = 〈2, d〉 and thus this case reduces to
Case 1.1.


Case 2: ar(f) 6= ar(g). Suppose ar(f) > ar(g) =: k. Let f ′ := 4k−1(f)
and g′ := 4k−1(g). Then ` := ar(f ′) > ar(g′) = 1 and 〈f ′, g′〉 ∈ θ. Further,
let f ′′ := ζ`−14ζ(f ′ ∗ ι21) and g′′ := ζ`−14ζ(g′ ∗ ι21). It is clear that 〈f ′′, g′′〉 ∈
θ, ar(g′′) = 1, and that the first argument of f ′′ is fictitious. Since 〈f ′′, g′′〉 ∈ θ


and 〈cx, cx〉 ∈ θ we have 〈f ′′ ∗ cx, g′′ ∗ cx〉 ∈ θ. The first argument of f ′′ is
fictitious, so f ′′∗cx = f ′′. On the other hand, g′′∗cx = cx because ar(g′′) = 1.
Therefore, 〈f ′′, cx〉 ∈ θ. Similarly, 〈f ′′, cy〉 ∈ θ and thus 〈cx, cy〉 ∈ θ. 2


3.40. Proposition. Let θ ∈ ConA \ {∆cOX
}. Then θ ⊇ Θ.


Proof. Suppose X = {1, . . . , ν} and take any 〈f, g〉 ∈ Θ. Let k := ar(f) =
ar(g). Suppose also that


f =


(
1 2 . . . ν


〈p1, a1〉 〈p2, a2〉 . . . 〈pν , aν〉


)
,


g =


(
1 2 . . . ν


〈q1, b1〉 〈q2, b2〉 . . . 〈qν , bν〉


)


for some {a1, . . . , aν , b1, . . . , bν} ⊆ X and some {p1, . . . , pν , q1, . . . , qν} ⊆ k.
According to Lemma 3.39 we have 〈c1, c2〉 ∈ θ whence 〈c1 · ινj , c2 · ινj 〉 ∈ θ


for all j ∈ ν. Consider the following two co-operations:


s1 =


(
1 2 . . . ν


〈1, 1〉 〈2, 1〉 . . . 〈ν, 1〉


)
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and


s2 =


(
1 2 . . . ν


〈1, 2〉 〈2, 2〉 . . . 〈ν, 2〉


)
.


Since 〈s1, s1〉 ∈ θ we have (Lemma 3.38 (ii)) 〈s1 · [c1 · ιν1 , . . . , c1 · ινν ], s1 ·
[c2 · ιν1 , . . . , c2 · ινν ]〉 ∈ θ. But s1 · [c1 · ιν1 , . . . , c1 · ινν ] = s1 while s1 · [c2 · ιν1 , . . . ,
c2 · ινν ] = s2. Therefore 〈s1, s2〉 ∈ θ.


Next, consider co-operations h1, . . . , hν ∈ cO
(k)
X such that hj(1) = 〈pj , aj〉


and hj(2) = 〈qj , bj〉 for all j ∈ ν. Since 〈s1, s2〉 ∈ θ and 〈hj , hj〉 ∈ θ for all
j ∈ ν, we have 〈s1 · [h1, . . . , hν ], s2 · [h1, . . . , hν ]〉 ∈ θ (Lemma 3.38 (ii)). But
s1 · [h1, . . . , hν ] = f while s2 · [h1, . . . , hν ] = g. Therefore, 〈f, g〉 ∈ θ, as
required. 2


3.41. Proposition. Θ <· ∇cOX
.


Proof. Let θ ∈ ConA such that Θ ⊂ θ ⊆ ∇cOX
and take any 〈f, g〉 ∈ θ \Θ.


Then ar(f) 6= ar(g). Suppose ar(f) > ar(g) and let ar(g) =: k. Since θ ∈
ConA and 〈f, g〉 ∈ θ we have 〈4k−1(f),4k−1(g)〉 ∈ θ. Let f1 = 4k−1(f)
and g1 = 4k−1(g). Clearly, 〈f1, g1〉 ∈ θ and ar(f1) > ar(g1) = 1. Take any
co-operation f2 such that


• f2 depends essentially on at least two arguments,


• f2 is not a glueing, and


• ar(f2) = ar(f1).


Now, 〈f2, f1〉 ∈ Θ ⊂ θ, 〈f1, g1〉 ∈ θ and 〈g1, idX〉 ∈ Θ ⊂ θ imply 〈f2, idX〉 ∈ θ.
On the other hand, for every h ∈ cO


(1)
X we have 〈h, idX〉 ∈ Θ ⊂ θ. Therefore,


({f2}∪cO
(1)
X )×{idX} ⊆ θ. According to Lemma 3.38 (i), cClo({f2}∪cO


(1)
X )×


{idX} ⊆ θ i.e. cOX × {idX} ⊆ θ. Since θ is an equivalence relation, we get
θ = ∇cOX


. 2


3.42. Corollary. ConA = {∆cOX
, Θ,∇cOX


}.


3.5 Algebra of co-relations on a finite set


Clones of co-relations were introduced in [Pös-R 97] as a concept dual to
clones of relations (see e.g. [Pös 80]). The clone of co-relations is a set of
co-relations which contains all co-diagonals and is closed with respect to
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general superposition. Corollary 5.5 from [Pös-R 97] implies that in case of
finite X, S ⊆ cRX is a clone of co-relations on X if and only if there exists
a set of co-operations F ⊆ cOX such that S = cInvX F .


Convention. In this section we assume that X is a finite set.


3.5.1 Contravariant lifting of clones of co-relations


We have seen in Chapter 3 that the contravariant lifting of a clone of co-
operations on a finite set is a clone of operations on the power set. The same
does not hold in case of clones of co-relations. The lifting of a co-relation
on X is a partitioning relation on P(X) and so the lifting of a clone of co-
relations is not closed with respect to projections. We shall see, however,
that the lifting of a clone of co-relations is the intersection of a clone of
relations on P(X) with PRP(X).


3.43. Proposition. Let S ⊆ cRX . S is a clone of co-relations on X if and
only if there exists a clone of relations Q on P(X) such that Q ⊇ {%∅, %C ,∪•}
and S− = Q ∩ PRP(X).


Proof. ⇒: Since S is a clone of co-relations on a finite set, there exists a set of
co-operations F such that S = cInvX F . Put Q := InvP(X)(F−). According
to Proposition 3.7 we have CloP(X)(F−) ≤ HP(X) = PolP(X){%∅, %C ,∪•}
whence Q ⊇ {%∅, %C ,∪•}. The required equality, S− = Q ∩ PRP(X), follows
straightforwardly from Remark 3.11 and Lemma 3.12.


⇐: Suppose S− = Q ∩ PRP(X) for a clone of relations Q on P(X) such
that Q ⊇ {%∅, %C ,∪•}, and put D := PolP(X) Q. Then D ≤ HP(X) =
PolP(X){%∅, %C ,∪•} implying, according to Proposition 3.7, that there exists
a clone of co-operations C such that C− = D. Remark 3.11 and Lemma
3.12 again ensure that S = cInvX C and thus S is a clone of co-relations. 2


3.5.2 Operations on cRX


We shall now introduce operations on co-relations analogous to the well-
known operations on relations. Our aim is to characterize clones of co-
relations as subalgebras of some special algebras.


3.44. Definition. Let r = 〈A1, . . . , Ah〉∇ be an h-ary co-vector, h ∈ N.
For h = 1 put ζ(r) := τ(r) := ∂(r) := r and put ∇(r) := 〈∅, X〉∇. For h ≥ 2
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put
ζ(r) := 〈A2, . . . , Ah, A1〉∇
τ(r) := 〈A2, A1, A3, . . . , Ah〉∇
∂(r) := 〈A1 ∪A2, A3, . . . , Ah〉∇
∇(r) := 〈∅, A1, . . . , Ah〉∇.


For any positive integer ` and any f : h → ` put prf (r) := f ◦ r.


3.45. Definition. Let % be a co-relation of arity h ∈ N0. For h ≤ 1 put
ζ(%) := τ(%) := ∂(%) := %, put 4(%) := ∅ and let


∇(%) :=


{
∅, h = 0
{〈∅, X〉∇}, h = 1.


For h ≥ 2 put


ζ(%) := {ζ(r) : r ∈ %},
τ(%) := {τ(r) : r ∈ %},
4(%) := {〈A2, . . . , Ah〉∇ : 〈∅, A2, . . . , Ah〉∇ ∈ %},
∂(%) := {∂(r) : r ∈ %},
∇(%) := {∇(r) : r ∈ %}.


For h = 0 and any mapping f let prf (%) = ∅. For positive integers h and `


and any f : h → ` put


prf (%) := {prf (r) : r ∈ %}.


Let % and σ be co-relations of arities h, ` ∈ N0, respectively. If h = 0 or
` = 0 let %× σ := ∅. If h > 0 and ` > 0 let


%× σ := {〈A11, . . . , A1`;A21, . . . , A2`; . . . ; Ah1, . . . , Ah`〉∇ :
(∃〈B1, . . . , Bh〉∇ ∈ %)(∃〈C1, . . . , C`〉∇ ∈ σ)
(∀i, j)Aij = Bi ∩ Cj}.


If h = 0 or ` = 0 let % ◦ σ := ∅. If h = 1 or ` = 1 put % ◦ σ := δ1
{1}. If h ≥ 2


and ` ≥ 2 put


% ◦ σ := {〈A1, . . . , Ah−2, Ah−1 ∪B2, B3, . . . , B`〉∇ :
(∃Ah, B1 ∈ P(X))(〈A1, . . . , Ah〉∇ ∈ % ∧
〈B1, . . . , B`〉∇ ∈ σ ∧Ah = X \B1)}.
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3.46. Remarks. (i) If ar(%) = h > 0 and f : h → `, then ar(prf (%)) = `.
(ii) For every f : h → ` there exists a finite sequence of operators


O1, . . . , Ok ∈ {ζ, τ, ∂,∇} such that prf (%) = O1(O2(. . . (Ok(%)) . . .)) holds
for every h-ary co-relation %.


(iii) Given f : h → `, let Bj := f−1(j), j ∈ `. Instead of prf (%) we shall
often write prB1|B2|...|B`


(%). Also, we shall often ommit braces and write •
instead of ∅. Thus, for example, if f : 6 → 5 is given by


f =


(
1 2 3 4 5 6
1 1 4 3 3 3


)
,


instead of prf (%) we shall write pr1,2|•|4,5,6|3|•(%).
(iv) Let F ⊆ cOX . Then cInvX F is closed with respect to all the opera-


tions introduced in Definition 3.45.


3.47. Lemma. Let f ∈ cO
(n)
X and let r1, . . . , rn be h-ary co-vectors. Then


(i) ζ(f · [r1, . . . , rn]) = f · [ζ(r1), . . . , ζ(rn)],
(ii) τ(f · [r1, . . . , rn]) = f · [τ(r1), . . . , τ(rn)],
(iii) ∇(f · [r1, . . . , rn]) = f · [∇(r1), . . . ,∇(rn)],
(iv) ∂(f · [r1, . . . , rn]) = f · [∂(r1), . . . , ∂(rn)], and
(v) for every g : h → `, prg(f · [r1, . . . , rn]) = f · [prg(r1), . . . , prg(rn)].


Proof. Let rj := 〈Aj
1, . . . , A


j
h〉∇, j ∈ n, and f · [r1, . . . , rn] = 〈B1, . . . , Bh〉∇.


Then Bj =
⋃n


i=1(f
i)−(Ai


j) whence (i) and (ii) follow. (iii) follows from⋃n
i=1(f


i)−(∅) = ∅ while (iv) follows from


n⋃


i=1


(f i)−(A′ ∪A′′) = (
n⋃


i=1


(f i)−(A′)) ∪ (
n⋃


i=1


(f i)−(A′′)).


(v) follows from Remark 3.46 and (i)–(iv). 2


3.48. Proposition. Let S ⊆ cRX . Then the following is equivalent:


(i) cDX ⊆ S and S is closed with respect to ∩, × and prf for all f : k → `,
k, ` ∈ N;


(ii) δ4
{1,2,3} ∈ S and S is closed with respect to ζ, τ , 4, ◦ and ×;


(iii) δ4
{1,2,3} ∈ S and S is closed with respect to ζ, τ , 4, ∂ and ×.
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Proof. (i) ⇒ (ii): Let % be an h-ary co-relation, h ∈ N. It is evident that


ζ(%) = pr2|3|...|h|1(%),
τ(%) = pr2|1|3|...|h(%), and
4(%) = pr1,2|3|...|h(% ∩ δh


{2,...,h}).


(Note that in case h ≤ 1, {2, . . . , h} = ∅ and thus 4(%) = ∅.)
Now let σ be an `-ary co-relation, ` ∈ N. Then, according to Lemma


0.4, we have
% ◦ σ = prf ((%× σ) ∩ δ)


where


f =


(
1 . . . ` ` + 1 . . . 2` . . . (h− 2)` + 1 . . . (h− 1)` + 2
1 . . . 1 2 . . . 2 . . . h− 1 . . . h− 1


(h− 1)` + 3 (h− 1)` + 4 . . . h`


h h + 1 . . . h + `− 3


)


and


δ = { 〈A1, ∅, ∅, . . . , ∅︸ ︷︷ ︸
`−1


, . . . , Ah−1, ∅, ∅, . . . , ∅︸ ︷︷ ︸
`−1


, ∅, B2, . . . , B`〉∇ :


〈A1, . . . , Ah−1, B2, . . . , B`〉∇ is a weak partition of X} (∈ cDX).


(ii) ⇒ (iii): Observe that ∂(%) = δ2
{1,2} ◦ %.


(iii) ⇒ (i): Out of δ4
{1,2,3} using ζ, τ , 4, ∂ and × we can obtain all


nonempty diagonals, e.g., δ3
{1,2,3} = 4ζ3(δ4


{1,2,3}) and δ5
{2,3,4,5} =


44ζ2∂4ζ∂24ζ∂2(δ4
{1,2,3} × δ4


{1,2,3}), while ∅ = 4(δ1
{1}).


Next, we also have ∇ since ∇(%) = 42(δ2
{2} × %). According to Remark


3.46, we have prf as well. In order to construct the intersection of two co-
relations, let us introduce an auxiliary operation. For an h-ary co-relation %


and for 1 ≤ i1 < i2 < . . . < ik ≤ h put


4i1,...,ik(%) =
{〈A1, . . . , Ai1−1, Ai1+1, . . . , Ai2−1, Ai2+1, . . . , Aik−1, Aik+1, . . . , Ah〉∇ :
〈A1, . . . , Ah〉∇ ∈ % and Ai1 = Ai2 = . . . = Aik = ∅}.


It is evident that 4i1,...,ik can be obtained from ζ, τ and 4. For an appro-
priate choice of i1, . . . , ik we have % ∩ σ = 4i1,...,ik(%× σ). 2
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3.49. Definition. The algebra 〈cRX ,×, ζ, τ,4, ∂, δ4
{1,2,3}〉 is called the al-


gebra of co-relations on X. For S ⊆ cRX let cClrX S denote the carrier of
the subalgebra of that algebra generated by S.


As a direct consequence of Proposition 3.48 we have


3.50. Proposition. Let S ⊆ cRX , let % ∈ cClr
(h)
X S and let f : h → ` be


arbitrary mapping. Then prf (%) ∈ cClrX S.


3.51. Definition. For a co-relation σ and an operator O ∈ {ζ, τ,∇, ∂} let
O−1(σ) := {r : r is a co-vector and O(r) ∈ σ}. If ar(σ) = ` and f : h → ` let
pr−1


f (σ) := {r : r is an h-ary co-vector and prf (r) ∈ σ}.


3.52. Remarks. (i) If ar(σ) = ` and f : h → `, then ar(pr−1
f (%)) = h.


(ii) For every f : h → ` there exists a finite sequence of operators
O1, . . . , Ok ∈ {ζ, τ, ∂,∇} such that pr−1


f (σ) = O−1
1 (O−1


2 (. . . (O−1
k (σ)) . . .))


holds for every h-ary co-relation σ.
(iii) For every co-relation σ, prf (pr−1


f (σ)) = σ.


3.53. Proposition. Let S ⊆ cRX , let % ∈ cClr
(`)
X S and let f : h → ` be


arbitrary mapping. Then pr−1
f (%) ∈ cClrX S.


Proof. Having in mind Proposition 3.48 and Remark 3.52 (ii), it suffices to
note that ∇−1(%) = 4(%), τ−1(%) = τ(%), ζ−1(%) = ζ`−1(%) and ∂−1(%) =
δ3
{1,2,3} ◦ τ(∇(%)). 2


3.5.3 Justification


Some of the newly introduced operations on co-relations (such as e.g. com-
position of co-relations) may seem pretty strange and quite far from the
intuition one has with the corresponding operations with relations. We shall
therefore supply a bit of argument in favour of such definitions. Let us start
with some of the familiar properties which are easy to prove.


3.54. Proposition. Let % and σ be finitary co-relations of the same arity
h and let f : h → `. Then


4(∇(%)) = %, ∇(% ∪ σ) = ∇(%) ∪∇(σ), prf (% ∪ σ) = prf (%) ∪ prf (σ),
∂(τ(%)) = ∂(%), ∇(% ∩ σ) = ∇(%) ∩∇(σ), prf (% ∩ σ) ⊆ prf (%) ∩ prf (σ).
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Further, for arbitrary co-relations % ∈ cR
(h)
X and σ ∈ cR


(`)
X there exist map-


pings f : h · ` → h and g : h · ` → ` such that prf (% × σ) = % and
prg(%× σ) = σ.


3.55. Remark. In accordance with the properties of analogous operations
for relations one would expect 4(τ(%)) = 4(%). This unfortunately does not
hold for co-relations.


We find the composition of co-relations the most unintuitive of all and
feel that we should particularly justify such a definition. We are going to
show that the set of ternary co-relations forms a monoid with respect to
composition and, moreover, that the semigroup of reflexive binary relations
can be embedded into the semigroup reduct of the monoid of ternary co-
relations.


Recall that a unary operation f : A → A is called an involution of
a semigroup 〈A, ·〉 (monoid 〈A, ·, 1〉) if f2 = idA, f(xy) = f(y)f(x) (and
f(1) = 1). If f is an involution of a semigroup (monoid) A, we say that A
is a semigroup (monoid) with involution.


3.56. Proposition. Let εX := {〈A, ∅, X \ A〉∇ : A ⊆ X} and for % ∈
cR


(3)
X put %−1 := {〈A,B, C〉∇ : 〈C,B, A〉∇ ∈ %}. Then 〈cR(3)


X , ◦, εX ,−1〉 is a
monoid with involution.


Proof. It is evident that cR
(3)
X is closed with respect to “◦”, that εX is the


neutral element for “◦” and that −1 is an involution of the monoid. Let us
show that “◦” is associative. Take any %, σ, τ ∈ cR


(3)
X . We shall show that


(% ◦ σ) ◦ τ ⊆ % ◦ (σ ◦ τ). The proof of the other inclusion is analogous.
Let 〈A,B, C〉∇ ∈ (% ◦ σ) ◦ τ . Then there exist B1, C1, A2, B2 such that


〈A,B1, C1〉∇ ∈ % ◦ σ, 〈A2, B2, C〉∇ ∈ τ , C1 = X \A2 and B = B1 ∪B2. Fur-
ther, there exist B3, C3, A4, B4 such that 〈A,B3, C3〉∇ ∈ %, 〈A4, B4, C1〉∇ ∈
σ, C3 = X\A4 and B1 = B3∪B4. Since 〈A4, B4, C1〉∇ ∈ σ, 〈A2, B2, C〉∇ ∈ τ


and C1 = X \ A2 we have 〈A4, B4 ∪ B2, C〉∇ ∈ σ ◦ τ . This together with
〈A,B3, C3〉∇ ∈ % and C3 = X \A4 yield 〈A, B3 ∪B4 ∪B2, C〉∇ ∈ % ◦ (σ ◦ τ).
But B = B1 ∪B2 = B3 ∪B4 ∪B2 and thus 〈A, B,C〉∇ ∈ % ◦ (σ ◦ τ). 2


3.57. Remark. It is easy to see that for %, σ, τ ∈ cR
(3)
X we have (%∪σ)−1 =


%−1∪σ−1 and %◦ (σ∪τ) = (%◦σ)∪ (%◦τ). Unfortunately, we can not regard
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cR
(3)
X as a Tarski relational algebra [Mad-C 92] since


(%−1 ◦ (% ◦ σ)) ∩ σ = ∅


does not hold for all %, σ ∈ cR
(3)
X (if we take % to be the set-theoretic


complement). For example, let % = {〈X, ∅, ∅〉∇} and σ = εX . Then
(%−1 ◦ (% ◦ σ)) ∩ σ = {〈∅, ∅, X〉∇} 6= ∅.


3.58. Proposition. Let ∆X := {〈x, x〉 : x ∈ X}, and let RX := {% ⊆ X2 :
∆X ⊆ %} denote the set of all reflexive binary relations on X. Further, let
SX := 〈RX , ◦,−1〉 denote the semigroup of reflexive binary relations with the
usual inversion. Then SX is embeddable into 〈cR(3)


X , ◦,−1〉.


Proof. Define ϕ : RX → cR
(3)
X by


ϕ(%) = {〈A,X \ (A ∪B), B〉∇ : % ∩ (A×B) = ∅}.


It is easy to check that ϕ(%−1) = ϕ(%)−1 for every % ∈ RX . It is also
easy to prove that ϕ is injective (suppose ϕ(%) = ϕ(σ); then 〈a, b〉 /∈ % iff
% ∩ ({a} × {b}) = ∅ iff 〈{a}, X \ {a, b}, {b}〉∇ ∈ ϕ(%) = ϕ(σ) iff 〈a, b〉 /∈ σ).


Let us show that ϕ(% ◦ σ) = ϕ(%) ◦ ϕ(σ).
⊇: Let 〈A,B,C〉∇ ∈ ϕ(%) ◦ ϕ(σ). Then there exist B1, C1, A2, B2 such


that 〈A,B1, C1〉∇ ∈ ϕ(%), 〈A2, B2, C〉∇ ∈ ϕ(σ) and C1 = X \A2. According
to the definition of ϕ we have % ∩ (A× C1) = ∅ and σ ∩ (A2 × C) = ∅. Let
us show that (% ◦σ)∩ (A×C) = ∅. Suppose 〈a, c〉 ∈ (% ◦σ)∩ (A×C). Then
a ∈ A, c ∈ C and there is an s such that 〈a, s〉 ∈ % and 〈s, c〉 ∈ σ. If s ∈ C1


then 〈a, s〉 ∈ %∩ (A×C1). Contradiction. If, on the other hand, s /∈ C1 then
s ∈ X \ C1 = A2 and so 〈s, c〉 ∈ σ ∩ (A2 × C). Contradiction.


⊆: Let 〈A,B, C〉∇ ∈ ϕ(% ◦ σ). Then (% ◦ σ) ∩ (A× C) = ∅. Put


C1 := {s ∈ X : (∀a ∈ A)〈a, s〉 /∈ %},
A2 := X \ C1,


B1 := X \ (A ∪ C1), and
B2 := X \ (A2 ∪ C).


Let us show that 〈A,B1, C1〉 and 〈A2, B2, C〉 are weak partitions of X,
〈A,B1, C1〉∇ ∈ ϕ(%), 〈A2, B2, C〉∇ ∈ ϕ(σ) and B = B1 ∪B2.


Claim 1: A ∩ C1 = ∅.
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Proof: Let x ∈ A ∩ C1. Since x ∈ C1 we get 〈a, x〉 /∈ % for all a ∈
A. On the other hand, x ∈ A and thus 〈x, x〉 /∈ % i.e. % is not reflexive.
Contradiction.


Claim 2: A2 ∩ C = ∅.
Proof: Let x ∈ A2 ∩ C. Since x ∈ A2 we get x /∈ C1 i.e. 〈a, x〉 ∈ %


for some a ∈ A. Now 〈a, x〉 ∈ % and 〈x, x〉 ∈ σ (recall that σ is reflexive)
imply 〈a, x〉 ∈ % ◦ σ. But 〈a, x〉 ∈ A × C, too. Thus (% ◦ σ) ∩ (A × C) 6= ∅.
Contradiction.


Claim 3: 〈A,B1, C1〉∇ ∈ ϕ(%). Evident.
Claim 4: 〈A2, B2, C〉∇ ∈ ϕ(σ).
Proof: We have to show that σ∩(A2×C) = ∅. Suppose σ∩(A2×C) 6= ∅


and take any 〈b, c〉 ∈ σ ∩ (A2 × C). Since b ∈ A2 = X \ C1 there exists an
a ∈ A such that 〈a, b〉 ∈ %. Now 〈a, b〉 ∈ % and 〈b, c〉 ∈ σ imply 〈a, c〉 ∈ % ◦ σ.
Thus (% ◦ σ) ∩ (A× C) 6= ∅. Contradiction.


Claim 5: B = B1 ∪B2.
Proof: B1∪B2 = X \ ((A∩A2)∪ (C1∩C)) because A∩C = C1∩A2 = ∅.


We know that A ∩ C1 = ∅ implying A ⊆ X \ C1 = A2 and so A ∩ A2 = A.
Similarly, C1 ∩ C = C. Therefore B1 ∪B2 = X \ (A ∪ C) = B. 2


3.59. Remarks. (i) Unfortunately, ϕ(∆X) = δ3
{1,2,3} 6= εX . Therefore,


ϕ can not be ragarded as the embedding of the monoid of reflexive binary
relations into the monoid of ternary co-relations.


(ii) It may be of interest to have the description of ϕ(SX). We say that
% ∈ cR


(3)
X is full if


A′ × C ′ ⊆
⋃


〈A,B,C〉∇∈%


(A× C) implies 〈A′, X \ (A′ ∪ C ′), C ′〉∇ ∈ %.


It is easy to show the following:


• if % is a binary reflexive relation then ϕ(%) is full, and


• if σ is a full ternary co-relation and % = X2 \⋃
〈A,B,C〉∇∈σ(A×C) then


% is a reflexive binary relation and ϕ(%) = σ.


Therefore, ϕ(SX) is exactly the set of all full ternary co-relations.
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3.5.4 Clones of co-relations as subalgebras of the algebra of
co-relations


3.60. Definition. For F ⊆ cOX and % ∈ cR
(h)
X let


ΓF (%) =
⋂
{σ ∈ cR


(h)
X : % ⊆ σ ∈ cInvX F}


(see [Pös-R 97]).


3.61. Remarks. (i) For % = {r1, . . . , rn} and a clone of co-operations C we
have ΓC(%) = {f · [r1, . . . , rn] : f ∈ C(n)} ∈ cInvX C (see [Pös-R 97, Remark
3.9]).


(ii) % ∈ cInvX C ⇐⇒ ΓC(%) = %.
(iii) If F ⊆ cOX and % ⊆ σ then ΓF (%) ⊆ ΓF (σ).


3.62. Definition. Let X = {x1, . . . , xν} and for every m ∈ N define co-
vectors κm


1 , . . . , κm
m of arity m · ν by


κm
1 := 〈{x1}, . . . , {xν}, ∅, ∅, . . . , ∅︸ ︷︷ ︸


ν


, . . . , ∅, ∅, . . . , ∅︸ ︷︷ ︸
ν


〉∇


κm
2 := 〈∅, ∅, . . . , ∅︸ ︷︷ ︸


ν


, {x1}, . . . , {xν}, . . . , ∅, ∅, . . . , ∅︸ ︷︷ ︸
ν


〉∇


...
κm


m := 〈∅, ∅, . . . , ∅︸ ︷︷ ︸
ν


, ∅, ∅, . . . , ∅︸ ︷︷ ︸
ν


, . . . , {x1}, . . . , {xν}〉∇


The co-relation χm := {κm
1 , . . . , κm


m} is called the m-th abscisse on X,
m ∈ N.


3.63. Remark. If f is an m-ary co-operation then f · [κm
1 , . . . , κm


m] is an
m · ν-ary co-vector. Conversly, for every m · ν-ary co-vector r there exists an
m-ary co-operation fr such that fr · [κm


1 , . . . , κm
m] = r.


3.64. Example. Let X = {1, 2, 3, 4} and m = 3. For


r = 〈 ∅, {3}, ∅, ∅, ∅, {1, 4}, ∅, {2}, ∅, ∅, ∅, ∅ 〉∇
↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑


B11 B12 B13 B14 B21 B22 B23 B24 B31 B32 B33 B34


we have


fr =


(
1 2 3 4


〈2, 2〉 〈2, 4〉 〈1, 2〉 〈2, 2〉


)
.


Namely, fr(x) = 〈j, y〉 ⇐⇒ x ∈ Bjy.
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The comment above has the following simple consequence.


3.65. Lemma. Let C be a clone of co-operations on X and let n ∈ N.
Then C(n) = {fr : r ∈ ΓC(χn)}.


3.66. Lemma. Let σ ∈ cR
(h)
X and F ⊆ cOX . Then


(i) ζ(ΓF (σ)) = ΓF (ζ(σ)),
(ii) τ(ΓF (σ)) = ΓF (τ(σ)),
(iii) ∇(ΓF (σ)) = ΓF (∇(σ)),
(iv) ∂(ΓF (σ)) = ΓF (∂(σ)), and
(v) prg(ΓF (σ)) = ΓF (prg(σ)), for every ` ∈ N and every g : h → `.


Proof. Follows from Lemma 3.47 and the fact that ΓF (σ) = {f · [r1, . . . , rn] :
f ∈ F (n)} where σ = {r1, . . . , rn}. 2


3.67. Lemma. Let σ be a co-relation and let t := |σ|. Then there exists
g : t · ν → t such that σ = prg(χt).


Proof. Let X = {1, . . . , ν} and σ = {r1, . . . , rt}. Define g : t · ν → t by


g((i− 1) · ν + j) = k :⇐⇒ j ∈ (ri)−1(k),


where i ∈ {1, . . . , t}, j ∈ {1, . . . , ν} and k ∈ {1, . . . , t}. It is a routine to
check that prg(κt


1) = r1, . . ., prg(κt
t) = rt and thus prg(χt) = σ. 2


3.68. Example. Let X = {1, 2, 3, 4, 5} and σ = {〈12, 45, 3〉∇, 〈∅, 12345, ∅〉∇,


〈5, ∅, 1234〉∇} (with extra baces ommitted). Define g : 15 → 3 by


g =


(
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 1 3 2 2 2 2 2 2 2 3 3 3 3 1


)
.


Then prg(κ3
1) = 〈12, 45, 3〉∇, prg(κ3


2) = 〈∅, 12345, ∅〉∇, prg(κ3
3) = 〈5, ∅, 1234〉∇,


whence prg(χ3) = σ.


3.69. Lemma. Let C be a clone of co-operations. Then


cInvX C = cClrX{ΓC(χn) : n ∈ N}.
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Proof. ⊇: We know that ΓC(χn) ∈ cInvX C for all n ∈ N. This inclusion
now follows from Remark 3.46 (iv).


⊆: Take any % ∈ cInvX C and let t := |%|. Then ΓC(%) = %. According to
Lemma 3.67 there exists a g such that % = prg(χt). Putting it all together, we
get: % = ΓC(%) = ΓC(prg(χt)) = prg(ΓC(χt)) (Lemma 3.66). Since ΓC(χt) ∈
cClrX{ΓC(χn) : n ∈ N}, Proposition 3.50 implies % ∈ cClrX{ΓC(χn) : n ∈
N}. 2


3.70. Proposition. Let S ⊆ cRX . Then the following is equivalent:


(i) S = cInvX cPolX S;
(ii) S = cClrX S;
(iii) S is a carrier of a subalgebra of 〈cRX , ◦,×, ζ, τ,4, δ4


{1,2,3}〉.


Proof. (i) ⇒ (ii): Evident.
(ii) ⇐⇒ (iii): Follows from Proposition 3.48.
(iii) ⇒ (i): Let C := cPolX S. Then S ⊆ cInvX C. Our aim is to show


S = cInvX C.
First, let us show that (∀n ∈ N)ΓC(χn) ∈ S.
Take any n ∈ N. Since cDX ⊆ S we have {σ ∈ cRX : χn ⊆ σ ∈ S} 6= ∅.


Let γ :=
⋂{σ ∈ cRX : χn ⊆ σ ∈ S}. Proposition 3.48 implies that S


is closed for arbitrary intersections, and so γ ∈ S. We are going to show
that ΓC(χn) = γ. Since χn ⊆ γ we have ΓC(χn) ⊆ ΓC(γ) = γ (recall that
γ ∈ S ⊆ cInvX C). Suppose ΓC(χn) ⊂ γ and let r ∈ γ \ ΓC(χn). Then
fr /∈ C (if fr ∈ C we have r = fr · [κn


1 , . . . , κn
n] ∈ ΓC(χn) – contradiction).


Since C = cPolX S, there exists a σ ∈ S such that fr does not co-preserve σ.
Let s1, . . . , sn ∈ σ be co-vectors such that t := fr · [s1, . . . , sn] /∈ σ. Choose
g in such a way that prg(χn) = {s1, . . . , sn} and put γ∗ := pr−1


g (prg(γ) ∩ σ).
Since γ, σ ∈ S, Propositions 3.48, 3.50 and 3.53 provide γ∗ ∈ S. Obviously
γ∗ ⊆ γ.


The choice of γ and s1, . . . , sn ensures that {s1, . . . , sn} ⊆ prg(γ) ∩ σ.
Therefore χn ⊆ γ∗ because χn ⊆ pr−1


f ({s1, . . . , sn}). So, χn ⊆ γ∗ ⊆ γ and
γ∗ ∈ S imply γ∗ = γ.


On the other hand, let us show that r /∈ γ∗. If r ∈ γ∗ = pr−1
g (prg(γ)∩ σ)


then prg(r) ∈ prg(γ)∩σ i.e. prg(r) ∈ σ. But r = fr·[κn
1 , . . . , κn


n] and so we have
prg(r) = prg(fr·[κn


1 , . . . , κn
n]) = fr·[prg(κn


1 ), . . . , prg(κn
n)] = fr·[s1, . . . , sn] = t.


In other words, t ∈ σ. Contradiction. Therefore r /∈ γ∗ thus proving γ 6= γ∗.
Contradiction. This proves that ΓC(χn) = γ ∈ S.
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Now we can complete the proof. Since (∀n ∈ N)ΓC(χn) ∈ S we have


S ⊇ cClrX{ΓC(χn) : n ∈ N} [recall that S = cClrX S]
= cInvX C [Lemma 3.69]
⊇ S [since C = cPolX S]


i.e. S = cInvX C = cInvX cPolX S as required. 2


3.71. Corollary. Let S ⊆ cRX . The following is equivalent:


• S is a clone of co-relations,


• S = cClrX S, and


• S = cInvX cPolX S.


3.72. Remark. Thus, S ⊆ cRX is a clone of co-relations on a finite set if and
only if S is a carrier of a subalgebra of the algebra 〈cRX ,×, ζ, τ,4, ∂, δ4


{1,2,3}〉,
or equivalently, of the algebra 〈cRX , ◦,×, ζ, τ,4, δ4


{1,2,3}〉. Such a charac-
terization of the clones of co-relations differs slightly from the analogous
characterization of clones of relations. Recall that Q ⊆ RX is a clone of rela-
tions on a finite set if and only if Q is a carrier of a subalgebra of the algebra
〈RX , ◦, ζ, τ,4, δ


[12|3]
3 〉 of type 〈2, 1, 1, 1, 0〉. Therefore, in order to characterize


clones of co-relations we need an extra operation (either × or ∂) whence we
conclude that the nature of operations introduced in Definition 3.45 differs
from the nature of standard operations on relations.


3.73. Proposition. cRX is finitely generated. More precisely, if Ω and Σ
are co-relations defined, respectively, in Lemma 2.12 and Lemma 2.11 then
cRX = cClrX{Ω, Σ}.


Proof. It sufices to show that cPolX{Ω, Σ} = cJX since cInvX cJX = cRX .
Take any co-operation f ∈ cPolX{Ω,Σ}. Since f co-preserves Ω, it follows
that f depends on exactly one argument. Further, f co-presevres Σ means
that f is a splitting co-operation. So, f is a co-projection. 2


Let us conclude the section with a few consequences of Lemma 3.65.


3.74. Lemma. Let C be a clone of co-operations and let m,n ∈ N.


(i) C(n) = cPol
(n)
X {ΓC(χn)}.
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(ii) f ∈ cPol
(m)
X {ΓC(χn)} if and only if for all g1, . . . , gm ∈ C(m) we have


f · [g1, . . . , gm] ∈ C(m).


Proof. First, let us note that (ii) is just a reformulation of (i). So, let us
show (i).


⊇: Take any f ∈ cPol
(n)
X {ΓC(χn)}. Since χn ⊆ ΓC(χn) we have r :=


f · [κn
1 , . . . , κn


n] ∈ ΓC(χn). Obviously, f = fr. Lemma 3.65 implies f ∈ C(n).
⊆: Take any g ∈ C(n) and r1, . . . , rn ∈ ΓC(χn). There exist f1, . . . , fn ∈


C(n) such that ri = fi · [κn
1 , . . . , κn


n], i ∈ n. So, g · [κn
1 , . . . , κn


n] = g · [f1 ·
[κn


1 , . . . , κn
n], . . . , fn · [κn


1 , . . . , κn
n]] = g · [f1, . . . , fn] · [κn


1 , . . . , κn
n] ∈ ΓC(χn)


since g · [f1, . . . , fn] ∈ C(n). 2


3.75. Corollary. For every clone of co-operations C there exists a co-
relation σ of arity ν2 such that C = cPolX{σ}.


Proof. Let C be arbitrary clone of co-operations. We shall show that we may
take σ := ΓC(χν). Every clone of co-operations is uniquely determined by
C(ν), so C = cCloX(C(ν)) = cCloX


(
cPol


(ν)
X {ΓC(χν)}


)
, according to Lemma


3.74, (i). But cCloX


(
cPol


(ν)
X {ΓC(χν)}


)
= cPolX{ΓC(χν)} by the same ar-


gument as above. Therefore, C = cPolX{σ} and obviously ar(σ) = ν2. 2


3.6 The clones δ(O+
X) and cO−


X in LP(X)


In the lattice of clones of operations on P(X) we now have two clones ob-
tained by a lifting process: the clone of covariantly lifted operations on X,
δ(O+


X), thoroughly examined in [Bru-D-P-S 93] and the clone of contravari-
antly lifted co-operations on X, cO−X . In this section we are going to deter-
mine the relationship between the two. We shall show that their intersection
is nonempty, yet quite tiny: it is the clone on P(X) generated by (T(p)


X )+.


3.76. Notation. Let f ∈ O
(n)
X . The (covariant) lifting of f is the operation


f+ : P(X)n → P(X) defined by


f+(A1, . . . , An) = {f(a1, . . . , an) : ai ∈ Ai, i ∈ n}


A1, . . . , An ∈ P(X), [Bri 93]. For F ⊆ OX we let F+ := {f+ : f ∈ F}.
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For an operation f ∈ O
(n)
X and a mapping θ : n → m let δθ(f)(x1, . . . , xm)


:= f(xθ(1), . . . , xθ(n)) for all x1, . . . , xm ∈ X. Further, for F ⊆ OX let


δ(F ) := {δθ(f) : f ∈ F (n), θ : n → m, m, n ∈ N}


(see [Bru-D-P-S 93]) denote the set of all operations on X which can be ob-
tained from operations in F by permuting, identifying and adding fictitious
variables. It was shown in [Bru-D-P-S 93] that δ(O+


X) is the clone generated
by O+


X .
Let %1 and %∃∅ denote the following relations on P(X):


%1 := {{x} : x ∈ X},
%∃∅ := {〈B,C, D〉 ∈ P(X)3 : C 6= D ⇒ B = ∅}.


The relation %∃∅ was introduced in [Bru-D-P-S 93], where the following prop-
erty was shown (actually, it is implicitely stated in the proof of Claim 1,
Theorem 2.4):


Let f ∈ Pol
(n)
P(X){%∃∅} and assume that f depends essentially


on its k-th argument. If B1, . . . , Bn ⊆ X and Bk = ∅ then
f(B1, . . . , Bn) = ∅.


3.77. Definition. For f ∈ Pol
(n)
P(X){%1} we define f∗ : Xn → X by


f∗(a1, . . . , an) = b :⇐⇒ f({a1}, . . . , {an}) = {b}.


3.78. Definition. We say that f ∈ O
(n)
P(X) essentially depends on its k-th


argument w.r.t. nonempty sets if there exist nonempty sets A1, . . . , Ak−1, B,
C, Ak+1, . . . , An such that


f(A1, . . . , Ak−1, B,Ak+1, . . . , An) 6= f(A1, . . . , Ak−1, C, Ak+1, . . . , An).


3.79. Lemma. Let f ∈ PolP(X){%1, %∪}. Then f depends essentially on its
k-th argument w.r.t. nonempty sets if and only if f∗ depends essentially on
its k-th argument.


Proof. ⇒: Assume that f∗ does not depend essentially on its first argument.
Then for every b, c, a2, . . . , an we have


f(b, a2, . . . , an) = f(c, a2, . . . , an). (∗)
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Let B, C, A2, . . . , An be nonempty subsets of X and let B = {bξ : ξ < ν},
C = {cξ : ξ < ν} and Aj = {aj,ξ : ξ < ν}. (If, e.g., |B| < ν, then some of
bξ’s will be equal.) Now we have


f(B, A2, . . . , An) = f(
⋃


ξ{bξ},
⋃


ξ{a2,ξ}, . . . ,
⋃


ξ{an,ξ})
=


⋃
ξ f({bξ}, {a2,ξ}, . . . , {an,ξ})


=
⋃


ξ{f∗(bξ, a2,ξ, . . . , an,ξ)}
=


⋃
ξ{f∗(cξ, a2,ξ, . . . , an,ξ)} [because of (∗)]


=
⋃


ξ f({cξ}, {a2,ξ}, . . . , {an,ξ})
= f(


⋃
ξ{cξ},


⋃
ξ{a2,ξ}, . . . ,


⋃
ξ{an,ξ})


= f(C,A2, . . . , An).


Therefore, f does not depent essentially on its first argument w.r.t. nonempty
sets.


⇐: Suppose that f∗ depends essentially on its first argument. Then there
are b, c, a2, . . . , an ∈ X such that f∗(b, a2, . . . , an) 6= f∗(c, a2, . . . , an). This
means that f({b}, {a2}, . . . , {an}) 6= f({c}, {a2}, . . . , {an}) proving that f


depends essentially on its first argument w.r.t. nonempty sets. 2


3.80. Lemma. Let f ∈ PolP(X){%1, %∪}. Then f depends essentially on at
most one argument w.r.t. nonempty sets.


Proof. Suppose that there is an f ∈ PolP(X){%1, %∪} that depends essentially
on at least two arguments w.r.t. nonempty sets. According to Lemma 3.79,
f∗ depends essentially on at least two arguments. Also, let us observe that
if f preserves %∪, then f preserves arbitrary finite unions as well as %⊆. Let
n := ar(f) and im(f∗) = {f∗(a1, . . . , an) : a1, . . . , an ∈ X}.


Case 1. If |im(f∗)| = 1 then f∗ is a constant. Contradiction with the fact
that f∗ depends on at least two arguments.


Case 2. Suppose |im(f∗)| = 2 and let im(f∗) = {a, b}. Let Pa := f∗−1(a)
and Pb := f∗−1(b). Note that Pa 6= ∅, Pb 6= ∅, Pa∩Pb = ∅ and Pa∪Pb = Xn.
We say that Q ⊆ Xn is brick-like if there exist A1, . . . , An ⊆ X such that
Q = A1 × . . .×An.


Case 2.1. At least one of Pa, Pb is not brick-like. Suppose Pa is not
brick-like. Then Pa ⊂ pr1(Pa) × . . . × prn(Pa). Take any 〈c1, . . . , cn〉 ∈
(pr1(Pa)× . . .×prn(Pa))\Pa. 〈c1, . . . , cn〉 /∈ Pa means that f∗(c1, . . . , cn) = b.
Since 〈c1, . . . , cn〉 ∈ pr1(Pa) × . . . × prn(Pa), for every j ∈ {1, . . . , n} there
is a 〈dj


1, . . . , d
j
n〉 ∈ Pa such that cj = dj


j . Let Dk = {d1
k, . . . , d


n
k} for every
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k ∈ {1, . . . , n}. Then, for every k, Dk = {d1
k} ∪ . . .∪ {dn


k}. According to the
note at the beginning of the proof, f preserves finite unions, and so


f(D1, . . . , Dn) = f({d1
1}, . . . , {d1


n}) ∪ . . . ∪ f({dn
1}, . . . , {dn


n}).


On the one side, f(D1, . . . , Dn) ⊇ {f∗(d1
1, . . . , d


1
n), f∗(d1


1, . . . , d
n
n)} = {a, b}.


On the other side, for every k, f({dk
1}, . . . , {dk


n}) = {a}. Contradiction.
Case 2.2. Both Pa and Pb are brick-like. Let Pa = A1 × . . . × An and


Pb = B1×. . .×Bn. Pa∩Pb = ∅ implies that there is a j such that Aj∩Bj = ∅.
Let A1 ∩ B1 = ∅. Since Pa ∪ Pb = Xn we have A1 ∪ B1 = X. Let us show
that A2 = . . . = An = X. Suppose that A2 6= X and take any a1 ∈ A1,
b2 ∈ X \ A2 and c3, . . . , cn ∈ X. Then 〈a1, b2, c3, . . . , cn〉 /∈ Pa because
b2 /∈ A2 and 〈a1, b2, c3, . . . , cn〉 /∈ Pb because a1 /∈ B1. Contradiction.


Therefore, A2 = . . . = An = X. Similarly, B2 = . . . = Bn = X. In other
words, Pa = A1×X× . . .×X and Pb = B1×X× . . .×X, which contradicts
the assumption that f∗ depends essetially on at least two arguments.


Case 3. Suppose |im(f∗)| ≥ 3. According to the Main Lemma of Jablon-
ski (see e.g. 1.1.6. in [Pös-K 79]) there exist K1, . . . , Kn ⊆ X such that
|Ki| ≤ 2 for all i and |f(K1, . . . , Kn)| ≥ 3. Let Ki = {ai, bi}, where we
take ai = bi if |Ki| = 1. Then, for all i, Ki = {ai} ∪ {bi}. Since f pre-
serves finite unions, f(K1, . . . , Kn) = f({a1}, . . . , {an}) ∪ f({b1}, . . . , {bn}).
But, |f(K1, . . . , Kn)| ≥ 3, while |f({a1}, . . . , {an}) ∪ f({b1}, . . . , {bn})| ≤ 2.
Contradiction. 2


3.81. Lemma. Let f ∈ PolP(X){%∅, %1, %∪, %∃∅}. Then there exists a g ∈ OX


such that g depends on at most one argument and f ∈ δ(g+).


Proof. First, let us note that f depends essentially on at least one of its
arguments (if f does not depend essentially on any of its arguments, then
f must be a constant mapping; but f is not a constant mapping since f


preserves %∅ and %1). Let h be an operation on P(X) obtained from f


by deleting fictitious arguments. Then f(A1, . . . , An) = h(Ai1 , . . . , Aik) for
some k ∈ n and some iα ∈ {1, . . . , n}, where we assume that α < β ⇒ iα <


iβ. h depends essentially on all arguments.
Let us show that h = h+∗ . Since h preserves %1 and %∪, h depends


essentially on at most one argument w.r.t. nonempty sets (Lemma 3.80).
Case 1. Suppose h depends essentially on none of its arguments w.r.t.


nonempty sets. Since h preserves %1, there is a b ∈ X such that for all
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A1, . . . , Ak ∈ P(X) \ {∅} we have h(A1, . . . , Ak) = {b}. Obviously,
h∗(x1, . . . , xk) = b for all x1, . . . , xk ∈ X. Now it is not difficult to show
that h = h+∗ . Take any A1, . . . , Ak ∈ P(X). If ∅ ∈ {A1, . . . , Ak} then
h+∗ (A1, . . . , Ak) = ∅ because of the definition of lifting, while h(A1, . . . , Ak) =
∅ because h preserves %∃∅. If, however, ∅ /∈ {A1, . . . , Ak} then h+∗ (A1, . . . , Ak)
= {b} = h(A1, . . . , Ak).


Case 2. Suppose h depends essentially only on its first argument w.r.t.
nonempty sets and take any A1, . . . , Ak ∈ P(X). If ∅ ∈ {A1, . . . , Ak} then
as in Case 1 we conclude that h+∗ (A1, . . . , Ak) = ∅ = h(A1, . . . , Ak). If,
however, ∅ /∈ {A1, . . . , Ak} then


h+∗ (A1, . . . , Ak) = {h∗(a1, . . . , ak) : a1 ∈ A1, . . . , ak ∈ Ak}
=


⋃
a1∈A1


. . .
⋃


ak∈Ak
h({a1}, . . . , {ak})


=
⋃


a1∈A1
. . .


⋃
ak∈Ak


h({a1}, A2, . . . , Ak)
[since h depends essentially only on its first
argument w.r.t. nonempty sets]


=
⋃


a1∈A1
h({a1}, A2, . . . , Ak)


= h(A1, A2, . . . , Ak).


This completes the proof that f ∈ δ(h) = δ(h+∗ ). 2


3.82. Proposition. cO−X∩δ(O+
X) = δ((T(p)


X )+). In particular, 〈cO−X ]LP(X)
∩


〈δ(O+
X)]LP(X)


= 〈δ((T(p)
X )+)]LP(X)


.


Proof. ⊇: It suffices to note that δ((T(p)
X )+) is an 1-collapsing clone and


that every unary mapping in δ((T(p)
X )+) is a lifting of a bijection and thus


preserves %∅, %∪ and %C . On the other hand, cO−X = PolP(X){%∅, %∪, %C}.
⊆: Let f ∈ cO−X ∩ δ(O+


X). Then f ∈ PolP(X){%∅, %C , %∪, %1, %∃∅}. Accord-
ing to Lemma 3.81 there is a g ∈ OX such that g depends essentially on at
most one argument and f ∈ δ(g+). So f(A1, . . . , An) = g+(Ai1 , . . . , Aik) for
some k ∈ n and some iα ∈ n, where we assume that α < β ⇒ iα < iβ. Let
us show that k = 1. Suppose to the contrary that k ≥ 2. Let for example
f(A1, A2, A3) = g+(A1, A1, A2) and let g depend essentially only on its first
argument. Since f preserves %C we have that f(X, ∅, ∅) = X \ f(∅, X,X).
So g+(X, X, ∅) = X \ g+(∅, ∅, X). But g+(X, X, ∅) = g+(∅, ∅, X) = ∅ i.e.
X = ∅. Contradiction.


Therefore, k = 1 and let f(A1, . . . , An) = g+(A1, A1, . . . , A1). Since g


depends essentially on at most one argument, there is an h ∈ O
(1)
X such that
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g+(A1, A1, . . . , A1) = h+(A1). Thus f(A1, . . . , An) = h+(A1). Having in
mind that f preserves %C , we conclude that h+ also preserves %C and that
implies that h ∈ SX . Now f ∈ δ(h+) ⊆ δ(SX). 2


3.7 Co-relations vs. relations


In this section we are interested in descriptions of some transformation
monoids by invariant relations and invariant co-relations. Actually, we show
how to “encode” co-relations by relations. Investigations of the covariant
and the contravariant lifting of the full transformation monoid TX show
that co-relations constitute a more powerful concept, namely:


• if a transformation monoid can be described by finitary relations, then
it can be described by finitary co-relations; and


• there exist transformation monoids that can be described by finitary
co-relations, but cannot be described by finitary relations.


If the underlying set is finite, then every transformation monoid can be
characterized by finitary relations (see [Pös-K 79]). Therefore, we shall be
interested in transformation monoids on infinite sets.


Convention. Throughout the section we assume that X is an infinite set.


3.83. Local closures. Let us briefly review the elementary notions and
results on the local (co-)closure of transformation monoids. The general
theory of locally closed clones of operations and co-operations can be found
in [Pös 80] and [Pös-R 97]. We have chosen to present only a fragment that
we need for the considerations that follow.


For F ⊆ TX and every cardinal number λ > 0 we define the λ-local
closure of F , λ-Loc(F ), and λ-local co-closure of F , λ-cLoc(F ), by


λ-Loc(F ) := {g ∈ TX : (∀r ∈ Xλ)(∃f ∈ F )f ◦ r = g ◦ r}, and
λ-cLoc(F ) := {g ∈ TX : (∀r ∈ λX)(∃f ∈ F )r ◦ f = r ◦ g}.


Note that every g ∈ λ-Loc(F ) has the λ-interpolation property with respect
to F , namely, for every λ-element subset of X there exists an f ∈ F that
agrees with g on that subset. Further,


Loc(F ) := d
⋂


0<n<ω n-Loc(F ), resp.
cLoc(F ) := d


⋂
0<n<ω n-cLoc(F ),
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denotes the local closure, resp. local co-closure, of F ⊆ TX . Obviously
m-Loc(F ) ⊇ n-Loc(F ) ⊇ Loc(F ) ⊇ µ-Loc(F ) ⊇ κ-Loc(F ) ⊇ F for m ≤ n <


ω ≤ µ ≤ κ and, dually, m-cLoc(F ) ⊇ n-cLoc(F ) ⊇ cLoc(F ) ⊇ µ-cLoc(F ) ⊇
κ-cLoc(F ) ⊇ F for m ≤ n < ω ≤ µ ≤ κ.


It is well known that locally (co-)closed monoids can be characterized as
(co-)endomorphism monoids of sets of finitary (co-)relations. More formally
we get that Loc(F ) = End Inv F (see [Pös 80]) and cLoc(F ) = cEnd cInv F


(see [Pös-R 97]). Let us also note that for any cardinal number λ and any
M ≤ TX , λ-Loc(M) = M if and only if there is a set of relations Q such
that M = EndX Q and ar(%) ≤ λ for every % ∈ Q. Dually, λ-cLoc(M) = M


if and only if there is a set of co-relations S such that M = cEndX S and
ar(%) ≤ λ for every % ∈ S.


We say that a set F ⊆ TX is λ-locally closed if λ-Loc(F ) = F and that
it is λ-locally co-closed if λ-cLoc(F ) = F .


3.7.1 The covariant lifting of TX


In this subsection we investigate the covariant lifting of TX , its description
by invariant relations and description of the local closure of T+


X .


3.84. Proposition. Let %∅ := {∅}, %1 := {{x} : x ∈ X}, and let %∪ :=
{〈Aα : α < ν〉 : A0 =


⋃
0<α<ν Aα}. Then T+


X = EndP(X){%∅, %1, %∪}. In
particular, T+


X is ν-locally closed.


Proof. ⊆: This inclusion is obvious.
⊇: Take any f ∈ EndP(X){%∅, %1, %∪} and define g : X → X by g(x) =


y :⇐⇒ f({x}) = {y}. Then g is well-defined because f preserves %1. Now
it is easy to deduce that f(B) = g+(B) for all B ∈ P(X). In fact, if B = ∅
then g+(B) = ∅ by definition, and f(∅) = ∅ because f preserves %∅. If B 6= ∅,
then f(B) = f(


⋃
b∈B{b}) =


⋃
b∈B f({b}) =


⋃
b∈B g+({b}) = g+(


⋃
b∈B{b}) =


g+(B), because both f and g+ preserve %∪. 2


We shall proceed to show that T+
X is not locally closed.


3.85. Almost constants. Let c, d ∈ X, c 6= d. A mapping f : X → X


is called 〈c, d〉-almost constant mapping if
∣∣X \ f−1(c)


∣∣ < ω and f(X) ⊆
{c, d}. The set of all 〈c, d〉-almost constant mappings shall be denoted by
Const〈c,d〉(X).
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Note that, given c and d, the monoid {idX}∪Const〈c,d〉(X) is not locally
closed (take h : X → {c, d} such that


∣∣h−1(c)
∣∣ ≥ ω and


∣∣h−1(d)
∣∣ ≥ ω;


it is easy to verify that h ∈ Loc({idX} ∪ Const〈c,d〉(X)), but h /∈ {idX} ∪
Const〈c,d〉(X)).


3.86. Proposition. Let M ⊆ TX be a monoid such that Const〈c,d〉(X) ⊆ M


for some c 6= d. Then M+ is not locally closed.


Proof. Consider the following mapping f : P(X) → P(X):


f(B) =







∅, B = ∅
{d}, 0 < |B| < ω


{c, d}, |B| ≥ ω.


Since f /∈ End{%∪}, we conclude that f /∈ T+
X (Proposition 3.84), and there-


fore f /∈ M+. However, we shall prove that f ∈ Loc(M+).
Let B = {B1, . . . , Bn} ⊆ P(X). Without loss of generality we may


assume that ∅ /∈ B. Also, suppose that B1, . . . , Bk are finite and that
Bk+1, . . . , Bn are infinite. Let U = B1 ∪ . . . ∪ Bk, and for every j ∈
{k + 1, . . . , n} pick arbitrary sj ∈ Bj \ U . Let g : X → X be the map-
ping defined as follows:


g(x) =


{
d, x ∈ U ∪ {sk+1, . . . , sn}
c, otherwise.


It is obvious that g ∈ Const〈c,d〉(X) ⊆ M . On the other hand, g+(B1) =
. . . = g+(Bk) = {d} and g+(Bk+1) = . . . = g+(Bn) = {c, d}, i.e. f |B = g+|B.
Therefore, f ∈ Loc(M+). 2


3.87. Corollary. T+
X is not locally closed.


Remark. In a similar way, one can show that for every cardinal λ such that
ω ≤ λ < ν, T+


X is not λ-locally closed.


In the next proposition we shall describe the local closure of T+
X .


3.88. Proposition. Let ∪• be the following ternary relation on P(X) (the
graph of ∪): ∪• = {〈A,B, C〉 : A∪B = C}. For any cardinal λ such that ω ≤
λ ≤ ν let Kλ = {B ⊆ X : |B| ≤ λ}. Then Loc (T+


X) = EndP(X)({%∅, %1,∪•}∪
{Kλ : ω ≤ λ ≤ ν}).
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B′
k+1


B′
k+2


. . .B′
n


A1


A2


A3 A4


A5


A6


A7


A8


A9


· · ·Am


Figure 3.4: A partition of B′
k+1 ∪ . . . ∪B′


n


Proof. ⊆: For any f ∈ TX we have: f+(∅) = ∅, |f+({x})| = 1, f+(A∪B) =
f+(A) ∪ f+(B) and |f+(A)| ≤ |A|. Therefore T+


X ⊆ EndP(X)({%∅, %1,∪•} ∪
{Kλ : ω ≤ λ ≤ ν}) and, consequently, Loc (T+


X) ⊆ EndP(X)({%∅, %1,∪•} ∪
{Kλ : ω ≤ λ ≤ ν}).


⊇: Take any f ∈ EndP(X)({%∅, %1,∪•}∪{Kλ : ω ≤ λ ≤ ν}) and arbitrary
B = {B1, . . . , Bn} ⊆ P(X). Without loss of generality we may assume that
∅ /∈ B. Let B1, . . . , Bk be finite and Bk+1, . . . , Bn infinite subsets of X, and
set U := B1 ∪ . . . ∪Bk and B′


j := Bj \ U for j ∈ {k + 1, . . . , n}.
There is a partition Π = {A1, . . . , Am} of B′


k+1 ∪ . . . ∪B′
n such that:


• for every block Ai ∈ Π and every B′
j , either Ai ⊆ B′


j or Ai ∩ B′
j = ∅,


and


• every B′
j is a union of some blocks of Π


(see Fig. 3.4). Let Ai ∈ Π and let λi = |Ai|. Then Ai ∈ Kλi . Since f


preserves Kλi , we get that f(Ai) ∈ Kλi , i.e. |f(Ai)| ≤ |Ai|. Therefore, for
every Ai ∈ Π there is an onto mapping ϕi : Ai → f(Ai). Consider g : X → X


defined as follows:


g(x) =







y, x ∈ U and f({x}) = {y}
ϕi(x), x ∈ Ai for some Ai ∈ Π
anything, x /∈ B1 ∪ . . . ∪Bn.
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To see that g is well-defined, it suffices to observe that f preserves %1.
The following two observations are immediate consequences of the defi-


nition of g:


• (∀x ∈ U)g+({x}) = f({x}), and


• (∀Ai ∈ Π)g+(Ai) = ϕi(Ai) = f(Ai) (since ϕi is onto).


We can now prove that f |B = g+|B. Take arbitrary B ∈ B and let B ∩ U =
{b1, . . . , bs} for some b1, . . . , bs ∈ U , and B \ U = A1 ∪ . . . ∪ At for some
A1, . . . , At ∈ Π (in case B ∩ U = ∅ or B \ U = ∅ the proof proceedes
similarly). Then


g+(B) = g+({b1} ∪ . . . ∪ {bs} ∪A1 ∪ . . . ∪At)
= g+({b1}) ∪ . . . ∪ g+({bs}) ∪ g+(A1) ∪ . . . ∪ g+(At)
= f({b1}) ∪ . . . ∪ f({bs}) ∪ f(A1) ∪ . . . ∪ f(At)
= f({b1} ∪ . . . ∪ {bs} ∪A1 ∪ . . . ∪At)
= f(B).


Therefore, f ∈ Loc (T+
X). 2


3.89. Example. Let a, b ∈ X be two distinct elements of X and consider
f : P(X) → P(X) such that


f(B) =







∅, B = ∅
{a}, |B| = 1
{a, b}, |B| ≥ 2.


Obviously f /∈ Loc(T+
X) since f /∈ End{∪•}. An easy discussion shows that


f ∈ 2-Loc(T+
X). This shows that Loc(T+


X) cannot be expressed in terms of
relations of arities ≤ 2.


3.7.2 The contravariant lifting of TX


Considerations of this subsection shall proceed analogously to the approach
in the previous subsection. We consider the contravariant lifting of TX , its
description by invariant relations and the description of the local closure of
T−X .


3.90. Proposition. Let %C := {〈A,X \ A〉 : A ⊆ X}. Then T−X =
EndP(X){%∅, %C , %∪}.
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Proof. ⊆: This inclusion follows directly from the elementary properties of
preimages of sets under mappings: f−1[∅] = ∅, f−1[X \A] = X \ f−1[A] for
all A ⊆ X, and f−1[


⋃
ξ Aξ] =


⋃
ξ f−1[Aξ] for all Aξ ⊆ X.


⊇: Let %⊆ = {〈A,B〉 : A ⊆ B ⊆ X}, %X = {X} and %dis = {〈A,B〉 :
A,B ⊆ X ∧ A ∩ B = ∅}. Every operation in EndP(X){%∅, %C , %∪} preserves
also %X and %⊆, and, hence, preserves %dis as well.


Take any g ∈ EndP(X){%∅, %C , %∪} and define f : X → X by f(x) =
y :⇐⇒ x ∈ g({y}). Then f is well-defined because g preserves %dis and
because X = g(X) = g(


⋃
x∈X{x}) =


⋃
x∈X g({x}). Now, it is clear that


(∀y ∈ X)f−({y}) = g({y}). Since both f− and g preserve %∪, one easily
shows that for all A ∈ P(X), f−(A) = g(A). Therefore, g = f− ∈ T−X . 2


We shall now proceed to show that T−X is not locally closed.


3.91. Lemma. If Const(X) ⊆ M ≤ TX , then M− is not locally closed.


Proof. Let U be a free ultrafilter on X and consider g : P(X) → P(X) given
by


g(B) =


{
∅, B /∈ U
X, B ∈ U .


We shall show that g ∈ Loc(M−) \ M−. Since U is a free ultrafilter, we
have (∀x ∈ X){x} /∈ U and hence (∀x ∈ X)g({x}) = ∅. This implies⋃


x∈X g({x}) = ∅ while g(
⋃


x∈X{x}) = g(X) = X. So, g /∈ T−X and hence
g /∈ M−.


To show that g ∈ Loc(M−), take any finite collection B = {B1, . . . , Bn}
of elements of P(X). Without loss of generality we may assume that ∅ /∈ B.


Suppose that B ∩ U = {B1, . . . , Bs}, 0 ≤ s ≤ n. Since Bj /∈ U for j > s,
we have that in this case X \Bj ∈ U . U is a filter, and so


B1 ∩ . . . ∩Bs ∩ (X \Bs+1) ∩ . . . ∩ (X \Bn) 6= ∅.
Take any t ∈ B1 ∩ . . . ∩ Bs ∩ (X \ Bs+1) ∩ . . . ∩ (X \ Bn) and let f = ct.
For j ≤ s, f−(Bj) = X = g(Bj), while for j > s, f−(Bj) = ∅ = g(Bj) since
t /∈ Bj . Therefore, f−|B = g|B. 2


3.92. Corollary. T−X is not locally closed.


Next, we shall describe the local closure of T−X . Recall that ∪• =
{〈A,B,A ∪B〉 : A,B ∈ P(X)}.
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3.93. Proposition. Loc(T−X) = EndP(X){%∅, %C ,∪•}.


Proof. ⊆: Obvious.
⊇: Take any g ∈ EndP(X){%∅, %C ,∪•}. It is easy to see that g preserves


%X and %dis. Let B = {B1, . . . , Bn} be a finite collection of elements of P(X).
Without loss of generality we may assume that ∅ /∈ B. There is a partition
Π = {A1, . . . , Am} of B1 ∪ . . . ∪Bn such that:


• for every block Ai ∈ Π and every Bj , either Ai ⊆ Bj or Ai ∩ Bj = ∅,
and


• every Bj is a union of some blocks of Π.


Since g preserves %dis, g(Ai) ∩ g(Aj) = ∅ for i 6= j. Take arbitrary a1 ∈
A1, . . . , am ∈ Am and t ∈ X \⋃m


i=1 Ai and define f : X → X as follows:


f(x) =


{
ai, x ∈ g(Ai) for some i ∈ {1, . . . , m},
t, otherwise


(if, however, X =
⋃m


i=1 Ai, the proof proceeds similarly). One easily verifies
that f−|B = g|B. 2


Remark. Let BX denote the Boolean algebra 〈P(X),∪,∩, c, ∅, X〉 and let
Σ EndBX denote the set of all totally additive endomorphisms of BX . A
mapping f : P(X) → P(X) is called totally additive if f(


⋃
ξ Aξ) =


⋃
ξ f(Aξ)


for every family 〈Aξ : ξ < λ〉 of elements of P(X). Then the last two proposi-
tions can be summarised as follows: T−X = ΣEnd BX and Loc(T−X) = EndBX .


3.94. Example. Let U be a free ultrafilter on X and choose B0, B1, B2 ∈ U
such that B0 6= X, B1 6= B0, B2 6= B0 and B1 ∪ B2 = B0. Consider
g : P(X) → P(X) defined by


g(B) =







X, B ⊇ B0,


∅, B ⊆ X \B0,


B, otherwise.


It is a technicality to show that g ∈ 2-Loc(T−X)\Loc(T−X). Therefore, Loc(T−X)
cannot be expressed in terms of relations of arities ≤ 2.


Finally, we shall present an example of a submonoid of TX which is not
locally closed, while the lifting thereof is.
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3.95. Lemma. Let n be a positive integer and let Mn := {idX}∪ {f ∈ TX :
|f(X)| ≤ n}. Then for any submonoid M of Mn, M− is locally closed.


Proof. Take any ϕ− ∈ Loc(M−) and let S = {x ∈ X : ϕ−({x}) 6= ∅}. It
is obvious that


⋃
x∈S ϕ−({x}) = X. If |S| ≥ ω then it is easy to see that


ϕ = idX (take any subset {s1, . . . , sn+1} of S with n + 1 elements and put
B = {{s1}, . . . , {sn+1}}; id−X is the only element in M− which agrees with
ϕ− on B) and so ϕ− ∈ M−. If, however, S is finite, by a similar argument
we conclude that |S| ≤ n and in this case ϕ ∈ M . 2


3.96. Example. There is a monoid M of transformations on X such that
M is not locally closed but M− is.


Let c 6= d be two elements of X and let M := {idX} ∪ Const〈c,d〉(X).
M− is locally closed according to the previous lemma, while M is not (see
paragraph 3.85).


3.7.3 Transformation monoids preserving co-relations


We are now interested in encoding relations by co-relations. We shall start
with some simpler examples, and then move on to the general case. In case
of unary relations and some special relations of higher arity it is possible
to encode the relation by exactly one co-relation. In general, we shall need
several co-relations.


3.97. Lemma. Let % be a unary relation on X and let σ% be the co-relation
σ% = {〈A,X \A〉∇ : % ∩A = ∅}. Then EndX{%} = cEndX{σ%}.


In particular, consider the co-relations σ∅ and σ1 on P(X) defined by
σ∅ = {〈A,P(X) \ A〉∇ : ∅ /∈ A} and σ1 = {〈A,P(X) \ A〉∇ : %1 ∩ A = ∅}.
Then EndP(X){%∅} = cEndP(X){σ∅} and EndP(X){%1} = cEndP(X){σ1}.


Proof. The proof is similar to the proof of Lemma 3.98. 2


3.98. Lemma. Let % be a λ-ary relation on X such that


{〈xξ : ξ < λ〉 ∈ Xλ : (∃η, ζ < λ)(η 6= ζ ∧ xη = xζ)} ⊆ %


and let σ% be the (λ+1)-ary co-relation on X defined by 〈Aξ : ξ < λ + 1〉∇ ∈
σ% if and only if 〈Aξ : ξ < λ + 1〉 is a weak partition of X and %∩∏


ξ<λ Aξ =
∅. Then EndX{%} = cEndX{σ%}.
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Proof. ⊆: Take any f ∈ EndX{%} and any 〈Aξ : ξ < λ + 1〉∇ ∈ σ%. Since
〈f−(Aξ) : ξ < λ + 1〉 is a weak partition of X, we only have to show that
% ∩∏


ξ<λ f−(Aξ) = ∅. Suppose to the contrary that there exists some 〈xξ :
ξ < λ〉 ∈ % ∩∏


ξ<λ f−(Aξ). Since 〈xξ : ξ < λ〉 ∈ % and f ∈ EndX{%}, we get
〈f(xξ) : ξ < λ〉 ∈ %. On the other hand, 〈xξ : ξ < λ〉 ∈ ∏


ξ<λ f−(Aξ) implies
xξ ∈ f−(Aξ) i.e. f(xξ) ∈ Aξ for all ξ < λ. Therefore, 〈f(xξ) : ξ < λ〉 ∈
% ∩∏


ξ<λ Aξ, which contradicts 〈Aξ : ξ < λ + 1〉∇ ∈ σ%.
⊇: Take any f ∈ cEndX{σ%}. We have to show that 〈xξ : ξ < λ〉 ∈ % ⇒


〈f(xξ) : ξ < λ〉 ∈ %. Suppose that 〈f(xξ) : ξ < λ〉 /∈ %. Let Aξ = {f(xξ)}
for ξ < λ and Aλ = X \ {f(xξ) : ξ < λ}. Then 〈Aξ : ξ < λ + 1〉∇ ∈
σ%. Since f co-preserves σ%, we have that 〈f−(Aξ) : ξ < λ + 1〉∇ ∈ σ% i.e.
% ∩ ∏


ξ<λ f−(Aξ) = ∅. We know that xξ ∈ f−(Aξ) for ξ < λ and thus
〈xξ : ξ < λ〉 /∈ %. 2


3.99. Corollary. Let σ⊆ := {〈A,B,P(X) \ (A ∪ B)〉∇ : (∀A ∈ A)(∀B ∈
B)A 6⊆ B}. Then EndP(X){%⊆} = cEndP(X){σ⊆}.


Before we proceed to the general case, let us consider one more particular
case, which we shall need later. However, it may also serve as an illustration
of the main idea of the general case. Recall that %C = {〈A,X \A〉 : A ⊆ X}
(see 3.90).


3.100. Lemma. Let σ′C be the ternary and σ′′C the binary co-relation on
P(X) defined by


• 〈A,B, C〉∇ ∈ σ′C if and only if 〈A,B, C〉 is a weak partition of P(X)
and (∀A ∈ A)(∀B ∈ B)(A ∪B 6= X ∨A ∩B 6= ∅), and


• 〈A,B〉∇ ∈ σ′′C if and only if 〈A,B〉 is a weak partition of P(X) and
(∀A,B ∈ A)(A ∪B 6= X ∨A ∩B 6= ∅).


Then EndP(X){%C} = cEndP(X){σ′C , σ′′C}.


Proof. ⊆: Similar to the proof of inclusion ⊆ of Lemma 3.98.
⊇: Suppose f co-preserves σ′C and σ′′C and suppose that 〈f(A), f(B)〉 /∈


%C . Then f(A) ∪ f(B) 6= X or f(A) ∩ f(B) 6= ∅.
Case 1. If f(A) = f(B), put A = {f(A)} and B = P(X) \ {f(A)}. Then


r := 〈A,B〉∇ ∈ σ′′C . Since f co-preserves σ′′C , r ◦ f ∈ σ′′C . Let (r ◦ f)− =







76 Chapter 3. Clones of co-operations vs. clones of operations


〈A′,B′〉. Evidently, A,B ∈ A′ implying that A ∪ B 6= X or A ∩ B 6= ∅.
Therefore, 〈A,B〉 /∈ %C .


Case 2. If f(A) 6= f(B), put A = {f(A)}, B = {f(B)} and C = P(X) \
{f(A), f(B)}. Then r := 〈A,B, C〉∇ ∈ σ′C . Since f co-preserves σ′C , r ◦ f ∈
σ′C . Let (r ◦ f)− = 〈A′,B′, C′〉. Evidently, A ∈ A′ and B ∈ B′ implying that
A ∪B 6= X or A ∩B 6= ∅. Therefore, 〈A,B〉 /∈ %C . 2


Now we consider the general case. We shall show that for every relation
% there is a set S% of co-relations such that:


• cEndX S% = EndX{%}, and


• for every co-relation σ ∈ S%, ar(σ) ≤ ar(%) + 1.


3.101. Definition. Let % be a relation on X of arity λ, let 0 < µ ≤ λ be
an ordinal number and let j : λ → µ be a surjective mapping. We say that a
weak partition 〈Aξ : ξ < µ + 1〉 of X is j-disjoint with % if %∩∏


ξ<λ Aj(ξ) = ∅.
Let σj(%) be the set of all the co-vectors r of arity µ + 1 such that r−


is a weak partition of X j-disjoint with %. Let S% denote the set of all the
co-relations σj(%), where 1 ≤ µ ≤ λ and j : λ → µ is a surjective mapping.


3.102. Proposition. We have cEndX S% = EndX{%} for every relation %


on X.


Proof. ⊆: Take any f ∈ cEndX S%. We want to show that 〈xξ : ξ < λ〉 ∈
% ⇒ 〈f(xξ) : ξ < λ〉 ∈ %, which is equivalent to 〈f(xξ) : ξ < λ〉 /∈ % ⇒ 〈xξ :
ξ < λ〉 /∈ %.


Suppose 〈f(xξ) : ξ < λ〉 /∈ %. Let ε = {〈ξ, η〉 ∈ λ2 : f(xξ) = f(xη)} and
let µ = |λ/ε|. Let k : λ/ε → µ be an arbitrary bijection and define j : λ → µ


by j(ξ) = k(ξ/ε). Consider a co-vector r : X → µ + 1 given by:


r(x) =


{
j(ξ), x = f(xξ)
µ, otherwise.


Let r− = 〈Aη : η < µ + 1〉. The definition of r implies that Aj(ξ) = {f(xξ)},
ξ < λ, while Aµ = X \ {f(xξ) : ξ < λ}. So,


∏
ξ<λ Aj(ξ) = {〈f(xξ) : ξ < λ〉}.


Since 〈f(xξ) : ξ < λ〉 /∈ % we have % ∩ ∏
ξ<λ Aj(ξ) = ∅, so r ∈ σj(%).


f co-preserves σj(%) because f ∈ cEndX S% and hence r ◦ f ∈ σj(%). This
means that % ∩∏


ξ<λ f−(Aj(ξ)) = ∅. We know that Aj(ξ) = {f(xξ)}, ξ < λ,
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implying that xξ ∈ f−(Aj(ξ)), i.e. 〈xξ : ξ < λ〉 ∈ ∏
ξ<λ f−(Aj(ξ)). Therefore,


〈xξ : ξ < λ〉 /∈ %.
⊇: Take any f ∈ EndX{%} and any σj(%) ∈ S%. Let r be an arbitrary


co-vector in σj(%) and let s = r ◦ f . We have to show that s ∈ σj(%).
Let r− = 〈Aη : η < µ + 1〉. Then s− = 〈f−(Aη) : η < µ + 1〉. Since r−


is a weak partition of X, 〈f−(Aη) : η < µ + 1〉 is also a weak partition of
X. So, all we have to do is show that % ∩ ∏


ξ<λ f−(Aj(ξ)) = ∅. Suppose
to the contrary that there is some 〈yξ : ξ < λ〉 ∈ % ∩∏


ξ<λ f−(Aj(ξ)). Since
〈yξ : ξ < λ〉 ∈ % and since f preserves %, we have that 〈f(yξ) : ξ < λ〉 ∈ %.
On the other hand, for all ξ < λ, yξ ∈ f−(Aj(ξ)) and hence f(yξ) ∈ Aj(ξ).
Then 〈f(yξ) : ξ < λ〉 ∈ ∏


ξ<λ Aj(ξ) and so %∩∏
ξ<λ Aj(ξ) 6= ∅. Contradiction.


2


3.103. Corollary.


(i) For any set Q of relations on X, EndX Q = cEndX(
⋃


%∈Q S%).


(ii) For every M ≤ TX , if Loc(M) = M then cLoc(M) = M .


Proof. (i) Obvious.
(ii) If Loc(M) = M , then there is a set of finitary relations Q on X such


that M = EndX Q. Since for every σ ∈ S% we have ar(σ) ≤ ar(%)+1,
⋃


%∈Q S%


is a set of finitary co-relations. According to (i), M = cEndX(
⋃


%∈Q S%) and
hence M is locally co-closed. 2


3.104. Example. We are going to show that the converse of (ii) in the pre-
vious corollary is not true. Let M be the monoid of all surjective mappings
X → X and consider the following binary co-relation:


σ = {〈A,X \A〉∇ : A ⊆ X,A 6= ∅, A 6= X}.


It is obvious that M = cEndX{σ} and hence M is locally co-closed. On the
other hand, it is easy to prove that Loc(M) = TX and therefore M is not
locally closed.


In some special cases infinitary relations can be encoded by finite number
of finitary co-relations. As an example, we consider the relation %∪ (see 3.84)
which plays the crucial role in characterizing T+


X and T−X .
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3.105. Lemma. Let σ∪ be a ternary co-relation on P(X) defined as follows:
〈A,B, C〉∇ ∈ σ∪ if and only if 〈A,B, C〉 is a weak partition of P(X) and
B = ∅ ∨ (∀∅ 6= D ⊆ B)


⋃D /∈ A. Then EndP(X){%∪} = cEndP(X){σ∪, σ⊆}.


Proof. ⊆: Take any f ∈ EndP(X){%∪}. Then we have f ∈ EndP(X){%⊆} =
cEndP(X){σ⊆}. Let us show that f co-preserves σ∪. Let 〈A,B, C〉 be a weak
partition of P(X), let r := 〈A,B, C〉∇, r ◦ f = 〈A′,B′, C′〉∇ and suppose
r ◦ f /∈ σ∪. This means that B′ 6= ∅ and that there is a ∅ 6= D′ ⊆ B′ such
that


⋃D′ ∈ A′. Let D′ = {D′
ξ : ξ < µ} and let


⋃D′ = A′ ∈ A′. Further,
let D = {f(D′


ξ) : ξ < µ} and A = f(A′). It is clear that ∅ 6= D ⊆ B and
that A ∈ A. Since f preserves %∪, we have that A = f(A′) = f(


⋃
ξ<µ D′


ξ) =⋃
ξ<µ f(D′


ξ) =
⋃D. In other words,


⋃D ∈ A and thus r /∈ σ∪.
⊇: Take any f ∈ cEndP(X){σ∪, σ⊆} and any 〈Aξ : ξ < ν〉 such that


A0 =
⋃


0<ξ<ν Aξ, and suppose that f(A0) 6=
⋃


0<ξ<ν f(Aξ). f co-preserves
σ⊆ means that f preserves %⊆. Since Aξ ⊆ A0 for all 0 < ξ < ν, we have
that f(Aξ) ⊆ f(A0) for all 0 < ξ < ν and therefore f(A0) ⊃


⋃
0<ξ<ν f(Aξ).


Let A = {f(A0)}, B = {f(Aξ) : 0 < ξ < ν} and C = P(X) \ (A ∪ B).
To show that r := 〈A,B, C〉∇ ∈ σ∪, take any ∅ 6= D ⊆ B. Then


⋃D ⊆⋃
0<ξ<ν f(Aξ) ⊂ f(A0), i.e.


⋃D /∈ A and so r ∈ σ∪. Since f co-preserves σ∪,
r◦f ∈ σ∪. Let r◦f = 〈A′,B′, C′〉∇. Then A0 ∈ A′ and {Aξ : 0 < ξ < ν} ⊆ B′.
Since r◦f ∈ σ∪ and since B′ 6= ∅, we get that for all ∅ 6= D′ ⊆ B′, ⋃D′ /∈ A′.
In particular,


⋃{Aξ : 0 < ξ < ν} 6= A0. Contradiction. 2


3.106. Corollary. T+
X = cEndP(X){σ∅, σ1, σ∪, σ⊆} and T−X = cEndP(X){σ∅,


σ′C , σ′′C , σ∪, σ⊆}. Therefore, both T+
X and T−X are locally co-closed. Moreover,


3-cLoc(T+
X) = T+


X and 3-cLoc(T−X) = T−X .







Chapter 4


Some order theoretic


properties of cLX


It was noted in [Csá 85] that the lattice of clones of co-operations on a finite
set is finite. Moreover the description of cL2 is given. In this chapter we
discuss some special intervals in cLX . Then we construct an independent set
of co-operations and estimate the size of cLX if X is finite. If X is infinite,
we get that |cLX | = 22ν


, as expected.
Let us start with an observation.


4.1. Proposition. The principal ideal 〈cPolX{Ω}]cLX
(see Lemma 2.12) is


isomorphic to Mon(X), the lattice of all transformation monoids on X.


4.2. Corollary. The lattice cLX is not modular.


However, in Chapter 5 we show that cLX is a complemented lattice. Further,
as a direct consequence of Proposition 3.7 we have


4.3. Proposition. Let M ⊆ TX be a transformation monoid. The set of
all clones of co-operations on X such that C(1) = M forms an interval in
the lattice cLX .


4.4. Definition. Let M ⊆ TX be a transformation monoid on X. By
Int(M) we denote the interval of all clones of co-operations C on X such
that C(1) = M .


It is easy to show the following characterization of the interval Int(M).


79







80 Chapter 4. Some order theoretic properties of cLX


4.5. Proposition. Let X = {x1, . . . , xν}, let M ⊆ TX be a transformation
monoid and put


%M := {〈f−1(x1), . . . , f−1(xν)〉∇ : f ∈ M}.


Then Int(M) = [cCloX M, cPolX{%M}]cLX
.


4.1 Desctiption of Int({idX}): Clones of splitting co-


operations


The general characterization of Int(M) given in Proposition 4.5 takes the
following nice form in case M = {idX}. Recall that for X = {x1, . . . , xν} we
have Σ := {〈{x1}, . . . , {xν}〉∇} (see Lemma 2.11).


4.6. Proposition. Int({idX}) = [cJX , cPolX{Σ}]cLX
. In other words, C ∈


Int({idX}) if and only if C ≤ cPolX{Σ}, or, equivalently, Σ ∈ cInvX C.


Clones which belong to this interval shall be of particular importance in the
sequel. Therefore, we shall devote some time to the investigation of their
structure. We shall prove that Int({idX}) as a lattice is isomorphic to the
lattice 〈Part(X),¹〉.


4.7. Definition. We say that a clone C of co-operations is a clone of
splitting co-operations if every co-operation in C is a splitting co-operation.


4.8. Notation. Let p = 〈A1, . . . , Ak〉 be a weak partition of X. By
spl(A1, . . . , Ak), or spl(p), we denote the following splitting co-operation:


spl(p)(x) = spl(A1, . . . , Ak)(x) = 〈j, x〉 :⇐⇒ x ∈ Aj ,


for all x ∈ X. Note that d(spl(p)) = p. Instead of spl({xi1}, . . . , {xiν})
where X = {x1, . . . , xν} and 〈i1, . . . , iν〉 is a permutation of ν we simply
write spl(xi1 , . . . , xiν ).


For a clone of co-operations C let C(sp) := cCloX{f ∈ C : f is a splitting
co-operation} denote the clone of all splitting co-operations in C.


4.9. Proposition. Let C be a clone of co-operations. C(1) = {idX} if and
only if C is a clone of splitting co-operations.
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Proof. ⇐: Evident.
⇒: Assume there exists an f ∈ C(n) which is not a splitting co-operation.


Then there exist x, y ∈ X and j ∈ n such that x 6= y and f(x) = 〈j, y〉. Let
g = val f . Then g ∈ C(1). Since g(x) = y and x 6= y we have g 6= idX and
thus C(1) 6= {idX}. 2


The next proposition shows that splitting co-operations are concepts dual
to idempotent mappings. We shall use this to characterize idempotent map-
pings in HP(X), which shall be needed later.


4.10. Proposition. Let f be a co-operation. f is a splitting co-operation if
and only if f− is idempotent.


Proof. ⇒: Suppose f is a splitting co-operation, ar(f) = n and d(f) =
〈B1, . . . , Bn〉. Then (f i)−(A) = Bi ∩ A for all A ⊆ X and i ∈ n. Thus
f−(A,A, . . . , A) =


⋃n
i=1(f


i)−(A) =
⋃n


i=1(Bi∩A) = A because
⋃n


i=1 Bi = X.
⇐: Suppose f is not a splitting co-operation. Then there exist x, y ∈ X


and i ∈ n such that f(x) = 〈i, y〉 and x 6= y. Then f−({y}, {y}, . . . , {y}) =⋃n
j=1(f


j)−({y}) ⊇ (f i)−({y}) 3 x implying f−({y}, {y}, . . . , {y}) 6= {y}. 2


4.11. Corollary. Let f ∈ H(n)
P(X). f is idempotent if and only if there exists


a weak partition 〈B1, . . . , Bn〉 of X such that


f(A1, . . . , An) = (A1 ∩B1) ∪ . . . ∪ (An ∩Bn).


Proof. ⇐: Evident.
⇒: Let g be a co-operation such that g− = f and let d(g) = 〈B1, . . . , Bn〉.


Since f is idempotent, g is a splitting co-operation and thus f(A1, . . . , An) =
g−(A1, . . . , An) =


⋃n
i=1(g


i)−(Ai) =
⋃n


i=1(Ai ∩Bi). 2


4.12. Definition. Let f be a splitting co-operation and d(f) = 〈B1, . . . , Bn〉.
Let ηf denote the following co-relation:


ηf := {〈A1, . . . , An, X \⋃n
i=1 Ai〉∇ :


(∀i ∈ n)Ai ⊆ Bi and (∀i ∈ n)(Ai = ∅ ⇐⇒ Bi = ∅)}


4.13. Lemma. Let f and g be splitting co-operations. g ∈ cPolX{ηf} if and
only if d(g) ¹ d(f).
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Proof. Let d(f) = 〈B1, . . . , Bn〉 and d(g) = 〈D1, . . . , Dm〉. According to
Lemma 3.12 it suffices to show that g− ∈ PolP(X){η−f } if and only if d(g) ¹
d(f). Recall that f−(A1, . . . , An) =


⋃n
i=1(Ai ∩ Bi) and g−(A1, . . . , Am) =⋃m


i=1(Ai ∩Di).
⇐: Since d(g) ¹ d(f) we have that (∀i)(∃j)Bi ⊆ Dj . Take arbitrary


〈Aj
1, . . . , A


j
n+1〉 ∈ η−f , j ∈ m and put Ci := g−(A1


i , . . . , A
m
i ), i ∈ n + 1. We


have to show that Ci ⊆ Bi for all i ∈ n and that Ci = ∅ ⇐⇒ Bi = ∅. Take
arbitrary i. Ci = g−(A1


i , . . . , A
m
i ) = (A1


i ∩D1)∪ . . .∪ (Am
i ∩Dm). We know


that (∀j)Aj
i ⊆ Bi and that there exists an s such that Bi ⊆ Ds. If t 6= s


then At
i ∩ Dt = ∅ because At


i ⊆ Bi ⊆ Ds and Ds ∩ Dt = ∅. On the other
hand, As


i ∩Ds = As
i . Therefore, Ci = As


i and the properties of As
i provide


Ci ⊆ Bi and Ci = ∅ ⇐⇒ Bi = ∅.
⇒: Suppose d(g) 6¹ d(f). Then (∃i)(∀j)Bi 6⊆ Dj . Let (∀j)B1 6⊆ Dj . For


j ∈ m take arbitrary aj ∈ B1\Dj and put Aj
n+1 := X \({aj}∪B2∪ . . .∪Bn).


It is obvious that 〈{aj}, B2, . . . , Bn, Aj
n+1〉 ∈ η−f for all j ∈ m. On the other


hand, g−({a1}, . . . , {am}) =
⋃m


j=1({aj} ∩ Dj) = ∅. Since 〈∅, . . .〉 /∈ η−f we
have that g− /∈ PolP(X){η−f }. 2


4.14. Corollary. Let f be a splitting co-operation. Then cCloX{f} =
cPolX{Σ, ηf}.


Proof. Follows directly from Lemma 2.11 and Lemma 4.13. 2


4.15. Proposition. Let f and g be splitting co-operations. g ∈ cCloX{f}
if and only if d(g) ¹ d(f).


Proof. ⇐: Let d(g) = 〈B1, . . . , Bm〉 and d(f) = 〈A1, . . . , An〉. Since d(g) ¹
d(f) we have (∀i)(∃j)Ai ⊆ Bj . Define θ : n → m by θ(i) = j :⇐⇒ Ai ⊆ Bj .
It is evident that g = f · [ιmθ(1), ι


m
θ(2), . . . , ι


m
θ(n)] ∈ cCloX{f}.


⇒: Suppose d(g) 6¹ d(f). According to Lemma 4.13 we have f ∈
cPolX{ηf} while g /∈ cPolX{ηf}. Therefore, g /∈ cCloX{f}. 2


4.16. Corollary. Let f and g be splitting co-operations and let d(f) =
〈A1, . . . , An〉 and d(g) = 〈B1, . . . , Bm〉. Then cCloX{f} = cCloX{g} if and
only if {A1, . . . , An} \ {∅} = {B1, . . . , Bm} \ {∅}.


4.17. Proposition. Let f1, . . . , fk be splitting co-operations. Then there
exists a splitting co-operation g such that cCloX{f1, . . . , fk} = cCloX{g}.
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Proof. Let d(fi) = 〈Ai
1, . . . , A


i
ni
〉, i ∈ k, and let 〈B1, . . . , Bm〉 be the coarsest


common refinment of {d(fi) : i ∈ k}. Observe that


{B1, . . . , Bm} = {A1
i1 ∩ . . . ∩Ak


ik
: 1 ≤ i1 ≤ n1, . . . , 1 ≤ ik ≤ nk} \ {∅}.


Let g := spl(B1, . . . , Bm). Let us show that cCloX{f1, . . . , fk} = cCloX{g}.
⊆: Take any i ∈ k and define θi : m → ni by θi(p) = q :⇐⇒ Ai


p ⊇ Bq.
Then fi = g · [ιni


θi(1), ι
ni


θi(2), . . . , ι
ni


θi(m)] ∈ cCloX{g}.
⊇: Consider a sequence of co-operations:


gk := fk,


gk−1 := fk−1 · [gk, gk, . . . , gk],
gk−2 := fk−2 · [gk−1, gk−1, . . . , gk−1],


...
g1 := f1 · [g2, g2, . . . , g2].


One can easily show that g1 ∈ cCloX{f1, . . . , fk} and that d(g1) = 〈A1
i1
∩


. . . ∩Ak
ik


: 1 ≤ i1 ≤ n1, . . . , 1 ≤ ik ≤ nk〉. Therefore, g can be obtained from
g1 by removing some fictitious arguments and by permuting the remaining
ones. So, g ∈ cCloX{f1, . . . , fk}. 2


4.18. Corollary. For every clone of splitting co-operations C there exists a
splitting co-operation f such that C = cCloX{f} = cPolX{Σ, ηf}.


Proof. The statement follows from Proposition 4.17 and Corollary 4.14, and
the fact that for every clone of co-operations C we have C = cCloX(C(ν)).


2


4.19. Proposition. Denote by Lsp the interval [cJX , cPolX{Σ}] of all the
clones of splitting co-operations in cLX . Then 〈Lsp,⊆〉 ∼= 〈Part(X),¹〉.


Proof. Consider ϕ : Lsp → Part(X) defined by ϕ(C) = {B1, . . . , Bn} if and
only if there exists a splitting co-operation f such that C = cCloX{f} and
d(f) = 〈B1, . . . , Bn〉. Then ϕ is the required isomorphism. 2


4.20. Corollary. Let Bk denote the k-th Bell number. Then |Lsp| = Bk.
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4.2 Description of Int(TX): A ν-element chain


Let us now focus to the other extreme – the monoid TX of all transforma-
tions. In [Burl 67] the interval of clones of operations corresponding to the
monoid of all transformations was described. In case of clones of operations
this interval is a (ν + 1)-element chain


CloX(TX) = U1 < B < U2 < . . . < Uν−1 < Uν = OX


where B is a clone of operations known as the Burle clone (see [Burl 67,
Pös-K 79]). As we shall see, in case of clones of co-operations no such “de-
viation” appears.


4.21. Definition. For k ∈ {1, . . . , ν} define


Uk := cClo(TX ∪ {f ∈ cOX : r(f) ≤ k})
θk := {〈A1, . . . , Aν〉∇ : |{i : Ai 6= ∅}| ≤ k}.


4.22. Proposition.


(i) Uk = cPolX{θk} for all 1 ≤ k ≤ ν,


(ii) cCloX(TX) = U1 ⊂ U2 ⊂ . . . ⊂ Uν−1 ⊂ Uν = cOX , and


(iii) Uν−1 is the clone containing all unary co-operations along with all
non-essential co-operations.


Proof. (ii) and (iii) are obvious. Let us show (i).
⊆: Evident.
⊇: Assume f /∈ Uk. Then f depends essentially on at least two arguments


and r(f) > k. Without loss of generality we may assume that


im(f) = {〈1, b1〉, . . . , 〈1, bs1〉, 〈2, bs1+1〉, . . . , 〈2, bs1+s2〉, . . . ,
〈t, bs1+...+st−1+1〉, . . . , 〈t, bs1+...+st−1+st〉}


where s1 + . . . + st = r(f) > k. For i ∈ {1, . . . , t} let


qi :=


{
k, si > k


si, si ≤ k.
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Since f depends essentially on at least two arguments it follows that m :=
q1 + . . . + qt ≥ k + 1. Let


B1 := {b1, . . . , bq1},
B2 := {bs1+1, . . . , bs1+q2},


...
Bt := {bs1+...+st−1+1, . . . , bs1+...+st−1+qt}


and consider co-vectors


r1 := 〈{b1}, . . . , {bq1−1}, {bq1} ∪ (X \B1), ∅, ∅, . . . , ∅︸ ︷︷ ︸
q2


, . . . , ∅, ∅, . . . , ∅︸ ︷︷ ︸
qt


,


∅, ∅, . . . , ∅︸ ︷︷ ︸
ν−m


〉∇


r2 := 〈∅, ∅, . . . , ∅︸ ︷︷ ︸
q1


, {bs1+1}, . . . , {bs1+q2−1}, {bs1+q2} ∪ (X \B2), . . . ,


∅, ∅, . . . , ∅︸ ︷︷ ︸
qt


, ∅, ∅, . . . , ∅︸ ︷︷ ︸
ν−m


〉∇


...
rt := 〈∅, ∅, . . . , ∅︸ ︷︷ ︸


q1


, ∅, ∅, . . . , ∅︸ ︷︷ ︸
q2


, . . . , {bs1+...+st−1+1}, . . . , {bs1+...+st−1+qt−1},


{bs1+...+st−1+qt} ∪ (X \Bt), ∅, ∅, . . . , ∅︸ ︷︷ ︸
ν−m


〉∇.


Since ri has exactly qi ≤ k nonempty coordinates it follows that r1, . . . , rt


∈ θk. Take arbitrary rt+1, . . . , rn ∈ θk and put s := f · [r1, . . . , rn]. At least
m (≥ k + 1) coordinates in s are nonempty and thus s /∈ θk, see Fig. 4.1. 2


4.23. Lemma. Let C be a clone of co-operations such that TX ⊆ C and
suppose that there exists a co-operation of rank k in C \ cCloX(TX). Then
Uk ⊆ C.


Proof. Suppose that TX ⊆ C and let f ∈ C \ cCloX(TX) be a co-operation
of rank k. Observe that f depends essentially on at least two arguments.
Without loss of generality we may assume that f has no fictitious arguments.


Claim 1: There exists a co-operation f ′ ∈ C and a1, . . . , ak ∈ X such
that


• i 6= j ⇒ ai 6= aj ,
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bs1+q1


bs1+s2
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Figure 4.1: The construction in Proposition 4.22
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as1+1
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*
*


*


j


R
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bs1
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-


q


q
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bs1+s2


...


-


-


ϕ2 · ι22


a1


as1+1


as1+s2
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1


j


j


f


b1 -ψ1 · ι21
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b2s1−1
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-


-


ψ2 · ι22


a1


a2


as1


as1+1


as1+s2
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Figure 4.2: The construction in Lemma 4.23, Claim 1
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• ar(f ′) = 2,


• f ′(a1) = 〈1, a1〉 while f ′(aj) = 〈2, aj〉 for j > 1.


Proof: We may assume that


im(f) = {〈1, b1〉, . . . , 〈1, bs1〉, 〈2, bs1+1〉, . . . , 〈2, bs1+s2〉, . . . ,
〈t, bs1+...+st−1+1〉, . . . , 〈t, bs1+...+st−1+st〉}


where 1 ≤ s1 ≤ . . . ≤ st and s1 + . . . + st = k. Choose a1, . . . , ak ∈ X


in such a way that f(aj) = 〈1, bj〉 for j ∈ {1, . . . , s1}, f(aj) = 〈2, bj〉 for
j ∈ {s1 + 1, . . . , s1 + s2}, . . ., f(aj) = 〈t, bj〉 for j ∈ {s1 + . . . + st−1 +
1, . . . , s1 + . . . + st−1 + st︸ ︷︷ ︸


=k


}. If s1 = 1 take f ′ := f · [ι21, ι
2
2, . . . , ι


2
2]. Now


suppose s1 > 1. Consider the following mappings X → X:


ϕ1 :=


(
. . . ; b1 b2 . . . bs1 ; . . .
. . . ; a1 as1+1 . . . a2s1−1; . . .


)


ϕ2 :=


(
. . . ; bs1+1 . . . bs1+s2 ; . . .
. . . ; as1+1 . . . as1+s2 ; . . .


)


...


ϕt :=


(
. . . ; bs1+...+st−1+1 . . . bs1+...+st−1+st ; . . .
. . . ; as1+...+st−1+1 . . . as1+...+st−1+st ; . . .


)


ψ1 :=


(
. . . ; b1 ; . . .
. . . ; a1; . . .


)


ψ2 :=


(
. . . ; bs1 . . . b2s1−1; . . .
. . . ; a2 . . . as1 ; . . .


)


It is not too complicated to check that


f ′ := f · [ϕ1 · f · [ψ1 · ι21, ψ2 · ι22, ι22, ι22, . . . , ι22], ϕ2 · ι22, . . . , ϕt · ι22]


belongs to C and has the required properties, see Fig. 4.2.


Claim 2: There exists an f∗ ∈ C such that


im(f∗) = {〈1, a1〉, 〈2, a1〉, . . . , 〈k − 1, a1〉, 〈k, a2〉}.


Proof: If k = 2 put f∗ := f ′. Suppose now k ≥ 3. Let ϕ : X → X be a
mapping such that ϕ(a2) = a1, ϕ(a3) = a2, . . ., ϕ(ak) = ak−1. Then


f∗ := f ′ · [ιk1, ϕ · f ′ · [ιk2, ϕ · f ′ · [ιk3, . . . , ϕ · f ′ · [ιkk−1, ι
k
k] . . .]]]
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Figure 4.3: The construction in Lemma 4.23, Claim 2
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ϕ
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...
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1


-


q


f∗


a1 -cb1 · ιhj1 b1 : j1


a1 -cb2 · ιhj2 b2 : j2


...
...


a1(2) -cb`
· ιhj` b` : j`


Figure 4.4: The construction in Lemma 4.23, Claim 3
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is the required co-operation, see Fig. 4.3.


Claim 3: Uk ⊆ C.
Proof: It suffices to show that for every co-operation g if r(g) ≤ k then


g ∈ C. Let ` := r(g) ≤ k and h := ar(g). Let im(g) = {〈j1, b1〉, . . . , 〈j`, b`〉}
and let Bi := g−1(〈ji, bi〉), i ∈ {1, . . . , `}. Take any d1 ∈ (f∗)−1(〈1, a1〉),
d2 ∈ (f∗)−1(〈2, a1〉), . . ., dk ∈ (f∗)−1(〈k, a2〉). Define ϕ : X → X by ϕ(y) =
ds :⇐⇒ y ∈ Bs. It is easy to see that


g = ϕ · f∗ · [cb1 · ιhj1 , . . . , cb`
· ιhj`


, ιhh, ιhh, . . . , ιhh︸ ︷︷ ︸
k−h


]


implying g ∈ C, see Fig. 4.4. 2


4.24. Proposition. [cCloX(TX), cOX ]cLX
= {U1, . . . , Uν}.


Proof. It is clear that U1 = cCloX(TX) and Uν = cOX . Take any C ∈
[cCloX(TX), cOX ]cLX


and let


k := max{r(f) : f ∈ C and f depends on at least two arguments}.
According to Lemma 4.23 we have Uk ⊆ C. Let us show that C ⊆ Uk. Take
any g ∈ C. If g depends on exactly one argument then g ∈ cCloX(TX) ⊆ Uk.
If g depends on at least two arguments then r(g) ≤ k (according to the
definition of k) and again g ∈ Uk. Therefore, C = Uk. 2


We shall close this section by a simple lemma that shall be needed later.


4.25. Lemma. Let f ∈ cOX such that f depends on at least two arguments
and r(f) = ν − 1. Then cCloX(T(p)


X ∪ {f}) = Uν−1.


Proof. (Sketch) Let X = {x1, . . . , xν}. Let g ∈ cO
(ν−1)
X be a co-operation


such that g(xj) = 〈j, xj〉, j ∈ ν − 1, and g(xν) = g(xν−1). It is a technicality
to show that g ∈ cCloX(T(p)


X ∪ {f}) and that cCloX(T(p)
X ∪ {g}) = Uν−1,


whence follows the lemma. 2


4.3 Description of Int(G) for a permutation group


G


4.26. Notation. Let G ∈ GPerm(X) be a permutation group on X and
let 〈D1, . . . , Dk〉 be a partition of X. For j ∈ k let GDj := {f ∈ G :
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supp(f) ⊆ Dj}. GDj are subgroups of G, GD1 ∩ . . . ∩ GDk = {idX} and
GD1 · . . . ·GDk ≤ G. We say that GD1 · . . . ·GDk is a disjoint factorization of
G if GD1 · . . . ·GDk = G.


If GD1 · . . . ·GDk is a disjoint factorization of G and O1, . . . , O` are orbits
of G then 〈D1, . . . , Dk〉 ¹ 〈O1, . . . , O`〉 and 〈D1, . . . , Dk〉 may be strictly
coarser then 〈O1, . . . , O`〉.


Trivial groups in the disjoint factorization GD1 · . . . · GDk of G indicate
fixpoints of G.


For every permutation group G ∈ GPerm(X) there exists the finest par-
tition 〈D1, . . . , Dk〉 of X such that GD1 · . . . ·GDk is a disjoint factorization
of G. We say that GD1 · . . . · GDk is the finest disjoint factorization of G


and that k is its length. Note that the number of trivial groups in the finest
disjoint factorization of G equals |fix(G)|. More precisely, the factor GDi in
the disjoint factorization of G is trivial if and only if Di = {a} for some
a ∈ fix(G).


4.27. Lemma. Let G ∈ GPerm(X) and let C be a clone of co-operations
such that C(1) = G. Then


(i) C = cCloX(G ∪ C(sp));


(ii) there exists a splitting co-operation s such that C = cCloX(G ∪ {s}).


Proof. (i) ⊇ is obvious. Let us show ⊆. Take any g ∈ C. If g depends on
exactly one argument then g ∈ cCloX(C(1)) = cCloX G ⊆ cCloX(G ∪ C(sp)).
So assume that g depends on at least two arguments and let f := val g. It is
clear that f ∈ C(1) = G. Since G is a permutation group we have f−1 ∈ G.
Let n := ar(g) and consider h := g · [f−1 · ιn1 , . . . , f−1 · ιnn]. It is evident
that h ∈ C. Let us show that h ∈ C(sp). Let d(g) = 〈B1, . . . , Bn〉. valh =
(val g · f−1)|B1 ⊕ . . . ⊕ (val g · f−1)|Bn = (f · f−1)|B1 ⊕ . . . ⊕ (f · f−1)|Bn =
idX . So, h is a splitting co-operation. With this in mind we easily see that
g = h · [f · ιn1 , . . . , f · ιnn] ∈ cCloX(G ∪ C(sp)).


(ii) According to Corollary 4.18 there exists a splitting co-operation s


such that C(sp) = cCloX{s}. This implies C = cCloX(G ∪ {s}). 2


4.28. Assumptions. In sequel, let G ∈ GPerm(X), let G = GD1 · . . . ·
GDk be the finest disjoint factorization of G and let 〈D1, . . . , Dk〉 be the
corresponding partition of X.
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4.29. Lemma. Let C be a clone of co-operations and let s be the splitting
co-operation such that C = cCloX(G ∪ {s}) and C(1) = G. Then d(s) ¹
〈D1, . . . , Dk〉.


Proof. Let d(s) = 〈B1, . . . , Bn〉 and let O1, . . . , O` be orbits of G.
Claim 1: d(s) ¹ 〈O1, . . . , O`〉.
Proof: Suppose d(s) 6¹ 〈O1, . . . , O`〉. Then (∃j ∈ `)(∀i ∈ n)Oj 6⊆ Bi.


Say, O1 ⊆ B1 ∪B2 but O1 ∩B1 6= ∅ and O1 ∩B2 6= ∅. Take a ∈ O1 ∩B1 and
f ∈ G so that b := f(a) ∈ O1 ∩ B2 and let g := s · [f, idX , . . . , idX ]. Clearly
f ∈ C(1) = G. Since g is a permutation and a 6= b (note that a ∈ B1, b ∈ B2


and B1 ∩B2 = ∅) we have g(a) 6= g(b). On the other hand, g(a) = f(a) = b


because a ∈ B1 and g(b) = idX(b) = b because b ∈ B2. Contradiction.
Claim 2: d(s) ¹ 〈D1, . . . , Dk〉.
Proof: Suppose d(s) 6¹ 〈D1, . . . , Dk〉. Then (∃j ∈ k)(∀i ∈ n)Dj 6⊆ Bi.


Say, D1 ⊆ B1∪B2 but D1∩B1 6= ∅ and D1∩B2 6= ∅. There exist p+q distinct
orbits Oi1 , . . . , Oip and Oj1 , . . . , Ojq of G such that D1∩B1 = Oi1 ∪ . . .∪Oip


and D1∩B2 = Oj1∪. . .∪Ojq . Let us show that in this case G = GD1 ·. . .·GDk


is not the finest disjoint factorization of G.
Put H ′ := {s · [f, idX , . . . , idX ] : f ∈ GD1} and H ′′ := {s · [idX , f, idX , . . . ,


idX ] : f ∈ GD1}. Since D1∩B1 = Oi1∪ . . .∪Oip and D1∩B2 = Oj1∪ . . .∪Ojq


we have H ′, H ′′ ∈ GPerm(X) as well as D′
1 := supp(H ′) = Oi1 ∪ . . . ∪ Oip


and D′′
1 := supp(H ′′) = Oj1 ∪ . . . ∪ Ojq . Further, for f ∈ GD1 let f ′ :=


s · [f, idX , . . . , idX ] and f ′′ := s · [idX , f, idX , . . . , idX ]. It is obvious that
f ′ ∈ H ′, f ′′ ∈ H ′′ and f = f ′ ·f ′′. With these facts established, it is a routine
to verify that H ′ = GD′1 , H ′′ = GD′′1 and that G = GD′1 ·GD′′1 ·GD2 · . . . ·GDk .
Therefore, G = GD1 · . . . · GDk is not the finest disjoint factorization of G.
Contradiction. 2


4.30. Lemma. Let s be a splitting co-operation such that d(s) ¹ 〈D1, . . . , Dk〉
and put C := cCloX(G ∪ {s}). Then C(1) = G.


Proof. Since G ⊆ C(1) and C(1) = {val f : f ∈ C} it suffices to show that
(∀f ∈ C) val f ∈ G. The proof proceedes by induction.


• If f ∈ cJX ∪ {s} then val f = idX ∈ G. If f ∈ G then val f = f ∈ G.
• Suppose f = g · f1 for some g ∈ G and some f1 with the property


val f1 ∈ G. Then val f = g · val f1 ∈ G.
• Suppose f = s · [f1, . . . , fn] where val fi ∈ G for all i ∈ n. Let


d(s) = 〈B1, . . . , Bn〉. Then val f = (val s · val f1)|B1⊕. . .⊕(val s · val fn)|Bn =
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(val f1)|B1 ⊕ . . . ⊕ (val fn)|Bn because val s = idX . Assumption d(s) ¹
〈D1, . . . , Dk〉 implies that for every j ∈ n we have Bj = Dαj,1 ∪ . . . ∪Dαj,pj


.
We may assume that all α’s are distinct due to the fact that Bj ∩B` = ∅ for
j 6= `.


Since val fj ∈ G = GD1 · . . . · GDk , j ∈ n, for every j ∈ n there exist
ϕ


(j)
1 ∈ GD1 , . . . , ϕ


(j)
k ∈ GDk such that val fj = ϕ


(j)
1 · . . . · ϕ(j)


k , j ∈ n. Now


(val fj)|Bj = (ϕ(j)
1 · . . . · ϕ(j)


k )|Dαj,1∪...∪Dαj,pj


= ϕ
(j)
αj,1 |Dαj,1


⊕ . . .⊕ ϕ
(j)
αj,pj


|Dαj,pj
.


Summing over j ∈ n we have that


val f =
⊕n


j=1 (val fj)|Bj


=
⊕n


j=1


(
ϕ


(j)
αj,1 |Dαj,1


⊕ . . .⊕ ϕ
(j)
αj,pj


|Dαj,pj


)


= ϕ
(γ1)
1 |D1 ⊕ . . .⊕ ϕ


(γk)
k |Dk


for suitably chosen γ1, . . . , γk. Since ϕ
(γj)
j ∈ GDj , j ∈ k, and having in mind


that G = GD1 · . . . ·GDk is a disjoint factorization of G we finally have


val f = ϕ
(γ1)
1 |D1 ⊕ . . .⊕ ϕ


(γk)
k |Dk


= ϕ
(γ1)
1 · . . . · ϕ(γk)


k ∈ GD1 · . . . ·GDk = G


2


4.31. Lemma. Let s and t be splitting co-operations such that d(s) ¹
〈D1, . . . , Dk〉 and d(t) ¹ 〈D1, . . . , Dk〉, and let cCloX(G ∪ {t}) ⊆ cCloX(G ∪
{s}). Then d(t) ¹ d(s).


Proof. Claim: For every h ∈ cCloX(G ∪ {s}) there exist g ∈ G and f ∈
cCloX{s} such that h = g · f .


Proof: The proof of this Claim proceeds straightforwardly by induc-
tion, bearing in mind the following observation. Let p ∈ cCloX{s} and let
d(p) = 〈E1, . . . , En〉. Then d(p) ¹ d(s) ¹ 〈D1, . . . , Dk〉. Take as an exam-
ple E1 = D1 ∪ D2. Further, take any fi ∈ cCloX{s} and gi ∈ G, i ∈ n,
and consider h := p · [g1 · f1, . . . , gn · fn]. Since g1 ∈ G = GD1 · . . . · GDk


there exist g
(1)
1 ∈ GD1 , . . . , g


(k)
1 ∈ GDk such that g1 = g


(1)
1 · . . . · g(k)


1 . The
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factorization is disjoint implying (g(1)
1 · . . . · g(k)


1 )|D1∪D2 = (g(1)
1 · g(2)


1 )|D1∪D2


and (g(1)
1 · g(2)


1 )|X\(D1∪D2) = idX\(D1∪D2). Therefore,


h = p · [g1 · f1, g2 · f2, . . . , gn · fn]


= p · [g(1)
1 · . . . · g(k)


1 · f1, g2 · f2, . . . , gn · fn]


= p · [g(1)
1 · g(2)


1 · f1, g2 · f2, . . . , gn · fn]


= g
(1)
1 · g(2)


1 · p · [f1, g2 · f2, . . . , gn · fn].


Now it is quite easy to complete the proof. t ∈ cCloX(G ∪ {s}) and
according to the Claim, there exist g ∈ G and f ∈ cCloX{s} such that
t = g · f . Since t and f are splitting co-operations, we have idX = val t =
val(g · f) = g · val f = g, i.e. g = idX and so t = f ∈ cCloX{s}. According to
Proposition 4.15 we obtain d(t) ¹ d(s). 2


4.32. Proposition. 〈Int(G),⊆〉 ∼= 〈Part(k),¹〉.


Proof. Let p = {A1, . . . , A`} be a partition of k and let sp be a splitting
such that d(sp) = 〈⋃j∈A1


Dj , . . . ,
⋃


j∈A`
Dj〉. (Such a splitting co-operation


is not unque and actually we may take any.) Consider ϕ : Part(k) → Int(G)
defined by ϕ(p) = cCloX(G ∪ {sp}). Lemma 4.30 provides that ϕ is well-
defined. Lemmata 4.27 and 4.29 ensure that ϕ is onto. It is obvious that
p ¹ q ⇒ d(sp) ¹ d(sq) ⇒ ϕ(p) ⊆ ϕ(q) for p,q ∈ Part(k). Finally, Lemma
4.31 enables us to conclude that ϕ(p) ⊆ ϕ(q) ⇒ d(sp) ¹ d(sq) ⇒ p ¹ q.
Therefore, ϕ is also one-one. 2


4.4 The interval [cO
(gl)
X , Uν−1]cLX


– Towards Uν−1-maximal


clones


4.33. Lemma. Let C ∈ [cO(gl)
X , Uν−1]cLX


and put G := C ∩ T
(p)
X . Then


(i) G ∈ GPerm(X), and


(ii) C = cO
(gl)
X ∪ cCloX G.


Proof. (i) Obviously G = C(1) ∩ T
(p)
X and therefore G is a monoid. But


every monoid of permutations on a finite set is a permutation group. So
G ∈ GPerm(X).
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(ii) ⊇ is evident. Let us show ⊆. Take any f ∈ C. If f ∈ cJX or f is a
glueing then f ∈ cO


(gl)
X . So suppose that f /∈ cJX and that f is not a glueing.


Since f ∈ C ⊆ Uν−1 we have that f depends on exactly one argument and
thus val f ∈ T


(p)
X . On the other hand, val f ∈ C(1) = G. Since f depends on


exactly one argument and val f ∈ G one easily concludes that f ∈ cCloX G.
2


4.34. Lemma. Let C1, C2 ∈ [cO(gl)
X , Uν−1]cLX


and let Gi := Ci∩T
(p)
X , i ∈ 2.


Then C1 ⊆ C2 ⇐⇒ G1 ⊆ G2.


4.35. Lemma. Let G ∈ GPerm(X) and let C := cCloX(cO(gl)
X ∪G). Then


(i) C = cO
(gl)
X ∪ cCloX G, and


(ii) C ∩ T
(p)
X = G and C ∈ [cO(gl)


X , Uν−1]cLX
.


Proof. An easy induction. 2


4.36. Proposition. [cO(gl)
X , Uν−1]cLX


∼= GPerm(X).


Proof. Consider ϕ : [cO(gl)
X , Uν−1]cLX


→ GPerm(X) given by ϕ(C) = C∩T
(p)
X .


Lemma 4.33 implies that ϕ is well-defined. ϕ is onto according to Lemma
4.35, while Lemma 4.34 ensures that ϕ is one-one as well as C1 ⊆ C2 ⇐⇒
ϕ(C1) ⊆ ϕ(C2). 2


4.5 Independent sets of co-operations


4.37. Definition. We say that F ⊆ cOX is independent if F 6= ∅ and
(∀f ∈ F )f /∈ cCloX(F \ {f}).


4.38. Remark. If F is an independent set of co-operations and λ := |F |
then 〈P(F ),⊆〉 is order-embeddable in cLX whence |cLX | ≥ 2λ.


It is easy to see that F is an independent set of co-operations if and only
if for every f ∈ F there exists a co-relation σ such that F \ {f} ⊆ cPolX{σ}
while f /∈ cPolX{σ}.


4.39. Construction. Fix a strict well ordering “<” on X and let a0 :=
minX with respect to “<”. Let m ∈ N such that 2 ≤ m ≤ ν. We say that
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A1


A2


...


Am


fp


1


-


q a0
: m


a0
: 2


a0
: 1


...


Figure 4.5: The co-operation fp


an m-partition 〈A1, . . . , Am〉 of X is strict with respect to “<” if minA1 <


. . . < minAm.
For a strict m-partition p = 〈A1, . . . , Am〉 define fp : X → Xtm by


fp(x) = 〈j, a0〉 :⇐⇒ x ∈ Aj (see Fig. 4.5) and put Fm := {fp : p is a strict
m-partition of X} ∪ {cb : b ∈ X \ {a0}}.


4.40. Lemma. Let p and q be strict m-partitions of X, m ∈ N. If p ¹ q
then p = q.


4.41. Proposition. Fm is an independent set of co-operations.


Proof. For a strict m-partition p of X put σp := {q∇ : q is a weak
m-partition of X and q 6= p}. For b ∈ X \ {a0} put σb := {〈{b}, X \
{b}〉∇, 〈∅, X〉∇}.


Let us show that Fm \ {fp} ⊆ cPolX{σp}. For b ∈ X \ {a0} it is clear
that cb ∈ cPolX{σp}. Now let q be a strict m-partition of X distinct from
p and let us show that fq ∈ cPolX{σp}. Take any r1, . . . , rm ∈ σp. It is
obvious that fq · [r1, . . . , rm] ¹ q∇ whence fq · [r1, . . . , rm] 6= p∇. Therefore
fq · [r1, . . . , rm] ∈ σp.


Next, let us show that fp /∈ cPolX{σp}. Let p = 〈A1, . . . , Am〉. Since
p is a strict partition of X we have a0 ∈ A1. If A1 6= {a0} put B := {a0}.
If A1 = {a0} take any b ∈ A2 and put B := {a0, b}. Obviously B 6= A1.
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Consider co-vectors
r1 := 〈B,X \B, ∅, . . . , ∅, ∅〉∇,


r2 := 〈∅, B,X \B, . . . , ∅, ∅〉∇,
...


rm−1 := 〈∅, ∅, ∅, . . . , B, X \B〉∇,


rm := 〈X \B, ∅, ∅, . . . , ∅, B〉∇.


It is obvious that r1, . . . , rm ∈ σp as well as fp · [r1, . . . , rm] = p∇ /∈ σp.
Therefore fp /∈ cPolX{σp}.


Now take any b ∈ X \ {a0}. Clearly cb /∈ cPolX{σb}. It is also obvious
that for every d ∈ X \ {a0, b} and for every strict m-partition p we have
cd, fp ∈ cPolX{σb}. 2


4.42. Corollary. Let X be infinite. Then |cLX | = 22ν
.


Proof. Since X is infinite we have |F2| = 2ν and thus |cLX | ≥ 22ν
(Remark


4.38). On the other hand, cLX ⊆ P(cOX) implies |cLX | ≤ 2|cOX | = 22ν
. 2


4.43. Notation. Let m, n be positive integers such that m ≤ n. Denote by
Sm


n Stirling numbers of the second kind and let S(n) := max{Sm
n : 1 ≤ m ≤


n}.
4.44. Corollary. Let X be finite. Then |cLX | ≥ 2S(ν)+ν−1.


Proof. Since |Fm| = 2Sm
ν +ν−1 for every m ∈ {2, . . . , ν} we have |cLX | ≥


2Sm
ν +ν−1 for every m ∈ {2, . . . , ν}. Therefore |cLX | ≥ 2S(ν)+ν−1. 2


4.45. Remark. (i) Table 4.1 contains values of 2S(ν)+ν−1 for ν ∈ {3, 4, 5,


6, 7, 8, 9}. We see that the size of cLX grows very rapidly. Let us also note
that the estimate given in Corollary 4.44 is pretty rough: for ν = 3 we get
|cLX | ≥ 32 while on the other hand


∣∣∣cL{0,1,2}
∣∣∣ = 3551 (see Chapter 7).


(ii) A rather rough upper bound on the cardinality of cLX can be derived
from the observation that every clone of co-operations C is uniquely deter-
mined by C(ν) \ cJX . Since


∣∣∣cO(ν)
X \ cJX


∣∣∣ = ν2ν − ν, we have |cLX | ≤ 2ν2ν−ν .
A slightly better upper bound can be obtained by taking into account


only those nontrivial co-operations which depend essentially on all argu-
ments. Then we have |cLX | ≤ 2N where


N := −ν + νν ·
ν∑


k=1


∑
p1+...+pk=ν


1≤p1≤...≤pk


(
ν


p1, . . . , pk


)
.
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ν S(ν) 2S(ν)+ν−1


3 3 32
4 7 512
5 25 ≈ 5.37 · 109


6 90 ≈ 3.96 · 1028


7 350 [∼ 10107]
8 1701 [∼ 10514]
9 7770 [∼ 102341]


Table 4.1: First few values of 2S(ν)+ν−1


4.6 The filter [cPolX{Σ}〉cLX
– An upper bound for


h(cLX)


4.46. Notation and preliminaries. Recall that RT(X) stands for the set
of all reflexive and transitive binary relations on X and that ∆X := {〈x, x〉 :
x ∈ X} while ∇X := X ×X.


Let X = ν and let s := spl(1, . . . , ν). Let Λ := {λa 7→b : a, b ∈ X and a 6=
b}. Let Σ denote the co-relation introduced in Lemma 2.11. We already
know that cCloX{s} = cPolX{Σ} and we shall use this fact without further
referencing. Let us also note that C ∈ [cPolX{Σ}〉cLX


implies s ∈ C.


Our intention is to show that the principal filter [cPolX{Σ}〉cLX
is isomorphic


as a lattice to the lattice 〈RT(X),⊆〉. That will enable us to deduce an upper
bound for h(cLX).


4.47. Lemma. Let C1, C2 ∈ [cPolX{Σ}〉cLX
. Then C1 = C2 if and only if


C1 ∩ Λ = C2 ∩ Λ.


Proof. ⇒: Evident.
⇐: It suffices to show that C1 ⊆ C2. Take any f ∈ C1, let n := ar(f)


and let


f =


(
1 2 . . . ν


〈p1, a1〉 〈p2, a2〉 . . . 〈pν , aν〉


)
.


Observe that, for arbitrary j ∈ ν,


λj 7→aj = s · [idX , . . . , idX , val f
6j


, idX , . . . , idX ] ∈ C1.
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Since C1 ∩ Λ = C2 ∩ Λ we have λj 7→aj ∈ C2 for all j ∈ ν. Therefore,
f = s · [λ17→a1 · ιnp1


, . . . , λν 7→aν · ιnpν
] ∈ C2. 2


4.48. Definition. Let S ⊆ Λ. Denote by %S the following binary relation
on X:


%S := ∆X ∪ {〈a, b〉 ∈ X2 : λa 7→b ∈ S}.


4.49. Lemma. Let C ∈ [cPolX{Σ}〉cLX
. Then %C∩Λ ∈ RT(X).


Proof. Take a, b, c ∈ X such that a 6= b 6= c 6= a, 〈a, b〉 ∈ %C∩Λ and
〈b, c〉 ∈ %C∩Λ. Then λa7→b, λb7→c ∈ C. But


λa 7→c = s · [idX , . . . , idX , λa 7→b · λb7→c


6a


, idX , . . . , idX ] ∈ C ∩ Λ


whence 〈a, c〉 ∈ %C∩Λ. 2


4.50. Lemma. Let % ∈ RT(X) and C = cCloX({s} ∪ {λa 7→b ∈ Λ : 〈a, b〉 ∈
% \ ∆X}). Then for every co-operation f ∈ cOX , f ∈ C if and only if
(∀a, b ∈ X)(val f(a) = b ⇒ 〈a, b〉 ∈ %).


Proof. ⇒: The proof proceeds by mathematical induction.
• If f ∈ cJX ∪{s}∪{λa 7→b ∈ Λ : 〈a, b〉 ∈ %\∆X} the condition is trivially


satisfied.
• Suppose f = s · [g1, . . . , gν ] where the induction hypothesis holds for


g1, . . . , gν . Take a, b ∈ X such that val f(a) = b. Then b = val f(a) =
val ga(a). Since the induction hypothesis holds for ga, we have 〈a, b〉 ∈ %.


• Suppose f = λp7→q · g where induction hypothesis holds for g and take
a, b ∈ X such that val f(a) = b.


Case 1: a = p. Then b = val f(p) = (val g)(λp7→q(p)) = val g(q) and so
〈q, b〉 ∈ %. Since % is transitive and 〈p, q〉 ∈ %, we obtain 〈p, b〉 = 〈a, b〉 ∈ %.


Case 2: a 6= p. Then λp7→q(a) = a and b = val g(a) whence 〈a, b〉 ∈ %.
⇐: Let f be a co-operation fulfilling the right-hand side condition and


let n := ar(f). Also, let


f =


(
1 2 . . . ν


〈p1, a1〉 〈p2, a2〉 . . . 〈pν , aν〉


)
.
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cJX


U1


U2


Uν−1


cOX


cPolX{Σ}?


∼= Mon(X) ∼= Part(X)


∼= RT(X)


Figure 4.6: The “border” of cLX


Then 〈j, aj〉 ∈ % for every j ∈ ν implying λj 7→aj ∈ C for every j ∈ ν. Choose
unary co-operations ϕk, k ∈ ν, as follows:


ϕk :=


{
idX , val f(k) = k


λk 7→ak
, ak := val f(k) 6= k.


It is easy to verify that f = s · [ϕ1 · ιnp1
, . . . , ϕν · ιnpν


] ∈ C. 2


4.51. Corollary. Let C ∈ [cPolX{Σ}〉cLX
. Then C = cCloX({s} ∪ {λa7→b ∈


Λ : 〈a, b〉 ∈ %C∩Λ \∆X}).


4.52. Proposition. [cPolX{Σ}〉cLX
∼= 〈RT(X),⊆〉.


Proof. We are going to show that the mapping ϕ : cPolX{Σ} → RT(X)
defined by ϕ(C) = %C∩Λ is the required isomorphism.


Lemma 4.49 ensures that ϕ is well-defined, while ϕ is one-one according
to Lemma 4.47. To show that ϕ is onto, take any % ∈ RT(X) and let C =
cCloX({s} ∪ {λa7→b ∈ Λ : 〈a, b〉 ∈ % \∆X}). It is evident that C ∈ cPolX{Σ}







4.6. The filter [cPolX{Σ}〉cLX
– An upper bound for h(cLX) 101


and that ϕ(C) ⊇ %, so let us show that ϕ(C) ⊆ %, too. Let 〈a, b〉 ∈ ϕ(C)\∆X .
Then λa7→b ∈ C ∩ Λ. Since λa 7→b(a) = b and λa 7→b ∈ C, Lemma 4.50 implies
〈a, b〉 ∈ %.


It is evident that C1 ⊆ C2 implies ϕ(C1) ⊆ ϕ(C2) for all C1, C2 ∈
cPolX{Σ}. To show the other implication, take any C1, C2 ∈ cPolX{Σ}
and suppose ϕ(C1) ⊆ ϕ(C2). Then %C1∩Λ ⊆ %C2∩Λ i.e.


cCloX({s} ∪ {λa 7→b ∈ Λ : 〈a, b〉 ∈ %C1∩Λ \∆X}) ⊆


⊆ cCloX({s} ∪ {λa 7→b ∈ Λ : 〈a, b〉 ∈ %C2∩Λ \∆X}).
According to Corollary 4.51 we have C1 ⊆ C2, as required. 2


4.53. Remark. This proposition along with the previously known facts
about 〈cCloX(TX)] = 〈U1], [cCloX(TX)〉 = [U1〉 and 〈cPolX{Σ}] gives us
the complete description of the “border” of cLX , Fig. 4.6.


4.54. Corollary. h(cLX) ≤ 3ν − 2.


Proof. It is clear that h(cLX) ≤ h(〈cPolX{Σ}]cLX
)+h([cPolX{Σ}〉cLX


)−1 =
h(〈Part(X),⊆〉)+h(〈RT(X),⊆〉)−1 since 〈cPolX{Σ}]cLX


∼= 〈Part(X),⊆〉 and
[cPolX{Σ}〉cLX


∼= 〈RT(X),⊆〉. It is well known that h(〈Part(X),⊆〉) = ν.
To show that h(〈RT(X),⊆〉) ≤ 2ν − 1 it suffices to consider the following
sequence of relations


∆X <· %2 <· %2 <· . . . <· %ν <· %ν = ∇X


where


%j := ∆X ∪ {〈a, b〉 ∈ ν2 : 1 ≤ a, b < j} ∪ {〈a, j〉 ∈ ν2 : a < j}, and
%j := ∆X ∪ {〈a, b〉 ∈ ν2 : 1 ≤ a, b ≤ j}


for j ∈ {2, . . . , ν}. Therefore, h(cLX) ≤ ν + (2ν − 1)− 1. 2


4.55. Remark. Note that in case ν = 3 this upper bound is achieved (see
Chapter 7).
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Chapter 5


Maximal clones of


co-operations on a finite set


Investigation of maximal clones plays central role in clone theory. All the
maximal clones of co-operations on a finite set were described in [Szék 89] as
sets of co-operations weakly preserving regular families. Explicit description
of maximal clones then enabled the Post completnes criterion for clones of
co-operations stated and proven in [Szék 89].


In this chapter we first re-interprete the result of Székely in terms of
co-relations. Then we show that maximal clones of co-operations have no
Sheffer co-operation. As an attempt to provide some information of submax-
imal clones, we describe all maximal clones covered by Uν−1, the so-called
Uν−1-maximal clones, and investigate the intersection of some pairs of max-
imal clones. It turns out that in some cases the intersection of two maximal
clones of co-operations is a submaximal clone, but not always.


As an application of techniques developed for the investigation of maxi-
mal clones of co-operations we show how to embed cLB1 × . . . × cLBk


into
cLX if B1, . . . , Bk is a partition of X, and show that cLX is a complemented
lattice.


We close the chapter with a short discussion on collapsing monoids and
clones of co-operations.


Convention. X is assumed to be finite in this chapter.


5.1. Definition. Let C be a clone of co-operations. C is a maximal clone of
co-operations if C <· cOX in cLX . C is a submaximal clone of co-operations
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if there exists a maximal clone of co-operations D such that C <· D in cLX .
If C and D are clones of co-operations and C <· D we say that the clone


C is D-maximal.


5.1 Description of maximal clones of co-operations


by co-relations


The purpose of this section is to give an interpretation of the result of
Székely in terms of co-relations. Let us start with the necessary notation
from [Szék 89].


5.2. Remark. In [Csá 85] the following analogon of SÃlupecki completeness
criterion for co-operations was proved:


If C is a clone of co-operations containing all unary co-operations
and an essential co-operation, then C = cOX .


Recall that Uν−1 is the clone of co-operations containing all unary co-ope-
rations and all non-essential co-operations. As a direct consequence of the
SÃlupecki completeness criterion we have


Uν−1 is a maximal clone of co-operations. Moreover, it is the
only maximal clone of co-operations containing all unary co-
operations.


It was observed in [Szék 89] that the clone Uν−1 is precisely the clone of all
co-operations preserving the regular family M = {X}.


5.3. Definition. For A ⊆ X let A{1} := {{a} : a ∈ A}. If A is a regular
family, let Max(A) denote the maximal clone of co-operations determined by
A. E.g., Uν−1 := Max({X}).


To every regular family M we shall assign a co-relation σM in such a
way that Max(M) = cPolX{σM}. We shall also prove that as far as arities
are concerned σM is the best possible choice.


5.4. Definition. Let M be a regular family of rank t and let M :=
⋃M.


If t = 1 put
σM := {〈A,X \A〉∇ : A ∩M = ∅}.
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If t ≥ 2 put


σM :=
{
〈A1, . . . , At〉∇ : 〈A1, . . . , At〉 is a weak partition of X and


(∀S ∈M)(∃i ∈ t)Ai ∩ S = ∅
}
.


5.5. Remark. Let M be a regular family of rank t ≥ 2 and take any
〈A1, . . . , At〉∇ ∈ σM. Note that (∀S ∈ M)(∃i ∈ t)Ai ∩ S = ∅ is equivalent
to (∀S ∈ M)(∃i ∈ t) |Ai ∩ S| ≥ 2. This follows from |S| = t for all S ∈ M
and the fact that 〈A1, . . . , At〉 is a weak partition of X.


5.6. Proposition. Let M be a regular family of rank 1. Then Max(M) =
cPolX{σM}.


Proof. Let M :=
⋃M and take any f ∈ cO


(n)
X .


⊆: Suppose f weakly preserves M. Since the rank of M is 1, f glues on
no S ∈M whence (∀i ∈ n)(f i)+(M) ⊆ M . This implies


A ∩M = ∅ ⇒ (f i)−(A) ∩M = ∅ (∗)


for all A ⊆ X and all i ∈ n. Take any r1, . . . , rn ∈ σM and let rj =
〈Aj , X \Aj〉∇, j ∈ n. Let s := f · [r1, . . . , rn] and suppose s = 〈B, X \B〉∇.
Since B =


⋃n
j=1(f


j)−(Aj), since Aj ∩M = ∅ for all j and since (∗) holds,
we have B ∩M = ∅ and so s ∈ σM.


⊇: Suppose it is not true that f weakly preserves M. Then there is
an {a} ∈ M such that {b} /∈ M where b := val f(a). Suppose also a ∈
dom(f1). Let r1 = 〈{b}, X \ {b}〉∇ (clearly r1 ∈ σM) and take arbitrary
r2, . . . , rn ∈ σM. Let f · [r1, . . . , rn] = 〈B, X \B〉∇. Then B ∩M ⊇ {a} and
so f · [r1, . . . , rn] /∈ σM. 2


To give the proof in case of regular families of rank ≥ 2 we start with a
technical lemma.


5.7. Lemma. Let M be a regular family of rank t ≥ 2, let T ⊆ X such
that T /∈ M and 1 ≤ |T | ≤ t, and let G ⊆ t such that |G| = |T |. Then there
exists a co-vector 〈A1, . . . , At〉∇ ∈ σM such that


(∀j ∈ t)(Aj ∩ T 6= ∅ ⇐⇒ j ∈ G). (∗)


(Note that (∗) actually means that j ∈ G ⇒ |Aj ∩ T | = 1 and j /∈ G ⇒
Aj ∩ T = ∅.)
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Proof. Let T = {a1, . . . , am}, G = {j1, . . . , jm}, M = {S1, . . . , Sk} and
M =


⋃M. Let t \G = {jm+1, . . . , jt} (so that 〈j1, . . . , jt〉 is a permutation
of t).


Case 1: T ∩M = ∅. Put


Aj1 := {a1} ∪ (X \ T ),
Aji := {ai}, for i ∈ {2, . . . ,m}, and
Aji := ∅, for i ∈ {m + 1, . . . , t}.


For every S ∈ M we have S ⊆ A1 and thus 〈A1, . . . , At〉∇ ∈ σM since the
rank of M is ≥ 2.


Case 2: T∩M 6= ∅. Suppose that S1, . . . , Sq have a nonempty intersection
with T and that Sq+1, . . . , Sk are disjoint with T . Let


S1 := {a1, . . . , a`1 , s
1
`1+1, . . . , s


1
t }


S2 := {a`1+1, . . . , a`2 , s
2
`2+1, . . . , s


2
t }


...
Sq := {a`q−1+1, . . . , a`q , s


q
`q+1, . . . , s


q
t}


and let T \ (S1 ∪ . . . ∪ Sq) = {a`q+1, . . . , am}. Since T /∈ M and |T | ≤ t we
have Sj \ T 6= ∅ for all j ∈ {1, . . . , k}. Therefore `1 < t, `2 − `1 < t, . . .,
`q − `q−1 < t. Let


Aj1 := {a1}∪ (X \ (T ∪S1 ∪ . . .∪Sq))
Aj2 := {a2}


...
Aj`1−1


:= {a`1−1}
Aj`1


:= {a`1 , s
1
`1+1, . . . , s


1
t }







S1


Aj`1+1
:= {a`1+1}
...


Aj`2−1
:= {a`2−1}


Aj`2
:= {a`2 , s


2
`2+1, . . . , s


2
t }







S2


...
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Aj`q−1+1
:= {a`q−1+1}
...


Aj`q−1
:= {a`q−1}


Aj`q
:= {a`q , s


q
`q+1, . . . , s


q
t}







Sq


Aj`q+1
:= {a`q+1}
...


Ajm := {am}







T \⋃q
i=1 Si


Ajm+1 := ∅
...


Ajt := ∅


It is easy to see that 〈A1, . . . , At〉∇ ∈ σM and that (∗) holds. 2


5.8. Proposition. LetM be a regular family of rank t ≥ 2. Then Max(M) =
cPolX{σM}.


Proof. Take any f ∈ cO
(n)
X .


⊇: Suppose it is not true that f weakly preserves M. Then there is an
S ∈M such that f does not glue on S and


(∀i ∈ n)(S ⊆ dom(f i) ⇒ (f i)+(S) /∈M).


Case 1: (∀i ∈ n)S 6⊆ dom(f i). Let S ⊆ dom(f1) ∪ . . . ∪ dom(f q) and
suppose that S intersects each of them. Let Tj := (f j)+(S), j ∈ q, and
mj := |Tj |. Since f does not glue on S we have that m1 + . . .+mq = |S| = t.
It is clear that Tj /∈ M and 1 ≤ |Tj | < t for all j. Let r1 ∈ σM be a
co-vector the existence of which is provided by Lemma 5.7 for T1 and G1 :=
{1, . . . , m1}, let r2 ∈ σM be a co-vector the existence of which is provided by
the same lemma for T2 and G2 := {m1 + 1, . . . , m1 + m2}, . . . , let rq ∈ σM
be a co-vector the existence of which is provided by Lemma 5.7 for Tq and
Gq := {m1 + . . . + mq−1 + 1, . . . , m1 . . . + mq︸ ︷︷ ︸


=t


}. Further, let rq+1, . . . , rn ∈


σM be arbitrary, let s = f · [r1, . . . , rn] and let s = 〈B1, . . . , Bt〉∇. The
construction of co-vectors r1, . . . , rq and the fact that f does not glue on S
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provide that (∀i ∈ n) |Bi ∩ S| = 1 implying s /∈ σM. Therefore f does not
co-preserve σM.


Case 2: S ⊆ dom(f1). In this case we have (f1)+(S) /∈ M. Let r1 ∈
σM be a co-vector the existence of which is provided by Lemma 5.7 for
T := (f1)+(S) and G := t. Further, let r2, . . . , rn ∈ σM be arbitrary, let
s = f · [r1, . . . , rn] and let s = 〈B1, . . . , Bt〉∇. Again (∀i ∈ n) |Bi ∩ S| = 1
implying s /∈ σM. Therefore f does not co-preserve σM.


⊆: Suppose f weakly preserves M. Take any r1, . . . , rn ∈ σM and let
s = f · [r1, . . . , rq]. Let ri = 〈Ai


1, . . . , A
i
t〉∇ and s = 〈B1, . . . , Bt〉∇ and take


any S ∈ M. If f glues on S it is obvious that |Bj ∩ S| ≥ 2 for some j


proving thus that s ∈ σM.
Suppose now that f does not glue on S. Then S ⊆ dom(fk) for some


k and S′ := (fk)+(S) ∈ M. Since rk ∈ σM there is a j ∈ t such that∣∣∣Ak
j ∩ S′


∣∣∣ ≥ 2. On the other hand, Bj =
⋃n


`=1(f
`)−(A`


j) ⊇ (fk)−(Ak
j ).


Therefore,
∣∣∣(fk)−(Ak


j ) ∩ S
∣∣∣ ≥ 2 implying |Bj ∩ S| ≥ 2. This proves that


s ∈ σM. 2


We have seen that clones of co-operations determined by regular families of
rank t ≥ 2 can be described by a t-ary co-relation. The following proposition
shows that this description is the best possible as far as arities are concerned.


5.9. Proposition. Let M be a regular family of rank t ≥ 3 and let θ ∈
cInvX Max(M). If ar(θ) < t then θ ∈ cDX .


Proof. Let θ ∈ cInvX Max(M) and ar(θ) < t. Without loss of generality we
may assume that θ has no fictitious coordinates. Let h := ar(θ) < t. We are
going to prove that θ = δh


{1,2,...,h}.
Since θ has no fictitious coordinates, there exist r1, . . . , rh ∈ θ such that


(ri)−1(i) 6= ∅, i ∈ h. Take any ai ∈ (ri)−1(i), i ∈ h, and let 〈B1, . . . , Bh〉
be arbitrary weak partition of X. Consider f ∈ cO


(h)
X defined by f(x) =


〈j, aj〉 :⇐⇒ x ∈ Bj . Since h < t we have that f glues on every S ∈ M and
so f ∈ Max(M) implying that f co-preserves θ. Therefore 〈B1, . . . , Bh〉∇ =
f · [r1, . . . , rh] ∈ θ. 2


5.10. The number of maximal clones of co-operations. Let µt(ν)
denote the number of regular families of rank t on a set with ν ≥ 2 elements.
It is clear that the number of maximal clones of co-operations on a set of ν
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elements is
µ1(ν) + . . . + µν(ν)


where


µt(ν) =







2ν − 2, t = 1


b ν
t c∑


j=1


ν!
(t!)j · j! · (ν − jt)!


, 1 < t ≤ bν
2c


(
ν


t


)
, t > bν


2c.


5.2 Maximal clones and Sheffer co-operations


We are going to prove that maximal clones of co-operations have no Sheffer
co-operations. Recall that f is a Sheffer co-operation for the clone C if
C = cCloX{f}.


The proof of the following three lemmata is straightforward.


5.11. Lemma. Let f ∈ cOX and let a, b ∈ X such that a 6= b and f(a) =
f(b). Then for every g ∈ cCloX{f}, either g ∈ cJX or g(a) = g(b).


5.12. Lemma. Let A be a regular family of rank 1, let A :=
⋃A and let


b ∈ X \ A. Further, let f ∈ Max(A) such that val f(b) ∈ A. Then for every
g ∈ cCloX{f}, either g ∈ cJX or val g(b) ∈ A.


5.13. Lemma. Let A be a regular family of rank ≥ 2 let f ∈ Max(A) and
suppose f glues on no A ∈ A. Then for all g ∈ cCloX{f}, g glues on no
A ∈ A.


Next we are going to prove three technical lemmata. The main statement is
then a direct consequence of those lemmata.


5.14. Lemma. Let A be a regular family such that 2 ≤ r(A) < ν and let
f ∈ Max(A). Then cCloX{f} ⊂ Max(A).


Proof. LetA = {A1, . . . , Ak}, let T := X\⋃k
i=1 Ai and let g := spl(A1, . . . , Ak,


T ). Further, let a ∈ X be arbitrary. It is obvious that ca, g ∈ Max(A).
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If f glues on some A ∈ A then according to Lemma 5.11, g /∈ cCloX{f}
and so cCloX{f} ⊂ Max(A). If f glues on no A ∈ A then according to
Lemma 5.13, ca /∈ cCloX{f} and again cCloX{f} ⊂ Max(A). 2


5.15. Lemma. Let A := {X} and let f ∈ Max(A). Then cCloX{f} ⊂
Max(A).


Proof. Let g ∈ cO
(2)
X be any binary glueing which depends on both arguments


and let h ∈ T
(p)
X \ {idX} be any nontrivial permutation.


If f is a glueing then according to Lemma 5.11, h /∈ cCloX{f} and so
cCloX{f} ⊂ Max(A). If f is not a glueing then f depends on exactly one
argument (because f ∈ Max(A)). So g ∈ Max(A) \ cCloX{f} and again
cCloX{f} ⊂ Max(A). 2


5.16. Lemma. Let A be a regular family of rank 1 and let f ∈ Max(A).
Then cCloX{f} ⊂ Max(A).


Proof. Let A = {{a1}, . . . , {ak}}, let A :=
⋃A, B := X \ A = {b1, . . . , b`}


and let g := spl(a1, . . . , ak, b1, . . . , b`). It is obvious that ca1 , g ∈ Max(A).
If val f(bj) ∈ A for some j ∈ ` then Lemma 5.12 implies that g /∈


cCloX{f} and so cCloX{f} ⊂ Max(A). If val f(bj) /∈ A for all j ∈ ` then
f ∈ Max(B{1}) i.e. cCloX{f} ⊆ Max(B{1}). So ca1 /∈ cCloX{f} which implies
cCloX{f} ⊂ Max(A). 2


5.17. Proposition. No maximal clone of co-operations has a Sheffer co-
operation.


Proof. If f ∈ Max(A) were a Sheffer co-operation for Max(A) we would have
that cCloX{f} = Max(A) for some f ∈ Max(A), which contradicts Lemmata
5.14–5.16. 2


5.3 Uν−1-maximal clones


In this section we are going to describe all clones covered by Uν−1.


5.18. Proposition. Let C be a clone of co-operations. C <· Uν−1 if and
only if C = Uν−2 or there exists a permutation group G ∈ GPerm(X) such
that C = cO


(gl)
X ∪ cCloX G and G <· T(p)


X .
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Proof. ⇐: Follows from Propositions 4.24 and 4.36.
⇒: Suppose C <· Uν−1.
Case 1: T


(p)
X ⊆ C. Since C ⊂ Uν−1 for every f ∈ C we have: if f


depends on at least two arguments then r(f) ≤ ν − 1. Since C 6= Uν−1,
Lemma 4.25 ensures that for every f ∈ C we have: if f depends on at
least two arguments then r(f) ≤ ν − 2. So C ⊆ Uν−2. On the other hand,
C <· Uν−1 and Uν−2 <· Uν−1 which implies C = Uν−2.


Case 2: T
(p)
X 6⊆ C. Let us show that cO


(gl)
X ⊆ C. If we show this,


Lemma 4.36 shall ensure the existence of G ∈ GPerm(X) with the required
properties.


Suppose cO
(gl)
X 6⊆ C. Take any f ∈ cO


(gl)
X \ C and any g ∈ T


(p)
X \ C, and


let D := cO
(gl)
X ∪ C. It is easy to show that D is a clone of co-operations


because C \ cO
(gl)
X ⊆ T


(p)
X . Now g ∈ Uν−1 \ D and f ∈ D \ C mean that


C < D < Uν−1, i.e. C ¿ Uν−1. Contradiction. 2


5.19. Remark. Therefore, the full characterization of Uν−1-maximal clones
depends on the characterization of maximal subgroups of the symmetric
group, which itself is a deep problem (see [Lie-P-S 87] and [Dix-M 96, Section
8.5]).


5.4 On the intersection of some pairs of maximal


clones


In this section we consider intersections Max(A)∩Max(B) where A and B are
regular families such that either A ⊂ B or (


⋃A) ∩ (
⋃B) = ∅. We are going


to prove that in some cases this is a submaximal clone of co-operations.


5.20. Definition. Let A and B be regular families. Then


Max(A|B) := {f ∈ Max(A) : (∀B ∈ B)(f glues on B or
(∃i ∈ ar(f))(B ⊆ dom(f i) ∧ (f i)+(B) ∈ B) or
(∃i ∈ ar(f))(∃A ∈ A) (f i)+(B) ⊇ A)}


denotes the clone of co-operations weakly preserving B with respect to A.


5.21. Lemma. Let A and B be regular families.


(i) Max(A|B) ⊆ Max(A).
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(ii) If A ⊂ B then Max(A|B) = Max(A) ∩Max(B).
(iii) If (


⋃A) ∩ (
⋃B) = ∅ and r(A) > r(B) then Max(A|B) = Max(A) ∩


Max(B).
(iv) If (


⋃A) ∩ (
⋃B) = ∅ and r(A) ≤ r(B) then Max(A|B) ⊃ Max(A) ∩


Max(B).


5.22. Definition. Let A and B be regular families such that (
⋃A)∩(


⋃B) =
∅. We say that the pair 〈A,B〉 is singular if r(A) = r(B) = 1 and A ∪ B =
X{1}. In all other cases we say that the pair 〈A,B〉 is regular.


The concept of interpolation and the simple lemma that follow turn out
to be very useful tools in the rather involved discussion of this section.


5.23. Definition. Let C and D be clones of co-operations on X and let
p = 〈B1, . . . , Bn〉 be a weak partition of X. We say that the clone C p-
approximates clone D if


(∀g ∈ D)(∀i ∈ n)(∃f ∈ C)g|Bi = f |Bi .


(Note that f |∅ = ∅.) If s is a splitting co-operation, we say that the clone C


s-approximates clone D if C d(s)-approximates D.


5.24. Lemma. Let C and D be clones of co-operations on X and let p
be a weak partition of X. Suppose clone C p-approximates clone D and
spl(p) ∈ C. Then D ⊆ C.


Proof. Let p = 〈B1, . . . , Bn〉 and take any g ∈ D. There exist f1, . . . , fn ∈ C


such that g|Bi = fi|Bi , i ∈ n. Note that the definition of restriction of a
co-operation implies ar(f1) = . . . = ar(fn) = ar(g). Therefore, g = spl(p) ·
[f1, . . . , fn] ∈ D. 2


5.25. Proposition. Let 〈A,B〉 be a singular pair of regular families on X.
Then:


(i) Max(A|B) = Max(A).
(ii) Max(A) ∩Max(B) <· Max(A)


Max(A) ∩Max(B) <· Max(B).
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Proof. (i) We know that Max(A|B) ⊆ Max(A), so let us show the other
inclusion. Take any f ∈ Max(A) and any {b} ∈ B and let val f(b) = c. Since
A ∪ B = X{1} we have that {c} ∈ A or {c} ∈ B. If {c} ∈ A then


(∃i ∈ ar(f))(∃A ∈ A) (f i)+(B) ⊇ A.


If {c} ∈ B then


(∃i ∈ ar(f))(B ⊆ dom(f i) ∧ (f i)+(B) ∈ B).


So, f ∈ Max(A|B).
(ii) Let us show that Max(A) ∩Max(B) <· Max(A). Take any {a} ∈ A.


Then ca ∈ Max(A) and ca /∈ Max(A) ∩ Max(B), so Max(A) ∩ Max(B) ⊂
Max(A).


Let C be a clone of co-operations such that Max(A) ∩ Max(B) ⊂ C ⊆
Max(A). Take any f ′ ∈ C \ (Max(A) ∩ Max(B)) and let f := val f ′. It is
evident that f ∈ C \ (Max(A) ∩ Max(B)) as well. Therefore f /∈ Max(B)
i.e. there exists a {b} ∈ B such that {f(b)} /∈ B. Since A ∪ B = X{1},
{f(b)} ∈ A.


Let A = {{a1}, . . . , {ap}}, B = {{b1}, . . . , {bq}} and let f(b1) = a1.
Further, let


s = spl(a1, . . . , ap, b1, . . . , bq).


According to Lemma 5.24 it suffices to show that s ∈ C and that C s-
approximates Max(A). Trivially s ∈ Max(A) ∩Max(B) ⊂ C, so let us show
the other claim. Take any g ∈ Max(A), let n := ar(g) and let


g =


(
a1 . . . ap b1 . . . bq


〈k1, ai1〉 . . . 〈kp, aip〉 〈`1, x1〉 . . . 〈`q, xq〉


)


for some ai1 , . . . , aip ∈ {a1, . . . , ap} and x1, . . . , xq ∈ X. Consider co-operation
g0 of arity n defined by


g0 :=


(
a1 . . . ap b1 . . . bq


〈k1, ai1〉 . . . 〈kp, aip〉 〈`1, b1〉 . . . 〈`q, bq〉


)
.


It is easy to show that g0 ∈ Max(A) ∩ Max(B) ⊂ C and g|{a1,...,ap} =
g0|{a1,...,ap}.
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Now, let j ∈ q. If {xj} ∈ B consider co-operation gj of arity n defined
by


gj :=


(
a1 . . . ap b1 . . . bq


〈k1, a1〉 . . . 〈kp, ap〉 〈`1, xj〉 . . . 〈`q, xj〉


)
.


Then gj ∈ Max(A) ∩ Max(B) ⊂ C and g|{bj} = gj |{bj}. If {xj} /∈ B then
{xj} ∈ A and let xj = at for some t ∈ p. Then λbj 7→b1 , λa1 7→at ∈ Max(A) ∩
Max(B) ⊂ C and λbj 7→b1 ·f ·λa1 7→at(bj) = at. Obviously, λbj 7→b1 ·f ·λa1 7→at ∈ C.
Consider co-operation g′j of arity n defined by


g′j := s · [ιn1 , . . . , ιnkp
, ιn`1 , . . . , ι


n
`j−1


, λbj 7→b1 · f · λa1 7→at · ιn`j
, ιn`j+1


, . . . , ιn`q
].


Then g′j ∈ C and g|{bj} = g′j |{bj}. This concludes the proof that C s-
approximates Max(A) whence follows C = Max(A). 2


Next, we are going to treat regular pairs of regular families, as well as
regular families A, B such that A ⊂ B.


5.26. Lemma. Let A and B be regular families such that either (
⋃A) ∩


(
⋃B) = ∅ or A ⊂ B. Let Q ⊆ X be a subset of X such that (∀S ∈
A ∪ B)S 6⊆ Q and let ϕ : Q → Xtn be arbitrary mapping. Then there
exists a co-operation ϕ ∈ Max(A) ∩Max(B) which extends ϕ, i.e. such that
ϕ|Q = ϕ.


Proof. We carry out the proof in case (
⋃A) ∩ (


⋃B) = ∅. The case A ⊂ B
is treated similarly.


Let A = {A1, . . . , Ak} and B = {B1, . . . , B`}. Let Q ∩ Ai 6= ∅ for i ≤ p,
p ∈ k, and Q ∩ Ai = ∅ for i > p. Similarly, let Q ∩ Bj 6= ∅ for j ≤ q, q ∈ `,
and Q ∩Bj = ∅ for j > q. According to the assumption, (∀i ∈ p)Ai \Q 6= ∅
and (∀j ∈ q)Bj \Q 6= ∅, so take any ai ∈ Ai \Q, i ∈ p, and any bj ∈ Bj \Q,


j ∈ q. Define ϕ ∈ cO
(n)
X by


ϕ(x) =







ϕ(x), x ∈ Q


ϕ(ai), x ∈ Ai \Q, i ∈ p


ϕ(bj), x ∈ Bj \Q, j ∈ q


〈1, x〉, otherwise.


For i ∈ p we have that ϕ glues on Ai while for i > p we have Ai ⊆ dom(ϕ1)
and ϕ1|Ai = idAi . Therefore ϕ ∈ Max(A). Analogously ϕ ∈ Max(B).
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Let us just mention that in case r(A) = 1 we have Q∩ (
⋃A) = ∅ because


(∀S ∈ A)S 6⊆ Q and the proof remains valid. The same holds if r(B) = 1.
2


5.27. Proposition. Let A and B be regular families on X such that either
〈A,B〉 is a regular pair or A ⊂ B. Then Max(A|B) <· Max(A).


Proof. First, let us show that Max(A|B) ⊂ Max(A). If r(A) ≥ 2 or r(B) ≥ 2
take any B ∈ B \ A, b ∈ B and a ∈ ⋃A. Then λb7→a ∈ Max(A) \Max(A|B).
If r(A) = r(B) = 1 then A ∪ B 6= X{1}, so take any b ∈ (


⋃B) \ (
⋃A) and


d ∈ X \⋃
(A ∪ B). Then λb7→d ∈ Max(A) \Max(A|B).


Let C be a clone of co-operations such that Max(A|B) ⊂ C ⊆ Max(A).
We are going to show that for suitably chosen partition p the clone C p-
approximates Max(A) and spl(p) ∈ C.


If 〈A,B〉 is a regular pair let A = {A1, . . . , Ak}, B = {B1, . . . , B`},
T := X \ (A1 ∪ . . .∪Ak ∪B1 ∪ . . .∪B`) and p = 〈A1, . . . , Ak, B1, . . . , B`, T 〉.


If A ⊂ B let A = {A1, . . . , Ak}, B = {A1, . . . , Ak, B1, . . . , B`}, T :=
X \ (A1 ∪ . . . ∪Ak ∪B1 ∪ . . . ∪B`) and p = 〈A1, . . . , Ak, B1, . . . , B`, T 〉.


In both cases s := spl(p) ∈ Max(A) ∩ Max(B) ⊂ C. Let us show that
C p-approximates Max(A). Let f ∈ C \ Max(A|B) be arbitrary and let
n := ar(f). Then f ∈ Max(A) and there exists a B ∈ B such that f does
not glue on B,


(∀i ∈ n)(B ⊆ dom(f i) ⇒ (f i)+(B) /∈ B), (1)


and
(∀i ∈ n)(∀A ∈ A)(f i)+(B) 6⊇ A. (2)


Suppose B1 has these properties. Without loss of generality we may assume
that there exists a q ∈ n such that B1 ∩ dom(f i) 6= ∅ for i ∈ q and B1 ∩
dom(f i) = ∅ for i > q. Let Qi := (f i)+(Bi), i ∈ q. From (2) it follows that


(∀i ∈ q)(∀A ∈ A)Qi 6⊇ A. (3)


If q = 1 then (1) and the fact that f does not glue on B1 imply |Q1| = r(B)
and


(∀B ∈ B)Q1 6⊇ B. (4)


If q > 1 then |Q1| + . . . + |Qq| = |B1| whence |Qi| < r(B) for all i ∈ q.
Therefore


(∀i ∈ q)(∀B ∈ B)Qi 6⊇ B. (5)
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According to Lemma 5.26, (3)–(5) imply:


for every m ∈ N, every i ∈ q and every ϕ : Qi → Xtm there


exists a ϕ ∈ cO
(m)
X such that ϕ|Qi = ϕ and ϕ ∈ Max(A) ∩


Max(B).
(6)


We shall need this in a minute.
Take any g ∈ Max(A) and let m := ar(g). Define g0 ∈ cO


(m)
X by


g0(x) :=


{
g(x), x ∈ A1 ∪ . . . ∪Ak ∪ T


〈1, x〉, x ∈ B1 ∪ . . . ∪B`.


Then g0 ∈ Max(A) ∩Max(B) ⊂ C and g0|A1∪...∪Ak∪T = g|A1∪...∪Ak∪T .
Let j ∈ ` be arbitrary. Consider ψ ∈ TX such that ψ+(Bj) = B1 and


ψ|X\Bj
= idX\Bj


. Further, let ϕ
(j)
i : Qi → Xtm, i ∈ q, be mappings such


that the following diagram commutes:


B1


Bj


Qq


Q1


Xtm


O º


:


z


z
:


...
...


...


ψ g


(f1)+


(fq)+


ϕ
(j)
1


ϕ
(j)
q


Since ψ|Bj and f |B1 are injective, mappings ϕ
(j)
1 , . . . , ϕ


(j)
q are unique. Ac-


cording to (6) there exist ϕ
(j)
1 , . . . , ϕ


(j)
q ∈ Max(A)∩Max(B) such that ϕ


(j)
i |Qi =


ϕ
(j)
i , i ∈ q. Define gj ∈ cO


(m)
X by


gj := s · [ιm1 , . . . , ιm1 , ψ · f · [ϕ(j)
1 , . . . , ϕ(j)


q , ιm1 , . . . , ιm1 ]︸ ︷︷ ︸
j-th place


, ιm1 , . . . , ιm1 ].


Since s, f, ψ, ϕ
(j)
1 , . . . , ϕ


(j)
q ∈ C we have gj ∈ C. The construction of gj gives


us that gj |Bj = g|Bj .
This concludes the proof that C p-approximates Max(A) and thus C =


Max(A). 2
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5.28. Proposition. Let A and B be regular families such that A ⊂ B. Then
Max(A) ∩Max(B) <· Max(B).


Proof. To see that Max(A) ∩ Max(B) ⊂ Max(B) take any A ∈ A, any
B ∈ B\A and any ϕ ∈ TX such that ϕ(A) = B, ϕ(B) = A and ϕ|X\(A∪B) =
idX\(A∪B). Then obviously ϕ ∈ Max(B) and ϕ /∈ Max(A).


Now suppose Max(A) ∩ Max(B) ⊂ C ⊆ Max(B). Take any f ∈ C \
(Max(A) ∩ Max(B)) and let n := ar(f). Then f ∈ Max(B) \ Max(A). Let
B = {B1, . . . , B`} and A = {B1, . . . , Bk}, k < `. Since f /∈ Max(A) there
exists an A ∈ A such that f does not glue on A and (∀i ∈ n)(A ⊆ dom(f i) ⇒
(f i)+(A) /∈ A). Suppose B1 ∈ A has these properties. Since B1 ∈ A ⊂ B,
since f does not glue on B1 and since f ∈ Max(B) we have that (∃i ∈
n)(B1 ⊆ dom(f i) ∧ (f i)+(B1) ∈ B). Without loss of generality we may
assume that B1 ⊆ dom(f1) and (f1)+(B1) ∈ B. So (f1)+(B1) ∈ B \ A, say
(f1)+(B1) = B`.


Let T := X \ (B1 ∪ . . . ∪B`), let p = 〈B1, . . . , B`, T 〉 and let s := spl(p).
It is evident that s ∈ Max(A) ∩ Max(B) ⊂ C, so in order to show that
C = Max(B) it suffices to show that C p-approximates Max(B).


Take any g ∈ Max(B) and let m := ar(g). Define g0 ∈ cO
(m)
X by


g0 := s · [ιm1 , . . . , ιm1︸ ︷︷ ︸
k


, g, . . . , g︸ ︷︷ ︸
`+1−k


].


Then g0 ∈ Max(A) ∩Max(B) ⊂ C and g0|Bk+1∪...∪B`∪T = g|Bk+1∪...∪B`∪T .
Let j ∈ k. Choose ψ ∈ TX such that ψ(Bj) = B1 and ψ|X\Bj


=
idX\Bj


. Then, take ϕj : B` → Xtm in such a way that the following diagram
commutes:


B1 Bj


B` Xtm


¾


66


-


ψ


ϕj


val f g


Since g ∈ Max(B), either g glues on Bj or (∃i ∈ m)(Bj ⊆ dom(gi) ∧
(gi)+(Bj) ∈ B). In both cases, ϕj can be extended to a ϕj ∈ cO


(m)
X such
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that ϕj ∈ Max(A) ∩Max(B). Define gj ∈ cO
(m)
X by


gj := s · [ιm1 , . . . , ιm1︸ ︷︷ ︸
j−1


, ψ · (val f) · ϕj , ι
m
1 , . . . , ιm1︸ ︷︷ ︸


`+1−j


].


Then gj ∈ C and gj |Bj = g|Bj . This concludes the proof that C p-
approximates Max(B). 2


Putting it all together, we get:


5.29. Corollary. Let A and B be regular families.


(i) If A ⊂ B then Max(A) ∩Max(B) <· Max(A) and Max(A) ∩Max(B) <·
Max(B).


(ii) If 〈A,B〉 is a singular pair then Max(A) ∩ Max(B) <· Max(A) and
Max(A) ∩Max(B) <· Max(B).


(iii) If 〈A,B〉 is a regular pair and r(A) > r(B) then Max(A) ∩Max(B) <·
Max(A) and Max(A) ∩Max(B) ⊂ Max(B|A) <· Max(B).


(iv) If 〈A,B〉 is a regular pair and r(A) = r(B) then Max(A) ∩Max(B) ⊂
Max(A|B) <· Max(A) and Max(A) ∩Max(B) ⊂ Max(B|A) <· Max(B).


Proof. (i) Follows from Lemma 5.21 (ii) and Propositions 5.27 and 5.28.
(ii) Proposition 5.25.
(iii) Follows from Lemma 5.21 (iii), (iv), and Proposition 5.27.
(iv) Follows from Lemma 5.21 (iii) and Proposition 5.27. 2


We would like now to show that Max(A) ∩Max(B) in (iv) of Corollary 5.29
is not a submaximal clone of co-operations. In other cases we would like to
know if Max(A) ∩Max(B) is contained in some other maximal clone. To do
so, in sequel we address the following problem: given regular families A and
B such that A ⊂ B or (


⋃A) ∩ (
⋃B) = ∅, characterize all regular families E


for which Max(A) ∩Max(B) ⊆ Max(E) holds.


5.30. Lemma. Let A, B and E be regular families and let Max(A) ∩
Max(B) ⊆ Max(E). Then


⋃ E ⊆ ⋃
(A ∪ B).


Proof. Suppose
⋃ E 6⊆ ⋃


(A ∪ B) and take any e ∈ (
⋃ E) \⋃


(A ∪ B).
Case 1: E = {X}. Define ϕ ∈ cO


(2)
X by


ϕ(x) =


{
〈1, e〉, x = e


〈2, x〉, otherwise.
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Then ϕ ∈ Max(A) ∩Max(B) and ϕ /∈ Max(E). Contradiction.
Case 2: E 6= {X}. Let E ∈ E be such that e ∈ E. If r(E) = 1 take


any a ∈ X \ ⋃ E . If r(E) ≥ 2, take any a ∈ X \ E. In both cases λe 7→a ∈
Max(A) ∩Max(B) and λe 7→a /∈ Max(E). Contradiction. 2


5.31. Proposition. Let A, B and E be regular families such that r(E) = 1
and Max(A) ∩Max(B) ⊆ Max(E). Then


(i) r(A) = 1 or r(B) = 1.
(ii) If r(A) = r(B) = 1 then E ∈ {A ∪ B,A ∩ B,A,B} \ {∅}.
(iii) If r(A) = 1 and r(B) > 1 then A ⊆ E.
(iv) If r(A) = 1 and r(B) ≥ 3 then A = E.
(v) Let r(A) = 1 and r(B) = 2 and let A∗ = A ∪ {B \ ⋃A : B ∈ B ∧


|B ∩ (
⋃A)| = 1}. Then E ∈ {A,A∗}.


Proof. (i) Let r(A) > 1 and r(B) > 1 and take any a ∈ X \ ⋃ E . Then
ca ∈ Max(A) ∩Max(B) and ca /∈ Max(E). Contradiction.


(ii) According to Lemma 5.30, E ⊆ A ∪ B. Suppose A ∩ B 6= ∅ (if
A∩B = ∅, the proof proceedes similarly). First let us show that A∩B ⊆ E .
Suppose, to the contrary, that A ∩ B 6⊆ E and take any {a} ∈ (A ∩ B) \ E .
Then ca ∈ Max(A) ∩Max(B) and ca /∈ Max(E). Contradiction.


Next, let us show that (A\B)∩E 6= ∅ ⇒ A\B ⊆ E . Suppose (A\B)∩E 6= ∅
but A \ B 6⊆ E . Take any {a} ∈ (A \ B) \ E and define ϕ ∈ TX by


ϕ(x) =


{
a, x ∈ ⋃


(A \ B)
x, otherwise.


Then ϕ ∈ Max(A) ∩Max(B) and ϕ /∈ Max(E). Contradiction.
In an analogous way we can show that (B \ A) ∩ E 6= ∅ ⇒ B \ A ⊆ E .


Therefore, E ∈ {A ∪ B,A ∩ B,A,B} \ {∅} (where “\{∅}” takes care of the
case A ∩ B = ∅).


(iii) If A 6⊆ E take any {a} ∈ A \ E . Then ca ∈ Max(A) ∩Max(B) and
ca /∈ Max(E). Contradiction.


(iv) Let r(B) ≥ 3 and suppose A 6= E . Then A ⊂ E . Take any {b} ∈ E\A.
According to Lemma 5.30 there exists a B ∈ B such that b ∈ B. We shall
construct ϕ ∈ TX in such a way that ϕ ∈ Max(A)∩Max(B) but ϕ /∈ Max(E).
This shall lead to contradiction.
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Case 1: B 6⊆ ⋃ E . Take any e ∈ B \ ⋃ E
and define ϕ ∈ TX by


ϕ(x) =


{
e, x ∈ B \⋃A
x, otherwise. ⋃ E


B


⋃A
b e
-


6


Case 2: B ⊆ ⋃ E and |B \⋃A| ≥ 2. Take
any e ∈ X \⋃ E and define ϕ ∈ TX by


ϕ(x) =


{
e, x ∈ B \⋃A
x, otherwise. ⋃ E


B


⋃A


b1 b2


e
W ²


Case 3: B ⊆ ⋃ E and |B \⋃A| ≤ 1. Since
|B| = r(B) ≥ 3 we have |B ∩ (


⋃A)| ≥ 2.
Take any e ∈ X \⋃ E and b1 ∈ B ∩ (


⋃A),
and define ϕ ∈ TX by


ϕ(x) =







e, x = b


b1, x ∈ B ∩ (
⋃A)


x, otherwise.


⋃ E


B


⋃A


b1 b′ b


e
?


¾?


(v) Let us first show that E ⊆ A∗. Suppose E 6⊆ A∗ and take any
a ∈ X \⋃ E . Define ϕ ∈ TX by


ϕ(x) =


{
x, x ∈ ⋃A∗
a, otherwise.


Then ϕ ∈ Max(A) ∩Max(B) and ϕ /∈ Max(E). Contradiction.
So, A ⊆ E ⊆ A∗. Suppose A ⊂ E ⊆ A∗ and take any {b} ∈ E \ A. There


exist B ∈ B and b′ ∈ X such that B = {b, b′}. Take any {b1} ∈ A∗ \ A
and let B1 = {b1, b


′
1} ∈ B be the corresponding element of B. Note that


{b′}, {b′1} ∈ A. Define ϕ ∈ TX by


ϕ(x) =







b1, x = b


b′1, x = b′


x, otherwise.


Then ϕ ∈ Max(A) ∩Max(B) ⊆ Max(E). Since {b} ∈ E and ϕ ∈ Max(E) we
have {b1} = {ϕ(b)} ∈ Max(E). Therefore, E = A∗. 2
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5.32. Proposition. Let A and B be regular families such that A ⊂ B or
(
⋃A)∩ (


⋃B) = ∅. Further, let E be a regular family such that r(E) ≥ 2 and
Max(A) ∩Max(B) ⊆ Max(E).


(i) E ⊆ A ∪ B.
(ii) If r(A) 6= r(B) then E ∈ {A,B}.
(iii) If r(A) = r(B) then E ∈ {A,B,A ∪ B}.


Proof. (i) Let us first show that


(∀E ∈ E) |{S ∈ A ∪ B : S ∩ E 6= ∅}| ≤ 1. (1)


Supose there exists an E ∈ E such that |{S ∈ A ∪ B : S ∩ E 6= ∅}| ≥ 2.
Let A ∪ B = {S1, . . . , Sk}, k ≥ 2, and let s := spl(S1, . . . , Sk). Then s ∈
Max(A) ∩Max(B) and s /∈ Max(E). Contradiction.


Next, let us show that


(∀S ∈ A ∪ B)(∀E ∈ E)(S ∩ E = ∅ ∨ S ⊆ E). (2)


Suppose there exist S ∈ A ∪ B and E ∈ E such that S ∩ E 6= ∅ and S 6⊆ E.
Take any e ∈ S ∩ E and a ∈ S \ E. Then λ(ae) ∈ Max(A) ∩ Max(B) and
λ(ae) /∈ Max(E). Contradiction.


Finally, let us show the claim itself. Take any E ∈ E . According to
Lemma 5.30 we have E ⊆ ⋃


(A ∪ B) so there exists an S ∈ A ∪ B such that
E∩S 6= ∅. According to (1) S is the only element of A∪B with this property,
so E ⊆ S. According to (2), S ⊆ E. Therefore, E = S ∈ A ∪ B.


(ii) Let r(A) 6= r(B). ThenA and B are incomparable so (
⋃A)∩(


⋃B) = ∅
holds. Since E ⊆ A ∪ B, we have either E ⊆ A or E ⊆ B. Let E ⊆ A. Let us
show that E = A. Suppose E ⊂ A and take any E ∈ E and A ∈ A\E . Choose
ϕ ∈ TX such that ϕ(E) = A and ϕ|X\E = idX\E . Then ϕ ∈ Max(A)∩Max(B)
and ϕ /∈ Max(E). Contradiction.


(iii) Let r(A) = r(B). According to (i), E ⊆ A ∪ B. If (
⋃A) ∩ (


⋃B) = ∅,
using the idea presented in the proof of Proposition 5.31, (ii), we can easily
show A ∩ E 6= ∅ ⇒ A ⊆ E and B ∩ E 6= ∅ ⇒ B ⊆ E . If A ⊂ B then
E ⊆ A∪B = B and using the same idea we can show that A∩E 6= ∅ ⇒ A ⊆ E
and A ⊂ E ⇒ E = B. 2


Let us summarize:


5.33. Corollary. Let A and B be regular families on X.







122 Chapter 5. Maximal clones of co-operations on a finite set


Max(A) Max(B)


Max(A) ∩Max(B)


(a)


Max(A) Max(B)


Max(B|A)


Max(A) ∩Max(B)


(b)


Max(A) Max(A ∪ B) Max(B)


Max(A|B) Max(B|A)


Max(A) ∩Max(B)


(c)


Figure 5.1: The relative position of Max(A) ∩Max(B) in cLX


(i) Let A ⊂ B or let 〈A,B〉 be a singular pair. Then Max(A) ∩Max(B) <·
Max(A) and Max(A) ∩ Max(B) <· Max(B). Moreover, if E is a reg-
ular family such that E /∈ {A,B} then Max(A) ∩ Max(B) 6⊆ Max(E),
Fig. 5.1(a).


(ii) If 〈A,B〉 is a regular pair and r(A) = r(B) then Max(A) ∩Max(B) is
not a submaximal clone of co-operations, Fig. 5.1(c).


(iii) If 〈A,B〉 is a regular pair and r(A) > r(B) then Max(A) ∩Max(B) <·
Max(A) and Max(A) ∩Max(B) ⊂ Max(B|A) <· Max(B). Moreover, if
E is a regular family such that E /∈ {A,B} then Max(A) ∩Max(B) 6⊆
Max(E), Fig. 5.1(b).


Proof. (i) If A ⊂ B the claim follows from Corollary 5.29, (i), Proposition
5.31, (ii), Proposition 5.32, (iii), and the observation that A ∪ B = B and
A ∩ B = A.


If 〈A,B〉 is a singular pair the claim follows from Corollary 5.29, (ii),
Proposition 5.31, (ii), Proposition 5.32, (iii), and the observation that A ∪
B = X{1} and A ∩ B = ∅, which are not regular families.
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(ii) According to Corollary 5.29, (iii), we know that Max(A)∩Max(B) ¿
Max(A) and Max(A) ∩ Max(B) ¿ Max(B). Suppose Max(A) ∩ Max(B) ⊆
Max(E). According to Propositions 5.31 and 5.32 we have E ∈ {A,B,A∪B}.
To show that Max(A)∩Max(B) ¿ Max(A∪B), let us show that Max(A|B) ⊂
Max(A∪B). It is obvious that Max(A|B) ⊆ Max(A∪B). Take any A ∈ A and
B ∈ B and choose ϕ ∈ TX in such a way that ϕ(A) = B and ϕ|X\A = idX\A.
Then ϕ ∈ Max(A ∪ B) \Max(A|B).


(iii) According to Corollary 5.29, (iv), we know that Max(A)∩Max(B) <·
Max(A) and Max(A) ∩ Max(B) ¿ Max(B). Suppose Max(A) ∩ Max(B) ⊆
Max(E). According to Propositions 5.31 and 5.32 we have E ∈ {A,B} which
concludes the proof. 2


5.5 Embedding cLB1
× . . .× cLBk


into cLX


5.34. Notation. Let p = 〈A, B〉 be a partition of X, let A := A{1} and
B := B{1}, and let CA := Max(A) and CB := Max(B). Further, let sp :=
spl(p) and let Sp := cCloX{sp}.


Let f ∈ cOX . It is obvious that f |A ∈ cOA if and only if f ∈ CA.
By ιnk(A) we shall denote the k-th n-ary co-projection in cOA.
Let us note that for f ∈ cO


(n)
A and g ∈ cO


(n)
B we shall consider f ⊕ g as


a member of cO
(n)
X . For F1 ⊆ cOA and F2 ⊆ cOB let


F1 ⊕ F2 :=
⋃


n∈N


{f1 ⊕ f2 : f1 ∈ F
(n)
1 , f2 ∈ F


(n)
2 }.


5.35. Lemma.


(i) Let f, g ∈ CA and i ∈ n. Then


ιni (X)|A = ιni (A) τ(f |A) = τ(f)|A
ζ(f |A) = ζ(f)|A 4(f |A) = 4(f)|A


(f |A) ∗ (g|A) = (f ∗ g)|A.


(ii) If C is a clone of co-operations on X and C ⊆ CA, then C|A is a clone
of co-operations on A.


5.36. Lemma.
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(i) Let f, f ′ ∈ cOA and g, g′ ∈ cOB, and let ar(f) = ar(f ′) and ar(g) =
ar(g′). Also, let i ∈ n.


ιni (A)⊕ ιni (B) = ιni (X) τ(f ⊕ g) = τ(f)⊕ τ(g)


ι21(A)⊕ ι22(B) = sp 4(f ⊕ g) = 4(f)⊕4(g)


ζ(f ⊕ g) = ζ(f)⊕ ζ(g) (f ∗ f ′)⊕ (g ∗ g′) = (f ⊕ g) ∗ (f ′ ⊕ g′).


(ii) If C1 ≤ cOA and C2 ≤ cOB then C1 ⊕ C2 is a clone of co-operations
on X and Sp ≤ C1 ⊕ C2 ≤ CA ∩ CB.


Proof. (i) Easy.
(ii) That C1 ⊕ C2 is a clone of co-operations follows from (i). It is also


obvious that C1 ⊕C2 ≤ CA ∩CB. Since ι21(A) ∈ C1 and ι22(B) ∈ C2 we have
sp = ι21(A)⊕ ι22(B) ∈ C1 ⊕ C2 whence Sp = cCloX{sp} ≤ C1 ⊕ C2. 2


5.37. Lemma.


(i) If f ∈ CA ∩ CB then f |A ∈ CA, f |B ∈ CB and f |A ⊕ f |B = f .
(ii) If Sp ≤ C ≤ CA ∩CB then C|A ≤ CA, C|B ≤ CB and C|A⊕C|B = C.
(iii) If f ∈ cOA and g ∈ cOB then (f ⊕ g)|A = f and (f ⊕ g)|B = g.
(iv) If C1 ≤ cOA and C2 ≤ cOB then (C1 ⊕ C2)|A = C1 and (C1 ⊕ C2)|B =


C2.


Proof. (i), (iii) and (iv) are evident.
(ii) ⊇ follows from (i). Let us show ⊆. Take any f ′ ∈ C|A and g′ ∈ C|B.


There exist f, g ∈ C such that f |A = f ′ and g|B = g′. Observe that f ′⊕g′ =
sp · [f, g] ∈ C. 2


5.38. Lemma. Let C ≤ CA ∩ CB and let C1 ≤ cOA and C2 ≤ cOB be such
that C = C1 ⊕ C2. Then C1 = C|A and C2 = C|B.


Proof. Let us show that C1 = C|A.
⊆: Take any f ′ ∈ C1 and let n := ar(f ′). Then f ′⊕ ιn1 (B) ∈ C1⊕C2 = C


and we have f ′ = (f ′ ⊕ ιn1 (B))|A ∈ C|A.
⊇: Take any f ′ ∈ C|A. There exists an f ∈ C such that f ′ = f |A. Since


f ∈ C = C1 ⊕C2 there exist f ′′ ∈ C1 and g′′ ∈ C2 such that f = f ′′ ⊕ g′′, so
f ′ = f |A = (f ′′ ⊕ g′′)|A = f ′′ ∈ C1. 2


5.39. Proposition. cLA × cLB
∼= [Sp, CA ∩ CB]cLX


.
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cL2 cL3


cLν−1


cL2


cL3


cLν


· · · · · ·


. . .


. . .


Figure 5.2: The lattice cLν contains copies of every cLk for k < ν


Proof. Consider ϕ : cLA×cLB → [Sp, CA∩CB]cLX
defined by ϕ(〈C1, C2〉) =


C1 ⊕ C2. According to Lemma 5.36 ϕ is well-defined, while Lemmata
5.35, 5.37 and 5.38 ensure that ϕ is onto, one-one and that 〈C1, C2〉 ≤
〈C ′


1, C
′
2〉 ⇐⇒ ϕ(〈C1, C2〉) ≤ ϕ(〈C ′


1, C
′
2〉). 2


Previous considerations can be straightforwardly generalized as follows.


5.40. Proposition. Let p = 〈B1, . . . , Bk〉 be a partition of X, let sp be
the splitting co-operation such that d(sp) = p, let Sp := cCloX{sp} and put
Ci := Max(B{1}


i ), i ∈ k. Then cLB1 × . . .× cLBk
∼= [Sp, C1 ∩ . . . ∩ Ck]cLX


.


And we get an interesting corollary.


5.41. Corollary. Let Y ⊂ X and |Y | ≥ 1. Then cLY is isomorphic to an
interval of cLX .
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Proof. Let X \ Y = {a1, . . . , am}, put p := 〈Y, {a1}, . . . , {am}〉 and apply
Proposition 5.40. The situation is depicted in Fig. 5.2. 2


5.6 cLX is complemented


In this section we shall show that cLX is complemented. Recall that in cLX


for arbitrary clones of co-operations C and D we have C ∧D = C ∩D and
C ∨D = cCloX(C ∪D).


We shall start with two simple technical lemmata, then proceed with two
propositions the consequence of which is the main statement, namely that
cLX is complemented.


5.42. Notation. For a clone of operations C let FC := {A : A is a regular
family of rank 1 and Max(A) ⊇ C}.


5.43. Lemma. Let C be a clone of co-operations such that C 6= cOX ,
C 6= cJX and FC 6= ∅. Further, let D be a clone of co-operations such that


(CC1) D contains a ν-ary co-operation which depends on each argument;


(CC2) for every A ∈ FC there exists an f ∈ D such that f /∈ Max(A); and


(CC3) for every f ∈ D \ cJX there exists an A ∈ FC such that f /∈ Max(A).


Then D is a complement of C in cLX .


Proof. Let us first show that C ∨D = cOX . In order to do so it suffices to
show that C ∪D 6⊆ Max(A) for every regular family A. Let A be a regular
family on X. If C 6⊆ Max(A) then trivially C∪D 6⊆ Max(A). So assume that
C ⊆ Max(A). If r(A) ≥ 2 then D 6⊆ Max(A) because of (CC1). If r(A) = 1
then A ∈ FC and D 6⊆ Max(A) because of (CC2).


Let us now show that C ∧ D = cJX . Suppose C ∧ D 6= cJX and take
any f ∈ (C ∧ D) \ cJX . Since f ∈ D \ cJX due to (CC3) there exists an
A ∈ FC such that f /∈ Max(A). On the other hand, f ∈ C ⊆ Max(A).
Contradiction. 2


5.44. Lemma. Let C be a clone of co-operations such that C 6= cOX ,
C 6= cJX and FC 6= ∅.


(i) If A,B ∈ FC and A ∩ B 6= ∅ then A ∩ B ∈ FC .
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(ii) There exists a nonempty GC ⊆ FC such that


• for all A,B ∈ GC we have either A = B or A ∩ B = ∅;
• for all A ∈ FC there exists a B ∈ GC such that A ⊇ B; and
• for all A ∈ FC and all B ∈ GC either A ⊇ B or A ∩ B = ∅.


Proof. (i) Evident.
(ii) 〈FC ,⊆〉 is a partially ordered set closed with respect to nonempty


intersections. Let GC be the set of all minimal elements in 〈FC ,⊆〉. It is
easy to verify that GC has the listed properties. 2


5.45. Proposition. Let C be a clone of co-operations such that C 6= cOX ,
C 6= cJX and FC = ∅. Then C has a complement in cLX .


Proof. Let X = {x1, . . . , xν}.
Case 1: There exists a regular family A such that 2 ≤ r(A) < ν and


C ⊆ Max(A). Take arbitrary A ∈ A, xp ∈ A and xq ∈ X \ A (X \ A 6= ∅
because r(A) < ν). Let


ϕ := diag(x1, . . . , xq−1, xp


6q


, xq+1, . . . , xν) ∈ cO
(ν)
X


and let D := cCloX{ϕ}. An easy induction suffices to show that for all
f ∈ D \ cJX we have val f(xq) = xp and val f(xj) = xj for j 6= q. Let us
show that D is a complement of C in cLX .


To show that C∨D = cOX it suffices to show that C∪D 6⊆ Max(B) for all
regular families B on X. If B is a regular family of rank 1 then C 6⊆ Max(B)
because FC = ∅. If B is a regular family of rank ≥ 2 then ϕ /∈ Max(B)
implying D 6⊆ Max(B).


Let us show that C ∧ D = cJX . Suppose C ∧ D 6= cJX . Take any
f ∈ (C ∧ D) \ cJX = (C ∩ D) \ cJX . Since f ∈ D \ cJX we have that
val f(xq) = xp and val f(xj) = xj for j 6= q. So f /∈ Max(A) because f


does not weakly preserve A ∈ A. On the other hand, f ∈ C ⊆ Max(A).
Contradiction.


Case 2: A = {X} is the only regular family on X such that C ⊆ Max(A).


Claim: If C(1) is not a transitive monoid, then FC 6= ∅.
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Proof. Suppose C(1) is not a transitive monoid, i.e.


¬(∀a, b ∈ X)(a 6= b ⇒ (∃f ∈ C(1))f(a) = b).


Then there exist a, b ∈ X such that a 6= b and f(a) 6= b for all f ∈ C(1). Let


B := {x ∈ X : x 6= b ∧ (∀f ∈ C(1))f(x) 6= b}


and let B := B{1}. As a ∈ B and b /∈ B we have B 6= ∅ and B 6= X, so B is
a regular family of rank 1. Let us show that C ⊆ Max(B). Since r(B) = 1 it
suffices to show that C(1) ⊆ Max(B).


Suppose C(1) 6⊆ Max(B) and take any g ∈ C(1) \ Max(B). Then there
exists an {x} ∈ B such that {y} /∈ B, where y := g(x). Since {y} /∈ B we
have f(y) = b for some f ∈ C(1). But, if f(y) = b then (f ◦g)(x) = f(g(x)) =
f(y) = b and since f ◦ g ∈ C(1) we get x /∈ B. Contradiction.


Therefore, C(1) ⊆ Max(B) which implies B ∈ FC . This concludes the
proof of the Claim.


Since we know that FC = ∅, the Claim ensures that C(1) is a transitive
monoid. Let D be the clone of all splitting co-operations. Since C(1) is
a transitive monoid and since spl(x1, . . . , xν) ∈ D one easily shows that
C ∨D = cCloX(C ∪D) = cOX .


To show that C ∩D = cJX it suffices to observe that C contains no es-
sential co-operations because C ⊆ Max({X}). Therefore, D is a complement
of C in cLX . 2


5.46. Proposition. Let C be a clone of co-operations such that C 6= cOX ,
C 6= cJX and FC 6= ∅. Then C has a complement in cLX .


Proof. Let X = {x1, . . . , xν}. According to Lemma 5.44 there exists a
GC ⊆ FC such that GC 6= ∅ and


• for all A,B ∈ GC we have either A = B or A ∩ B = ∅;
• for all A ∈ FC there exists a B ∈ GC such that A ⊇ B; and


• for all A ∈ FC and all B ∈ GC either A ⊇ B or A ∩ B = ∅.
Let GC = {A1, . . . ,Ak}.


Recall that in order to show that C has a complement in cLX it suffices
to find a clone of co-operations D which satisfies conditions (CC1)–(CC3)
of Lemma 5.43.
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Case 1: k = 1. Then for every Q ∈ FC we have Q ⊇ A1. Let A :=
⋃A1


and B := X \ A. Since A1 is a regular family of rank 1, A 6= ∅ and A 6= X,
so that B 6= ∅ and B 6= X. Consider D as follows:


D := {f ∈ cOX : im(val f) ⊆ B} ∪ cJX .


Evidently, D is a clone of co-operations. Let us show that D satisfies (CC1)–
(CC3) of Lemma 5.43.


(CC1) Take any b ∈ B and let ϕ := diag(b, b, . . . , b). Clearly ϕ ∈ D, ar(ϕ) =
ν and ϕ depends on each argument.


(CC2) Let Q ∈ FC . Then Q ⊇ A1. Take any b ∈ X \ ⋃Q. It is evident
that cb ∈ D \Max(Q).


(CC3) Let f ∈ D \ cJX . It is obvious that f /∈ Max(A1) and A1 ∈ FC .


Case 2: k > 1 ∧ (∃A ∈ GC) |A| ≥ 2. Let |A1| ≥ 2. Take any {a∗} ∈ A1


and let
B1 :=


⋃
(A1 \ {{a∗}})


B2 :=
⋃A2


...
Bk :=


⋃Ak


Bk+1 := X \ (B1 ∪ . . . ∪Bk).


Note that B1 6= ∅ because |A1| ≥ 2 and that a∗ ∈ Bk+1 (since Ai ∩ Aj = ∅
for i 6= j we have a∗ /∈ B1 ∪ . . . ∪Bk). Define D as follows:


D := cJX ∪ {f ∈ cOX : (val f)(Bk+1 \ {a∗}) ⊆ Bk+1∧
∧ (∀i ∈ k)(val f)(Bi) ⊆


⋃k+1
j=i+1 Bj}


It is not too complicated to show that D is a clone of co-operations. Let us
show that D satisfies conditions (CC1)–(CC3) of Lemma 5.43.


(CC1) Let ϕ := diag(a∗, a∗, . . . , a∗). Clearly ϕ ∈ D, ar(ϕ) = ν and ϕ


depends on each argument.


(CC2) Let Q ∈ FC . If A1 ∩Q = ∅ then then ca∗ ∈ D \Max(Q).


If A1 ⊆ Q and there exists j ∈ k such that Aj ∩Q = ∅ consider f ∈
D(1) such that f(B1) ⊆ Bj and f(Bi) = {a∗} for all i ∈ {2, . . . , k + 1}.
Then f ∈ D \Max(Q).
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B
E


A


ª


⋃ E


ª


⋃Ai


Figure 5.3: A, B and E


Finally, if
⋃k


i=1Ai ⊆ Q take any b ∈ X \⋃Q (X \⋃Q 6= ∅ because Q
is a regular family of rank 1). Then b ∈ Bk+1\{a∗} so cb ∈ D\Max(Q).


(CC3) Let f ∈ D \ cJX . Then f /∈ Max(A2) while A2 ∈ FC .


Case 3: k > 1 ∧ (∀A ∈ GC) |A| = 1. If A1 ∪ . . . ∪ Ak = X{1} then
C is a nontrivial clone of splitting co-operations so D := cCloX(TX) is a
complement of C in cLX .


Now suppose A1 ∪ . . . ∪ Ak 6= X{1}. Let A :=
⋃


(A1 ∪ . . . ∪ Ak) and
B := X \ A. The assumptions imply |A| ≥ 2 and B 6= ∅. Consider E ⊂ A


as follows.
If (∀A ∈ FC)A 6⊇ B{1} set E := ∅.
If (∃A ∈ FC)A ⊇ B{1} let E :=


⋂{A ∈ FC : A ⊇ B{1}}. Since B{1} 6=
∅, Lemma 5.44 implies E ∈ FC so there exists i ∈ k such that Ai ⊆ E .
Therefore, E ⊃ B{1} i.e. (


⋃ E) ∩ A 6= ∅. Also, E 6= X{1}. Let E := A \ ⋃ E .
Properties of E ensure ∅ 6= E ⊂ A (Fig. 5.3).


Now, consider D defined by


D := {f ∈ cOX : im(val f) ⊆ E ∪B} ∪ cJX .


It is clear that D is a clone of co-operations. Let us show that D satisfies
conditions (CC1)–(CC3) of Lemma 5.43.


(CC1) Take any b ∈ B and let ϕ := diag(b, b, . . . , b). Clearly ϕ ∈ D, ar(ϕ) =
ν and ϕ depends on each argument.
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(CC2) Let Q ∈ FC . If Q 6⊇ B{1}, take any b ∈ B \ ⋃Q. It is obvious that
cb ∈ D\Max(Q). If Q ⊇ B{1} then Q ⊇ E by the definition of E . Since
Q 6= X{1} we have E \⋃Q 6= ∅. Take any e ∈ E \⋃Q. It is clear that
ce ∈ D \Max(Q).


(CC3) Let f ∈ D \ cJX . If E = ∅ then for every i ∈ k we have f /∈ Max(Ai).
If E 6= ∅, we have seen that there exists an i ∈ k such that Ai ⊆ E .
Then (


⋃Ai) ∩ (E ∪B) = ∅ whence follows that f /∈ Max(Ai).


2


5.47. Corollary. The lattice cLX is complemented.


5.48. Remark. Although complemented, cLX is not uniquely comple-
mented. To see this, note that every nontrivial clone of splitting co-operations
is a complement of the clone cCloX(TX), which follows from the SÃlupecki
completeness criterion (Remark 5.2) and Proposition 4.9.


5.7 Collapsing monoids and clones of co-operations


The discussion of collapsing clones in this chapter is motivated by results of
Th. Ihringer and R. Pöschel presented in [Ihr-P 93].


5.49. Definition. Let C be a clone of co-operations and n ∈ N. C is
said to be n-collapsing if for every clone of co-operations D we have C(n) =
D(n) ⇒ C = D. We say that a transformation monoid M is collapsing if
Int(M) = {cCloX M}.
5.50. Remarks. (i) Clone C is n-collapsing if it is the only clone with the
n-ary part C(n).


(ii) Every clone C is uniquely determined by C(ν) [Csá 85]. Therefore,
every clone of co-operations is ν-collapsing.


(iii) Clone C is 1-collapsing if and only if the monoid C(1) is collapsing.
(iv) cOX is 2-collapsing, which follows from the Sierpiński completeness


criterion [Csá 85].


As we have seen in Propositions 4.3 and 4.5, given a transformation
monoid M , all clones of co-operations C such that C(1) = M form an in-
terval [cCloX M, cPolX{%M}], where %M is a co-relation defined in the latter
proposition. In case of n-ary parts of clones the situation is similar:
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5.51. Proposition. Let C and D be clones of co-operations.


(i) D(n) = C(n) if and only if cCloX(C(n)) ⊆ D ⊆ cPolX{ΓC(χn)}.
(ii) Clones D such that C(n) = D(n) form an interval in cLX .
(iii) Clone C is n-collapsing, n ∈ N, if and only if


cCloX(C(n)) = cPolX{ΓC(χn)}.


Proof. This proposition is a direct consequence of Lemma 3.74. 2


Before we turn to collapsing monoids, we shall show that every maximal
clone of co-operations is 2-collapsing.


5.52. Lemma. Let C be a maximal clone of co-operations. Then C =
cCloX(C(2)).


Proof. Let A := {A1, . . . , Ak} be the regular family on X such that C =
Max(A) and let S := X \ ⋃k


i=1 Ai. Consider the following sets of binary
co-operations:


P1 := {λs 7→x · ι21 : s ∈ S, x ∈ X}
P2 := {spl({s}, X \ {s}) : s ∈ S}
P3 := {f · ι21 : f ∈ TX and (∃i, j ∈ k)(f(Ai) = Aj ∧ f |X\Ai


= idX\Ai
)}


P4 := {f · ι21 : f ∈ TX and (∃i ∈ k)(|f(Ai)| < |Ai| ∧ f |X\Ai
= idX\Ai


)}
P5 := {spl(Ai, X \Ai)i ∈ k}.


Then P1 ∪ . . . ∪ P5 ⊆ C(2) and cCloX(P1 ∪ . . . ∪ P5) = C. Therefore,
cClo(C(2)) = C. 2


5.53. Proposition. Every maximal clone of co-operations is 2-collapsing.


Proof. Suppose C is a maximal clone of co-operations and D is a clone of co-
operations such that D(2) = C(2). Then D ⊇ cCloX(D(2)) = cCloX(C(2)) =
C, according to Lemma 5.52. Since C is maximal and D(2) = C(2) 6= cO


(2)
X


we have D = C. 2


In case of collapsing monoids we would now like to prove the analogons
of the following two well known results concerning clones of operations:


Theorem (P. P. Pálfy, Á. Szendrei [Pál-Sz 83]). Let ν ≥ 3 and let G


be a permutation group on X. Then G is collapsing (with respect to clones
of operations) if and only if 6= ∈ Inv Pol{%G}.
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Theorem (P. P. Pálfy [Pál 84]). Let ν ≥ 3, let G be a permutation group
on X and let M = Const(X) ∪G. Then


• either M is collapsing (with respect to clones of operations)


• or there exists a vector space 〈X, +,K〉 over a field K such that M =
{ma,k : a ∈ X, k ∈ K}, where ma,k(x) = a + kx.


In the latter case, |Int(M)| = 2.


As a direct corollary of Proposition 4.32, we have:


5.54. Proposition. Let G be a permutation group on X. Then the following
three statements are equivalent:


(i) G is collapsing (with respect to clones of co-operations);
(ii) the length of its finest disjoint factorization is 1;
(iii) cPolX{Σ} ∩ cPolX{%G} = cJX .


As for the analogon of Pálfy’s result, we have the following:


5.55. Proposition. Let M ⊆ Const(X) ∪ T
(p)
X be a monoid and let M ∩


Const(X) 6= ∅. Then: M is collapsing (with respect to clones of co-operations)
if and only if |M ∩ Const(X)| ≥ 2.


Proof. ⇐: Suppose |M ∩ Const(X)| ≥ 2. It suffices to show that every
C ∈ Int(M) is unary. Suppose there exist a C ∈ Int(M) and a g ∈ C


such that g depends on at least two arguments, say the first and the second
argument. Take a, b ∈ X such that a 6= b and ca, cb ∈ M , and let f :=
g · [ca, cb, . . . , cb]. Since g ∈ C and ca, cb ∈ M = C(1) we have f ∈ C(1). But
f /∈ M . (f /∈ Const(X) because im(f) = {a, b} and f /∈ T


(p)
X because |X| ≥ 3


and |im(f)| = 2). Contradiction.
Since every C ∈ Int(M) is unary, we conclude |Int(M)| = 1, i.e. M is a


collapsing monoid.
⇒: Suppose |M ∩ Const(X)| 6≥ 2. Then |M ∩ Const(X)| = 1. Let M ∩


Const(X) = {ca} and let G := M ∩ T
(p)
X . First, let us note that a ∈ fix(G)


(take any f ∈ G and let f(a) = b; then f ◦ ca = cb ∈ M and so b = a). Let
〈A,B〉 be arbitrary partition of X, define a co-operation g ∈ cO


(2)
X by


g(x) =


{
〈1, a〉, x ∈ A


〈2, a〉, x ∈ B
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and let C = cCloX({g} ∪M). One can easily show that C(1) = M . Since
g ∈ C \ cCloX M we have |Int(M)| ≥ 2, i.e. M is not collapsing. 2


5.56. Remark. Note that {idX} ∪ K is a collapsing monoid for all K ⊆
Const(X) such that |K| ≥ 2. In particular, {idX} ∪ Const(X) is a collapsing
monoid.


5.57. Problems. (i) Let G be a permutation group on X and let a ∈ fix(G).
Characterize Int(M) where M = {ca} ∪G.


(ii) Find an internal and an external characterization of collapsing clones
and monoids.







Chapter 6


Minimal clones of


co-operations


We have already noted on many occasions that the lattice of clones of co-
operations is much better behaved than the lattice of clones of operations
on a finite set. The investigation of minimal clones shall provide yet another
argument in favour of that. We shall describe all minimal clones of co-
operations (i.e. atoms of the lattice cLX) and “almost all” supminimal clones.
The structure of supminimal clones will lead to a lower bound for the height
of cLX .


Convention. In this chapter, X is a finite set.


6.1. Definition. Clone of co-operations C is said to be minimal if cJX <· C.
We say that a clone C of co-operations is supminimal if there exists a minimal
clone of operations D such that D <· C.


6.1 Characterization of minimal clones of co-ope-


rations


We are going to describe all minimal clones of co-operations on a finite set.
Recall that in this case HP(X) = PolP(X){%∅, %C ,∪•}.


According to Proposition 3.7, in order to describe minimal clones of co-
operations on X it suffices to describe minimal clones on P(X) which belong
to the ideal 〈HP(X)]LP(X)


.
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6.2. Definition. Let f ∈ OX .


• f is a minority operation if ar(f) = 3 and f(x, x, y) = f(x, y, x) =
f(y, x, x) = y for all x, y ∈ X;


• f is a majority operation if ar(f) = 3 and f(x, x, y) = f(x, y, x) =
f(y, x, x) = x for all x, y ∈ X;


• f is an i-th n-ary semiprojection if ar(f) = n ≥ 3, i ∈ n and for all
{x1, . . . , xn} ⊆ X |{x1, . . . , xn}| < n implies f(x1, . . . , xn) = xi.


Let us recall that if D is a minimal clone on P(X) then there is an
f ∈ OP(X) \ JP(X) such that D = CloP(X){f} and f belongs to one of the
following six classes [Szen 86]:


• ar(f) = 1 and f2 = f ;


• ar(f) = 1 and there is a prime number p such that fp = idP(X);


• ar(f) = 2 and f is idempotent (i.e. f(A,A) = A for all A ⊆ X);


• f is a minority operation;


• f is a majority operation;


• f is a semiprojection.


6.3. Lemma. If f ∈ OP(X) \ JP(X) is a minority operation, a majority
operation or a semiprojection, then CloP(X){f} 6⊆ HP(X).


Proof. Suppose f is a minority operation and f ∈ HP(X). Then f(X, X, X) =
f(X, ∅, ∅) ∪ f(∅, X, ∅) ∪ f(∅, ∅, X) = X ∪X ∪X = X. On the other hand,
f(X,X, X) = f(X, X, ∅)∪f(X, ∅, X)∪f(∅, X, X) = ∅∪∅∪∅ = ∅. Therefore,
X = ∅. Contradiction. The same idea works if f is a majority operation.


Now, suppose f is a semiprojection and f ∈ HP(X). For the sake of sim-
plicity, we shall consider the case where f is the first ternary semiprojection.
f(A,B,C) = f(A, ∅, ∅)∪f(∅, B, ∅)∪f(∅, ∅, C) = A∪∅∪∅ = A = π3


1(A,B, C).
Therefore, f ∈ JP(X). Contradiction. 2


6.4. Lemma. Let f ∈ O
(2)
P(X) be a mapping with the property that there


exists a partition 〈G1, G2〉 of X such that f(A,B) = (A ∩ G1) ∪ (B ∩ G2).
Then


(i) for every g ∈ Clo
(n)
P(X){f} there exist i, j ∈ n such that g(A1, . . . , An) =


f(Ai, Aj);







6.1. Characterization of minimal clones of co-operations 137


(ii) CloP(X){f} is a minimal clone of operations on P(X).


Proof. (i) The proof proceeds by induction, having in mind the following
simple facts:


• πn
i (A1, . . . , An) = f(Ai, Ai)


• f(f(Ai, Aj), f(Ak, A`)) = f(Ai, A`).


(ii) Follows from (i). 2


6.5. Remark. Recall that if f is a binary splitting co-operation and d(f) =
〈G1, G2〉 then f−(A,B) = (A∩G1)∪(B∩G2) (Proposition 4.10 and Corollary
4.11).


6.6. Proposition. Let D be a clone of co-operations. D is a minimal clone
of co-operations if and only if there exists a co-operation f /∈ cJX such that
D = cCloX{f} and


• either ar(f) = 1 and f2 = f ,


• or ar(f) = 1 and fp = f for some prime number p,


• or f is an essential binary splitting co-operation.


Proof. ⇐: Follows from known facts about minimal clones on a finite set
and Lemma 6.4.


⇒: Follows from Remark 6.5 and Lemma 6.3. 2


6.7. The description of minimal clones of co-operations by co-
relations. Minimal clones of co-operations have also a very natural descrip-
tion in terms of co-relations. Let D be a minimal clone of co-operations.


• If D = cCloX{f} where ar(f) = 1 and f2 = f then D = cPolX{Ω,


%{idX ,f}} (see Lemma 2.12 and Proposition 4.5 for definitions of Ω and
%M , respectively).


• If D = cCloX{f} where ar(f) = 1 and fp = f for some prime number p


then D = cPolX{Ω, %{idX ,f,...,fp−1}} (see Lemma 2.12 and Proposition
4.5).


• If D = cCloX{f} where f is an essential binary splitting co-operation
then D = cPolX{Σ, ηf} (see Corollary 4.18).
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6.8. The number of minimal clones of co-operations. If X is a set
with ν elements, ν ≥ 3, we can give the number of minimal clones of co-
operations on X. Let α1(ν) be the number of f ∈ TX such that f2 = f , let
α2(ν) be the number of f ∈ TX such that fp = idX for some prime number
p, and let α3(ν) be the number of essential binary splitting co-operations on
X. Then the number of minimal clones of co-operations on X is given by


α1(ν) +
α2(ν)
p− 1


+ α3(ν),


where


α1(ν) =
ν−1∑


j=1


(
ν


j


)
jν−j


α2(ν) =
∑


2≤p≤ν


p prime


b ν
p
c∑


j=1


ν!
j! · pj · (ν − jp)!


α3(ν) = 2(ν−1) − 1.


(Note that α2(ν) is divided by p−1 because f , f2, . . . , fp−1 all generate the
same minimal clone if f is a permutation of X of order p for some prime p.)


6.2 Some supminimal clones of co-operations


In this section we are going to describe all non-unary supminimal clones of
operations on X.


6.9. Proposition. Let C and D be clones of co-operations such that cJX <·
D <· C. Then exacty one of the following statements is true:


(i) D = D(un) and C = C(un).
(ii) There exists an f ∈ TX such that f2 = f 6= idX , D = cCloX{f} and


D(1) = C(1).
(iii) There exist an f ∈ TX and a prime number p such that f 6= idX ,


fp = idX , D = cCloX{f} and D(1) = C(1).
(iv) D = D(sp) and C = C(sp).
(v) D = D(sp) = C(sp) and there exists an f ∈ TX such that f2 = f 6= idX


and C = cCloX(D ∪ {f}).
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(vi) D = D(sp) = C(sp), C(1) contains only permutations and for every
f ∈ C(1) \ {idX} we have C = cCloX(D ∪ {f}).


Proof. The proof is a direct consequence of [Szen 83, Proposition 4.2.],
Propositions 3.7 and 4.10 and the following two simple facts:


• f ∈ TX is a permutation if and only if f− is a permutation, and


• for f ∈ TX , f2 = f if and only if (f−)2 = f−.


2


6.10. Remark. In cases (iv), (v) and (vi) we know that D = cCloX{g} for
some essential binary splitting co-operation g.


6.11. Lemma. Let g be an essential binary splitting co-operation, let d(g) =
〈A,B〉 and let f ∈ TX . If cCloX{g} <· cCloX{f, g} then either f |A = idA or
f |B = idB.


Proof. If f |A = idA and f |B = idB then f = idX whence cCloX{g} =
cCloX{f, g}. Contradiction.


Suppose, now, that f |A 6= idA and f |B 6= idB. Let h := g · [f · ι21, ι22].
It is evident that cCloX{g} ⊆ cCloX{g, h} ⊆ cCloX{g, f}. Let us show
that the first inclusion is strict. Choose a ∈ A such that f(a) 6= a and
consider the co-relation σa := {〈P, X \ P 〉∇ : a ∈ P ⊆ X}. Obviously,
σa ∈ cInvX{g}. Let ra := 〈{a}, X \ {a}〉∇ and s := h · [ra, ra]. It is easy to
see that s−1(1) = f−1(a) 63 a. So, s /∈ σa while ra ∈ σa. This proves that
σa /∈ cInvX{g, h} and thus cCloX{g} ⊂ cCloX{g, h}.


The proof that the other inclusion is also strict is similar. Choose b ∈ B


such that f(b) 6= b and consider the co-relation σb := {〈P, X \ P 〉∇ : b ∈
P ⊆ X}. One can easily show that σb ∈ cInvX{g, h} \ cInvX{g, f} and thus
cCloX{g, h} ⊂ cCloX{g, f}. 2


6.2.1 Type (ii)


6.12. Lemma. Let f be a unary co-operation such that f2 = f 6= idX and
let ∅ 6= G ⊆ cOX be a set of co-operations such that val g = f for all g ∈ G.
Then for all h ∈ cCloX G we have


h ∈ cJX or valh = f. (∗)
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Proof. The proof proceeds by induction. If h ∈ cJX ∪ G, then (∗) holds
trivially.


Suppose h = g · [h1, . . . , hn] for some g ∈ G and some h1, . . . , hn which
satisfy (∗). Let d(g) = 〈B1, . . . , Bn〉. Then val h = (val g · valh1)|B1 ⊕ . . . ⊕
(val g · valhn)|Bn . The inductive hypothesis implies val hi ∈ {idX , f} for all
i ∈ n. Since f · f = f · idX = f , we have val h = f |B1 ⊕ . . .⊕ f |Bn = f . 2


6.13. Notation. In Lemmata 6.14, 6.15, 6.16 let f be a unary co-operation
such that f2 = f 6= idX and let D := cCloX{f}. Further, let C be a clone
of co-operations such that C(un) = D(un) and D <· C.


6.14. Lemma. For every h ∈ C we have h ∈ cJX or valh = f .


Proof. Since C(1) = D(1) = {idX , f} we know that valh ∈ {idX , f} for all
h ∈ C. We have to show that val h = idX implies h ∈ cJX , i.e. that there
are no non-trivial splitting co-operations in C.


Suppose g ∈ C is a non-trivial splitting co-operation and suppose g


depends on the first and the second argument. Let g′ := g · [f · ιn1 , . . . , f · ιnn]
and let C ′ := cCloX{f, g′}. g′ also depends on at least two arguments, so
D ⊂ C ′. Let us show that C ′ ⊂ C. To do so, it suffices to show that
g /∈ C ′. Since val g′ = f , Lemma 6.12 implies that for all h ∈ C ′ \ cJX we
have valh = f . But, val g = idX 6= f and so g /∈ C ′. Therefore, D ¿ C.
Contradiction. 2


6.15. Lemma. There exists a binary co-operation g such that g depends on
both arguments, val g = f and C = cCloX{g}.


Proof. Since C 6= C(un) there exists a g′ ∈ C depending on at least two
arguments. Lemma 6.14 ensures that val g′ = f . Without loss of generality
we may assume that g′ depends on the first and the second argument. Let
g := g′ · [ι21, ι22, ι22, . . . , ι22]. Then D ⊂ cCloX{g} ⊆ C. Since D <· C we have
C = cCloX{g}. Obviously, val g = val g′ = f . 2


6.16. Lemma. Let Φ := fix(f) and let g be a binary co-operation the
existence of which is ensured by Lemma 6.15. Then


• either (∀x, y ∈ Φ) lbl g(x) = lbl g(y)


• or (∀y ∈ Φ)(∀x ∈ f−1(y)) lbl g(x) = lbl g(y).
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g :
a
b
c


a


c


c


µ


3


R


g′ :
a
b
c


a


c


µ


wR


Figure 6.1: Co-operations g and g′


Proof. Suppose the statement is not true. If both conditions hold, then
(∀x, y ∈ X) lbl g(x) = lbl g(y) and thus g depends on exactly one argument.
Contradiction.


Now suppose none of the conditions holds. Then there exist a, a′ ∈ Φ
such that lbl g(a) 6= lbl g(a′) and there exist c ∈ Φ and b ∈ f−1(c) such that
lbl g(b) 6= lbl g(c). Suppose lbl g(b) = 1 and lbl g(c) = 2. Since ar(g) = 2
and lbl g(a) 6= lbl g(a′) we have lbl g(a) = 1 or lbl g(a′) = 1, say lbl g(a) = 1.
Let g′ := g · [g, ι22] and C ′ := cCloX{g′} (Fig. 6.1). Since g′(a) = 〈1, a〉 and
g′(c) = 〈2, c〉 we get that g′ depends on both arguments. It is easy to chek
that val g′ = f and thus D ⊂ C ′. We are going to show that C ′ ⊂ C by
showing g /∈ C ′. Consider a co-relation σ := {r1, r2, r3} where r1 := 〈∅, X〉∇,
r2 := 〈{c}, X \ {c}〉∇ and r3 := 〈f−1(c), X \ f−1(c)〉∇. It is easy to show
that σ ∈ cInvX C ′ because (∀x, y ∈ f−1(c)) lbl g′(x) = lbl g′(y). Let us show
that g does not co-preserve σ. Let s := g · [r2, r1] and s− = 〈P, Q〉. Since
b ∈ P , c /∈ P and b ∈ f−1(c) we have s /∈ σ. So, C ′ ⊂ C and thus D ¿ C.
Contradiction. 2


6.17. Lemma. Let f be a unary co-operation such that f2 = f 6= idX , let
Φ := fix(f) and let g be a binary co-operation depending on both arguments
such that val g = f and


(a) either (∀x, y ∈ Φ) lbl g(x) = lbl g(y)
(b) or (∀y ∈ Φ)(∀x ∈ f−1(y)) lbl g(x) = lbl g(y).


Then for every h ∈ cCloX{g} we have h ∈ cJX or h = f · ιnk for some n ∈ N
and some k ∈ n, or h = g · [ιnk , ιn` ] for some n ∈ N and some k, ` ∈ n.
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Proof. The proof proceeds by an easy induction, having in mind that


• f · g =


{
f · ι2k, for some k ∈ 2 in case (a)
g, in case (b);


• g · [ιnk , f · ιn` ] = g · [f · ιnk , ιn` ] = g · [f · ιnk , f · ιn` ] = g · [ιnk , ιn` ] because
f |Φ = idΦ;


• g ·[ιnk , g ·[ιn` , ιnm]] = g ·[g ·[ιnk , ιn` ], ιnm] = g ·[g ·[ιnj , ιnk ], g ·[ιn` , ιnm]] = g ·[ιnp , ιnq ]
where p, q ∈ n differ from case to case; and


• g · [f · ιnk , g · [ιn` , ιnm]] = g · [g · [ιnk , ιn` ], f · ιnm] = g · [ιnp , ιnq ] where p, q ∈ n


differ from case to case.


2


6.18. Proposition. Let f be a unary co-operation such that f2 = f 6= idX ,
let Φ := fix(f) and let D := cCloX{f}. Let C be a clone of co-operations
such that C(un) = D(un). Then D <· C if and only if there exists a binary co-
operation g such that C = cCloX{g}, g depends on both arguments, val g = f


and


• either (∀x, y ∈ Φ) lbl g(x) = lbl g(y)


• or (∀y ∈ Φ)(∀x ∈ f−1(y)) lbl g(x) = lbl g(y).


Proof. ⇒: Follows from Lemmata 6.12, 6.14, 6.15 and 6.16.
⇐: It is obvious that D ⊂ C. To show that D <· C, consider a clone of


co-operations C ′ such that D ⊂ C ′ ⊆ C and take any h ∈ C ′ \D. According
to Lemma 6.17 we have h = g · [ιnk , ιn` ] for some k, `, n whence g ∈ C ′.
Therefore, C ′ = C. 2


6.2.2 Type (iii)


6.19. Notation. In Lemmata 6.20 and 6.21 let f 6= idX be a permutation
such that fp = idX for some prime p ∈ N and let D := cCloX{f}. Further
let C be a clone of co-operations such that C(un) = D(un) and D <· C.


6.20. Lemma. Let g ∈ C be at least binary co-operation depending on each
of its arguments and let d(g) = 〈B1, . . . , Bn〉. Then there exists exactly one
i ∈ n such that f |Bi 6= idBi.
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Proof. If f |Bi = idBi for all i ∈ n then f = idX . Contradiction. On
the other hand, suppose f |B1 6= idB1 and f |B2 6= idB2 , and consider g′ :=
g · [f, ι11, ι


1
1, . . . , ι


1
1] ∈ C(1). Since val g ∈ C(1) = D(1) = {idX , f, f2, . . . , fp−1}


we have val g = fk for some k ∈ {0, 1, . . . , p− 1}. Then


g′(x) =


{
fk+1(x), x ∈ B1


fk(x), x ∈ X \B1.


From f |B1 6= idB1 and f |B2 6= idB2 we now obtain that g′ ∈ C(1) \ {idX , f,


f2, . . . , fp−1}. Contradiction. 2


6.21. Lemma. There exists a binary co-operation g ∈ C which depends on
both arguments such that C = cCloX{g}, val g = f and either f |A = idA or
f |B = idB, where 〈A,B〉 = d(g).


Proof. Since C 6= C(un) take any g′ ∈ C \ C(un). Without loss of generality
we may assume that g′ depends on each of its arguments. Let d(g′) =
〈B1, . . . , Bn〉. According to Lemma 6.20 we may also assume that f |B1 6=
idB1 and f |Bj = idBj for j ≥ 2. There exists a non-negative integer k such
that val g′ = fk. Choose ` > 0 such that k + ` ≡ 1 (mod p) and put
g := f ` · g′ · [ι21, ι22, ι22, . . . , ι22]. It is evident that g depends on both arguments
and that val g = f . Also, d(g) = 〈B1, X \ B1〉 and f |B1 6= idB1 while
f |X\B1


= idX\B1
. Moreover, D ⊂ cCloX{g} ⊆ C whence C = cCloX{g}


because D <· C. 2


6.22. Lemma. Let f 6= idX be a permutation such that fp = idX for
some prime p ∈ N. Let g be a binary co-operation which depends on both
arguments such that val g = f and either f |A = idA or f |B = idB, where
〈A,B〉 = d(g). Further, let ĝ := spl(A,B). Then for every h ∈ cCloX{g}
there exist non-negative integers k, `, m, n such that h = fm · ĝ · [ιnk , ιn` ].


Proof. Proceeds by an easy induction having in mind that ĝ · [f · ϕ,ψ] =
f · ĝ · [ϕ, ψ] and ĝ · [ϕ, f · ψ] = ĝ · [ϕ,ψ]. 2


6.23. Proposition. Let f 6= idX be a permutation such that fp = idX for
some prime p ∈ N and let D := cCloX{f}. Let C be a clone of co-operations
such that C(un) = D(un). Then D <· C if and only if there exists a binary co-
operation g ∈ C which depends on both arguments such that C = cCloX{g},
val g = f and either f |A = idA or f |B = idB, where 〈A,B〉 = d(g).


Proof. The proof follows from Lemmata 6.21 and 6.22. 2
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6.2.3 Type (iv)


According to Proposition 4.19 we can easily characterize supminimal clones
of co-operations of type (iv).


6.24. Proposition. C is a supminimal clone of co-operations of type (iv) if
and only if there exists a ternary splitting co-operation g such that g depends
on each of its arguments and C = cCloX{g}.


6.2.4 Type (v)


6.25. Lemma. Let g be an essential binary splitting co-operation, let d(g) =
〈A,B〉 and take f ∈ TX such that f |B = idB. Then for all h1, h2 ∈
cClo


(n)
X {f, g} there exists a k ∈ n such that g · [h1, h2] = g · [h1, ι


n
k ].


6.26. Lemma. Let g be an essential binary splitting co-operation and let
d(g) = 〈A,B〉. Further, consider f ∈ TX such that f2 = f 6= idX , f |A 6= idA


and f |B = idB. Then for all h ∈ cCloX{f, g} we have


h ∈ cCloX{g} or val h = f. (∗)
Proof. The proof proceeds by induction. If h ∈ cJX ∪ {f, g}, then (∗) holds
trivially.


Suppose h = g · [ϕ1, ϕ2] where ϕ1 and ϕ2 satisfy (∗). According to
Lemma 6.25 there exists a k such that h = g · [ϕ1, ι


n
k ]. If ϕ1 ∈ cCloX{g}


then h ∈ cCloX{g}, too. If, on the other hand, valϕ1 = f then val h =
(val g · valϕ1)|A⊕(val g · val ιnk)|B = (idX ·f)|A⊕(idX · idX)|B = f |A⊕idB = f .


Suppose now that h = f · ϕ where ϕ satisfies (∗). Then valh = f · valϕ.
If ϕ ∈ cCloX{g} then valϕ = idX and valh = f . If, however, valϕ = f then
valh = f · f = f . 2


6.27. Proposition. Let g be an essential binary splitting co-operation,
let d(g) = 〈A,B〉 and consider f ∈ TX such that f2 = f 6= idX . Then
cCloX{g} <· cCloX{f, g} if and only if either f |A = idA or f |B = idB.


Proof. ⇒: Follows from Lemma 6.11.
⇐: Suppose f |A 6= idA and f |B = idB. It is obvious that cCloX{g} ⊂


cCloX{f, g}. Let cCloX{g} ⊂ C ⊆ cCloX{f, g} and take any h ∈ C \
cCloX{g}. Then valh = f according to Lemma 6.26. Since h ∈ C we
have f = val h ∈ C and thus C = cCloX{f, g}. This proves that cCloX{g} <·
cCloX{f, g}. 2
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6.2.5 Type (vi)


6.28. Lemma. Let g be an essential binary splitting co-operation, let d(g) =
〈A,B〉 and consider f ∈ TX such that f(A) ⊆ A and f |B = idB. Then


(i) for all h1, h2 ∈ cClo
(n)
X {f, g} and q ∈ N there exists a k ∈ n such that


g · [f q · h1, h2] = f q · g · [h1, ι
n
k ];


(ii) for every h ∈ cCloX{f, g} either h ∈ cCloX{g} or h = f q · g′ for some
q ∈ N and some g′ ∈ cCloX{g}. In other words, h = f q · g′ for some
q ≥ 0 and some g′ ∈ cCloX{g} with the convention f0 = idX .


6.29. Lemma. Let g be an essential binary splitting co-operation, let d(g) =
〈A,B〉 and let f ∈ TX be a permutation of X such that f |A 6= idA and
f |B = idB. Further, let cCloX{g} <· cCloX{f, g}. Then there exists a prime
p ∈ N such that fp = idX .


Proof. f is a permutation of a finite set, so there exists the least positive
integer n ∈ N such that fn = idX . Since f |A 6= idA we have n > 1. Suppose
n is not a prime, let q be a prime factor of n and let f ′ := fn/q. Then
cCloX{g} ⊆ cCloX{f ′, g} ⊆ cCloX{f, g}. Lemma 6.28 implies that both
inclusions are strict. Therefore, cCloX{g} ¿ cCloX{f, g}. Contradiction.


2


6.30. Proposition. Let g be an essential binary splitting co-operation, let
d(g) = 〈A,B〉 and let f ∈ TX be a permutation of X such that f 6= idX .
Then cCloX{g} <· cCloX{f, g} if and only if


• there exists a prime p ∈ N such that fp = idX , and


• either f |A = idA or f |B = idB.


Proof. ⇒: Follows from Lemmata 6.11 and 6.29.
⇐: Suppose f |A 6= idA and f |B = idB. It is obvious that cCloX{g} ⊂


cCloX{f, g}. Let cCloX{g} ⊂ C ⊆ cCloX{f, g} and take any h ∈ C \
cCloX{g}. Then h = f q · g′ for some q ≥ 0 and some g′ ∈ cCloX{g} ac-
cording to Lemma 6.29. Since h ∈ C we have f q = val h ∈ C. Since p is
prime, f q ∈ C implies f ∈ C and thus C = cCloX{f, g}. This proves that
cCloX{g} <· cCloX{f, g}. 2


6.31. Remark. Note that this class of supminimal clones coincides with
the class of supminimal clones of type (iii).
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6.2.6 Summary and comments


The results of this section are summarized in the following proposition.


6.32. Proposition. Let C be a clone of co-operations such that C 6= C(un).
Then C is a supminimal clone of co-operations if and only if one of the
following holds:


• Type (ii): there exist a unary co-operation f and a binary co-operation
g such that C = cCloX{g}, f2 = f 6= idX , g depends on both argu-
ments, val g = f and


– either (∀x, y ∈ fix(f)) lbl g(x) = lbl g(y)
– or (∀y ∈ fix(f))(∀x ∈ f−1(y)) lbl g(x) = lbl g(y);


• Types (iii) and (vi): there exist an essential binary splitting co-operation
g and a permutation f 6= idX of X such that C = cCloX{f, g}, fp =
idX for some prime p ∈ N and either f |A = idA or f |B = idB, where
d(g) = 〈A,B〉.


• Type (iv): there exists a ternary splitting co-operation g such that g


depends on each of its arguments and C = cCloX{g};
• Type (v): there exist an essential binary splitting co-operation g and


a unary co-operation f such that C = cCloX{f, g}, f2 = f 6= idX and
either f |A = idA or f |B = idB, where d(g) = 〈A,B〉;


6.33. Problem. Characterize supminimal clones of co-operations of type
(i). Let us note that this problem is actually a problem of the description of
the second floor in the lattice of transformation monoids on a finite set. In
a sence it does not belong essentially to clone theory.


6.34. Remarks. (i) Let Kj denote the set of all supminimal clones of type
j, j ∈ {(ii), (iii), (iv), (v), (vi)}. We have seen that K(iii) = K(vi) and it is
quite easy to see that Kj and K` are disjoint for j 6= ` and j, ` /∈ {(iii), (vi)}.


(ii) Furthermore, supminimal clones of types (ii) and (v) are in a rather
special relationship. Let 〈A,B〉 be a partition of X. Let g := spl(A,B)
and take f ∈ TX such that f |B = idB and f(A) ⊆ A or f(A) ⊆ B. Let
g∗ := g · [f · ι21, ι22]. Then cCloX{g∗} is a supminimal clone of type (ii) while
cCloX{f, g} is a supminimal clone of type (v). By the very construction
we have cCloX{g∗} < cCloX{f, g}. In particular, the clones cJX , cCloX{f},
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cJX


cCloX{f} cCloX{g}


cCloX{f, g}
cCloX{g∗}


Figure 6.2: A supminimal clone of type (v) dominating a supminimal clone
of type (ii)


cCloX{g}, cCloX{g∗} and cCloX{f, g} form a pentagon depicted in Fig. 6.2.
This is rather a rule than an exception, because almost all supminimal clones
of type (v) dominate some supminimal clone of type (ii).


6.2.7 Associativity


As a final remark, we shall introduce associativity of co-operations and
consider co-operations that generate minimal and supminimal clones of co-
operations.


6.35. Motivation. For operations f ∈ O
(n)
X and g ∈ O


(m)
X denote by 〈f, g〉


the mapping 〈f, g〉 : Xn+m → X2 : 〈x1, . . . , xn, y1, . . . , ym〉 7→ 〈f(x1, . . . , xn),
g(y1, . . . , ym)〉.


If ∗ : X2 → X is a binary operation on X then the fact that ∗ is asso-
ciative can be described by the fact that the following diagram commutes:


X ×X X


X ×X ×X X ×X


?


〈idX , ∗〉


?


∗


-∗


-〈∗, idX〉
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Dually, for co-operations f ∈ cO
(n)
X and g ∈ cO


(m)
X let 〈f, g〉 denote the


mapping 〈f, g〉 : Xt2 → Xtm+n defined by


〈f, g〉(〈j, x〉) =


{
f(x), j = 1
n + g(x), j = 2


where n+ 〈k, y〉 := 〈n+k, y〉. By reversing the arrows in the above diagram,
we obtain that a co-operation f : X → Xt2 is associative if the following
diagram commutes:


X tX X tX tX


X X tX


?


f


?


〈idX , f〉


-〈f, idX〉


-f


i.e. if f · 〈idX , f〉 = f · 〈f, idX〉. Let us note that this is equivalent to saying
that


f · [ι31, f · [ι32, ι33]] = f · [f · [ι31, ι32], ι33]
and that f · 〈g, h〉 corresponds to the linearized superposition introduced in
[Pös-R 97].


6.36. Definition. Let f ∈ cO
(2)
X . We say that f is associative if


f · [f · [ι31, ι32], ι33] = f · [ι31, f · [ι32, ι33]].


The notion of associativity is compatible with contravariant liftings. The
proof of the following proposition is easy.


6.37. Proposition. Let f be a binary co-operation. Then f is associative
if and only if f− is associative.


6.38. Examples. (i) Every binary splitting co-operation is associative.
(ii) Let f be a binary co-operation, let d(f) = 〈A,B〉 and let ϕ := val f .


If ϕ(A) ⊆ A, ϕ(B) ⊆ B and ϕ2 = ϕ then f is associative.
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(iii) Let f be a binary co-operation such that f depends on exactly one
argument and that (val f)2 6= val f . Then f is not associative.


(iv) Let f be a binary co-operation, let d(f) = 〈A,B〉 and let ϕ := val f .
If ϕ(A) ⊆ B and ϕ(B) ⊆ B then f is not associative. To see this, note that
the first argument of f · [f · [ι31, ι32], ι33] is fictitious and that the first argument
of f · [ι31, f · [ι32, ι33]] is not.


Now we can in a natural way generalize the notion of associativity to co-
operations of arbitrary arity.


6.39. Definition. Let f ∈ cO
(n)
X . We say that f is associative if


f · [f · [ι2n−1
1 , . . . , ι2n−1


n ], ι2n−1
n+1 , . . . , ι2n−1


2n−1] =


= f · [ι2n−1
1 , f · [ι2n−1


2 , . . . , ι2n−1
n+1 ], ι2n−1


n+2 , . . . , ι2n−1
2n−1] =


...
= f · [ι2n−1


1 , . . . , ι2n−1
n−1 , f · [ι2n−1


n , . . . , ι2n−1
2n−1]]


6.40. Examples. (i) Every unary co-operation is associative.
(ii) Every splitting co-operation is associative.
(iii) Let f be a co-operation, let d(f) = 〈B1, . . . , Bn〉 and let ϕ := val f .


If ϕ(Bi) ⊆ Bi, i ∈ n, and ϕ2 = ϕ then f is associative.


6.41. Proposition. Associativity is not a clone-theoretic property. In other
words, there does not exist a set of co-relations S such that cPolX S is the
set of all the associative co-operations.


Proof. It suffices to show that there exists an associative co-operation f such
that cCloX{f} contains a non-associative co-operation. Let f be a unary co-
operation such that f2 6= f . Then f is associative, but cCloX{f} contains
the co-operation f · ι21 which is not associative. 2


6.42. Proposition. All minimal clones of co-operations can be generated
by associative co-operations. All supminimal clones of co-operations of types
(i) and (iii)–(vi) can be generated by associative co-operations. A supmin-
imal clone of co-operations C of type (ii) can be generated by associative
co-operations if and only if C = cCloX{g} where g is a binary co-operation
which depends on both arguments and f := val g satisfies


f2 = f ∧ (∀y ∈ fix(f))(∀x ∈ f−1(y)) lbl g(x) = lbl g(y).
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6.3 A lower bound for h(cLX)


In this section we shall show that for ν ≥ 3 we have h(cLX) ≥ 6.
Recall that Uν−1 denotes the maximal clone of co-operations consisting


of all non-essential co-operations. Also, if A is a regular family and C is a
maximal clone of co-operations such that C 6= Max(A) then C∩Max(A) < C.


6.43. Lemma. Let C be a maximal clone of co-operations and let ν ≥ 4.
Then C(un) ¿ C.


Proof. If C = Uν−1 then
∣∣∣[C(un), C]cLX


∣∣∣ = ν−1 ≥ 3 (according to Proposition
4.24), which proves the statement.


Now suppose C 6= Uν−1. It is clear that C ∩ Uν−1 < C. We are going to
show that C(un) < C ∩Uν−1. Let A 6= {X} be the regular family on X such
that C = Max(A) and take any S ∈ A and a ∈ S. Consider the following
binary co-operation:


f(x) =


{
〈1, a〉, x ∈ S


〈2, a〉, x /∈ S.


It is evident that f ∈ C ∩ Uν−1 and that f /∈ C(un), which completes the
proof. 2


Next, we are going to show that for every supminimal clone of co-operations
D and every maximal clone of co-operations C, if D ≤ C then D ¿ C.
In Lemmata 6.44–6.48 we consider all types of supminimal clones of co-
operations, and summarize our findings in the Proposition 6.49. The Corol-
lary 6.50 concludes the section.


6.44. Lemma. Let D be a supminimal clone of co-operations of type (i) and
let C be a maximal clone of co-operations such that D ≤ C. Then D ¿ C.


Proof. Let ν ≥ 4. If D < C(un) then we have D < C(un) < C (Lemma 6.43).
If, however, D = C(un), then D = C(un) ¿ C (again Lemma 6.43).


Now let ν = 3. According to Proposition 4.24, C(un) <· C. Therefore,
to show that D ¿ C it suffices to show that D(1) < C(1). Table 6.1 lists
D(1), resp. C(1), for all supminimal clones D, resp. maximal clones C, on
X = {0, 1, 2}. A straightforward inspection shows that if D(1) ≤ C(1) then
D(1) < C(1). For the sake of simplicity, mappings f : {0, 1, 2} → {0, 1, 2} are
represented by strings f(2) f(1) f(0). 2







6.3. A lower bound for h(cLX) 151


Unary parts of supminimal clones of co-operations on {0, 1, 2}
210 000 100 210 022 200 210 210 211 222
000 210 000 110 210 110 111 210 210 212 222
010 210 000 111 210 110 210 220 210 220 222
012 210 000 120 210 111 112 210 210 221 222
110 210 000 200 210 111 210 211 000 012 210 222
111 210 000 210 220 111 210 212 000 111 201 210
120 210 000 210 222 111 210 222 010 012 210 212
200 210 001 110 210 121 210 212 110 120 210 220
201 210 002 210 220 122 210 211 111 120 210 222
210 211 010 101 210 200 210 211 200 201 210 211
210 212 010 110 210 200 210 220 000 021 102 111 210 222
210 220 010 111 210 200 210 222 001 010 101 110 201 210
210 222 010 210 212 201 210 222 002 012 022 200 210 220
000 010 210 011 111 210 202 210 222 012 021 102 120 201 210
000 020 210 012 111 210 210 211 212 120 121 122 210 211 212


Unary parts of maximal clones of co-operations on {0, 1, 2}
C0 : 000 010 020 100 110 120 200 210 220
C1 : 010 011 012 110 111 112 210 211 212
C2 : 200 201 202 210 211 212 220 221 222
C0|1 : 000 001 010 011 100 101 110 111 200 201 210 211
C0|2 : 000 002 010 012 020 022 200 202 210 212 220 222
C1|2 : 110 111 112 120 121 122 210 211 212 220 221 222
C01 : 000 001 010 011 022 100 101 110 111 122 200 201 210 211 222
C02 : 000 002 010 012 020 022 101 111 121 200 202 210 212 220 222
C12 : 000 001 002 110 111 112 120 121 122 210 211 212 220 221 222
C012: 000 001 002 010 011 012 020 021 022 100 101 102 110 111 112


120 121 122 200 201 202 210 211 212 220 221 222


Table 6.1: Unary parts of all supminimal and maximal clones of co-
operations on {0, 1, 2}
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6.45. Lemma. Let D be a supminimal clone of co-operations of type (ii)
and let C be a maximal clone of co-operations such that D ≤ C. Then
D ¿ C.


Proof. Since D is a supminimal clone of co-operations of type (ii), there
exist a unary co-operation f and a binary co-operation g such that


• f2 = f 6= idX ,


• g depends on both arguments and val f = g,


• either (∀x, y ∈ fix(f)) lbl g(x) = lbl g(y) or (∀y ∈ fix(f))(∀x ∈ f−1(y))
lbl g(x) = lbl g(y), and


• D = cClo{g}.


Case 1: C = Uν−1. Let us start with an observation. Suppose ϕ is a
unary co-operation such that ϕ2 = ϕ and such that there exists a c ∈ X


with the following two properties:


• either c ∈ fix(f) or c ∈ fix(ϕ), and


• f |X\{c} = ϕ|X\{c}.


Then f 6= ϕ, ϕ · f = f · ϕ ∈ {f, ϕ} and by an easy induction we get
(∀h ∈ cClo(D ∪ {ϕ})) val h ∈ {idX , f, ϕ}. Therefore, if we manage to find
such a ϕ, we immediately have D < cClo(D∪{ϕ}) < Uν−1 = C, (see Lemma
6.17) i.e. D ¿ C.


Case 1.1: (∃a ∈ fix(f))
∣∣f−1(a)


∣∣ ≥ 3. Take a ∈ fix(f) such that
∣∣f−1(a)


∣∣ ≥
3 and take b, c ∈ f−1(a) such that a 6= b 6= c 6= a. Then ϕ : X → X defined
by


ϕ(x) =


{
b, x = b


f(x), x 6= b


has the required properties.
Case 1.2: (∃a, b ∈ fix(f))(a 6= b ∧ ∣∣f−1(a)


∣∣ =
∣∣f−1(b)


∣∣ = 2). Take a, b ∈
fix(f) such that a 6= b and


∣∣f−1(a)
∣∣ =


∣∣f−1(b)
∣∣ = 2, and let f−1(b) = {b, b′}.


Then ϕ : X → X defined by


ϕ(x) =


{
b′, x = b′


f(x), x 6= b′


has the required properties.
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Case 1.3: (∃a ∈ fix(f))(
∣∣f−1(a)


∣∣ = 2 ∧ (∀b ∈ fix(f) \ {a}) ∣∣f−1(b)
∣∣ = 1).


Take a ∈ fix(f) such that
∣∣f−1(a)


∣∣ = 2 and take b ∈ fix(f) such that f−1(b) =
{b}. Then ϕ : X → X defined by


ϕ(x) =


{
a, x = b


f(x), x 6= b


has the required properties.


Case 2: C 6= Uν−1. Then clearly D ≤ C ∩ Uν−1 < C. To show that
D < C ∩ Uν−1 it suffices to find a co-operation ϕ such that ϕ ∈ C ∩ Uν−1


and ϕ /∈ D. Let A be a regular family such that C = Max(A) and let t be
the rank of A.


Case 2.1: t ≥ 2. Take any S ∈ A and a, b ∈ S such that a 6= b. Then
ϕ : X → X defined by


ϕ(x) =







b, x = a


a, x = b


x, x 6= a, b


has the required properties.
Case 2.2: t = 1 and |A| ≥ 2. Take {a}, {b} ∈ A such that a 6= b and


consider the co-operation ϕ defined as in Case 2.1.
Case 2.3: t = 1 and |A| = 1. Let A = {{a}} and take b, c ∈ X such that


a 6= b 6= c 6= a. Then ϕ : X → X defined by


ϕ(x) =







c, x = b


b, x = c


x, x 6= b, c


has the required properties. 2


6.46. Lemma. Let D be a supminimal clone of co-operations of type (iii) or
(vi) and let C be a maximal clone of co-operations such that D ≤ C. Then
D ¿ C.


Proof. There exist a permutation f 6= idX and a binary co-operation g


such that C = cClo{g}, fp = idX for some prime p ∈ N, g depends on both
arguments, val g = f and either f |A = idA or f |B = idB, where 〈A,B〉 = d(g).







154 Chapter 6. Minimal clones of co-operations


Suppose f |A 6= idA and f |B = idB, and let A be a regular family such that
C = Max(A). Since g ∈ C and g does not glue on X, we have


(∀S ∈ A)(S ⊆ A ∨ S ⊆ B). (∗)


Also, let us observe that |A| ≥ 2 since f |A 6= idA, f |B = idB and f is a
permutation.


If A 6= B{1} put B := B{1}. If A = B{1}, put B := A{1}. It is evident
that D ≤ C ∩Max(B) < C. To show that D < C ∩Max(B), take any a ∈ A


and consider ϕ : X → X defined by


ϕ(x) =


{
a, x ∈ A


x, x ∈ B.


Obviously ϕ ∈ Max(B) while ϕ ∈ C because of (∗). Since |A| ≥ 2, ϕ is a
glueing so Lemma 6.21 implies ϕ /∈ D. 2


6.47. Lemma. Let D be a supminimal clone of co-operations of type (iv)
and let C be a maximal clone of co-operations such that D ≤ C. Then
D ¿ C.


Proof. There exists a ternary splitting co-operation g such that g depends
on each of its arguments and C = cClo{g}. Let g := spl(B1, B2, B3) and
suppose |B1| ≥ |B2| ≥ |B3| > 0. Further, let A be a regular family such that
C = Max(A). Since g ∈ C and g does not glue on X, we have


(∀S ∈ A)(S ⊆ B1 ∨ S ⊆ B2 ∨ S ⊆ B3). (∗)


Also, let us observe that |B2 ∪B3| ≥ 2.
If A 6= B


{1}
1 put B := B


{1}
1 . If A = B


{1}
1 , put B := (B2 ∪ B3){1}. It is


evident that D ≤ C ∩Max(B) < C. To show that D < C ∩Max(B) take any
a ∈ B2 and consider ϕ : X → X defined by


ϕ(x) =


{
a, x ∈ B2 ∪B3


x, x ∈ B1.


Obviously ϕ ∈ Max(B) while ϕ ∈ C because of (∗). Since |B2 ∪B3| ≥ 2, ϕ


is a glueing so Proposition 6.24 implies ϕ /∈ D. 2
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6.48. Lemma. Let D be a supminimal clone of co-operations of type (v)
and let C be a maximal clone of co-operations such that D ≤ C. Then
D ¿ C.


Proof. There exist an essential binary splitting co-operation g and a unary
co-operation f such that C = cClo{f, g}, f2 = f 6= idX and either f |A = idA


or f |B = idB, where d(g) = 〈A,B〉. Suppose f |A 6= idA and f |B = idB. Let
A be a regular family such that C = Max(A) and let t be the rank of A.
Since g ∈ C and g does not glue on X we have


(∀S ∈ A)(S ⊆ A ∨ S ⊆ B). (∗)


Case 1: t ≥ 2. Put B := B{1}. It is evident that D ≤ C ∩Max(B) < C.
To show that D < C ∩ Max(B) take any a ∈ A and b ∈ B, and consider
ϕ : X → X defined by


ϕ(x) =


{
a, x ∈ A


b, x ∈ B.


Obviously ϕ ∈ C ∩Max(B). Since ϕ|B 6= idB we have ϕ /∈ D.
Case 2: t = 1 and A 6= fix(f){1}. Put B := fix(f){1}. It is evident that


D ≤ C ∩Max(B) < C. Let us show that D < C ∩Max(B). Since f ∈ C we
have A ∩ B 6= ∅ (to see that, take any {x} ∈ A; then {f(x)} ∈ A ∩ B).


If |fix(f)| ≥ 2 take any p ∈ X such that {p} ∈ A ∩ B. Then cp ∈
C ∩Max(B) while cp /∈ D.


Now suppose |fix(f)| = 1, say fix(f) = {p}. Then A ∩ B = B = {{p}}.
Moreover, f = cp and B = {p}. Since A 6= fix(f){1} there exists a q ∈ X


such that {q} ∈ A \ {{p}}. Consider ϕ : X → X defined by


ϕ(x) =


{
q, x ∈ A


p, x ∈ B = {p}.


It is clear that ϕ ∈ C ∩Max(B) while ϕ /∈ D.
Case 3: t = 1 and A = fix(f){1}. If |fix(f)| ≥ 2 take any p ∈ fix(f) and


put B := {{p}}. Then cp ∈ C ∩Max(B) while cp /∈ D.
Now suppose |fix(f)| = 1, say fix(f) = {p}. Then f = cp and B = {p}.


Take any q ∈ X \{p} and put B := {{p}, {q}}. Consider ϕ : X → X defined
as in Case 2. Then it is easy to show that ϕ ∈ C ∩Max(B) and ϕ /∈ D. 2
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6.49. Proposition. Let D be a supminimal clone of co-operations and let
C be a maximal clone of co-operations such that D ≤ C. Then D ¿ C.


Proof. This proposition is a direct consequence of Proposition 6.32 and
Lemmata 6.44–6.48. 2


6.50. Corollary. h(cLX) ≥ 6.


Proof. Knowing the structure of maximal and minimal clones of co-opera-
tions, we see that D = C or D <· C for no minimal clone of co-operations
D and no maximal clone of co-operations C. Therefore h(cLX) 6= 1, 2, 3, 4.
If h(cLX) = 5, then there exist clones E, D, C such that cJX <· E <· D <·
C <· cOX . In this case D is a supminimal clone of co-operations, C is a
maximal clone of co-operations and D <· C. But this is impossible because
of Proposition 6.49. Therefore, h(cLX) ≥ 6. 2







Chapter 7


Enumeration of cL3


The nature of the lattice cLX is largely unknown but the fact that it is
finite suggests a possibility to generate the lattice in some particular case,
extract some information and then try to generalize the results. Many of
the propositions of the previous chapters were obtained this way.


Let 3 := {0, 1, 2}. In this chapter we collect some information on the
structure of cL3. All the clones on 3 were first enumerated and then the
lattice cL3 was effectively generated. Using a simple software tool developed
for this purpose many enumerative properties of cL3 were found.


Every maximal clone of co-operations is uniquely determined index-
clone!of co-operatins!maximal on 3by a regular family [Szék 89]. Since there
are 10 regular families on 3, there are 10 maximal clones on a three element
set. We shall denote them as follows:


The maximal clone The regular family
C0 {{0}}
C1 {{1}}
C2 {{2}}
C0|1 {{0}, {1}}
C0|2 {{0}, {2}}
C1|2 {{1}, {2}}
C01 {{0, 1}}
C02 {{0, 2}}
C12 {{1, 2}}
C012 {{0, 1, 2}}
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We shall refer to this order of maximal clones as the lexicographic order.


7.1 Enumeration of clones of co-operations on a


three element set


As it was noted in [Csá 85], the lattice of clones of co-operations on a finite
set is finite. In the same paper the lattice of clones of co-operations on a
two element set is given. Here, we shall enumerate the lattice of clones of
co-operations on 3.


Let us recall that the unary part of any clone of co-operations on X


is a transformation monoid on X. Thus the entire lattice of clones of co-
operations splits into disjoint layers with respect to the unary parts of clones.


Given a transformation monoid M , recall that Int(M) := {C ≤ cOX :
C(1) = M}. The remark above can be now interpreted as: {Int(M) : M is a
transformation monoid on X} is a partition of cLX . The idea to enumerate
cLX is now quite obvious:


1) generate all transformation monoids on X;


2) for every transformation monoid M enumerate Int(M).


It is possible, however, to do a bit better than that.


7.1. Definition. We say that transformation monoids M1 and M2 on X


are conjugates, and write M1
∼=c M2, if there exists a bijection ϕ : X → X


such that M2 = {ϕ−1 ◦ f ◦ ϕ : f ∈ M1}.


It is obviuost that if M1 and M2 are conjugates, then |Int(M1)| = |Int(M2)|.
Having that in mind, we can modify the above idea:


1) generate the set M of all transformation monoids on X;


2) generate the set of classes M/∼=c;


3) for every class P ∈ M/∼=c compute nP := |Int(M)|, where M is any
representative of P ;


4) |cLX | =
∑


P∈M/∼=c


nP .
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There are 699 transformation monoids on 3 and 160 classes with respect
to ∼=c which are listed in the Appendix 7.A. The number of clones of opera-
tions in each class is given in Appendix 7.B. There are exactly 3551 clones
of co-operations on 3. There are 699 unary clones, 1239 binary clones and
1613 ternary clones.


Let us now give an in-depth view of the algorithm used to enumerate
Int(M) given a transformation monoid M . It is easy to show that for clones of
co-operations C1 and C2 we have C1 = C2 if and only if C


(ν)
1 = C


(ν)
2 . There-


fore, it suffices to generate only the set Intν(M) := {C(ν) : C ∈ Int(M)}.
During the process of generation of Intν(M) it is required to construct
cClo


(ν)
3 F given F ⊆ cO


(ν)
3 so let us comment a bit on that. Every clone


of operations is a carrier of a subalgebra of 〈cOX , ∗, ζ, τ,4, ι21〉. For a co-
operation f , let f ′ denote the co-operation such that:


f ′ =







f, ar(f) = ν,


f with some ν − ar(f) fictitious arguments added, ar(f) < ν,


f with some ar(f)− ν fictitious arguments removed, ar(f) > ν.


Note that f ′ is not unique and that actually we may choose any construction
which brings the arity of f to ν by adding or removing fictitious arguments.
In view of that, given co-operations f and g, let f ¯ g := (f ∗ g)′ and let
4′(f) := (4(f))′. We now have an easy statement:


7.2. Proposition. Let F ⊆ cOX . Then cClo(ν) F is the carrier of the
subalgebra of 〈cOX ,¯, ζ, τ,4′, ιν1〉 generated by F .


based on which one can construct function Closure with the following signa-
ture:


function Closure(F : set of CoOp) returns C : Clone;


Let M be a transformation monoid and let C be a clone of co-operations
such that C(1) = M . If a co-operation f belongs to C then val f must be a
member of M . However, if f is a co-operation such that val f ∈ M , f need
not belong to C. The proposition that follows reduces even further the set of
co-operations that qualify for members of a clone of co-operations the unary
part of which is given.
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7.3. Definition. Let p be a partition of X and let ϕ ∈ TX be a transfor-
mation of X. Let cO


[p,ϕ]
X denote the following set of co-operations:


cO
[p,ϕ]
X := {f ∈ cOX : d(f) = p and val f = ϕ}.


7.4. Definition. Let p = 〈B1, . . . , Bn〉 be a partition of X and let ϕ ∈ TX


be a transformation of X. Let
∧ϕ


p : Tn
X → TX denote the n-ary operation


on TX defined by:
∧ϕ


p
(g1, . . . , gn) = (ϕ · g1)|B1 ⊕ . . .⊕ (ϕ · gn)|Bn .


7.5. Proposition. Let M be a transformation monoid on X and let C be
a clone of co-operations such that C(1) = M . Let p be a partition of X and
let ϕ be a mapping X → X. If M is not closed with respect to


∧ϕ
p then


cO
[p,ϕ]
X ∩ C = ∅.


Proof. Suppose cO
[p,ϕ]
X ∩ C 6= ∅ and take any f ∈ cO


[p,ϕ]
X ∩ C. Then


val f = ϕ and d(f) = p. Let sp := spl(p). It is easy to see that f =
sp ·[ϕ · ιn1 , . . . , ϕ · ιnn]. Take any g1, . . . , gn ∈ M . Since f ∈ C and g1, . . . , gn ⊆
M = C(1) ⊆ C we have that f · [g1, . . . , gn] ∈ C(1) = M . Let us prove
that f · [g1, . . . , gn] =


∧ϕ
p(g1, . . . , gn). f · [g1, . . . , gn] = sp · [ϕ · ιn1 , . . . , ϕ · ιnn] ·


[g1, . . . , gn] = sp · [ϕ · g1, . . . , ϕ · gn] = (ϕ · g1)|B1 ⊕ . . . ⊕ (ϕ · gn)|Bn =∧ϕ
p(g1, . . . , gn). Therefore, M is closed with respect to


∧ϕ
p. 2


Let us now consider the following function:


function RelevantCoOps(M : Monoid) returns L : set of CoOp is
var


p : Partition;
ϕ : Transformation;


begin
L := ∅;
for each partition p of X do


for each ϕ ∈ M do
if M is closed w.r.t.


∧ϕ
p then


L := L ∪ cO
[p,ϕ]
X


fi
od
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od
end


Proposition 7.5 guarantees that if C(1) = M for a clone of co-operations
C and a transformation monoid M , then C(ν) ⊆ RelevantCoOps(M). Let
us just note that the cardinality of RelevantCoOps(M) can be considerably
smaller then the cardinality of cO


(ν)
X .


Putting it all together, we obtain the following algorithm for generation
and enumeration of Intν(M):


input M : Monoid;
output I : set of Clone;
var


Q : queue of Clone;
L : set of CoOp;
C, D : Clone;
f : CoOp;


begin
L := RelevantCoOps(M);
Q := EMPTY;
I := ∅;
PutAtEnd(Closure(M), Q);
while Q 6= EMPTY do


GetFirst(C, Q);
for each f ∈ L do


D := Closure(C ∪ {f});
if D /∈ I then


PutAtEnd(D, Q);
I := I ∪ {D};


fi
od


od
end


A few more notes on the implementation issues may be appropriate at
this point. Co-operations from cO


(3)
3 are represented as 6-digit numbers in
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base 3. Namely, to the co-operation


f =


(
0 1 2


〈`0, v0〉 〈`1, v1〉 〈`2, v2〉


)


we assign its code which is the following ternary number interpreted deci-
mally: `2`1`0v2v1v0. Thus we obtain {0, 1, . . . , 728} as the set of codes of
co-operations.


Clones of co-operations are represented as structures with two compo-
nents:


type Clone is record
s : set of CoOp;
` : list of CoOp;


end


The double bookkeeping is useful because the static representation makes the
membership tests faster, while the dynamic representation is more suitable
for the implementation of Closure function.


Finally, the set I in the above algorithm which can get rather large is
represented as a hash table


var I : array [1 . . . 729] of list of CoOp


where I[n] contains all the clones of cadinality n, in order to speed-ud the
membership tests.


7.2 Enumeration of bases


7.6. Definition. B ⊆ cOX is said to be a base of cOX if cCloB = cOX and
no proper subset of B has the same property. If B is a base, the cardinality
of B is referred to as the rank of B.


Let us briefly present a standard technique for classification and enu-
meration of bases. Let M1, . . . , Mn be all maximal clones of co-operations
on X. To every co-operation f ∈ cOX we shall assign a binary vector
cv(f) = 〈c1, . . . , cn〉 ∈ {0, 1}n, called the characteristic vector of f , according
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to whether f belongs to the corresponding maximal clone or not. Namely,
for i ∈ n,


ci =


{
0, f 6∈ Ci,


1, f ∈ Ci.


7.7. Definition. We say that co-operations f, g ∈ cOX are equivalent, and
write f ≡ g, if cv(f) = cv(g).


It is evident that “≡” is an equivalence relation on cOX . Co-operations
belonging to the same equivalence class have equal characteristic vector.
Therefore, we shall not distinguish between characteristic vectors and classes
modulo “≡”.


7.8. Definition. Let B ⊆ cOX be a base. Then the set {f/≡ : f ∈ B} is
said to be an aggregate.


In view of the above comment, we shall think of an aggregate as of a set of
characteristic vectors.


In order to enumerate all the bases, we first classify all co-operations
according to “≡” i.e. we determine all possible characteristic vectors. Then
we generate all aggregates after which the enumeration of bases reduces to
multiplying the cardinality of each class within the given aggregate.


For binary vectors x = 〈x1, . . . , xn〉 and y = 〈y1, . . . , yn〉 let x ∧ y =
〈x1 · y1, . . . , xn · yn〉. Also, let 0 = 〈0, 0, . . . , 0〉. What follows is an easy
consequence of the Post’s completeness criterion [Szék 89] and the definition.


7.9. Theorem. Let A = {x1, . . . ,xk} ⊆ {0, 1}n be a set of binary vectors.
Then A is an aggregate if and only if


• x1 ∧ . . . ∧ xk = 0, and


• x1 ∧ . . . ∧ xi−1 ∧ xi+1 ∧ . . . ∧ xk 6= 0 for all i ∈ k.


The classification of co-operations and construction of all characteris-
tic vectors turns out to be a rather simple problem in the context of co-
operations, since there is no need to consider co-operations of arities > ν (if
f is a co-operation of arity > ν then f must have a fictitious argument; if we
denote by f ′ the co-operation obtained from f by removing all its fictitious
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arguments, then ar(f ′) ≤ ν and evidently cv(f) = cv(f ′)). Once we have
the characteristic vectors, a standard algorithm (e.g. the one described in
[Sto-M 87]) can be applied to get the aggregates.


We shall now focus to bases of co-operations on 3. First let us show that
the maximal rank of a base on 3 is 5. Since there are 10 maximal clones on
3, it is evident that |B| ≤ 10 for any base B. Every aggregate A of rank k


can be represented as an k× 10 matrix [A] over {0, 1} the rows of which are
the characteristic vectors of the elements of A listed in some arbitrary but
fixed order.


7.10. Proposition. Let A be an aggregate of rank k ≤ 10. Then by om-
mitting some of the columns in [A] and permuting the others one can obtain
the following k × k matrix:






0 1 1 . . . 1 1
1 0 1 . . . 1 1
1 1 0 . . . 1 1
. . . . . . . . . . . . . . . . . .
1 1 1 . . . 0 1
1 1 1 . . . 1 0






7.11. Corollary. If there exists an aggregate of rank ≥ 6 on 3 then there
exist six maximal clones D1, . . . , D6 on 3 such that


D1 ∩D2 ∩D3 ∩D4 ∩D5 ∩D6 6= ∅
D1 ∩D2 ∩D3 ∩D4 ∩D5 ∩D6 6= ∅
D1 ∩D2 ∩D3 ∩D4 ∩D5 ∩D6 6= ∅
D1 ∩D2 ∩D3 ∩D4 ∩D5 ∩D6 6= ∅
D1 ∩D2 ∩D3 ∩D4 ∩D5 ∩D6 6= ∅
D1 ∩D2 ∩D3 ∩D4 ∩D5 ∩D6 6= ∅


(∗)


7.12. Definition. Let D := {D1, . . . , D6} be a set of six maximal clones of
co-operations on 3 such that (∗) holds. Then D shall be referred to as the
critical set on 3.


In Lemmata 7.13–7.19 D is an arbitrary critical set.


7.13. Lemma. If |{C01, C02, C12} ∩ D| ≥ 2 then C012 /∈ D.
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Proof. Suppose {C01, C02, C012} ⊆ D. Then C01 ∩C02 ∩C012 6= ∅. Take any
f ∈ C01∩C02∩C012. Since f /∈ C012 we get that f is not a glueing and that f


depends on at least two arguments. Now, f ∈ C01 and f is not a glueing yield
that (∃i){0, 1} ⊆ dom(f i). Similarly, f ∈ C02 yield (∃i){0, 2} ⊆ dom(f i).
Since dom(f i) ∩ dom(f j) = ∅ for i 6= j, we have (∃i){0, 1, 2} ⊆ dom(f i) i.e.
f depends on exactly one argument. Contradiction. 2


7.14. Lemma.


(i) {C0, C1, C0|1} 6⊆ D,
(ii) {C0, C2, C0|2} 6⊆ D,
(iii) {C1, C2, C1|2} 6⊆ D.


Proof. Let us prove (i). Suppose {C0, C1, C0|1} ⊆ D. Then C0∩C1∩C0|1 6= ∅,
which contradicts the obvious fact that C0 ∩ C1 ⊆ C0|1. 2


7.15. Lemma.


(i) {C0, C0|1, C0|2} 6⊆ D,
(ii) {C1, C0|1, C1|2} 6⊆ D,
(iii) {C2, C0|2, C1|2} 6⊆ D.


Proof. Let us prove (i). Suppose {C0, C0|1, C0|2} ⊆ D. Then C0∩C0|1∩C0|2 6=
∅, which contradicts the obvious fact that C0|1 ∩ C0|2 ⊆ C0. 2


7.16. Lemma. {C0, C1, C2} 6⊆ D.


Proof. Suppose {C0, C1, C2} ⊆ D. Then, according to Lemma 7.14 we have
C0|1 /∈ D, C0|2 /∈ D and C1|2 /∈ D. Since |D| = 6, three of the following four
clones C01, C02, C12, C012 are members of D, whence |{C01, C02, C12} ∩ D| ≥
2. Without loss of generality we may assume that C01, C02 ∈ D. Then
C0 ∩ C1 ∩ C2 ∩ C01 ∩ C02 6= ∅ and take any f ∈ C0 ∩ C1 ∩ C2 ∩ C01 ∩ C02.
Since f ∈ C1 ∩ C2 we have val f(1) = 1 and val f(2) = 2. Also, f /∈ C0


implies val f(0) 6= 0. If val f(0) = 1 then f /∈ C02, contradiction. If however
val f(0) = 2 then f /∈ C01, contradiction. 2


7.17. Lemma. If {C01, C02, C12} ⊆ D then
∣∣∣{C0|1, C0|2, C1|2} ∩ D


∣∣∣ ≤ 1.
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Proof. Suppose {C01, C02, C12, C0|1, C0|2} ⊆ D. Then C0|1∩C0|2∩C01∩C02∩
C12 6= ∅. Take any f ∈ C0|1 ∩ C0|2 ∩ C01 ∩ C02 ∩ C12. Since the underlying
set has cardinality 3, f ∈ C01 ∩ C02 implies that f depends on exactly
one argument, so we may assume that ar(f) = 1. f ∈ C0|1 ∩ C0|2 implies
f(0) = 0. Since f /∈ C02 we have that f does not glue on {0, 2} and that
f({0, 2}) 6= {0, 2}. Therefore f(2) = 1. But then f /∈ C0|2. Contradiction.


2


7.18. Lemma. {C01, C02, C12} 6⊆ D.


Proof. Suppose {C01, C02, C12} ⊆ D. According to Lemma 7.13 C012 /∈
D, according to Lemma 7.16 {C0, C1, C2} 6⊆ D, while Lemma 7.17 implies∣∣∣{C0|1, C0|2, C1|2} ∩ D


∣∣∣ ≤ 1. Since |D| = 6 we have |{C0, C1, C2} ∩ D| = 2


and
∣∣∣{C0|1, C0|2, C1|2} ∩ D


∣∣∣ = 1.
Case 1: {C0, C1, C0|1} ∈ D. Impossible because of Lemma 7.14.
Case 2: {C0, C1, C0|2} ∈ D. Then C0 ∩ C1 ∩ C0|2 ∩ C01 ∩ C02 ∩ C12 6= ∅.


Take any f ∈ C0 ∩ C1 ∩ C0|2 ∩C01 ∩ C02 ∩C12. f /∈ C0 implies val f(0) 6= 0.
Since f ∈ C0|2 and val f(0) 6= 0, we have val f(0) = 2. val f(1) = 1 because
f ∈ C1. Thus f /∈ C01. Contradiction.


Other cases lead to contradiction similarly. 2


7.19. Lemma.


(i) |{C0, C1, C2} ∩ D| ≥ 1,
(ii) |{C01, C02, C12} ∩ D| ≥ 1.


Proof. (i). Suppose {C0, C1, C2} ∩ D = ∅. According to Lemma 7.16
|{C01, C02, C12} ∩ D| ≤ 2. Since |D| = 6 we have {C0|1, C0|2, C1|2, C012} ⊆ D
and |{C01, C02, C12} ∩ D| = 2. But this contradicts Lemma 7.13.


(ii). Suppose {C01, C02, C12} ∩ D = ∅. According to Lemma 7.16
|{C0, C1, C2} ∩ D| ≤ 2. Since |D| = 6 we have {C0|1, C0|2, C1|2, C012} ⊆ D
and |{C0, C1, C2} ∩ D| = 2. But this contradicts Lemma 7.14. 2


7.20. Proposition. There exist no critical sets on 3.


Proof. Let D be a critical set on 3, and let p := |{C0, C1, C2} ∩ D| and
q := |{C01, C02, C12} ∩ D|. Lemmata 7.16, 7.18 and 7.19 imply 1 ≤ p ≤ 2
and 1 ≤ q ≤ 2.
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Case 1: p = 1, q = 1. Since |D| = 6 we have {C0|1, C0|2, C1|2} ⊆ D which
along with p = 1 contradicts Lemma 7.15.


Case 2: p = 1, q = 2. Since q = 2, Lemma 7.13 implies C012 /∈ D whence
{C0|1, C0|2, C1|2} ⊆ D. This and p = 1 contradict Lemma 7.15.


Case 3: p = 2, q = 1. Suppose C0, C1 ∈ D and C2 /∈ D. Lemma 7.14
implies C0|1 /∈ D. Since q = 1 and |D| = 6 we have {C0|2, C1|2, C012} ⊆ D.
Let us assume C01 ∈ D. Then C0∩C1∩C0|2∩C1|2∩C01∩C012 6= ∅. Take any
f ∈ C0∩C1∩C0|2∩C1|2∩C01∩C012. Since f ∈ C0∩C1 we have val f(0) = 0
and val f(1) = 1. Also f ∈ C0|2 ∩ C1|2 means val f(2) = 2. Therefore, f is
not a glueing. Now f is not a glueing and f ∈ C012 imply that f depends
on exactly one argument. So f is a co-projection. But in that case f ∈ C01.
Contradiction.


If C02 ∈ D or C12 ∈ D, the contradiction in achieved similarly.
Case 4: p = 2, q = 2. Suppose C0, C1 ∈ D and C2 /∈ D. Lemma 7.14


implies C0|1 /∈ D while Lemma 7.13 implies C012 /∈ D. Since q = 2 and
|D| = 6 we have {C0|2, C1|2} ⊆ D.


Case 4.1: {C01, C02} ⊆ D. Then C0 ∩ C1 ∩ C0|2 ∩ C1|2 ∩ C01 ∩ C02 6= ∅.
Take any f ∈ C0 ∩ C1 ∩ C0|2 ∩ C1|2 ∩ C01 ∩ C02. f ∈ C0|2 ∩ C1|2 implies
val f(2) = 2, while f ∈ C1 implies val f(1) = 1. Since f /∈ C0, we have
val f(0) 6= 0. Now f ∈ C0|2 and val f(0) 6= 0 imply val f(0) = 2. But then
f /∈ C01. Contradiction.


Case 4.2: {C01, C12} ⊆ D. Analogous to Case 4.1.
Case 4.3: {C02, C12} ⊆ D. Then C0 ∩ C1 ∩ C0|2 ∩ C1|2 ∩ C02 ∩ C12 6= ∅.


Take any f ∈ C0 ∩ C1 ∩ C0|2 ∩ C1|2 ∩ C02 ∩ C12. Since f ∈ C0 ∩ C1 we have
val f(0) = 0 and val f(1) = 1. f /∈ C0|2 means that val f(2) /∈ {0, 2} whence
val f(2) = 1. But then f /∈ C02. Contradiction. 2


As an immediate consequence of Proposition 7.20 and Corollary 7.11 we have


7.21. Corollary. For every base B on 3 we have |B| ≤ 5.


7.22. Example. We present an example of a five element base on 3.
Consider the following five co-operations: f1 =


(
0 1 2


〈0, 1〉 〈0, 1〉 〈0, 2〉
)
, f2 =


(
0 1 2


〈0, 0〉 〈0, 2〉 〈0, 2〉
)
, f3 =


(
0 1 2


〈0, 0〉 〈0, 0〉 〈0, 2〉
)
, f4 =


(
0 1 2


〈0, 0〉 〈0, 1〉 〈0, 1〉
)


and f5 =
(


0 1 2
〈1, 0〉 〈1, 1〉 〈0, 2〉


)
, and let B = {f1, f2, f3, f4, f5}. It is easy


to verify that, with respect to the lexicographic order of maximal clones,
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Char. vector card
0000000000 24
0000000001 2
0000010000 16
0000010010 4
0000010101 2
0000010111 1
0000011001 2
0000011011 1
0000100000 16
0000100011 2
0000100100 4
0000100111 1
0000101001 2
0000101101 1
0001000000 16
0001000011 2
0001000101 2
0001001000 4
0001001011 1
0001001101 1
0010010000 10
0010010011 3
0010100000 10
0010100101 3
0010110000 6
0010110011 2
0010110101 2
0010111001 2
0010111111 1


Char. vector card
0011000000 10
0011001000 2
0011001001 1
0100010000 10
0100010011 3
0100100000 10
0100100100 2
0100100101 1
0101000000 10
0101001001 3
0101010000 6
0101010011 2
0101010101 2
0101011001 2
0101011111 1
0110110000 8
0110110010 2
0110110101 2
0110110111 1
0111010000 8
0111010010 2
0111011001 2
0111011011 1
1000010000 10
1000010010 2
1000010011 1
1000100000 10
1000100101 3
1001000000 10


Char. vector card
1001001001 3
1001100000 6
1001100011 2
1001100101 2
1001101001 2
1001101111 1
1010110000 8
1010110011 2
1010110100 2
1010110111 1
1011100000 8
1011100100 2
1011101001 2
1011101101 1
1101010000 8
1101010011 2
1101011000 2
1101011011 1
1101100000 8
1101100101 2
1101101000 2
1101101101 1
1111110000 6
1111110010 2
1111110100 2
1111111000 2
1111111111 1


Table 7.1: 85 classes of co-operations on 3
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The number of The number of bases
aggregates binary ternary total


Rank 1 1 12 12 24
Rank 2 526 3840 11820 15660
Rank 3 8423 56198 204228 260426
Rank 4 9155 70548 130128 200676
Rank 5 321 2250 1458 3708


Table 7.2: The number of aggregates and bases on 3


cv(f1) = 0111011011, cv(f2) = 1010110111, cv(f3) = 1011101101, cv(f4) =
1101011011 and cv(f5) = 1111111000 whence follows that B is indeed a base
on 3.


There are 85 classes of co-operations. All of them are listed in Table 7.1.
The characteristic vectors are given with respect to the lexicographic order
of maximal clones. Table 7.2 contains the number of aggregates and the
number of bases on 3. Only those co-operations are taken into account
which depend on each of its arguments. Of course, they are finite in number
and at most ternary.


7.3 Submaximal clones of co-operations in cL3


There are exactly 38 submaximal clones in cL3 and they are distributed as
follows:


0
a


0
b


0
c


0
d


1
a


1
b


1
c


1
d


2
a


2
b


2
c


2
d


3
a


3
b


3
c


4
a


4
b


4
c


5
a


5
b


5
c


6
a


6
b


6
c


6
d


7
a


7
b


7
c


7
d


8
a


8
b


8
c


8
d


9
a


9
b


9
c


9
d


9
e


C0 C1 C2 C0|1 C0|2 C1|2 C01 C02 C12 C012


cOX
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Note that lines in the diagram above represent the “<·” relation, not the
“⊂” relation. Due to that, “some lines are missing”.


Let us denote the submaximal clones on 3 by Dk
α where k ∈ {0, 1, . . . , 9}


and α ∈ {a, b, c, d, e}. The meaningful pairs 〈k, α〉 are indicated on the dia-
gram in the form k


α , each pair appearing below the corresponding submax-
imal clone. We are now going to give the description of all 38 submaximal
clones of co-operations on 3. Recall that λ(ab) denotes the transposition (ab)
and let µ3 denote the cyclic permutation (012).


D0
a = Max({{0}}|{{1, 2}})


D0
b = C0 ∩ C0|1


D0
c = C0 ∩ C0|2


D0
d = C0 ∩ C1|2


D4
a = {f ∈ C0|2 : if f depends on


at least two arguments and
f ∈ C1 then f(0) = f(2)}


D4
b = {f ∈ C0|2 : f ∈ C1 ⇒ f ∈ C0}


D4
c = {f ∈ C0|2 : f ∈ C1 ⇒ f ∈ C2}


D1
a = Max({{1}}|{{0, 2}})


D1
b = C1 ∩ C0|1


D1
c = C1 ∩ C0|2


D1
d = C1 ∩ C1|2


D5
a = {f ∈ C1|2 : if f depends on


at least two arguments and
f ∈ C0 then f(1) = f(2)}


D5
b = {f ∈ C1|2 : f ∈ C0 ⇒ f ∈ C1}


D5
c = {f ∈ C1|2 : f ∈ C0 ⇒ f ∈ C2}


D2
a = Max({{2}}|{{0, 1}})


D2
b = C2 ∩ C0|1


D2
c = C2 ∩ C0|2


D2
d = C2 ∩ C1|2


D6
a = C01 ∩ C0|1


D6
b = C01 ∩ C2


D6
c = C01 ∩ C012


D6
d = {f ∈ C01 : f(0) = f(1) or


(∃i)(f i(0) = 0 ∧ f i(1) = 1)


D3
a = {f ∈ C0|1 : if f depends on


at least two arguments and
f ∈ C2 then f(0) = f(1)}


D3
b = {f ∈ C0|1 : f ∈ C2 ⇒ f ∈ C0}


D3
c = {f ∈ C0|1 : f ∈ C2 ⇒ f ∈ C1}


D7
a = C02 ∩ C0|2


D7
b = C02 ∩ C1


D7
c = C02 ∩ C012


D7
d = {f ∈ C02 : f(0) = f(2) or


(∃i)(f i(0) = 0 ∧ f i(2) = 2)
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D8
a = C12 ∩ C1|2


D8
b = C12 ∩ C0


D8
c = C12 ∩ C012


D8
d = {f ∈ C12 : f(1) = f(2) or


(∃i)(f i(1) = 1 ∧ f i(2) = 2)


D9
a = cCloT3


D9
b = cO


(gl)
3 ∪ cClo{λ(12)}


D9
c = cO


(gl)
3 ∪ cClo{λ(02)}


D9
d = cO


(gl)
3 ∪ cClo{λ(01)}


D9
e = cO


(gl)
3 ∪ cClo{µ3}


For every maximal clone we can now repeat the standard procedure to
enumerate bases. Due to the symmetry it suffices to enumerate bases of C0,
C0|1, C01 and C012. The results are presented in Tables 7.3, 7.6, 7.4 and 7.5.


Ch. vector card
0011 13
0110 13
0111 39
1000 10
1001 10
1010 3
1011 3
1100 10
1101 10
1110 3
1111 3


# of # of bases
aggr’s bin tern total


Rank 2 5 196 518 714
Rank 3 18 2464 9632 12096
Rank 4 1 756 1998 2754


Table 7.3: Characteristic vectors and enumeration of bases of C0
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Ch. vector card
0001 4
0011 2
0101 2
0111 1
1001 4
1010 6
1011 14
1101 2
1110 3
1111 7


# of # of bases
aggr’s bin tern total


Rank 2 3 48 0 48
Rank 3 10 276 0 276
Rank 4 1 84 0 84


Table 7.4: Characteristic vectors and enumeration of bases of C01


Ch. vector card
01111 54
10001 1
10010 1
10100 1
11000 2
11111 22


# of # bases
aggr’s binary ternary total


Rank 3 6 486 0 486


Table 7.5: Characteristic vectors and enumeration of bases of C012
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Ch. vector card
0010000 10
0010001 8
0010100 8
0010101 6
0011001 2
0011101 2
0110000 2
0110010 1
0110011 2
0110101 2
0110110 2
0111011 1
1001010 20
1001011 20
1001110 20
1001111 20
1010100 2
1010101 2
1101010 6
1101011 6
1101110 6
1101111 6
1110110 1
1111111 1


# of # of bases
aggr’s bin tern total


Rank 2 23 416 1396 1812
Rank 3 214 4576 11708 16284
Rank 4 49 3088 2756 5844


Table 7.6: Characteristic vectors and enumeration of bases of C0|1
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Appendix


7.A Classes of transformation monoids on 3


This appendix contains the list of all 160 classes of transformation monoids
on 3 denoted for convenience by 001–160. For every class its cardinality and
a representative are given. Mappings f : 3 → 3 are represented by strings
f(2) f(1) f(0).


Class # Representative
001 1 210
002 3 210 000
003 6 210 010
004 3 210 012
005 6 210 000 010
006 6 210 020 000
007 6 210 000 110
008 3 210 000 111
009 3 210 000 120
010 6 210 001 110
011 3 210 010 110
012 3 210 010 212
013 1 210 021 102
014 6 210 010 020 000
015 6 210 010 100 000
016 6 210 000 010 110
017 6 210 000 010 111
018 3 210 010 200 000
019 6 210 010 222 000
020 6 210 000 011 111
021 3 210 000 012 222
022 6 210 020 000 220
023 3 210 000 110 220
024 1 210 000 111 222
025 3 210 010 012 212
026 6 210 000 001 111


110
027 6 210 000 010 011


111
028 6 210 010 020 000


200


Class # Representative
029 6 210 010 220 020


000
030 6 210 010 020 000


222
031 6 210 010 100 000


110
032 6 210 010 100 000


111
033 3 210 000 010 110


111
034 6 210 010 111 200


000
035 6 210 010 111 222


000
036 6 210 010 202 000


222
037 3 210 000 010 212


222
038 3 210 011 111 100


000
039 6 210 011 111 222


000
040 3 210 000 012 222


111
041 3 210 000 110 120


220
042 3 210 001 110 002


220
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Class # Representative
043 3 210 001 110 010


101
044 6 210 001 110 211


111 000
045 6 210 001 110 222


000 111
046 6 210 010 011 111


100 000
047 6 210 000 010 011


111 110
048 6 210 010 011 111


200 000
049 6 210 000 010 211


111 011
050 6 210 010 011 111


222 000
051 3 210 000 010 012


222 212
052 3 210 020 000 100


010 200
053 6 210 020 000 110


010 220
054 6 210 010 020 000


111 222
055 6 210 010 200 000


220 020
056 6 210 010 020 000


200 222
057 6 210 010 020 000


202 222
058 6 210 010 020 000


212 222
059 6 210 010 100 000


222 111
060 3 210 010 110 222


000 111
061 3 210 010 111 200


000 222
062 6 210 010 111 202


000 222


Class # Representative
063 3 210 000 010 111


212 222
064 3 210 011 111 201


100 000
065 3 210 011 111 100


000 222
066 1 210 000 021 111


102 222
067 3 210 001 110 120


002 220
068 3 210 001 110 201


010 101
069 1 210 012 021 120


201 102
070 3 210 000 001 111


110 010 101
071 6 210 001 110 011


111 100 000
072 6 210 001 110 211


111 000 222
073 3 210 010 011 111


100 000 110
074 6 210 010 011 111


100 000 200
075 6 210 010 100 000


211 111 011
076 6 210 010 011 111


100 000 222
077 6 210 000 010 110


211 111 011
078 6 210 010 011 111


110 222 000
079 6 210 010 200 000


211 111 011
080 6 210 010 011 111


200 000 222
081 6 210 010 211 111


011 222 000
082 3 210 000 010 012


222 212 111
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Class # Representative
083 3 210 010 120 020


100 000 200
084 6 210 010 020 000


111 222 200
085 6 210 010 020 000


111 222 202
086 6 210 010 020 000


111 222 212
087 3 210 010 020 000


202 222 212
088 3 210 011 111 201


100 000 222
089 3 210 000 001 111


110 002 222 220
090 3 210 000 001 111


110 201 010 101
091 3 210 001 110 010


101 222 000 111
092 6 210 001 110 200


000 011 100 111
093 6 210 001 110 011


111 100 000 211
094 6 210 001 110 011


111 100 000 222
095 6 210 001 110 112


221 000 111 222
096 3 210 001 110 122


222 000 111 211
097 6 210 010 011 111


110 200 000 100
098 3 210 010 011 111


100 000 110 222
099 6 210 010 100 000


200 211 111 011
100 6 210 010 011 111


100 000 200 222
101 6 210 010 100 000


211 111 011 222
102 6 210 010 110 211


111 011 222 000


Class # Representative
103 3 210 011 111 202


200 010 000 222
104 6 210 010 200 000


211 111 011 222
105 6 210 000 011 111


212 222 211 010
106 3 210 010 012 212


020 000 202 222
107 3 210 010 100 000


220 020 200 110
108 3 210 020 000 100


010 200 111 222
109 3 210 010 020 000


111 222 202 212
110 3 210 000 001 111


110 120 002 222
220


111 3 210 001 110 010
101 011 111 100
000


112 3 210 001 110 201
010 101 222 000
111


113 6 210 001 110 200
000 011 100 111
211


114 6 210 001 110 200
000 011 100 111
222


115 6 210 001 110 011
111 100 000 211
222


116 6 210 001 110 112
221 000 111 222
211


117 6 210 001 110 212
221 000 112 111
222
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Class # Representative
118 3 210 010 110 200


000 100 211 111
011


119 6 210 010 011 111
110 200 000 100
222


120 6 210 010 100 000
200 211 111 011
222


121 3 210 010 012 212
020 000 202 222
111


122 3 210 010 110 120
020 100 220 000
200


123 3 210 010 111 120
020 100 222 000
200


124 1 210 000 012 222
021 111 120 201
102


125 3 210 001 110 002
220 112 221 000
111 222


126 6 210 001 110 010
101 200 000 011
100 111


127 3 210 001 110 011
111 100 000 201
010 101


128 3 210 001 110 010
101 011 111 100
000 222


129 6 210 001 110 022
222 100 011 200
000 111


130 6 210 001 110 011
111 100 000 122
222 211


Class # Representative
131 6 210 001 110 200


000 011 100 111
211 222


132 6 210 001 110 211
111 000 212 221
112 222


133 3 210 010 110 200
000 100 211 111
011 222


134 3 210 000 010 011
111 112 222 212
110 211


135 3 210 010 202 000
222 211 111 011
212 200


136 3 210 001 110 112
221 000 111 222
120 002 220


137 6 210 001 110 002
220 211 111 000
112 221 222


138 3 210 001 110 010
101 200 000 011
100 111 211


139 6 210 001 110 010
101 200 000 011
100 111 222


140 3 210 001 110 011
111 100 000 201
010 101 222


141 3 210 000 010 011
111 012 222 212
211 110 112


142 6 210 001 110 020
002 101 220 010
000 202 111 222


143 6 210 001 110 002
220 121 112 000
221 111 222 212
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Class # Representative
144 3 210 001 110 002


220 211 111 000
112 221 222 212


145 6 210 001 110 010
101 022 222 100
011 000 111 200


146 3 210 001 110 200
000 011 100 111
201 010 101 211


147 3 210 001 110 010
101 200 000 011
100 111 211 222


148 3 210 011 111 221
122 001 222 100
112 211 000 110


149 3 210 001 110 200
000 011 100 111
201 010 101 211
222


150 3 210 001 110 012
221 100 112 011
000 111 122 222
211


151 3 210 001 110 002
220 121 112 000
221 111 222 212
122 211


152 3 210 001 110 120
002 220 121 112
000 221 111 211
212 222 122


153 3 210 001 110 011
111 100 000 020
002 101 220 010
022 222 200 202


154 3 210 001 110 020
002 101 220 010
000 202 111 222
112 221 212 121


Class # Representative
155 3 210 001 110 010


101 120 002 220
020 100 202 011
000 111 200 022
222


156 3 210 001 110 002
220 201 010 101
112 020 221 202
000 111 222 121
212


157 1 210 001 110 020
002 101 220 010
000 202 111 222
122 212 200 221
011 112 100 121
022 211


158 3 210 001 110 012
221 100 112 011
000 111 122 222
211 020 002 101
220 010 202 121
200 212 022


159 1 210 001 110 021
112 100 221 011
102 000 111 211
220 010 122 002
222 101 121 022
212 200 202 020


160 1 210 001 110 012
221 100 112 011
000 111 122 222
211 021 120 201
002 010 220 101
200 212 022 121
102 020 202
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7.B The number clones of co-operations w.r.t. the


corresponding class of monoids


For a representative of every class of transformation monoids all the clones
of co-operations are generated and enumerated. In the table that follows we
use the following notation:


p1 the number of unary clones for a representative of the class
p2 the number of binary clones for a representative of the class
p3 the number of ternary clones for a representative of the class
k the cardinality of the class
qi = k · pi, i ∈ {1, 2, 3}
Σ = q1 + q2 + q3.


Class p1 p2 p3 k q1 q2 q3 Σ
001 1 3 1 1 1 3 1 5
002 1 8 2 3 3 24 6 33
003 1 4 4 6 6 24 24 54
004 1 1 0 3 3 3 0 6
005 1 10 5 6 6 60 30 96
006 1 8 10 6 6 48 60 114
007 1 10 3 6 6 60 18 84
008 1 0 0 3 3 0 0 3
009 1 4 2 3 3 12 6 21
010 1 0 0 6 6 0 0 6
011 1 5 8 3 3 15 24 42
012 1 2 0 3 3 6 0 9
013 1 0 0 1 1 0 0 1
014 1 12 16 6 6 72 96 174
015 1 10 23 6 6 60 138 204
016 1 6 5 6 6 36 30 72
017 1 0 0 6 6 0 0 6
018 1 18 20 3 3 54 60 117
019 1 0 0 6 6 0 0 6
020 1 0 0 6 6 0 0 6
021 1 0 0 3 3 0 0 3
022 1 8 12 6 6 48 72 126
023 1 9 3 3 3 27 9 39
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Class p1 p2 p3 k q1 q2 q3 Σ
024 1 0 0 1 1 0 0 1
025 1 2 1 3 3 6 3 12
026 1 1 0 6 6 6 0 12
027 1 0 0 6 6 0 0 6
028 1 16 43 6 6 96 258 360
029 1 13 22 6 6 78 132 216
030 1 0 0 6 6 0 0 6
031 1 8 26 6 6 48 156 210
032 1 0 0 6 6 0 0 6
033 1 0 0 3 3 0 0 3
034 1 0 0 6 6 0 0 6
035 1 0 0 6 6 0 0 6
036 1 0 0 6 6 0 0 6
037 1 0 0 3 3 0 0 3
038 1 1 0 3 3 3 0 6
039 1 0 0 6 6 0 0 6
040 1 0 0 3 3 0 0 3
041 1 5 3 3 3 15 9 27
042 1 0 0 3 3 0 0 3
043 1 1 0 3 3 3 0 6
044 1 2 0 6 6 12 0 18
045 1 0 0 6 6 0 0 6
046 1 1 0 6 6 6 0 12
047 1 0 0 6 6 0 0 6
048 1 0 0 6 6 0 0 6
049 1 0 0 6 6 0 0 6
050 1 0 0 6 6 0 0 6
051 1 0 0 3 3 0 0 3
052 1 4 9 3 3 12 27 42
053 1 4 5 6 6 24 30 60
054 1 0 0 6 6 0 0 6
055 1 14 55 6 6 84 330 420
056 1 0 0 6 6 0 0 6
057 1 1 0 6 6 6 0 12
058 1 0 0 6 6 0 0 6
059 1 0 0 6 6 0 0 6
060 1 0 0 3 3 0 0 3
061 1 0 0 3 3 0 0 3
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Class p1 p2 p3 k q1 q2 q3 Σ
062 1 0 0 6 6 0 0 6
063 1 0 0 3 3 0 0 3
064 1 1 0 3 3 3 0 6
065 1 0 0 3 3 0 0 3
066 1 0 0 1 1 0 0 1
067 1 0 0 3 3 0 0 3
068 1 2 0 3 3 6 0 9
069 1 0 0 1 1 0 0 1
070 1 1 0 3 3 3 0 6
071 1 2 0 6 6 12 0 18
072 1 0 0 6 6 0 0 6
073 1 2 0 3 3 6 0 9
074 1 1 0 6 6 6 0 12
075 1 1 0 6 6 6 0 12
076 1 0 0 6 6 0 0 6
077 1 0 0 6 6 0 0 6
078 1 0 0 6 6 0 0 6
079 1 0 0 6 6 0 0 6
080 1 0 0 6 6 0 0 6
081 1 0 0 6 6 0 0 6
082 1 0 0 3 3 0 0 3
083 1 4 5 3 3 12 15 30
084 1 0 0 6 6 0 0 6
085 1 0 0 6 6 0 0 6
086 1 0 0 6 6 0 0 6
087 1 2 0 3 3 6 0 9
088 1 0 0 3 3 0 0 3
089 1 0 0 3 3 0 0 3
090 1 1 0 3 3 3 0 6
091 1 0 0 3 3 0 0 3
092 1 2 0 6 6 12 0 18
093 1 2 0 6 6 12 0 18
094 1 0 0 6 6 0 0 6
095 1 0 0 6 6 0 0 6
096 1 0 0 3 3 0 0 3
097 1 2 0 6 6 12 0 18
098 1 0 0 3 3 0 0 3
099 1 2 0 6 6 12 0 18
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Class p1 p2 p3 k q1 q2 q3 Σ
100 1 0 0 6 6 0 0 6
101 1 0 0 6 6 0 0 6
102 1 0 0 6 6 0 0 6
103 1 0 0 3 3 0 0 3
104 1 0 0 6 6 0 0 6
105 1 0 0 6 6 0 0 6
106 1 2 0 3 3 6 0 9
107 1 2 9 3 3 6 27 36
108 1 0 0 3 3 0 0 3
109 1 0 0 3 3 0 0 3
110 1 0 0 3 3 0 0 3
111 1 3 1 3 3 9 3 15
112 1 0 0 3 3 0 0 3
113 1 4 0 6 6 24 0 30
114 1 0 0 6 6 0 0 6
115 1 0 0 6 6 0 0 6
116 1 0 0 6 6 0 0 6
117 1 0 0 6 6 0 0 6
118 1 5 0 3 3 15 0 18
119 1 0 0 6 6 0 0 6
120 1 0 0 6 6 0 0 6
121 1 0 0 3 3 0 0 3
122 1 2 6 3 3 6 18 27
123 1 0 0 3 3 0 0 3
124 1 0 0 1 1 0 0 1
125 1 1 0 3 3 3 0 6
126 1 3 2 6 6 18 12 36
127 1 3 1 3 3 9 3 15
128 1 0 0 3 3 0 0 3
129 1 0 0 6 6 0 0 6
130 1 0 0 6 6 0 0 6
131 1 0 0 6 6 0 0 6
132 1 0 0 6 6 0 0 6
133 1 0 0 3 3 0 0 3
134 1 0 0 3 3 0 0 3
135 1 0 0 3 3 0 0 3
136 1 1 0 3 3 3 0 6
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Class p1 p2 p3 k q1 q2 q3 Σ
137 1 1 0 6 6 6 0 12
138 1 6 2 3 3 18 6 27
139 1 0 0 6 6 0 0 6
140 1 0 0 3 3 0 0 3
141 1 0 0 3 3 0 0 3
142 1 0 0 6 6 0 0 6
143 1 1 0 6 6 6 0 12
144 1 2 0 3 3 6 0 9
145 1 0 0 6 6 0 0 6
146 1 7 3 3 3 21 9 33
147 1 0 0 3 3 0 0 3
148 1 0 0 3 3 0 0 3
149 1 0 0 3 3 0 0 3
150 1 0 0 3 3 0 0 3
151 1 1 0 3 3 3 0 6
152 1 2 0 3 3 6 0 9
153 1 0 0 3 3 0 0 3
154 1 1 0 3 3 3 0 6
155 1 0 0 3 3 0 0 3
156 1 1 0 3 3 3 0 6
157 1 1 0 1 1 1 0 2
158 1 1 0 3 3 3 0 6
159 1 1 0 1 1 1 0 2
160 1 1 1 1 1 1 1 3


Total 699 1239 1613 3551


7.C Various enumerations


7.23. The height of cL3. The height of cL3 (and therefore, the length of
the shortest maximal chain in cL3) is 7, which is easy to establish once we
have the list of all the clones of co-operations on 3. There are exactly 118
maximal chains of length 7 in cL3. Every maximal chain of length 7 has the
following form


cJX <· D <· H1 <· H2 <· H3 <· C <· cOX ,


where D is a minimal and C is a maximal clone of co-operations on 3.
It is interesteing to note that not all the minimal clones of co-operations
host a shortest maximal chain: no shortest maximal chain passes through
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C0 C1 C2 C0|1 C0|2 C1|2 C01 C02 C21 C012
∑


Ds0 3 4 4 4 4 5 − − 5 − 29
Ds1 4 3 4 4 5 4 − 5 − − 29
Ds2 4 4 3 5 4 4 5 − − − 29
Df0 1 − − − − 3 − − 4 1 9
Df1 − 1 − − 3 − − 4 − 1 9
Df2 − − 1 3 − − 4 − − 1 9
Dfc − − − − − − − − − 4 4∑


12 12 12 16 16 16 9 9 9 7 118


Table 7.7: The enumerations of shortest maximal chains in cL3


a minimal clone generated by an idempotent unary co-operatoin. Let us
introduce some notation.


Let s0, s1, s2, f0, f1, f2 and fc denote the following seven co-operations:


s0 :=


(
0 1 2


〈1, 0〉 〈0, 1〉 〈0, 2〉


)
f0 :=


(
0 1 2
0 2 1


)


s1 :=


(
0 1 2


〈0, 0〉 〈1, 1〉 〈0, 2〉


)
f1 :=


(
0 1 2
2 1 0


)


s2 :=


(
0 1 2


〈0, 0〉 〈0, 1〉 〈1, 2〉


)
f2 :=


(
0 1 2
1 0 2


)


fc :=


(
0 1 2
1 2 0


)


Co-operations s0, s1 and s2 are binary splittings, while f0, f1, f2 and fc are
permutations of 3. Let Ds0 , Ds1 , Ds2 , Df0 , Df1 , Df2 and Dfc denote the
minimal clones generated by respective co-operations. The shortest maximal
chains in cL3 have been enumerated according to the maximal and minimal
clone which host it, and this is summarised in Table 7.7.


7.24. Successors and predecessors. Table 7.8 summarizes the num-
ber of clones of co-operations according to the number of successors and
number of predecessors. There are 76 join-irreducible elements and 149
meet-irreducible elements in cL3. There do not exist both join- and meet-
irreducible elements in cL3.
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# succ’s # clones # pred’s # clones
0 1 0 1
1 76 1 149
2 677 2 785
3 1429 3 1341
4 1043 4 771
5 265 5 348
6 48 6 115
7 6 7 12
9 4 8 21


10 1 9 3
13 1 12 3


16 2


Table 7.8: The number of clones of co-operations according to the number
of successors and number of predecessors


7.D A modest software tool to explore cL3


We have already mentioned how all the clones on 3 can be generated. By
applying standard algorithms the lattice cL3, or more precisely the Hasse
diagram thereof, was built. In this appendix we describe a modest tool, cL3,
which was used to extract all the information on cL3 which was referred to
in previous chapters.


7.D.1 Representation of co-operations on 3


Co-operations from cO
(3)
3 are represented as 6-digit numbers in base 3.


Namely, to each co-operation


f =


(
0 1 2


〈`0, v0〉 〈`1, v1〉 〈`2, v2〉


)


we assign its code which is the following ternary number interpreted dec-
imally: `2`1`0v2v1v0. So, co-operations are represented as integers from
{0, 1, . . . , 728}. Let us note that if [f ] denotes the code of the co-operation
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f and if we understand lbl f as a mapping 3 → 3, then we have


[lbl f ] = [f ] div 27 and [val f ] = [f ] mod 27.


#define FALSE 0
#define TRUE 1
typedef int bool;


#define NCoOps 729
typedef int CoOp;


#define cProj0 21
#define cProj1 372
#define cProj2 723


Function CoOp_Arity returns the arity of its argument. Function CoOp_Perm


returns a co-operations obtained from f by permuting its variables under(
2 1 0
v2 v1 v0


)
. Function CoOp_Print pretty-prints the co-operation f. If


unary is set to TRUE only the string f(2) f(1) f(0) is printed. CoOp_Save


pretty-prints f to the file out.


int CoOp_Arity(CoOp f);
CoOp CoOp_Perm(int v2, int v1, int v0, CoOp f);
void CoOp_Print(CoOp f, bool unary);
void CoOp_Save(FILE *out, CoOp f, bool unary);


Functions CoOp_Isα test whether f has property α. Functions Pre_M test
whether f weakly preserves the regular family M (indicated in the comment
to each function).


bool CoOp_IsBij(CoOp f);
bool CoOp_IsUnary(CoOp f);
bool CoOp_IsSplitting(CoOp f);
bool CoOp_IsGlueing(CoOp f);
bool CoOp_HasNoFictArgs(CoOp f);
bool Pre_0(CoOp f); /* {{0}} */
bool Pre_1(CoOp f); /* {{1}} */
bool Pre_2(CoOp f); /* {{2}} */
bool Pre_0_1(CoOp f); /* {{0}, {1}} */
bool Pre_0_2(CoOp f); /* {{0}, {2}} */
bool Pre_1_2(CoOp f); /* {{1}, {2}} */
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bool Pre_01(CoOp f); /* {{0, 1}} */
bool Pre_02(CoOp f); /* {{0, 2}} */
bool Pre_12(CoOp f); /* {{1, 2}} */
bool Pre_012(CoOp f); /* {{0, 1, 2}} */


7.D.2 Sets of co-operations


Sets of co-operations are represented as bitsets under assumption that
unsigned long is a 32 bit word. The global variable cProjs represents
the set of all co-projections on 3.


#define SetLen 23
typedef unsigned long Set[SetLen];
typedef unsigned long SetPtr[];
extern Set cProjs;


Functions that follow implement elementary set manipulation (make the set
empty, add an element to the set, remove an element from the set, test
whether the set is empty, test whether the co-operation belongs to the set,
q := p, res := p ∪ q, res := p ∩ q, res := p \ q, make the complement of s,
respectively).


void Set_Init(SetPtr s);
void Set_Add(SetPtr s, CoOp f);
void Set_Rm(SetPtr s, CoOp f);
bool Set_IsEmpty(SetPtr s);
bool Set_Memb(SetPtr s, CoOp f);
void Set_CopyTo(SetPtr p, SetPtr q);
void Set_Union(SetPtr p, SetPtr q, SetPtr res);
void Set_Inters(SetPtr p, SetPtr q, SetPtr res);
void Set_Diff(SetPtr p, SetPtr q, SetPtr res);
void Set_Compl(SetPtr s);


Function Set_Eq tests whether the sets are equal. Function Set_Cmp when
applied to sets that are not equal returns “−1” if p ⊂ q, “0” if p and q are
incomparable, and “1” if p ⊃ q. If however p = q an error is reported.


bool Set_Eq(SetPtr p, SetPtr q);
int Set_Cmp(SetPtr p, SetPtr q);


Function Set_All tests whether all elements of the set s have property P. A
property is any boolean-valued function with one argument of type CoOp.
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typedef bool (*CoOp_Property)(CoOp);
bool Set_All(SetPtr s, CoOp_Property P);


Function Set_Print pretty-prints co-operations that belong to the set. In
Mode_All all set elements are printed. In Mode_NoFictArgs only those co-
operations are printed which depend on each argument. In Mode_OmitPerms


only those co-operations are printed which depend on each argument. More-
over, if a co-operation f is printed, all those which can be obtained from f


by permuting variables are not printed.
Function Set_Save redirects the output of Set_Print to file out.


#define Mode_All 0
#define Mode_NoFictArgs 1
#define Mode_OmitPerms 2


void Set_Print(SetPtr s, int mode);
void Set_Save(FILE *out, SetPtr s, int mode);


7.D.3 Clones of co-operations


Type List provides a short static list of at most 19 integers placed at po-
sitions 0 . . . 18. Position 19 holds the length of the list. Function Length


returns the length of its argument.


#define ListLen 20
typedef int List[ListLen];
typedef int ListPtr[];


int Length(ListPtr p);


There are 3551 clones of co-operations on 3. The description of the Hasse
diagram of cL3 is containd in the file cL3.dat. Function cL3_Init reads
the file into global variable Clone. Components of the structure CloneType


have the following meaning:


• opset – the set of co-operations that form the clone;


• succ – the list of successors in the Hasse diagram;


• pred – the list of predecessors in the Hasse diagram;


• base – a generating set of the clone;
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• name – the string containing the name of the clone; only clones men-
tioned below have the name.


#define NClones 3551


void cL3_Init(void);


typedef struct{
Set opset;
List succ;
List pred;
List base;
char name[32];


} CloneType;


extern CloneType Clone[NClones];


Indices of important clones. cO is the index of cO3. cJ is the index of cJ3.
Max_M is the index of the maximal clone determined by the regular family
M (see functions Pre_M). Max is the array of maximal clones introduced
to simplify the iterations over maximal clones.


#define cO 0
#define cJ 1
#define Max_0 3202
#define Max_1 3243
#define Max_2 3275
#define Max_0_1 3440
#define Max_0_2 3457
#define Max_1_2 3494
#define Max_01 3517
#define Max_02 3520
#define Max_12 3513
#define Max_012 3550


extern int Max[10];


Function Clone_Print pretty-prints co-operations that belong to the clone.
In modes Mode_All, Mode_NoFictArgs and Mode_OmitPerms the opset of
the clone is passed to the Set_Print function with the corresponding mode.
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In Mode_Short all unary co-operations and the non-unary part of the gen-
erating set are printed. In Mode_Name the name of the clone is printed. For
clones with no name Mode_Name behaves as Mode_Short.


Function Clone_Save redirects the output of Clone_Print to file out.


#define Mode_Name 10
#define Mode_Short 11


void Clone_Print(int index, int mode);
void Clone_Save(FILE *out, int index, int mode);


7.D.4 Remarks


Let us show some useful idioms which arise in the applications of this tool.
Iteration over all clones:


int i;
for(i = 0; i < NClones; i++){ ... Clone[i] ... }


Iteration over all nontrivial clones (note that 0 and 1 are the indices of cO3


and cJ3, respectively):


int i;
for(i = 2; i < NClones; i++){ ... }


Iteration over all maximal clones:


int i;
for(i = 0; i < 10; i++){ ... Clone[Max[i]] ... }


Iteration over all successors of the clone c:


int i, c, s;
for(i = 0; i < Length(Clone[c].succ); i++){
s = Clone[c].succ[i];
... s ...


}


7.D.5 Examples


Determining the height of cL3.
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#include <stdio.h>
#include <stdlib.h>
#include "intqueue.h"
#include "cL3.h"


#define Infinity 9999
int Level[NClones];


void main(void){
int i, c, L;


cL3_Init();
for(i = 0; i < NClones; i++) Level[i] = Infinity;
Q_Init();
Level[cO] = 1;
Q_Insert(cO);


while(Q_First != NULL){
c = Q_Next();
L = Level[c] + 1;
for(i = 0; i < Length(Clone[c].succ); i++){


if(Level[Clone[c].succ[i]] == Infinity){
Level[Clone[c].succ[i]] = L;
Q_Insert(Clone[c].succ[i]);


} } }


printf("h = %d\n", Level[cJ]);
exit(0);


}


Testing whether cL3 is complemented.


#include <stdio.h>
#include <stdlib.h>
#include "cL3.h"


bool IsComplement(int i, int j){
Set s;
int k;


Set_Inters(Clone[i].opset, Clone[j].opset, s);
if(!Set_Eq(s, cProjs)) return FALSE;
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Set_Union(Clone[i].opset, Clone[j].opset, s);
for(k = 0; k < 10; k++){


if(Set_Eq(s, Clone[Max[k]].opset)) return FALSE;
if(Set_Cmp(s, Clone[Max[k]].opset) == -1) return FALSE;


}
return TRUE;


}


void main(void){
int i, j;
bool H[NClones];
int N;


cL3_Init();
for(i = 0; i < NClones; i++) H[i] = FALSE;
H[cO] = H[cJ] = TRUE;


for(i = 2; i < NClones; i++){
for(j = 2; j < NClones; j++){


if(IsComplement(i,j)){
H[i] = TRUE;
break;


} } }


N = 0;
for(i = 0; i < NClones; i++) if(!H[i]) N++;
printf("%d clones have no complement\n", N);
exit(0);


}







Glossary


Notation based on Latin letters


ar(f) the arity of the operation f (p. 10)


ar(%) the arity of the relation % (p. 12)


ar(f) arity of the co-operation f (p. 21)


ar(%) the arity of the co-relation % (p. 25)


AutA the set of automorphisms of the algebra A (p. 44)


ca the constant mapping x 7→ a (p. 10)


cv(f) the characteristic vector of the co-operation f (p. 162)


cCloX F the clone of co-operations generated by F (p. 23)


cClrX S the subalgebra of the algebra of co-relations generated by
S (p. 54)


cEndX S the co-endomorphism monoid of S (p. 26)


cInvX F the set of all finitary co-relations that are co-invariant un-
der every co-operation in F (p. 26)


cJX the set of all co-projections on X (p. 21)


cLX the lattice of clones of co-operations on X (p. 23)


cLoc(F ) local co-closure of F (p. 68)


λ-cLoc(F ) λ-local co-closure of F (p. 67)


cO
(n)
X the set of all n-ary co-operations on X (p. 21)


cOX the set of all co-operations on X (p. 21)


cPolX S the set of all co-operations co-preserving every co-relation
in S (p. 26)


cR
(α)
X the set of all α-ary co-relations on X (p. 25)


193







194 Glossary


cRX the set of all finitary co-relations on X (p. 25)


C0 the maximal clone on 3 determined by the regular family
{{0}} (p. 158)


C1 the maximal clone on 3 determined by the regular family
{{1}} (p. 158)


C2 the maximal clone on 3 determined by the regular family
{{2}} (p. 158)


C0|1 the maximal clone on 3 determined by the regular family
{{0}, {1}} (p. 158)


C0|2 the maximal clone on 3 determined by the regular family
{{0}, {2}} (p. 158)


C1|2 the maximal clone on 3 determined by the regular family
{{1}, {2}} (p. 158)


C01 the maximal clone on 3 determined by the regular family
{{0, 1}} (p. 158)


C02 the maximal clone on 3 determined by the regular family
{{0, 2}} (p. 158)


C12 the maximal clone on 3 determined by the regular family
{{1, 2}} (p. 158)


C012 the maximal clone on 3 determined by the regular family
{{0, 1, 2}} (p. 158)


CloX F the clone generated by F (p. 10)


ConA the set of congruences of the algebra A (p. 44)


Const(X) the set of all constant mappings on X (p. 10)


Const〈c,d〉(X) the set of all 〈c, d〉-almost constants (p. 68)


d(f) the sequence of domains of components of the co-operation
f (p. 21)


diag(a1, . . . , aν) the diagonal co-operation (p. 21)


dom(f) the domain of the partial mapping f (p. 6)


DX the set of all finitary diagonals on X (p. 12)


EndX Q the endomorphism monoid of Q (p. 14)


fix(f) the set of fixed points of f ∈ TX (p. 6)
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fix(F ) :=
⋂


f∈F fix(f), for ∅ 6= F ⊆ TX (p. 6)


GPerm(X) the set of all permutation groups on X (p. 6)


h(L) the height of the lattice L (p. 7)


H(n)
P(X) the set of all totally additive homomorphisms


〈P(X),∪,∩,c , ∅, X〉n → 〈P(X),∪,∩,c , ∅, X〉 (p. 33)


HP(X) =
⋃


n∈NH(n)
P(X) (p. 33)


idA the identity mapping of A (p. 5)


im(f) the image of the mapping f (p. 6)


Int(M) the set of all clones C such that C(1) = M (p. 79)


Intν(M) := {C(ν) : C ∈ Int(M)} (p. 159)


InvX F the set of all finitary relations that are invariant under
every operation in F (p. 14)


JX the set of all projections on X (p. 10)


lbl f the labeling of the co-operation f (p. 21)


LX the lattice of clones of operations on X (p. 10)


Loc(F ) local closure of F (p. 68)


λ-Loc(F ) λ-local closure of F (p. 67)


Max(A) the maximal clone of co-operations determined by the reg-
ular family A (p. 104)


Max(A|B) a clone of co-operations which weakly preserveA and weakly
preserve B with respect to A (p. 111)


Mon(X) the set of all transformation monoids on X (p. 5)


N the set of positive integers (p. 5)


N0 the set of non-negative integers (p. 5)


O
(n)
X the set of n-ary operations on X (p. 10)


OX the set of finitary operations on X (p. 10)


prf (%) the projection of the relation (p. 13)


prf (x) the projection of the vector (p. 13)


prf (%) projection of a co-relation % (p. 51)


prB1|B2|...|B`
(%) another notation for prf (%) (p. 52)


pr−1
f the inverse of the projection of a co-relation (p. 54)
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P(A) the power set of the set A (p. 5)


Part(X) the set of all unordered partitions of X (p. 8)


PolX Q the set of all operations that preserve every relation in Q


(p. 14)


PRP(X) the set of finitary partitioning relations on P(X) (p. 8)


PTA the set of all partial mappings A ◦−→A (p. 6)


r(f) the rank of the co-operation f (p. 21)


r(M) the rank of the regular family M (p. 29)


R
(α)
X the set of α-ary relations on X (p. 12)


RX the set of finitary relations on X (p. 12)


RT(A) the set of all reflexive and transitive binary relations on A


(p. 5)


spl(A1, . . . , Ak) the splitting co-operation determined by the weak parti-
tion 〈A1, . . . , Ak〉 (p. 80)


supp(f) := X \ fix(f), for f ∈ TX (p. 6)


supp(F ) :=
⋃


f∈F supp(f), for ∅ 6= F ⊆ TX (p. 6)


TX the set of all mappings X → X (p. 5)


T
(p)
X the set of all permutations of X (p. 6)


Uν−1 the clone of all non-essential co-operations (p. 84)


Uk the clone generated by unary co-operations and co-opera-
tions of rank ≤ k (p. 84)


val f the value of the co-operation f (p. 21)


Notation based on Greek and related letters


ΓF (%) a closure operator on cRX (p. 58)


δε
α a diagonal on X (p. 12)


δh
B a co-diagonal on X (p. 26)


∂(%) elementary operation on cRX (p. 51)


∂−1(%) the inverse of the elementary operation on cRX (p. 54)


∆A := {〈x, x〉 : x ∈ A}, the least reflexive binary relation on
A (p. 5)


ζ(f) elementary operation on OX (p. 11)
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ζ(%) elementary operation on RX (p. 12)


ζ(f) elementary operation on cOX (p. 44)


ζ(%) elementary operation on cRX (p. 51)


ζ−1(%) the inverse of the elementary operation on cRX (p. 54)


ηf the co-relation that defines a particular clone of splitting
co-operations (p. 81)


θk the defining co-relation for Uk (p. 84)


ιni i-th n-ary co-projection (p. 21)


κm
j co-vectors constituting χm (p. 58)


λa7→b a special mapping X → X (p. 5)


λ(ab) the transposition (ab) (p. 5)


ν the cardinality of X, the underlying set (p. 5)


πn
i i-th n-ary projection (p. 10)


%M the defining relation for Int(M) (p. 80)


%∅ := {∅} (p. 33)


%C := {〈A,X \A〉 : A ⊆ X} (p. 33)


%∪ := {〈Aξ : ξ < ν〉 : A0 =
⋃


0<ξ<ν Aξ} (p. 33)


%X := {X} (p. 33)


%⊆ := {〈A,B〉 : A ⊆ B ⊆ X} (p. 33)


%dis := {〈A,B〉 : A,B ⊆ X ∧A ∩B = ∅} (p. 33)


Σ the co-relation that characterizes clones of splitting co-
operations (p. 80)


τ(f) elementary operation on OX (p. 11)


τ(%) elementary operation on RX (p. 12)


τ(f) elementary operation on cOX (p. 44)


τ(%) elementary operation on cRX (p. 51)


τ−1(%) the inverse of the elementary operation on cRX (p. 54)


χm the m-th abscisse (p. 58)


Ω the co-relation that characterizes unary clones of co-ope-
rations (p. 28)


∇A := {〈x, y〉 : x, y ∈ A} (p. 5)
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∇(%) elementary operation on cRX (p. 51)


∇−1(%) the inverse of the elementary operation on cRX (p. 54)


Infix notation


f |D the restriction of the mapping f (p. 6)


f : A ◦−→B a partial mapping from A to B (p. 6)


A ⊂ B A ⊆ B ∧A 6= B (p. 5)


≺, ¹ ordering relation for partitions; “is (strictly) coarser then”
(p. 8)


≺, ¹ ordering relation for co-vectors; “is (strictly) coarser then”
(p. 26)


a <· b a < b and [a, b] = {a, b} (p. 7)


a ¿ b a < b and not a <· b (p. 7)


C ≤ D (C < D) C and D are clones of operations and C ⊆ D (C ⊂ D)
(p. 11)


Q ≤ S (Q < S) Q and S are clones of relations and Q ⊆ S (Q ⊂ S) (p. 13)


C ≤ D (C < D) C and D are clones of co-operations and C ⊆ D (C ⊂ D)
(p. 24)


Q ≤ S (Q < S) Q and S are clones of co-relations and Q ⊆ S (Q ⊂ S)
(p. 27)


f ≡ g co-operations f and g are equivalent (p. 163)


M1
∼=c M2 monoids M1 and M2 are conjugates (p. 158)


f1 ⊕ f2 the disjoint sum of mappings f1 and f2 (p. 6)


(f · g)(x) = g(f(x)) (p. 5)


(f ◦ g)(x) = f(g(x)) (p. 5)


f ∗ g elementary superposition of operations f and g (p. 11)


% ◦ σ the composition of relations (p. 13)


%× σ the product of relations (p. 13)


%× σ the product of co-relations (p. 51)


% ◦ σ the composition of co-relations (p. 51)


f ∗ g elementary superposition of co-operations f and g (p. 44)


Indices
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Xtn the union of n disjoint copies of X (p. 21)


A{1} := {{a} : a ∈ A} (p. 104)


f+, f− the covariant and contravariant lifting of the (partial) map-
ping (p. 6)


f− the contravariant lifting of the co-operation f (p. 32)


r− contravariant lifting of a co-vector (p. 35)


%− contravariant lifting of a co-relation (p. 35)


p∇ co-vector obtained from a partitioning vector p (p. 35)


%∇ co-relation obtained from a partitioning relation % (p. 35)


f j the j-th component of the co-operation f (p. 21)


fr the co-operation such that fr · [κm
1 , . . . , κm


m] = r (p. 58)


F (n) the set of n-ary operations in F (p. 10)


F (n) the set of all n-ary co-operations in F (p. 21)


Q(α) the set of α-ary relations in Q (p. 12)


S(α) the set of all α-ary co-relations in S (p. 25)


cO
(gl)
X the clone of all glueing co-operations on X (p. 21)


C(un) the clone of co-operations generated by unary co-operations
in C (p. 23)


C(sp) the clone of co-operations generated by splitting co-opera-
tions in C (p. 80)


∪• := {〈A,B, A ∪B〉 : A,B ⊆ X} (p. 33)


Other


n the set {1, . . . , n} (p. 5)


∅ the empty set; the partial mapping with the empty domain
(p. 6)


3 := {0, 1, 2} (p. 157)


〈a]L the principal ideal in the lattice L generated by a (p. 7)


[a〉L the principal filter in the lattice L generated by a (p. 7)


[a, b]L the interval in the lattice L (p. 7)


f(g1, . . . , gn) superposition of operations (p. 10)
∧f
〈fi:i∈I〉〈%i : i ∈ I〉 general superposition of relations (p. 13)
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[g1, . . . , gn] tupling of co-operations g1, . . . , gn (p. 22)


4(f) elementary operation on OX (p. 11)


4(%) elementary operation on RX (p. 12)


4(f) elementary operation on cOX (p. 44)


4(%) elementary operation on cRX (p. 51)
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M
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collapsing, 131
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[Pál-Sz 83] Pálfy, P. P., Szendrei, Á.: Unary polynomials in algebras II, Con-
tributions to General Algebra 2, Proc. Klagenfurt Conf. 1982,
Hölder-Pichler-Tempsky, Wien, 1983
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[Szék 89] Székely, Z.: On maximal clones of co-operations, Acta Sci. Math.
53(1989), 43–50


[Szen 83] Szendrei, Á.: Short maximal chains in the lattice of clones over
a finite set, Math. Nachr. 110(1983), 43–58
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3.3.2 Kodiranje ko-relacija na X relacijama na Y ν . . . . . 42
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Predgovor


Teorija klonova ko-operacija je teorija dualna danas već klasičnoj teoriji
klonova operacija. Ona predstavlja izuzetno privlačan deo diskretne ma-
tematike sa povremenim izletima u teoriju mreža, univerzalnu algebru i enu-
merativnu kombinatoriku. Iako skoro u potpunosti analogna klasičnoj, ova
teorija ima svoj poseban šarm i postoji osećaj da se u ukupnosti mnogo bolje
ponaša.


Značaj teorije klonova ko-operacija nije ograničen samo na teoriju klonova
kao matematičku disciplinu. “Teorija klonova za dati funktor” bi mogla da
obezbedi novi pristup semantici sistema sa prelazima (engl. tansition sys-
tems) tako što bi obezbedila način da se utvrdi skup svih “osobina” koje taj
sistem poseduje kao i alat kojim bi se na osnovu datih osobina mogao rekon-
struisati polazni sistem do na funkcionalnu ekvivalentnost. To bi svakako
bio važan doprinos teorijskom računarstvu. Ispitivanja podsistema i bisimu-
lacija [Jac-R 97, Rut 96] kao specijalnih invarijanti predstavljaju prvi, veoma
ohrabrujuć korak.


Ovaj rad je skroman doprinos teoriji klonova ko-operacija. Njegov os-
novni zadatak je ispitivanje mreže klonova ko-operacija, njihovih apstraktnih
osobina, i objekata koji ih prate.


U Uvodu je pokazano kako je nastao pojam ko-algebraske strukture.
Kratko se razmatraju i dva pristupa ko-algebrama: Kleislijev, koji je potekao
iz konteksta teorije kategorija [Kle 65], i Drbohlavov, koji je po osnovnoj ideji
bliži univerzalnoj algebri, i koji je usvojen u ovom radu.


Glava 0 sadrži spisak osnovnih pojmova i oznaka vezanih za skupove,
preslikavanja, relacije, mreže i particije koji se koriste u celom radu, dok
se u Glavama 1 i 2 uvode standardni termini teorije klonova operacija i
ko-operacija i daje pregled poznatih rezultata.


Originalni rezultati rada sadržani su u Glavama 3–7.
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Glava 3 sadrži osnovni rezultat rada. Pomoću kontravarijantnog liftinga
ko-operacija uspostavlja se izomorfizam izmedju klona svih ko-operacija sku-
pa X i jednog posebnog klona operacija skupa P(X). Pokazuje se da je isto
preslikavanje ujedno i potapanje algebre ko-operacija skupa X u algebru ope-
racija skupa P(X) koja je standardna u teoriji klonova. Takodje se pokazuje
da je kontravarijantni lifting klonova ujedno i izomorfizam mreže klonova ko-
operacija skupa X i jednog glavnog ideala u mreži klonova na P(X). Nakon
ispitivanja lokalno ko-zatvorenih klonova ko-operacija pokazujemo u kakvom
odnosu stoje reprezentacije klonova ko-operacija selektivnim operacijama s
jedne strane [Csá 85], i operacijama na partitivnom skupu s druge strane.
Reprezentaciju operacijama na partitivnom skupu, iako je izomorfna jednom
specijalnom slučaju reprezentacije selektivnim operacijama, smatramo bit-
nom, zato što se njome klonovi ko-operacija smeštaju u poznati ambijent
skupovnih Booleovih algebri, umesto u prilično opskuran prostor selektivnih
operacija. U pretposlednjem odeljku se razmatra odnos klonova ko-operacija
i klonova operacija kroz proces liftinga, što je omogućeno činjenicom da i kon-
travarijantni lifting klona svih ko-operacija i kovarijantni lifting klona svih
operacija skupa X odredjuju klon operacija skupa P(X). Na samom kraju
ove pomalo dugačke glave se ispituju odnosi klonova ko-relacija i klonova
relacija kroz prizmu monoida transformacija.


U Glavi 4 se izlažu neke osobine mreže klonova ko-operacija kao parci-
jalno uredjenog skupa. Opisani su intervali Int(M) za neke posebne monoide
transformacija M . Pokazano je da u slučaju M = TX u mreži klonova ko-
operacija ne postoji “Burlova anomalija” (ispitivanja kolapsirajućih monoida
su, medjutim, odložena do Glave 5). Nakon toga je predložena jedna kon-
strukcija skupa nezavisnih ko-operacija na osnovu koje je dobijena donja
granica za broj klonova ko-operacija na konačnom skupu i tačan broj klonova
ko-operacija na beskonačnom skupu. Iako je dobijena donja granica prilično
neprecizna, na osnovu nje se sasvim jasno uočava “veoma eksponencijalna
priroda” ovog broja. Ispitivanja jednog posebnog glavnog filtera mreže
klonova ko-operacija nam daju gornju granicu za visinu mreže.


Glava 5 je posvećena ispitivanjima maksimalnih klonova ko-operacija
na konačnom skupu. Maksimalni klonovi ko-operacija su opisani u radu
[Szék 89] kao skupovi operacija koji slabo čuvaju regularne familije skupova.
Prvo se daje interpretacija ovog rezultata u terminima ko-relacija i pokazuje
se da je ovakav opis najbolji mogući kada se u obzir uzme arnost dobijenih
ko-relacija. Nakon toga se pokazuje da nijedan maksimalan klon nema Shef-
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ferovu ko-operaciju i daje se opis Uν−1-maksimalnih klonova ko-operacija.
Pažnja se dalje prenosi na preseke maksimalnih klonova ko-operacija. Prvo
se razmatraju preseci nekih parova maksimalnih klonova i pokazuje se da
to ne mora uvek biti maksimalni klon, a kasnije se konstruǐse potapanje
mreže cLB1 × . . .× cLBk


u mrežu cLX . Potom se pokazuje da je mreža cLX


komplementirana, a na samom kraju se razmatraju kolapsirajući klonovi
ko-operacija i monoidi.


Glava 6 je posvećena opisu minimalnih klonova ko-operacija i svih sup-
minimalnih klonova ko-operacija koji nisu esencijalno unarni. Uvid u struk-
turu supminimalnih klonova omogućuje izvodjenje donje granice za visinu
mreže klonova ko-operacija. Glava sadrži i kratak komentar o asocijativnosti
ko-operacija.


U Glavi 7 se razmatraju enumerativne osobine mreže klonova ko-operacija
na troelementnom skupu, kao i nekih njenih pratećih objekata. Osim utvr-
djivanja kardinalnosti mreže na skupu {0, 1, 2}, odredjena je njena visina,
kao i svi submaksimalni klonovi. Poseban odeljak je posvećen enumeraciji
bazā klona svih ko-operacija i svih maksimalnih klonova, klasičnoj temi u
teoriji klonova. U dodacima su navedene tabele kojima se sumarizuju rezul-
tati ove glave i dat je opis jednostavnog softverskog alata koji ima ulogu
“računarskog atlasa” mreže cL3. S obzirom da mreža ima prevǐse eleme-
nata da bi se mogao dati njen Hasse dijagram, “računarski atlas” se pokazao
kao najjednostavniji i najefikasniji način da se dodje do informacija o mreži.
Napomenimo da su mnogi rezultati u ovom radu dobijeni uopštavanjem oso-
bina mreže koje su otkrivene “prelistavanjem atlasa”. Navedimo kao primer
strukturu Uν−1-maksimalnih klonova, gornju i donju granicu za visinu mreže,
činjenicu da je mreža komplementirana, kao i to da maksimalni klonovi ne-
maju Shefferovu ko-operaciju.


*
* *


Najveći deo ovog rada napisan je tokom mog tromesečnog boravka na
Tehnološkom univerzitetu u Drezdenu, koji je realizovan zahvaljujući sti-
pendiji DAAD, kao i tokom mog četvoromesečnog boravka na Institutu
RISC univerziteta “Johannes Kepler” u Lincu, koji je realizovan zahvaljujući
stipendiji ÖAD.
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Uvod


Uopštavanjem radova Hopfa iz 1941. o mnogostrukostima koje dopuštaju
proizvode (kao što su, recimo Lijeve grupe) algebarski topolozi su došli do
pojma Hopfove algebre (videti [Kas 95]). Pored izuzetnog značaja koga Hop-
fove algebre i srodne strukture imaju u teorijskoj fizici, one predstavlja-
ju veoma interesantan algebarski fenomen: to su prvi matematički objekti
snabdeveni koalgebarskom strukturom.


Operacija skupa X je svako preslikavanje skupa Xn u skup X, gde je
n neki prirodan broj. Ako je skup X, recimo, vektorski prostor, tada je
pogodno umesto direktnog stepena uzeti tenzorski stepen. U tom kontekstu
operaciju možemo shvatiti kao preslikavanje tenzorskog stepena X⊗n u skup
X. Kako je skup X⊗n zapravo faktor direktnog stepena Xn, operaciju skupa
X u naǰsirem smislu možemo shvatiti kao preslikavanje skupa S(X) u skup
X, gde je S(X) neka struktura na skupu X. Ko-operaciju, kao pojam dualan
pojmu operacije, možemo tada u naǰsirem smislu shvatiti kao preslikavanje
skupa X u skup S(X). Kao primer, razmotrimo veoma neformalno strukturu
Hopfove algebre. Neka je X vektorski prostor nad poljem k i neka je sa ⊗
označen tenzorski proizvod vektorskih prostora. Hopfova algebra na X je
uredjena šestorka 〈X,µ, η,∆, ε, S〉 gde je µ : X ⊗X → X proizvod (za koga
se pretpostavlja da je asocijativan), η : k → X jedinica, ∆ : X → X ⊗X ko-
proizvod (za koga za koga se pretpostavlja da je ko-asocijativan), ε : X → k


je ko-jedinica i S : X → X antipod. Za preciznu definiciju i osobine Hopfovih
algebri videti, na primer, [Kas 95].


Istraživanja u teoriji kategorija u prvoj polovini 1960-ih godina dovode
do sasvim apstraktnog pogleda na algebre i ko-algebre, koji je u potpunosti
analogan shvatanju operacija i ko-operacija o kome je upravo bilo reči. Neka
je C kategorija i F : C → C endofunktor. Za svaki objekt X kategorije C
i svaki morfizam α : F (X) → X, uredjeni par 〈X, α〉 zovemo F -algebra.
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Za morfizam β : X → F (X), uredjeni par 〈X,β〉 zovemo F -ko-algebra.
Osnovne osobine F -algebri i F -ko-algebri kao i značaj koga one imaju u
teoriji kategorija pokazali su Eilenberg i Moore [Eil-M 65], odnosno Kleisli
[Kle 65].


Ko-algebre kao modele raznih vrsta sistema sa prelazima (engl. transition
systems) su 1988. u teorijsko računarstvo uveli Aczel i Mendler [Acz-M 88].
Time je teorijsko računarstvo dobilo elegantan i unificiran aparat za ispiti-
vanje raznih računskih modela, ali i struktura podataka. Na primer,


• za funktor F (X) = X2, F -ko-algebre predstavljaju prirodan model
binarnih stabala;


• za funktor F (X) = A × XB odgovarajućim ko-algebrama se mogu
opisati deterministički konačni automati sa ulaznim alfabetom B i
izlaznim alfabetom A;


• F -ko-algebre koje odgovaraju funktoru F (X) = P(X) predstavljaju
nedeterminističke sisteme sa prelazima.


U radovima H. Reichela [Rei 95] i B. Jacobsa [Jac 96] je pokazano kako se
ko-algebrama prirodno modeliraju elementi objektno-orijentisane paradigme
programiranja, a pokazan je i ko-algebraski pristup formalnoj verifikaciji
programa.


*
* *


Vǐse u duhu univerzalne algebre, K. Drbohlav je 1971. počeo sa is-
traživanjima u nešto drugačijem pravcu [Drb 71]. To je pristup koji je
usvojen u ovom radu. “Potpunom” dualizacijom u kategoriji SET (tj. okre-
tanjem strelica i dualizacijom konstrukcija) ko-operaciju skupa X možemo
shvatiti kao preslikavanje X → X t . . . tX, gde je sa t označena disjunk-
tna unija skupova. Ko-algebra je tada uredjen par 〈X,F 〉, gde je F neki
skup ko-operacija skupa X raznih arnosti. Motiv njegovih istraživanja je
bila dualizacija osnovnih tvrdjenja univerzalne algebre.


Klon ko-operacija shvaćenih na ovaj način uveo je 1985. B. Csákány
[Csá 85]. Dva osnovna sastojka za definiciju klona su projekcije i super-
pozicija. Ko-projekcije, duali projekcija, dolaze uz pojam ko-proizvoda kao
prateći morfizmi, dok superpoziciju ko-projekcija dobijamo obrtanjem stre-
lica i konstrukcija u dijagramu superpozicije operacija. Kao što je pokazao
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Csákány, klonovi ko-operacija su apstraktni klonovi, čime je opravdana upo-
treba termina “klon”. Oni zbog toga veoma liče na uobičajene klonove,
klonove operacija. Medjutim, postoje mnoge, često drastične razlike. Neki
primeri su navedeni u priloženim tabelama.


Da bi mogla da razvije punu snagu, svakoj teoriji klonova je potreban
njen “relacioni deo”, jezik kojim bi se moglo iskazati da neki klonovi imaju
neke osobine. Odgovarajuće objekte u slučaju teorije klonova ko-operacija
zovemo ko-relacije. Ovaj pojam su 1997. uveli R. Pöschel i M. Rößiger
[Pös-R 97] na način sa kojim se čitalac već uveliko familijarizovao: okre-
tanjem strelica. Sa ko-relacijama pri ruci Ps̈chel i Rößiger su bili u stanju
da rutinski izgrade standardni aparat teorije klonova za ko-operacije, opštu
teoriju Galois za ko-operacije i ko-relacije [Pös-R 97], i time postave temelje.
Ovaj rad je direktan nastavak njihovih istraživanja.


Razlike
Klonovi operacija Klonovi ko-operacija


mreža klonova operacija je beskonačna mreža klonova ko-operacija je konačna
[Csá 85]


mreža klonova operacija nije komple-
mentirana


mreža klonova kooperacija je komple-
mentirana (Glava 5)


postoje klonovi operacija za čiji opis je
potrebno beskonačno mnogo finitarnih
relacija


svaki klon ko-operacija se može opisati
tačno jednom ko-relacijom konačne
arnosti (Glava 3)


lanac koga obrazuju klonovi koji sadrže
sve unare ima dužinu ν + 1 (gde
je ν kardinalnost skupa čije operacije
posmatramo)


lanac koga obrazuju klonovi koji sadrže
sve unare ima dužinu ν (gde je ν kar-
dinalnost skupa čije operacije posma-
tramo; Glava 4)


nije poznat opis minimalnih klonova poznati su svi minimalni klonovi (Glava
6)


nije poznat potreban i dovoljan uslov
da data grupa permutacija bude kolap-
sirajuća


postoji jednostavan potreban i dovoljan
uslov da data grupa permutacija bude
kolapsirajuća (Glava 5).
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Sličnosti


• obe vrste objekata su apstraktni klonovi (za ko-operacije
videti [Csá 85]);


• obe vrste objekata obrazuju algebraske mreže u odnosu
na inkluziju (za ko-operacije videti Glavu 3);


• odgovarajuća mreža ima konačnu visinu (za ko-operacije
videti Glavu 4);


• odgovarajuća mreža ima konačno mnogo atoma i
koatoma i nije modularna (za ko-operacije videti [Csá 85]);


• odgovarajuća mreža na svakom većem konačnom skupu
sadrži kopiju svih mreža na manjim skupovima (za ko-
operacije videti Glavu 5);


• i u jednom i u drugom slučaju poznat je tačan opis maksi-
malnih klonova (za ko-operacije videti [Szék 89], odnosno,
Glavu 5);


• skup klonova koji sadrže sve unare obrazuje lanac u
odnosu na inkluziju (za ko-operacije videti Glavu 4);


• obe vrste objekata se mogu opisati kao podalgebre algebri
konstruisanih na isti način (za ko-operacije videti Glavu 3);


• i u jednom i u drugom slučaju automorfizmi ovih algebri
su tačno unutrašnji automorfizmi, a mreža kongruencija je
troelementni lanac (za ko-operacije videti Glavu 3).







Glava 0


Osnovni pojmovi i oznake


U ovoj kratkoj glavi dajemo spisak standardnih pojmova i oznaka koje ćemo
koristiti u radu.
Konvencija. U celom radu X označava skup i ν := |X| ≥ 3.


0.1 Skupovi, relacije i preslikavanja


Sa N := {1, 2, 3, . . .}, odnosno N0 := N ∪ {0}, označavamo skup pozitivnih,
odnosno skup nenegativnih celih brojeva. Za n ∈ N uvedimo oznaku n :=
{1, . . . , n}. Sa P(A) označavamo partitivni skup skupa A, dok sa A ⊆ B


označavamo da je skup A podskup skupa B. A ⊂ B je oznaka za A ⊆
B ∧A 6= B.


Označimo sa RT(X) skup svih refleksivnih i tranzitivnih binarnih relacija
na X. 〈RT(X),⊆〉 je mreža sa najmanjim elementom ∆X := {〈x, x〉 : x ∈ X}
i najvećim elementom ∇X := X ×X.


Sa idA označavamo identičko preslikavanje skupa A. Za preslikavanja
f : A → B i g : B → C, sa (f · g)(x) := g(f(x)) i (f ◦ g)(x) := f(g(x))
označavamo odgovarajuću kompoziciju preslikavanja. Neka je TX skup svih
preslikavanja X → X. Za a, b ∈ X, a 6= b, definǐsimo preslikavanja λa 7→b i
λ(ab) sa


λa 7→b(x) =


{
b, x = a


x, inače
i λ(ab)(x) =







b, x = a


a, x = b


x, inače.
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Sa Mon(X) označavamo skup svih podmonoida monoida 〈TX , ◦, idX〉.
Uočimo da je 〈Mon(X),⊆〉 mreža. Za f ∈ TX neka je sa fix(f) := {x ∈
X : f(x) = x} označen skup svih fiksnih tačaka preslikavanja f , i neka je
supp(f) := X \ fix(f). Dalje, za ∅ 6= F ⊆ TX neka je fix(F ) :=


⋂
f∈F fix(f) i


supp(F ) :=
⋃


f∈F supp(f).


Neka je sa T
(p)
X označen skup svih permutacija skupa X, a sa GPerm(X)


skup svih grupa permutacija na X. 〈GPerm(X),⊆〉 je mreža. Često ćemo
pisati G ≤ T


(p)
X umesto G ∈ GPerm(X). Posebno, sa G <· T


(p)
X označavamo


da je grupa permutacija G pokrivena grupom T
(p)
X u mreži 〈GPerm(X),⊆〉


(videti odeljak o mrežama).
Za preslikavanje f : A → B označimo sa im(f) := {f(a) : a ∈ A} sliku


domena preslikavanja f . Ako je D ⊆ A, sa f |D označavamo restrikciju pre-
slikavanja f na skup D. Neka su f1 : A1 → B1 i f2 : A2 → B2 preslikavanja
takva da je A1 ∩ A2 = ∅. Disjunktna suma preslikavanja f1 i f2, u oznaci
f1 ⊕ f2, je preslikavanje f1 ⊕ f2 : A1 ∪A2 → B1 ∪B2 definisano sa


(f1 ⊕ f2)(x) =


{
f1(x), x ∈ A1


f2(x), x ∈ A2


0.1. Lema. Neka je f, g ∈ T
(p)
X , C := supp(f), D := supp(g) i C ∩D = ∅.


Tada je


• f ◦ g = g ◦ f ;


• (f ◦ g)|C = f |C i (f ◦ g)|D = g|D;


• f |C ⊕ g|D ⊕ idX\(C∪D) = f ◦ g.


Neka dom(f) označava domen parcijalnog preslikavanja f : A ◦−→ B.
Pretpostavljamo da postoji parcijalno preslikavanje ∅ za koga je dom(∅) = ∅.
Sa PTX označavamo skup svih parcijalnih preslikavanja X ◦−→X. Jasno je
da je TX ⊂ PTX .


0.2. Definicija. Za f ∈ PTX definǐsimo kovarijantni lifting f+ : P(X) →
P(X) i kontravarijantni lifting f− : P(X) → P(X) preslikavanja f sa


f+(A) := {f(x) : x ∈ dom(f) ∩A},
f−(A) := {x ∈ dom(f) : f(x) ∈ A},
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A ∈ P(X). Za skup F ⊆ PTX parcijalnih preslikavanja neka je


F+ := {f+ : f ∈ F} i
F− := {f− : f ∈ F}.


0.3. Napomene. (i) Za prazno parcijalno preslikavanje ∅ i svaki skup
A ⊆ X imamo ∅+(A) = ∅ i ∅−(A) = ∅.


(ii) Lako se proverava da je (f◦g)− = g−◦f−, f−(A∪B) = f−(A)∪f−(B)
i f−(A) ∩ f−(B) = f−(A ∩B), za sve f, g ∈ PTX i A,B ⊆ X.


(iii) Ako je f ∈ TX , kovarijantni i kontravarijantni lifting preslikavanja
f imaju uobičajeno značenje: f+(A) = f [A] i f−(A) = f−1[A].


(iv) Ako je M ≤ TX monoid transformacija na X tada su i M+ i M−


monoidi transformacija na P(X).


0.2 Mreže


Ako je L mreža na X i ako su a, b ∈ X, sa 〈a]L i [a〉L, označavamo glavni
ideal i glavni filter mreže L generisan elementom a, redom, dok sa [a, b]L
označavamo interval {c ∈ L : a ≤ c ≤ b}. Kažemo da a <· b u L ako iz
a ≤ c ≤ b sledi c = a ili c = b. Pǐsemo a ¿ b ako je a < b i nije a <· b.


Lanac u mreži L je svaki skup {x1, . . . , xk} elemenata mreže L takav
da je x1 < x2 < . . . < xk. Kažemo da je k dužina lanca {x1, . . . , xk}. Za
lanac {x1, . . . , xk} u mreži sa 0 i 1 kažemo da je maksimalan ako 0 = x1 <·
x2 <· . . . <· xk = 1. Dužinu najkraćeg maksimalnog lanca u mreži L zovemo
visinom mreže L. Visinu mreže L označavamo sa h(L). U konačnoj mreži
uvek postoji najkraći maksimalni lanac.


Neka je L mreža sa najmanjim elementom 0 i najvećim elementom 1.
Kažemo da je b ∈ L komplement elementa a ∈ L ako je a∨ b = 1 i a∧ b = 0.
Za mrežu L kažemo da je komplementirana ako svaki element te mreže ima
komplement.


0.3 Particije


Ako je 〈Aξ : ξ < α〉 familija podskupova skupa X takva da je
⋃


ξ<α Aξ = X


i ξ 6= η ⇒ Aξ ∩Aη = ∅, kažemo da je 〈Aξ : ξ < α〉 slaba α-particija skupa X


ili α-particioni vektor. Slabu α-particiju 〈Aξ : ξ < α〉 skupa X sa osobinom
Aξ 6= ∅ za sve ξ < α zovemo α-particija skupa X. Takodje kažemo da je
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〈Aξ : ξ < α〉 uredjena particija skupa. Ako je 〈Aξ : ξ < α〉 uredjena particija
skupa X, tada skup {Aξ : ξ < α} zovemo neuredjena particija skupa X.


Ako je % ⊆ P(X)α relacija takva da je svaki njen element particioni
vektor, kažemo da je % particiona relacija. Neka je sa PRP(X) označen skup
svih finitarnih particionih relacija na P(X).


Neka su 〈Aξ : ξ < α〉 i 〈Bη : η < β〉 slabe particije skupa X. Kažemo
da je particija 〈Aξ : ξ < α〉 grublja od particije 〈Bη : η < β〉, i pǐsemo 〈Aξ :
ξ < α〉 ¹ 〈Bη : η < β〉, ako (∀η < β)(∃ξ < α)Aξ ⊇ Bη. Kao što je i
uobičajeno, sa “≺” označavamo “¹ i 6=”. Definicija poretka “¹” ne zavisi od
redosleda elemenata particije. Stoga istu oznaku koristimo i za odgovarajući
poredak na skupu neuredjenih particija.


Označimo sa Part(X) skup svih neuredjenih particija skupa X. Tada je
〈Part(X),¹〉 mreža čija struktura je dobro poznata.


0.4. Lema. Neka su 〈A1, . . . , Ah〉 i 〈B1, . . . , B`〉 slabe particije skupa X.
Ah = X \B1 ako i samo ako je


Ah ∩B1 = ∅
A1 ∩B2 = A1 ∩B3 = . . . = A1 ∩B` = ∅
A2 ∩B2 = A2 ∩B3 = . . . = A2 ∩B` = ∅


...
Ah−1 ∩B2 = Ah−1 ∩B3 = . . . = Ah−1 ∩B` = ∅.


Dokaz. ⇒: Očigledno.
⇐: Jasno je da je Ah ⊆ X \ B1. Pretpostavimo da je Ah ⊂ X \ B1 i


uočimo proizvoljan element x ∈ X \ (B1 ∪ Ah). Kako je 〈A1, . . . , Ah〉 slaba
particija skupa X i kako x /∈ Ah, postoji j ∈ {1, . . . , h − 1} takvo da je
x ∈ Aj . Na isti način, postoji k ∈ {2, . . . , `} takvo da je x ∈ Bk. Prema
tome, Aj ∩Bk 6= ∅. Kontradikcija. 2







Glava 1


Klonovi operacija i relacija


Prvi interes za klonove operacija potekao je iz istraživanja kombinatornih
osobina iskaznog računa [Post 21, Yab 52, Yab 58, Gin 85]. Ona dostižu svoj
vrhunac u radovima E. Posta koji je 1941. kompletirao opis mreže klonova
operacija dvoelementnog skupa [Post 41] i time izmedju ostalog pokazao da
na dvoelementnom skupu ima prebrojivo mnogo klonova operacija. Pažnja se
tada prenosi na ispitivanja klonova operacija proizvoljnog konačnog skupa,
ali i klonova operacija beskonačnih skupova. Jedan od prvih rezultata u
vezi sa ispitivanjem klonova operacija konačnog skupa sa bar tri elementa
je ujedno i rezultat koji je najvǐse iznenadio javnost. Ruski matematičari
Yanov i Mučnik su 1959. pokazali da na konačnom skupu sa bar tri elementa
postoji kontinuum klonova.


Na samom početku, ispitivanja u vezi sa klonovima operacija skupa X


bila su tretirana kao ispitivanja kombinatorne prirode vǐsevrednosnih logika.
Pri tome je X bio tretiran kao skup istinitosnih vrednosti. Krajem 1950-ih
je bilo čak nekoliko pokušaja da se izgradi računar čiji bi rad bio zasnovan
na iskaznom računu trovalentne logike [Rin 84]. U medjuvremenu se pogled
na teoriju klonova izmenio, i danas su ispitivanja klonova operacija mnogo
bliža ispitivanjima u vezi sa strukturom konačnih algebri.


Razvoj teorije klonova u poslednjih desetak godina je fascinantan i tre-
balo bi nam odveć prostora da bismo ga predstavili u potpunosti. Pomenimo
samo da je teorija klonova našla primene u raznim granama matematike.
Recimo, Burris i Willard su 1987. pokazali da je broj primitivno-pozitivnih
klonova operacija konačan [Bur-W 87]. Njihov dokaz je u potpunosti univer-
zalno-algebarski, a ispitivanja primitivno-pozitivnih klonova su u direktnoj


9
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vezi sa teorijom konačnih modela.
Skup morfizama mnogih matematičkih struktura čini klon. Tako se


prirodno dolazi do pitanja u kojoj meri klon neke strukture odslikava osobine
te strukture. Pomenimo ovom prilikom samo klon-teoretska istraživanja u
univerzalnoj algebri [Szen 86] i u topologiji [Tay 86, Cook 67, Trn 94].


U ovoj glavi izlažemo najbitnije pojmove i tvrdjenja teorije klonova ope-
racija.


1.1 Operacije


1.1. Neka je sa O
(n)
X označen skup svih n-arnih operacija skupa X, O


(n)
X :=


XXn
, i neka je OX :=


⋃
n∈N O


(n)
X skup svih finitarnih operacija skupa X. Sa


ar(f) označavamo arnost operacije f . Ako je F ⊆ OX , sa F (n) je označen
skup svih n-arnih operacija u F : F (n) = F ∩ O


(n)
X .


i-ta n-arna projekcija, i ≤ n, je operacija πn
i ∈ O


(n)
X sa osobinom da za


sve x1, . . . , xn ∈ X, πn
i (x1, . . . , xn) = xi. Skup svih projekcija svih arnosti


ćemo označiti sa JX . Za a ∈ X, označimo sa ca : X → X konstantno
preslikavanje ca(x) = a. Neka je sa Const(X) označen skup svih konstantnih
preslikavanja skupa X. Primetimo da je O


(1)
X = TX i da je π1


1 = idX .
Neka su f ∈ O


(n)
X i g1, . . . , gn ∈ O


(m)
X proizvoljne operacije. Superpozicija


operacija f i g1, . . . , gn je operacija h ∈ O
(m)
X definisana sa


h(x1, . . . , xm) = f(g1(x1, . . . , xm), . . . , gn(x1, . . . , xm)).


Pǐsemo: h = f(g1, . . . , gn).


1.2. Klonovi operacija. Klon operacija skupa X je svaki podskup C ⊆ OX


sa sledećim osobinama:


• JX ⊆ C, i


• ako f ∈ C(n) i g1, . . . , gn ∈ C(m), onda f(g1, . . . , gn) ∈ C.


OX i JX su, trivijalno, klonovi operacija.
Presek proizvoljne familije klonova operacija je ponovo klon operacija.


Prema tome, za svaki skup F ⊆ cOX , postoji najmanji klon CF koji sadrži
F . Klon CF ćemo označiti sa CloX F . Kažemo da je klon CloX F generisan
skupom F .
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Webb je 1936. pokazao da je klon operacija OX generisan jednom ope-
racijom. Naime, neka je X = {0, 1, . . . , k − 1} i neka je W (x, y) := (xy +
1) mod k. Tada je Clo{W} = OX . Ovu činjenicu ćemo koristiti kada budemo
pokazivali da mreža klonova operacija ima koatome i da ih pri tome ima
konačno mnogo.


Za skup operacija F ⊆ OX kažemo da je kompletan ako je CloF = OX .
Ako su C i D klonovi operacija i C ⊆ D (C ⊂ D), često ćemo pisati


C ≤ D (C < D) da bismo naglasili da su C i D klonovi. Posebno, C ≤ OX


znači “C je klon operacija skupa X”.


1.3. Algebra operacija. Neka je f ∈ O
(n)
X operacija skupa X. Za n = 1


stavimo ζ(f) := τ(f) := 4(f) := f . Za n > 1 definǐsemo


(ζ(f))(x1, . . . , xn) := f(x2, x3, . . . , xn, x1)
(τ(f))(x1, . . . , xn) := f(x2, x1, x3, . . . , xn)
(4(f))(x1, . . . , xn) := f(x1, x1, x2, . . . , xn−1).


Za f ∈ O
(n)
X i g ∈ O


(m)
X definǐsemo


(f ∗ g)(x1, . . . , xn+m−1) := f(g(x1, . . . , xm), xm+1, . . . , xn+m−1).


Algebru 〈OX , ∗, ζ, τ,4, π2
1〉 zovemo algebra operacija skupa X. Dobro je


poznato da je skup C ⊆ OX klon operacija ako i samo ako je C nosač neke
podalgebre algebre operacija skupa X.


1.4. Mreža klonova operacija. Skup svih klonova operacija skupa X


obrazuje mrežu LX u odnosu na inkluziju. Infimum, odnosno supremum,
klonova C1, C2 ∈ LX je dat sa C1 ∧ C2 = C1 ∩ C2, odnosno C1 ∨ C2 =
CloX(C1 ∪ C2).


LX je algebarska mreža zato što je svaki klon operacija skupa X upra-
vo nosač neke podalgebre algebre operacija skupa X. Algebra operacija
konačnog skupa je konačno generisana (Webb, 1936.), pa kao direktnu posle-
dicu dobijamo da LX ima konačno mnogo koatoma, koje zovemo maksimalni
klonovi.


E. Post je 1941. pokazao da mreža klonova operacija dvoelementnog
skupa ima prebrojivo mnogo elemenata. Dugo se smatralo da je to tačno
za svaki konačan skup sa bar dva elementa. Medjutim, Yanov i Mučnik su
1959. pokazali sledeće [Yan-M 59]: Ako je X konačan skup i |X| ≥ 3 onda
je |LX | = c.
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1.2 Relacije


Često je mnogo jednostavnije raditi sa klonovima kada se oni posmatraju kao
skupovi operacija koje poseduju izvesne osobine. Ovaj pristup je naročito
koristan ako treba pokazati da izvesna operacija ne pripada datom klonu
operacija. Uobičajeni način da se to učini se sastoji u tome da se pronadje
neka osobina koju poseduju sve operacije klona, a koju uočena operacija ne
poseduje. Dobra vest je da takva osobina uvek postoji. Loša vest je da
je nije uvek lako pronaći. Prirodno se postavlja pitanje koji matematički
objekti bi mogli biti modeli osobina operacija koje pripadaju nekom klonu.
Ispostavlja se da relacije sasvim lepo mogu da posluže.


1.5. Neka je α ordinal. Relacija na skupu X je svaki podskup % ⊆ Xα.
Kažemo da je α arnost relacije % i pǐsemo: α = ar(%). ar(∅) = 0 i ∅ je
jedina relacija arnosti 0. Za svaki ordinal α > 0, označimo sa R


(α)
X skup svih


α-arnih relacija na X zajedno sa ∅, R
(α)
X := P(Xα), a sa RX :=


⋃
n∈N R


(n)
X


skup svih finitarnih relacija na skupu X. Za skup relacija Q i ordinal α sa
Q(α) označavamo skup Q ∩ R


(α)
X .


Neka je α ordinal i ε relacija ekvivalencije na α. α-arna ε-dijagonala na
X, u oznaci δε


α, je relacija definisana sa:


δε
α := {〈xξ : ξ < α〉 ∈ Xα : (∀i, j ∈ α)(〈i, j〉 ∈ ε ⇒ xi = xj)}.


Ako je α konačan ordinal, biće nam udobnije da relacije skupa X posma-
tramo kao skupove nizova indeksirane skupom n, gde je n := |α|. Takodje,
dijagonale ćemo najčešće označavati sa δ


[B1|...|Bk]
n , gde su B1, . . . , Bk blokovi


odgovarajuće relacije ekvivalencije. Označimo sa DX skup svih finitarnih
dijagonala na X. I praznu relaciju ∅ smatramo dijagonalom.


1.6. Algebra finitarnih relacija. Neka su % i σ finitarne relacije skupa X


i neka je h := ar(%), a ` := ar(σ).
Za h ≤ 1 stavimo ζ(%) := τ(%) := 4(%) := %. Ako je h > 1 definǐsemo


ζ(%) := {〈x2, . . . , xh, x1〉 : 〈x1, . . . , xh〉 ∈ %}
τ(%) := {〈x2, x1, x3, . . . , xh〉 : 〈x1, . . . , xh〉 ∈ %}
4(%) := {〈x2, . . . , xh〉 : 〈x1, . . . , xh〉 ∈ % ∧ x1 = x2}.


Ako je h = 0 ili ` = 0 ili h = 1 ∧ ` = 1 stavimo % ◦ σ := ∅. Inače, sa


% ◦ σ := {〈x1, . . . , xh−1, y2, . . . , y`〉 : (∃z ∈ X)(〈x1, . . . , xh−1, z〉 ∈ %∧
〈z, y2, . . . , y`〉 ∈ σ)}
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označavamo kompoziciju relacija % i σ. Algebru 〈RX , ◦, ζ, τ,4, δ
[1,2|3]
3 〉 zovemo


algebra (finitarnih) relacija na X.
Još dve operacije će se pokazati veoma korisnim pri radu sa relacijama.


Uz oznake kao u prethodnom pasusu sa


%× σ := {〈x1, . . . , xh, y1, . . . , y`〉 : 〈x1, . . . , xh〉 ∈ % ∧ 〈y1, . . . , y`〉 ∈ σ}


označavamo proizvod relacija % i σ. Za prirodan broj k ∈ N i proizvoljno
preslikavanje f : k → h neka je


prf (%) := {〈xf(1), . . . , xf(k)〉 : 〈xi, . . . , xh〉 ∈ %}


f -projekcija relacije %. Ako je f =


(
1 2 . . . k


i1 i2 . . . ik


)
, umesto prf često


ćemo pisati pri1,...,ik
. Projekciju vektora x ∈ Xh, u oznaci prf (x), definǐsemo


analogno.


1.7. Klonovi relacija. Sada ćemo pokazati kako se može uvesti pojam
klona relacija [Pös 80]. Neka je α ordinal, I indeksni skup, %i ∈ R


(mi)
X relacije,


a mi ∈ N njihove arnosti, i ∈ I. Dalje, neka su fi : α → mi proizvoljna
preslikavanja, neka je h ∈ N i f : α → h. Uopštena superpozicija relacija
〈%i : i ∈ I〉 s obzirom na f i 〈fi : i ∈ I〉 je h-arna relacija definisana na sledeći
način:


f∧


〈fi:i∈I〉
〈%i : i ∈ I〉 := {prf (x) : x ∈ Xα ∧ (∀i ∈ I) prfi


(x) ∈ %i}.


Klon relacija na skupu X je skup Q ⊆ RX takav da


• DX ⊆ Q, i


• Q je zatvoren za sve uopštene superpozicije.


Ako je X konačan skup, tada znamo da je Q klon relacija na X ako i
samo ako je Q nosač neke podalgebre algebre relacija na X [Pös 80].


Ako su Q i S klonovi relacija takvi da je Q ⊆ S (Q ⊂ S), često ćemo
pisati Q ≤ S (Q < S) kako bismo naglasili da su Q i S klonovi. Posebno,
Q ≤ RX znači “Q je klon relacija na X”.
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1.3 Galoisova veza


Operatori Pol i Inv koje ćemo ubrzo uvesti predstavljaju “aparat teorije
klonova”. Pre svega, PolQ je klon operacija za svako Q ⊆ RX . Štavǐse, za
svaki klon C postoji skup relacija Q takav da je C = PolQ. Zbog sveopšte
lepote matematike, Inv F , F ⊆ OX , je klon relacija na X.


1.8. Pol i Inv. Neka je f n-arna operacija, a % α-arna relacija na X. Kažemo
da f čuva % i da je % invarijantna u odnosu na f ako za svakih n α-vektora
〈x1


ξ : ξ < α〉, . . . , 〈xn
ξ : ξ < α〉 ∈ % imamo 〈f(x1


ξ , . . . , x
n
ξ ) : ξ < α〉 ∈ %.


Za dati skup relacija Q, sa PolX Q označavamo skup svih operacija koje
čuvaju svaku relaciju iz Q. S druge strane, za dati skup operacija F , sa
InvX F označavamo skup svih finitarnih relacija koje su invarijantne u odnosu
na svaku operaciju iz F . Ako je C = PolX Q, tada je C klon operacija.
Kažemo da je klon C opisan skupom relacija Q. Za klon koji se može opisati
skupom finitarnih relacija kažemo da je lokalno zatvoren. Ako je skup X


konačan, C ⊆ OX je klon operacija ako i samo ako je C = PolX InvX C. Pri
tome je CloX F = PolX InvX F [Pös-K 79, Pös 80]. Slično, Q = InvX PolX Q


ako i samo ako je Q klon relacija, [Pös-K 79, Pös 80].
Za skup Q (ne nužno finitarnih relacija) sa EndX Q := Pol


(1)
X Q označa-


vamo skup svih unarnih operacija koje čuvaju svaku relaciju iz Q. EndX Q


je, naravno, monoid koga zovemo monoid endomorfizama skupa Q.


1.9. Stav. [Pös-K 79] Neka je X konačan skup. PolX i InvX čine Galoisovu
vezu medju mrežama P(OX) i P(RX). Naime, ako su F , F1, F2 skupovi
operacija, a Q, Q1, Q2 skupovi relacija na X, tada je


F1 ⊆ F2 ⇒ InvX F1 ⊇ InvX F2 Q1 ⊆ Q2 ⇒ PolX Q1 ⊇ PolX Q2


F ⊆ PolX InvX F Q ⊆ InvX PolX Q


InvX F = InvX PolX InvX F PolX Q = PolX InvX PolX Q


EndX i InvX čine Galoisovu vezu medju mrežama P(TX) i P(RX). Drugim
rečima, ako su F , F1, F2 skupovi unarnih operacija, a Q, Q1, Q2 skupovi
relacija na X tada je


F1 ⊆ F2 ⇒ InvX F1 ⊇ InvX F2 Q1 ⊆ Q2 ⇒ EndX Q1 ⊇ EndX Q2


F ⊆ EndX InvX F Q ⊆ InvX EndX Q


InvX F = InvX EndX InvX F EndX Q = EndX InvX EndX Q
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U kontekstu teorije klonova operacija sada imamo dva operatora zatvo-
renja: operator zatvorenja Clo (klon generisan datim skupom operacija) i
operator zatvorenja Pol Inv. Kako je PolQ klon operacija za svaki skup
relacija Q, ne treba biti mnogo lukav da bi se došlo do zaključka da su Clo i
Pol Inv nekako povezani. I zaista, ukoliko je skup X konačan, oni su povezani
na najlepši mogući način:


1.10. Teorema (Geiger 1968 [Gei 68]; Bondarčuk, Kalužnin, Kotov,
Romov 1969 [Bon-K-K-R 69]). Neka je X konačan skup. Tada je Clo =
Pol Inv.


Ova, slobodno se može reći, centralna teorema teorije klonova ne samo
da nam daje vezu izmedju dva važna operatora, već opravdava i intuiciju
koju vrlo brzo stekne svako ko se bar malo bavi klonovima: ona tvrdi da
je klon operacija u potpunosti odredjen skupom svih zajedničkih osobina
njegovih elemenata.


1.4 Maksimalni klonovi operacija


Mreža klonova operacija ima konačno mnogo koatoma koje zovemo mak-
simalni klonovi. A. Kuznetsov je 1951. primetio da za svaki maksimalan
klon operacija C postoji tačno jedna relacija % sa osobinom C = Pol{%}.
Dvadesetogodǐsnju potragu za odgovarajućim opisom kompletirao je 1977.
I. Rosenberg [Ros 77]. Sada ćemo dati kratak pregled ovog izuzetno važnog
rezultata, bez ulaženja u detalje. Uočimo sledećih šest klasa relacija na X:


M1 skup svih ograničenih parcijalnih uredjenja skupa X


M2 skup svih netrivijalnih relacija ekvivalencije na X


M3 skup svih relacija oblika {〈x, f(x)〉 : x ∈ X} gde je
f permutacija skupa X takva da je fp = idX za neki
prost broj p


M4 skup svih relacija oblika {〈x, y, z, u〉 : x− y + z = u}
gde je 〈X, +,−, 0〉 p-elementarna Abelova grupa za
neki prost broj p


M5 skup svih centralnih relacija na X


M6 skup svih h-regularnih relacija na X, h ∈ N
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(pri čemu su definicije centralne i h-regularne relacije namerno izostavljene).
Tada imamo:


1.11. Teorema (Rosenberg 1977 [Ros 77]). Neka je X konačan skup.
C je maksimalan klon operacija skupa X ako i samo ako je C = Pol{%} za
neku relaciju % ∈M1 ∪ . . . ∪M6.


Jedan od osnovnih rezultata teorije klonova operacija je karakterizacija
kompletnih skupova operacija u terminima maksimalnih klonova koja je
izražena čuvenim Postovim kriterijumom kompletnosti:


1.12. Postov kriterijum kompletnosti. Neka je X konačan skup i F ⊆
OX . Skup F je kompletan ako i samo ako F 6⊆ C za svaki maksimalan
klon C. Ekvivalentno, skup F je kompletan ako i samo ako za svaku relaciju
% ∈M1 ∪ . . . ∪M6 postoji operacija f ∈ F koja ne čuva %.


Druga verzija Postovog kriterijuma kompletnosti, ona koja se oslanja na
opis maksimalnih klonova operacija relacijama, je interesantna zbog toga što
predstavlja osnovu za dokaz odlučivosti nekih problema u teoriji klonova i
algebri, kao što je, recimo problem: “Da li je CloF = OX?” (gde su X i
F ⊆ OX konačni), ili njemu ekvivalentan problem: “Da li je data konačna
algerba sa konačno mnogo finitarnih operacija primalna?”


1.5 Apstraktni klonovi


Apstraktan klon je N-sortna algebra


〈(Cn)n∈N, (Sn
m)m,n∈N, (en


i ) 1≤i≤n
n∈N


〉


gde je 〈Cn : n ∈ N〉 familija po parovima disjunktnih nosača algebre, Sn
m :


Cm × (Cn)m → Cn su fundamentalne operacije, a en
i ∈ Cn su konstante, i


pri tome algebra zadovoljava sledeće identitete:


Sn
k (ek


i ; x1, . . . , xk) ≈ xi; 1 ≤ i ≤ k


Sn
n(x; en


1 , . . . , en
n) ≈ x;


Sn
t (x; Sn


j (y1; z1, . . . , zj), . . . , Sn
j (yt; z1, . . . , zj)) ≈


≈ Sn
j (Sn


t (x; y1, . . . , yt); z1, . . . , zj).
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J2


L


T1 T0


O2


M


S


Slika 1.1: Mreža L2


Izomorfizam apstraktnih klonova C i D je familija preslikavanja Φ := 〈ϕn :
n ∈ N〉 takva da je ϕi : C(i) → D(i) bijekcija za svako i ∈ N koja poštuje
superpozicije i projekcije (tj. poštuje strukturu algebre).


Svaki klon operacija C je apstraktan klon: 〈C(n) : n ∈ N〉 je familija
sorti, Sn


m (m,n ∈ N) su superpozicije operacija, dok su en
i projekcije πn


i .
Štavǐse, važi i sledeće (videti, recimo, [Bur-S(h) 88, Tay 93])


1.13. Teorema. Svaki apstraktan klon je izomorfan klonu operacija.


1.6 Klonovi operacija na 2


E. Post je 1941. [Post 41] u potpunosti opisao mrežu klonova operacija na
2 := {0, 1}, Sl. 1.1. Izmedju ostalog, opis ove mreže je pokazao sledeće
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• |L2| = ℵ0 (što je bilo prilično iznenadjujuće), i


• L2 ima 5 koatoma, koje ćemo označiti sa T0, T1, S, L, M .


Pogledajmo sada opis maksimalnih klonova operacija skupa 2 invarijan-
tnim relacijama. Neka je


%0 := {0}
%1 := {1}
%¬ := {〈x, y〉 ∈ 22 : y = ¬x}
%+ := {〈a, b, c, d〉 ∈ 24 : a + b ≡ c + d (mod 2)}
%≤ := {〈x, y〉 ∈ 22 : x ≤ y}


gde je ≤ uobičajeni poredak 0 < 1. Tada je T0 = Pol{%0} skup svih operacija
za koje je f(0, . . . , 0) = 0; T1 = Pol{%1} je skup svih operacija za koje
je f(1, . . . , 1) = 1; S = Pol{%¬} je skup svih samodualnih operacija, tj.
operacija sa sledećom osobinom: f(¬x1, . . . ,¬xn) = ¬f(x1, . . . , xn); L =
Pol{%+} je skup svih kvazi linearnih operacija, tj. operacija sa osobinom


f(a1 + b1, . . . , an + bn) = f(a1, . . . , an) + f(b1, . . . , bn) + f(0, 0, . . . , 0)


(sabiranje je po modulu 2); M = Pol{≤} je skup svih monotonih operacija.
R. Lyndon je 1951. upotrebio Postov opis mreže klonova operacija skupa


2 kako bi pokazao da svaka dvoelementna algebra ima konačnu bazu iden-
titeta [Lyn 51].







Glava 2


Klonovi ko-operacija i


ko-relacija


K. Drbohlav je 1971. počeo sa istraživanjima u vezi sa ko-operacijama i
univerzalnim ko-algebrama (pri čemu pod univerzalnom ko-algebrom po-
drazumevamo skup zajedno sa nekim skupom ko-operacija) kao objektima
koji su dualni klasičnim pojmovima operacije i algebre, redom, [Drb 71].
Osnovni motiv njegovih istraživanja je bila dualizacija najvažnijih tvrdjenja
univerzalne algebre. Klon ko-operacija je 1985. uveo B. Csákány u svom
radu [Csá 85]. Maksimalne klonove ko-operacija je 1989. opisao Z. Székely
[Szék 89], dok su osnovni alat teorije klonova, Galoisovu vezu cPol-cInv uveli
1997. Pöschel i Rößiger [Pös-R 97].


U ovoj glavi dajemo pregled poznatih pojmova i rezultata teorije klonova
ko-operacija. Oni su, naravno, osnova za ispitivanja koja će biti provedena
u radu.


2.1 Ko-operacije


Pojam ko-operacije se dobija obrtanjem strelica i konstrukcija u kategoriji
SET, kao što je pokazano u Tabeli 2.1 (napomenimo samo da u ovom radu
nećemo zalaziti u teoriju kategorija; za sve pojmove upućujemo čitaoca na
[Adá-H-S 90, MacL 72]). Na Sl. 2.1, (a) je dat primer ko-operacije f : X →
Xt3. Kažemo da je treći argument ko-operacije f fiktivan zato što nijedna
strelica ne pogadja treću kutiju. Pǐsemo: f(a) = 〈2, b〉, f(b) = 〈2, b〉, f(c) =


19







20 Glava 2. Klonovi ko-operacija i ko-relacija


Kovarijantni pojam Kontravarijantni pojam


Proizvod Koproizvod
X × Y X t Y


Stepen Ko-stepen
Xn = X × . . .×X Xtn = X t . . . tX


= n×X


Operacija Ko-operacija
f : Xn → X f : X → Xtn


O
(n)
X = skup svih cO


(n)
X = skup svih


n-arnih operacija n-arnih ko-operacija


OX = skup svih cOX = skup svih
operacija na X ko-operacija na X


Tabela 2.1: Uvodjenje pojma ko-operacije


〈1, c〉, f(d) = 〈2, b〉, ili


f =


(
a b c d


〈2, b〉 〈2, b〉 〈1, c〉 〈2, b〉


)
.


2.1. Označimo sa Xtn := n×X uniju n disjunktnih kopija skupa X, tj. n-ti
ko-stepen skupa X. n-arna ko-operacija je svako preslikavanje f : X → Xtn.
Za n kažemo da je arnost ko-operacije f i pǐsemo n = ar(f). Neka je cO


(n)
X


skup svih n-arnih ko-operacija skupa X i cOX :=
⋃


n∈N cO
(n)
X . Za skup


ko-operacija F ⊆ cOX neka je F (n) := F ∩ cO
(n)
X .


Neka je f ∈ cO
(n)
X . Rang ko-operacije f , u oznaci r(f), definǐsemo kao


r(f) := |{f(x) : x ∈ X}|.
Svakoj ko-operaciji f ∈ cO


(n)
X možemo da pridružimo niz 〈f1, . . . , fn〉 par-


cijalnih preslikavanja X ◦−→X na sledeći način: f j(a) = b :⇐⇒ f(a) = 〈j, b〉
za sve j ∈ n i sve a, b ∈ X. Kažemo da je f j j-ta komponenta ko-operacije







2.1. Ko-operacije 21


(a)


a
b
c
d


a
b
c
d


a
b
c
d


a
b
c
d


z-


7


*


(b)


a
b
c
d


a
b
c
d


a
b
c
d


a
b
c
d


7
7
7
7


Slika 2.1: Primer ko-operacije i ko-projekcije


f . Ako je Bi := dom(f i), i ∈ n, uvedimo oznaku d(f) := 〈B1, . . . , Bn〉 za niz
domenā komponenata ko-operacije f .


Neka je f ko-operacija i neka je ∅ 6= S ⊆ X. Kažemo da f lepi na S ako
je f(x) = f(y) za neke različite x, y ∈ S. Kažemo da je f lepljenje ako f


lepi na X [Csá 85]. Neka je cO
(gl)
X := cJX ∪ {f ∈ cOX : f je lepljenje}.


Kažemo da ko-operacija f zavisi od i-te promenljive ako je dom(f i) 6= ∅.
Ako je dom(f i) = ∅ kažemo da je i-ta promenljiva ko-operacije f fiktivna.
Ko-operacija f je esencijalna ako nije lepljenje i ako zavisi od bar dve svoje
promenljive [Csá 85].


Svaka ko-operacija f : X → Xtn odredjuje dva preslikavanja, označava-
nje ko-operacije f , lbl f : X → n, i vrednost ko-operacije f , val f : X → X,
koja se definǐsu sa


f(x) = 〈i, y〉 ⇐⇒: (lbl f)(x) = i, i
(val f)(x) = y.


Napomenimo samo da je lbl f u suštini prva projekcija rezultata od f dok je
val f druga projekcija.


Ko-operaciju f ∈ cO
(n)
X takvu da je val f = idX i (lbl f)(x) = i za sve x ∈


X i fiksirano i ∈ n zovemo i-ta n-arna ko-projekcija na X i označavamo sa
ιni . Sl. 2.1, (b), prikazuje prvu ternarnu ko-projekciju ι31. Sa cJX označavamo
skup svih ko-projekcija na X svih arnosti.


Ko-stepen Xt1 ćemo identifikovati sa X. Na osnovu toga je cO
(1)
X = TX


i ι11 = idX .
Pretpostavimo da je X = {x1, . . . , xν} i neka je {a1, . . . , aν} ⊆ X (pri


čemu neki od elemenata ai mogu biti i jednaki). Tada sa diag(a1, . . . , aν)
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označavamo sledeću ν-arnu ko-operaciju:


diag(a1, . . . , aν)(xi) = 〈i, ai〉,


i ∈ ν. Ovu ko-operaciju zovemo 〈a1, . . . , aν〉-dijagonalna ko-operacija ili
samo dijagonalna ko-operacija. Primetimo da se ovaj pojam razlikuje od
pojma dijagonalne ko-operacije uvedenog u [Csá 85].


Ako je A neprazan skup i ako su g1, . . . , gn : X → A preslikavanja, sa
[g1, . . . , gn] označavamo ko-proizvod preslikavanja g1, . . . , gn, tj. preslikavanje


[g1, . . . , gn] : Xtn → A : 〈i, x〉 7→ gi(x).


Neka su f ∈ cO
(n)
X i g1, . . . , gn ∈ cO


(m)
X ko-operacije. Superpozicija ko-


operacija f i g1, . . . , gn je ko-operacija f · [g1, . . . , gn] ∈ cO
(m)
X .


Lako se vidi da se i superpozicija ko-operacija dobija u stvari obrtanjem
strelica i konstrukcija u dijagramu superpozicije operacija. Pokažimo to na
jednom primeru. Ako su f , g1 i g2 ko-operacije date sa:


f
-


-


s


*


g2


7


j
j
j


g1


^


1


q


-


tada se superpozicija ko-operacija f i g1, g2 dobija “preklapanjem dijagramā”
i “ekstrakcijom esencije”:


f
-


-


s


*


g2


7


j
j
j


g1


^


1


q


-


f · [g1, g2]


7


R


-


^
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2.2. Lema. Neka je g ∈ cO
(n)
X , d(g) = 〈B1, . . . , Bn〉 i neka je f1, . . . , fn ∈


cO
(m)
X . Tada je


val(g · [f1, . . . , fn]) = (val g · val f1)|B1 ⊕ . . .⊕ (val g · val fn)|Bn .


Posebno, ako je ar(g) = 1 onda je val(g · f) = g · val f .


2.3. Lema. Neka su f ∈ cO
(n)
X i g1, . . . , gn, h ∈ cO


(m)
X ko-operacije takve da


je h = f · [g1, . . . , gn]. Tada je (hj)−(B) =
⋃n


i=1(g
j
i ◦ f i)−(B), za sve j ∈ n i


B ⊆ X.


Dokaz. ⊆: Uzmimo proizvoljno x ∈ (hj)−(B). Tada je hj(x) ∈ B. Kako
je 〈dom(f1), . . . , dom(fn)〉 slaba particija skupa X, postoji k takvo da je
x ∈ dom(fk). Dakle, hj(x) = (gj


k ◦ fk)(x) zbog čega je (gj
k ◦ fk)(x) ∈ B. Na


osnovu toga zaključujemo da je x ∈ (gj
k ◦ fk)−(B) ⊆ ⋃n


i=1(g
j
i ◦ f i)−(B).


⊇: Uočimo proizvoljno x ∈ ⋃n
i=1(g


j
i ◦ f i)−(B). Postoji k takvo da je


x ∈ (gj
k ◦ fk)−(B) tj. (gj


k ◦ fk)(x) ∈ B. Kako je (gj
k ◦ fk)(x) = hj(x), imamo


da je hj(x) ∈ B, odnosno x ∈ (hj)−(B). 2


2.4. Klonovi ko-operacija. Klon ko-operacija [Csá 85] skupa X je svaki
skup C ⊆ cOX sa sledećim osobinama:


• cJX ⊆ C, i


• za sve m,n ∈ N i sve f ∈ C(n) i g1, . . . , gn ∈ C(m) važi f · [g1, . . . , gn] ∈
C.


cOX i cJX su trivijalni klonovi ko-operacija. cO
(gl)
X je primer netrivijalnog


klona ko-operacija.
Kao što je uočeno u [Csá 85], svaki klon ko-operacija je apstraktan klon,


pa je, prema prethodnoj teoremi, svaki klon ko-operacija izomorfan nekom
klonu operacija. Ovoj temi se vraćamo u Glavi 3.


Presek proizvoljne familije klonova ko-operacija je opet klon ko-operacija.
Prema tome, za svako F ⊆ cOX postoji najmanji klon ko-operacija CF koji
sadrži F . Klon CF označavamo sa cCloX F i kažemo da je cCloX F klon ko-
operacija generisan skupom F . Ispuštaćemo indeks X kadgod to kontekst
dozvoljava.


Ko-operacija f je Shefferova ko-operacija za klon ko-operacija C ako je
C = cCloX{f}.
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Kovarijantni pojam Kontravarijantni pojam


Projekcija Ko-projekcija
πn


i ιni


JX = skup svih cJX = skup svih
projekcija na X ko-projekcija na X


f(g1, . . . , gn) f · [g1, . . . , gn]


Klon operacija Klon ko-operacija


CloF cClo F


Tabela 2.2: Uvodjenje pojma klona ko-operacija


Ako je C klon ko-operacija i ako je f ∈ C, tada je val f = f · [ι11, ι11, . . . , ι11]
∈ C. Klon ko-operacija je unaran ako svaka ko-operacija tog klona esenci-
jalno zavisi od tačno jedne promenljive. Sa C(un) := cCloX(C(1)) označavamo
unarni deo klona ko-operacija C.


Skup svih klonova ko-operacija skupa X obrazuje mrežu cLX u odnosu
na inkluziju. Infimum i supremum klonova C1, C2 ∈ cLX su dati sa C1∧C2 =
C1 ∩ C2, i C1 ∨ C2 = cCloX(C1 ∪ C2), redom.


Ako su C i D klonovi ko-operacija i ako je C ⊆ D (C ⊂ D), pisaćemo
C ≤ D (C < D) kako bismo naglasili da su C i D klonovi. Posebno, C ≤ cOX


znači “C je klon ko-operacija skupa X”.
Tabela 2.2 sadrži još jedan spisak dualnih pojmova.


2.5. Mreža klonova ko-operacija. U svom
radu [Csá 85], B. Csákány je pokazao sledeće


• klonovi ko-operacija čine mrežu, cLX


• cLX je konačna za svaki konačan skup
X (!)


• cL2 je prikazana na slici pored −→
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Na osnovu toga je očigledno da mreža klonova ko-operacija ima koatome,
koje zovemo maksimalni klonovi ko-operacija.


2.2 Ko-relacije


Da bi mogla da razvije punu snagu, svakoj teoriji klonova je potreban njen
“relacioni deo”, jezik kojim bi se moglo iskazati da neki klonovi imaju neke
osobine. Odgovarajuće objekte u slučaju teorije ko-operacija zovemo ko-
relacije. Ovaj pojam su 1997. uveli R. Pöschel i M. Rößiger [Pös-R 97] na
način sa kojim se čitalac već uveliko familijarizovao: obrtanjem strelica kako
je to pokazano u Tabeli 2.3.


Kovarijantni pojam Kontravarijantni pojam


vektor ko-vektor
r : n → X r : X → n


(koga zovemo još i bojenje)


relacija: ko-relacija:
skup vektora skup ko-vektora


R
(n)
X = skup svih cR


(n)
X = skup svih


n-arnih relacija n-arnih ko-relacija


RX = skup svih cRX = skup svih
finitarnih relacija na X finitarnih ko-relacija na X


Tabela 2.3: Uvodjenje pojma ko-relacije


2.6. Neka je α ordinal. α-arni ko-vektor, ili α-bojenje, je svako preslikavanje
r : X → α. α-arna ko-relacija [Pös-R 97] je svaki neprazan podskup % ⊆ αX .
Kažemo da je α arnost ko-relacije % i pǐsemo: α = ar(%). ar(∅) = 0 i ∅ je
jedina ko-relacija arnosti 0. Za svaki ordinal α > 0 označimo sa cR


(α)
X skup


svih α-arnih ko-relacija na X zajedno sa ∅, a sa cRX :=
⋃


n∈N cR
(n)
X skup
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svih finitarnih ko-relacija na X. Za svaki skup ko-relacija S i svaki ordinal
α označimo sa S(α) skup S ∩ cR


(α)
X .


Ako je n ceo broj (konačan ordinal), biće nam prijatnije da n-arne ko-
relacije shvatamo kao podskupove skupa nX (umesto skupa nX).


Neka je % α-arna ko-relacija na X i neka je ξ < α. Kažemo da je ξ-ta
koordinata ko-relacije % fiktivna ako je r−1(ξ) = ∅ za svako r ∈ %.


Neka je h ∈ N i ∅ 6= B ⊆ h. Ko-relaciju δh
B := {r ∈ hX : im(r) ⊆ B}


zovemo h-arna B-ko-dijagonala [Pös-R 97]. Neka je δh
∅ := ∅ i neka je sa cDX


označen skup svih finitarnih ko-dijagonala.
Svaki ko-vektor r ∈ αX jednoznačno odredjuje α-particioni vektor


〈r−1(ξ) : ξ < α〉. Za ko-vektore r ∈ αX i s ∈ βX na skupu X pǐsemo
r ¹ s ako je 〈r−1(ξ) : ξ < α〉 ¹ 〈s−1(η) : η < β〉.


2.3 Galoisova veza


2.7. cPol i cInv. Neka je f n-arna ko-operacija skupa X i neka je % α-arna
ko-relacija skupa X. Kažemo da f ko-čuva % i da je % ko-invarijantna u
odnosu na f [Pös-R 97] ako za svakih n ko-vektora r1, . . . , rn ∈ % imamo
f · [r1, . . . , rn] ∈ %.


Ako ko-vektore shvatimo kao bojenja skupa X, tada je sa f · [r1, . . . , rn]
označen ko-vektor (bojenje) koji se dobija od (bojenja) r1, . . . , rn “propa-
gacijom boja u natrag”, kako je to pokazano na Sl. 2.2.


Za dati skup ko-relacija S označimo sa cPolX S skup svih ko-operacija
koje ko-čuvaju svaku ko-relaciju iz S. S druge strane, za dati skup ko-
operacija F označimo sa cInvX F skup svih finitarnih ko-relacija koje su
ko-invarijantne u odnosu na svaku ko-operaciju iz F . Ako je C = cPolX S


tada je C klon ko-operacija. Kažemo da je klon C opisan skupom ko-relacija
S. Klon ko-operacija je lokalno ko-zatvoren ako se može opisati skupom
finitarnih ko-relacija. Ako je X konačan tada: C ⊆ cOX je klon ko-operacija
ako i samo ako je C = cPolX cInvX C; takodje je cCloX F = cPolX cInvX F ,
[Pös-R 97].


Za skup (ne nužno finitarnih) ko-relacija S sa cEndX S := cPol
(1)
X S


označavamo skup svih unarnih ko-operacija koje ko-čuvaju svaku ko-relaciju
iz S. cEndX S je monoid koga ćemo zvati monoid ko-endomorfizama skupa S.


Moguće je uvesti i pojam klona ko-relacija u opštem slučaju i zaintereso-
vani čitalac se upućuje na [Pös-R 97]. Mi ćemo samo pomenuti slučaj kada
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Slika 2.2: “Propagacija boja u natrag”


je X konačan skup. Tada je Q ⊆ cRX klon ko-relacija ako i samo ako je
Q = cInvX cPolX Q, ako i samo ako postoji skup ko-operacija F takav da je
Q = cInvX F , [Pös-R 97].


Ako su Q i S klonovi ko-relacija takvi da je Q ⊆ S (Q ⊂ S), često ćemo
pisati Q ≤ S (Q < S) kako bismo naglasili da su Q i S klonovi. Posebno,
Q ≤ cRX znači “Q je klon ko-relacija na X”.


2.8. Stav. [Pös-R 97] cPolX i cInvX obrazuju Galoisovu vezu medju mreža-
ma P(cOX) i P(cRX). Drugim rečima, ako su F , F1, F2 skupovi ko-operacija
i Q, Q1, Q2 skupovi ko-relacija, tada


F1 ⊆ F2 ⇒ cInvX F1 ⊇ cInvX F2 Q1 ⊆ Q2 ⇒ cPolX Q1 ⊇ cPolX Q2


F ⊆ cPolX cInvX F Q ⊆ cInvX cPolX Q


cInvX F = cInvX cPolX cInvX F cPolX Q = cPolX cInvX cPolX Q


cEndX i cInvX obrazuju Galoisovu vezu medju mrežama P(TX) i P(cRX).
Drugim rečima, ako su F , F1, F2 skupovi unarnih ko-operacija i Q, Q1, Q2
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µ


R


f1


f2


Slika 2.3: Binarni spliting


skupovi ko-relacija tada


F1 ⊆ F2 ⇒ cInvX F1 ⊇ cInvX F2 Q1 ⊆ Q2 ⇒ cEndX Q1 ⊇ cEndX Q2


F ⊆ cEndX cInvX F Q ⊆ cInvX cEndX Q


cInvX F = cInvX cEndX cInvX F cEndX Q = cEndX cInvX cEndX Q


I u slučaju klonova ko-operacija su se pojavila dva operatora zatvorenja,
cClo (klon ko-operacija generisan datim skupom ko-operacija) i cPol cInv,
koji su povezani na očekivani način:


2.9. Teorema (R. Pöschel, M. Rößiger 1997. [Pös-R 97]). Neka je
X konačan skup. Tada je cClo = cPol cInv.


Završićemo odeljak jednim važnim pojmom i dvema tehničkim lemama.


2.10. Definicija. Kažemo da je ko-operacija f k-arna spliting ko-operacija
(ili, kraće, spliting) ako je ar(f) = k i val f = idX . (Sl. 2.3 ilustruje binarnu
spliting ko-operaciju)


2.11. Lema. Neka je X = {x1, . . . , xν}, neka je Σ := {r} gde je r : X → n


bojenje dato sa r(xi) = i, i neka je f ko-operacija. f je spliting ako i samo
ako je f ∈ cPolX{Σ}, ili, što je ekvivalentno, Σ ∈ cInvX{f}.


Dokaz. Očigledno. 2
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2.12. Lema. Neka su ri : X → 2, i ∈ 2, ko-vektori takvi da je ri(X) = {i}
i neka je Ω := {r1, r2}. Tada je klon ko-operacija C unaran ako i samo ako
je C ≤ cPolX{Ω}, ili, što je ekvivalentno, Ω ∈ cInvX C.


Dokaz. ⇒: Očigledno.
⇐: Pretpostavimo da C nije unaran klon ko-operacija. Tada postoji


ko-operacija g ∈ C koja zavisi od bar dve promenljive. Pretpostavimo da g


zavisi od prve i druge promenljive i neka je s := g · [r1, r2, r2, . . . , r2]. Tada
je s(X) = {1, 2} pa s /∈ Ω. Dakle, Ω /∈ cInvX C. 2


2.4 Maksimalni klonovi ko-operacija


Z. Székely je 1989. opisao maksimalne klonove ko-operacija i formulisao ana-
logon Postovog kriterijuma kompletnosti za ko-operacije, [Szék 89].


2.13. Regularne familije. Kažemo da je M ⊆ P(X) regularna familija
(podskupova skupa X) [Szék 89] ako


• M 6= ∅, ∅ /∈M i M 6= {{x} : x ∈ X},
• (∀S, T ∈M)(S 6= T ⇒ S ∩ T = ∅), i


• (∀S, T ∈M) |S| = |T |.
Za regularnu familiju M i proizvoljno S ∈M, kardinalnost skupa S zovemo
rang familije M i označavamo sa r(M).


Neka jeM regularna familija i neka je f ko-operacija. Kažemo da f slabo
čuva M [Szék 89] ako za svako S ∈M ili f lepi na S, ili je S ⊆ dom(f j) za
neko j i (f j)+(S) ∈M.


2.14. Teorema. [Szék 89] Neka je C klon ko-operacija skupa X. C je
maksimalan klon ako i samo ako postoji regularna familija M takva da je C


tačno skup svih ko-operacija koje slabo čuvaju M.


Postov kriterijum kompletnosti za skupove ko-operacija sada poprima sledeći
oblik [Szék 89]:


2.15. Teorema (Postov kriterijum kompletnosti). Neka je F ⊆ cOX .
Tada: cCloX F = cOX ako i samo ako za svaku regularnu familiju M na X


važi F 6⊆ Max(M).
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Kasnije, u Glavi 5, dajemo interpretaciju ovog rezultata u terminima
ko-relacija, koja je vǐse u duhu Rosenbergovog opisa maksimalnih klonova
operacija konačnog skupa.







Glava 3


Veza klonova ko-operacija i


klonova operacija


U radu [Csá 85] klonovi ko-operacija su dovedeni u vezu sa klonovima selek-
tivnih operacija [Csá 84, Csá 85] u sledećem smislu: svaki klon ko-operacija
je izomorfan klonu selektivnih operacija. Koristeći se kontravarijantnim
liftingom ko-operacija, u ovoj glavi pokazujemo da je svaki klon ko-operacija
izomorfan klonu operacija partitivnog skupa. Pokazaćemo da je mreža klo-
nova ko-operacija skupa X izomorfna jednom glavnom idealu mreže klonova
operacija skupa P(X), što predstavlja svojevrsnu teoremu reprezentacije
klonova ko-operacija.


Nakon ispitivanja lokalno ko-zatvorenih klonova ko-operacija pokazujemo
u kakvom odnosu stoje reprezentacije klonova ko-operacija selektivnim op-
eracijama s jedne strane [Csá 85], i operacijama na partitivnom skupu s
druge strane. Reprezentaciju operacijama na partitivnom skupu, iako je
izomorfna jednom specijalnom slučaju reprezentacije selektivnim operaci-
jama, smatramo bitnom, zato što se njome klonovi ko-operacija smeštaju u
poznati ambijent skupovnih Booleovih algebri, umesto u prilično opskuran
prostor selektivnih operacija.


U dva odeljka koja slede razvijen je kalkulus za ko-operacije i ko-relacije.
Tako su dobijene algebre na skupovima cOX i cRX sa osobinom da je skup
ko-operacija, odnosno ko-relacija, klon ako i samo ako je to nosač neke po-
dalgebre odgovarajuće algebre.


U pretposlednjem odeljku se razmatra odnos klonova ko-operacija i klo-
nova operacija kroz proces liftinga, što je omogućeno činjenicom da i kon-
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travarijantni lifting klona svih ko-operacija i kovarijantni lifting klona svih
operacija skupa X odredjuju klon operacija skupa P(X).


U poslednjem odeljku se ispituju odnosi klonova ko-relacija i klonova
relacija kroz prizmu monoida transformacija. Ova ispitivanja su zasnovana
na veoma jednostavnoj činjenici da je O


(1)
X = cO


(1)
X = TX .


3.1 Kontravarijantni lifting ko-operacija


3.1. Definicija. Neka je f ∈ cO
(n)
X ko-operacija. Kontravarijantni lifting ko-


operacije f , u oznaci f−, je preslikavanje f− : P(X)n → P(X) definisano sa
f−(B1, . . . , Bn) =


⋃n
i=1(f


i)−(Bi). Za F ⊆ cOX neka je F− := {f− : f ∈ F}.


3.2. Lema. (ιni )− = πn
i .


Dokaz. Bez umanjenja opštosti možemo pretpostaviti da je i = 1. Tada
je (ιn1 )1 = idX , dok je (ιn1 )2 = . . . = (ιn1 )n = ∅. Sada se lako vidi da je:
(ιn1 )−(B1, . . . , Bn) =


⋃n
i=1((ι


n
1 )i)−(Bi) = id−X(B1) ∪ ∅−(B2) ∪ . . . ∪ ∅−(Bn) =


B1 = πn
1 (B1, . . . , Bn). 2


3.3. Lema. Neka su f ∈ cO
(n)
X i g1, . . . , gn ∈ cO


(m)
X ko-operacije. Tada je


(f · [g1, . . . , gn])− = f−(g−1 , . . . , g−n ).


Dokaz. Neka je h = f ·[g1, . . . , gn]. Tada je h−(B1, . . . , Bm) =
⋃m


j=1(h
j)−(Bj)


=
⋃m


j=1


⋃n
i=1(g


j
i ◦ f i)−(Bj). S druge strane,


f−(g−1 , . . . , g−n )(B1, . . . , Bm) =
= f−(g−1 (B1, . . . , Bm), . . . , g−n (B1, . . . , Bm))
= f−(


⋃m
j=1(g


j
1)
−(Bj), . . . ,


⋃m
j=1(g


j
n)−(Bj))


=
⋃n


i=1(f
i)−(


⋃m
j=1(g


j
i )
−(Bj))


=
⋃n


i=1


⋃m
j=1(f


i)−((gj
i )
−(Bj))


=
⋃n


i=1


⋃m
j=1((f


i)− ◦ (gj
i )
−)(Bj)


=
⋃m


j=1


⋃n
i=1(g


j
i ◦ f i)−(Bj).


2


Indukcijom se sada lako pokazuje da je kontravarijantni lifting klona ko-
operacija upravo klon operacija partitivnog skupa.


3.4. Lema. Neka je F ⊆ cOX . Tada je (cCloX F )− = CloP(X)(F−).







3.1. Kontravarijantni lifting ko-operacija 33


3.5. Notacija. Neka je B Booleova algebra. Kažemo da je homomorfizam
f : Bn → B totalno aditivan ako je f(


∨
ξ a1


ξ , . . . ,
∨


ξ an
ξ ) =


∨
ξ f(a1


ξ , . . . , a
n
ξ ) za


svaki izbor familija 〈a1
ξ : ξ < λ〉, . . . , 〈an


ξ : ξ < λ〉 elemenata skupa B. Neka


je sa H(n)
P(X) označen skup svih totalno aditivnih homomorfizama 〈P(X), ∪,


∩, c, ∅, X〉n → 〈P(X),∪,∩,c , ∅, X〉 i neka je HP(X) :=
⋃


n∈NH(n)
P(X).


Uočimo sledećih sedam relacija na P(X):


%∅ := {∅},
%C := {〈A,X \A〉 : A ⊆ X},
%∪ := {〈Aξ : ξ < ν〉 : A0 =


⋃
0<ξ<ν Aξ},


%X := {X},
%⊆ := {〈A,B〉 : A ⊆ B ⊆ X},
%dis := {〈A,B〉 : A,B ⊆ X ∧A ∩B = ∅},
∪• := {〈A,B, A ∪B〉 : A,B ⊆ X}.


Lako se pokazuje da je HP(X) = PolP(X){%∅, %C , %∪} i da je HP(X) ⊆
PolP(X){%X , %⊆, %dis}. Ako je X konačan, onda je HP(X) = PolP(X){%∅,
%C , ∪•}.
3.6. Stav. cO−X = HP(X).


Dokaz. ⊆: Uzmimo proizvoljno f ∈ cO
(n)
X . Kako je f−(∅, ∅, . . . , ∅) =⋃n


i=1(f
i)−(∅) = ∅, f− čuva %∅. Takodje je lako videti da f− čuva %∪:


f−(
⋃


ξ A1
ξ , . . . ,


⋃
ξ An


ξ ) =
⋃n


i=1(f
i)−(


⋃
ξ Ai


ξ) =
⋃n


i=1


⋃
ξ(f


i)−(Ai
ξ)


=
⋃


ξ


⋃n
i=1(f


i)−(Ai
ξ) =


⋃
ξ f−(A1


ξ , . . . , A
n
ξ ).


Da bismo pokazali da f− čuva %C , uočimo proizvoljne 〈A1, B1〉, . . . , 〈An, Bn〉
∈ %C . Pokazaćemo da je f−(A1, . . . , An) ∪ f−(B1, . . . , Bn) = X i da je
f−(A1, . . . , An) ∩ f−(B1, . . . , Bn) = ∅.


f−(A1, . . . , An) ∪ f−(B1, . . . , Bn) = f−(A1 ∪B1, . . . , An ∪Bn)
= f−(X,X, . . . ,X)
=


⋃n
i=1(f


i)−(X)
=


⋃n
i=1 dom(f i)


= X.


S druge strane,


f−(A1, . . . , An) ∩ f−(B1, . . . , Bn) =
= (


⋃n
i=1(f


i)−(Ai)) ∩ (
⋃n


j=1(f
j)−(Bj))


=
⋃n


i=1


⋃n
j=1 ((f i)−(Ai) ∩ (f j)−(Bj)).
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Pokažimo da za svako i, j ∈ n imamo (f i)−(Ai) ∩ (f j)−(Bj) = ∅. Ako je
i 6= j tada je dom(f i) ∩ dom(f j) = ∅ i stoga (f i)−(Ai) ∩ (f j)−(Bj) = ∅.
Ako je, medjutim, i = j, tada je (f i)−(Ai) ∩ (f i)−(Bi) = (f i)−(Ai ∩ Bi) =
(f i)−(∅) = ∅.


⊇: Uzmimo proizvoljno f ∈ H(n)
P(X) i definǐsimo g ∈ cO


(n)
X sa gj(x) =


y :⇐⇒ x ∈ f(∅, . . . , ∅, {y}
6j


, ∅, . . . , ∅). Pokažimo prvo da je g dobro definisano.


Tvrdnja 1: (gj)−({y}) = f(∅, . . . , ∅, {y}
6j


, ∅, . . . , ∅). Jasno.


Tvrdnja 2: Za svako B ⊆ X je (gj)−(B) = f(∅, . . . , ∅, B
6j


, ∅, . . . , ∅). Sledi


na osnovu Tvrdnje 1 i činjenice da f čuva %∅ i %∪.
Tvrdnja 3: dom(gj) = f(∅, . . . , ∅, X


6j


, ∅, . . . , ∅). Sledi na osnovu Tvrdnje


2 i dom(gj) = (gj)−(X).
Tvrdnja 4: dom(g1) ∪ . . . ∪ dom(gn) = X. Dokaz:


dom(g1) ∪ . . . ∪ dom(gn) =
= f(X, ∅, . . . , ∅) ∪ f(∅, X, . . . , ∅) ∪ . . . ∪ f(∅, ∅, . . . , X) =
= f(X ∪ ∅ ∪ . . . ∪ ∅, ∅ ∪X ∪ . . . ∪ ∅, . . . , ∅ ∪ ∅ ∪ . . . ∪X) =
= f(X, X, . . . ,X) = X.


Tvrdnja 5: Ako je i 6= j tada je dom(gi) ∩ dom(gj) = ∅. Jedno-
stavnosti radi, uzmimo da je i = 1 i j = 2. Tada je dom(g1) ∩ dom(g2) =
f(X, ∅, . . . , ∅) ∩ f(∅, X, . . . , ∅). Kako je 〈X, ∅〉, 〈∅, X〉, 〈∅, ∅〉 ∈ %dis i kako
f čuva %dis, dobijamo da je 〈f(X, ∅, . . . , ∅), f(∅, X, . . . , ∅)〉 ∈ %dis tj.
f(X, ∅, . . . , ∅) ∩ f(∅, X, . . . , ∅) = ∅.
Prema tome, g je dobro definisano. Sada je lako pokazati da je g− = f :


g−(B1, . . . , Bn) =
= (g1)−(B1) ∪ (g2)−(B2) ∪ . . . ∪ (gn)−(Bn)
= f(B1, ∅, . . . , ∅) ∪ f(∅, B2, . . . , ∅) ∪ . . . ∪ f(∅, ∅, . . . , Bn)
= f(B1 ∪ ∅ ∪ . . . ∪ ∅, ∅ ∪B2 ∪ . . . ∪ ∅, . . . , ∅ ∪ ∅ ∪ . . . ∪Bn)
= f(B1, B2, . . . , Bn).


2


Leme 3.2, 3.3 i Stav 3.6 nam omogućavaju da pokažemo sledeću teoremu
reprezentacije klonova ko-operacija.
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3.7. Stav. Klon cOX je izomorfan klonu HP(X), pri čemu je izomorfizam
dat sa ϕ : cOX → HP(X) : g 7→ g−. Kao direktnu posledicu dobijamo sledeće:
za svaki klon ko-operacija C ≤ cOX imamo C− ≤ HP(X). Obrnuto, za svaki
klon D ≤ HP(X) postoji klon ko-operacija C ≤ cOX takav da je C− = D.
Prema tome, cLX


∼= 〈HP(X)]LP(X)
.


3.8. Napomena. Ovim je još jednom pokazano da je svaki klon ko-operacija
izomorfan nekom klonu operacija. Obrnuto tvrdjenje, medjutim, ne važi.
Postoje klonovi operacija koji nisu izomorfni nijednom klonu ko-operacija.
Evo obrazloženja. Neka je C klon operacija koji sadrži binarnu komutativnu
operaciju f . Činjenica da je operacija f komutativna se može ekvivalentno
iskazati na sledeći način:


f(π2
1, π


2
2) = f(π2


2, π
2
1).


Pretpostavimo da postoji klon ko-operacija D koji je izomorfan klonu C i
neka je Φ : C → D izomorfizam. Tada je Φ(f(π2


1, π
2
2)) = Φ(f(π2


2, π
2
1)), tj.,


Φ(f) · [ι21, ι22] = Φ(f) · [ι22, ι21].
Medjutim, nijedna ko-operacija nema ovu osobinu, pa ni ko-operacija Φ(f).
Kontradikcija.


3.2 Lokalno ko-zatvoreni klonovi ko-operacija


Sada ćemo okarakterisati lokalno ko-zatvorene klonove ko-operacija pomoću
njihovog kontravarijantnog liftinga. Uvešćemo pojam kontravarijantnog lif-
tinga ko-relacija i pokazati da se on slaže sa pojmom kontravarijantnog
liftinga ko-operacija.


3.9. Definicija. Neka je r ∈ αX ko-vektor i neka je % ∈ cR
(α)
X ko-relacija.


Kontravarijantni lifting ko-vektora r i ko-relacije %, u oznaci r−, odnosno,
%−, definǐsemo ovako:


r− := 〈r−1(ξ) : ξ < α〉
%− := {r− : r ∈ %}.


3.10. Definicija. Neka je 〈Aξ : ξ < α〉 particioni vektor skupa X. Sa 〈Aξ :
ξ < α〉∇ označavamo ko-vektor r ∈ αX definisan sa r(x) = ξ :⇐⇒ x ∈ Aξ, za
sve ξ < α. Za particionu relaciju % skupa P(X) neka je %∇ := {p∇ : p ∈ %}.
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3.11. Napomena. Ako je r ko-vektor na X tada je r− slaba particija
skupa X i r−∇ = r. Slično, ako je % ko-relacija, tada je %− particiona
relacija, ar(%) = ar(%−) i %−∇ = %.


3.12. Lema. Neka je f ko-operacija, a σ ko-relacija. Tada: f ko-čuva σ


ako i samo ako f− čuva σ−.


Dokaz. ⇒: Neka je f ∈ cPolX{σ} i pretpostavimo da je ar(f) = n. Neka
su 〈A1


ξ : ξ < λ〉, . . . , 〈An
ξ : ξ < λ〉 proizvoljni elementi relacije σ− i neka su


r1, . . . , rn elementi ko-relacije σ takvi da je (rj)− = 〈Aj
ξ : ξ < λ〉 za sve j.


Kako f ko-čuva σ to je s := f · [r1, . . . , rn] ∈ σ. S druge strane, neka je
Bξ := f−(A1


ξ , . . . , A
n
ξ ), ξ < λ. Pokazaćemo da je s− = 〈Bξ : ξ < λ〉. Kao


prvo, primetimo da je s−1(ξ) =
⋃n


i=1(r
i ◦ f i)−(ξ), da je Bξ =


⋃n
i=1(f


i)−(Ai
ξ)


i da je Ai
ξ = (ri)−1(ξ). Prema tome,


s−1(ξ) =
⋃n


i=1(r
i ◦ f i)−(ξ) =


⋃n
i=1(f


i)−((ri)−1(ξ))
=


⋃n
i=1(f


i)−(Ai
ξ) = Bξ.


Dakle, s− = 〈Bξ : ξ < λ〉, pa je 〈Bξ : ξ < λ〉 ∈ σ−.
⇐: Uočimo proizvoljne f− ∈ cPolP(X){σ−} i r1, . . . , rn ∈ σ. Tada je


(r1)−, . . . , (rn)− ∈ σ−. Neka je (ri)− = 〈Ai
ξ : ξ < λ〉, a Bξ = f−(A1


ξ , . . . , A
n
ξ ).


Kako f− čuva σ− imamo da je 〈Bξ : ξ < λ〉 ∈ σ−, tj. postoji s ∈ σ takvo
da je s− = 〈Bξ : ξ < λ〉. Pokažimo da je s = f · [r1, . . . , rn]. Neka je
t := f · [r1, . . . , rn]. Tada


t−1(ξ) =
⋃n


i=1(r
i ◦ f i)−(ξ) =


⋃n
i=1(f


i)−((ri)−1(ξ))
=


⋃n
i=1(f


i)−(Ai
ξ) = f−(A1


ξ , . . . , A
n
ξ )


= Bξ = s−1(ξ).


Dakle, s = t i stoga f ∈ cPolX{σ}. 2


3.13. Posledica. Neka je S skup ko-relacija i C = cPolX S. Tada je
C− = PolP(X)(S−) ∩HP(X) = PolP(X)(S− ∪ {%∅, %C , %∪}).


3.14. Lema. Za svaku finitarnu relaciju θ skupa P(X) postoji finitarna
particiona relacija θ skupa P(X) takva da je PolP(X){%∅, %C , %∪, θ} =
PolP(X){%∅, %C , %∪, θ}.
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Dokaz. Za prirodan broj h, uvedimo oznaku Ph := P({1, . . . , h}) i fiksirajmo
neko strogo linearno uredjenje < na skupu Ph (na primer, ∅ < {1} < . . . <


{h} < {1, 2} < . . . < {h − 1, h} < . . . < {1, . . . , h}) tako da možemo raz-
matrati vektore indeksirane elementima skupa Ph. Drugim rečima, umesto
〈A∅, A{1}, . . . , A{h−1,h}, . . . , A{1,...,h}〉 pisaćemo kraće 〈AJ : J ∈ Ph〉.


Neka je θ h-arna relacija skupa P(X), gde je h ∈ N. Svakom vektoru
〈A1, . . . , Ah〉 ∈ θ dodelićemo vektor 〈BJ : J ∈ Ph〉 na sledeći način:


B∅ = X \⋃h
i=1 Ai, a


BJ = (
⋂


j∈J Aj) \ (
⋃


j∈{1,...,h}\J Aj), za J 6= ∅.


Neka je θ skup svih vektora 〈BJ : J ∈ Ph〉 dobijenih na ovaj način. Odgo-
varajuća jednakost se lako dobija ima li se u vidu da


• za svako 〈A1, . . . , Ah〉 ∈ θ, odgovarajući vektor 〈BJ : J ∈ Ph〉 je slaba
particija skupa X;


• za svako f ∈ HP(X) i sve A1, . . . , An, B1, . . . , Bn ⊆ X:


f(∅, ∅, . . . , ∅) = ∅
f(X \A1, . . . , X \An) = X \ f(A1, . . . , An)
f(A1 ∪B1, . . . , An ∪Bn) = f(A1, . . . , An) ∪ f(B1, . . . , Bn)
f(A1 ∩B1, . . . , An ∩Bn) = f(A1, . . . , An) ∩ f(B1, . . . , Bn)
f(A1 \B1, . . . , An \Bn) = f(A1, . . . , An) \ f(B1, . . . , Bn);


• ako je 〈BJ : J ∈ Ph〉 vektor koji odgovara vektoru 〈A1, . . . , Ah〉 u
pomenutoj konstrukciji, onda za svako j ∈ {1, . . . , h} imamo: Aj =⋃


j∈J∈Ph
BJ .


2


3.15. Definicija. Neka su C i D klonovi operacija skupa X i neka je C ≤ D.
Kažemo da je C lokalno zatvoren u odnosu na D ako postoji lokalno zatvoren
klon C ′ operacija skupa X takav da je C = C ′ ∩D.


3.16. Stav. Neka je C ≤ cOX klon ko-operacija. C je lokalno ko-zatvoren
ako i samo ako je C− lokalno zatvoren u odnosu na HP(X).


Dokaz. ⇒: Neka je C lokalno ko-zatvoren klon ko-operacija. Tada postoji
skup S finitarnih ko-relacija takav da je C = cPolX S. Prema Posledici 3.13,
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C− = PolP(X)(S−) ∩ HP(X). Kako je S− skup finitarnih relacija na P(X),
klon C− je lokalno zatvoren u odnosu na HP(X).


⇐: Pretpostavimo da je C− lokalno zatvoren u odnosu na HP(X). Tada
postoji lokalno zatvoren klon D operacija skupa P(X) takav da je C− =
D ∩ HP(X). Neka je Q skup finitarnih relacija na P(X) takav da je D =
PolP(X) Q i neka je Q := {% : % ∈ Q}, gde je % particiona relacija koja je
dodeljena relaciji % konstrukcijom datom u dokazu Leme 3.14. Uočimo skup
ko-relacija S := {(%)∇ : % ∈ Q}. Jasno je da je S− = Q. Pokažimo da je
C = cPolX S ili, što je ekvivalentno, da je C− = (cPolX S)−:


C− = D ∩HP(X)


= PolP(X)(Q ∪ {%∅, %C , %∪})
= PolP(X)(Q ∪ {%∅, %C , %∪}) [Lema 3.14]
= PolP(X)(S− ∪ {%∅, %C , %∪}) [jer je Q = S−]
= PolP(X)(S−) ∩HP(X)


= (cPolX S)− [Posledica 3.13].


Kako je S skup finitarnih ko-relacija, C je lokalno ko-zatvoren klon ko-
operacija. 2


3.3 Klonovi ko-operacija i klonovi selektivnih ope-


racija


U radu [Csá 85] je pomenuto da je svaki klon ko-operacija na konačnom
skupu X izomorfan klonu selektivnih operacija na skupu Y |X|, gde je Y


proizvoljan skup sa bar dva elementa. S druge strane, u ovoj glavi je uvedena
drugačija reprezentacija klonova ko-operacija (Sl. 3.1).


Posledica 3.13 pokazuje da lifting ko-operacija i ko-relacija poštuje re-
laciju “ko-čuva”. U ovom odeljku ćemo pokazati da izmedju (klonova) ko-
relacija na X i (klonova) relacija na Y |X| postoji slična veza koja odgovara
odnosu klonova ko-operacija skupa X i klonova selektivnih operacija skupa
Y |X|, Sl. 3.2.


Prvo ćemo uspostaviti vezu izmedju dve pomenute reprezentacije klonova
ko-operacija (Sl. 3.1). Potom ćemo pokazati da za svaku ko-relaciju σ na X


postoji relacija σ̂ na Y |X| iste arnosti sa sledećom osobinom: ko-operacija f


ko-čuva σ ako i samo ako odgovarajuća selektivna operacija f̂ čuva σ̂.
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Klonovi
ko-operacija
skupa X


¾ -[Csá 85]
Klonovi
selektivnih operacija
skupa Y |X|


?


6


Stav 3.7


Klonovi
operacija
skupa P(X)


Slika 3.1: Dve reprezentacije klonova ko-operacija


Ko-relacije
na X


¾ -? Relacije
na Y |X|


?


6


Posledica 3.13


Relacije
na P(X)


Slika 3.2: “Veza koja nedostaje”
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3.3.1 Selektivne operacije


Konvencija. U celom odeljku X i Y su konačni skupovi, X = {1, . . . , ν},
ν ≥ 3 i |Y | ≥ 2.


3.17. Definicije. Neka je Y neprazan skup i neka su k i n prirodni brojevi.
Za operaciju f : (Y k)n → Y k kažemo da je selektivna operacija ako postoje
preslikavanja l : k → n i v : k → k takva da je


f̂










x1,1


x1,2
...


x1,k






,






x2,1


x2,2
...


x2,k






, . . . ,






xn,1


xn,2
...


xn,k










=






xl(1),v(1)


xl(2),v(2)
...


xl(k),v(k)






.


(Primetimo da se u [Csá 84] ovakve operacije nazivaju regularne selektivne
operacije.)


Neka je sa SelY k označen skup svih selektivnih operacija skupa Y k. Lako
se pokazuje da je SelY k klon operacija skupa Y k.


Za relaciju % ∈ R
(h)
Y definǐsimo %↑k ∈ R


(h)


Y k ovako:


〈




x1,1


x1,2
...


x1,k






,






x2,1


x2,2
...


x2,k






, . . . ,






xh,1


xh,2
...


xh,k






〉
∈ %↑k :⇐⇒ (∀j ∈ k) 〈x1,j , . . . , xh,j〉 ∈ %.


Neka je QY k := {%↑k : % ∈ RY }. Poznato je da je SelY k = PolY k(QY k).


3.18. Reprezentacija ko-operacija selektivnim operacijama. Svakoj
ko-operaciji f : X → Xtn dodeljujemo selektivnu operaciju f̂ : (Y ν)n → Y ν


(očito, arnosti n) datu sa


f̂










x1,1


x1,2
...


x1,ν






,






x2,1


x2,2
...


x2,ν






, . . . ,






xn,1


xn,2
...


xn,ν










=






xl(1),v(1)


xl(2),v(2)
...


xl(ν),v(ν)






gde je v := val f i l := lbl f .
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3.19. Stav. Ako je C klon ko-operacija skupa X tada je Ĉ := {f̂ : f ∈
C} klon selektivnih operacija. Štavǐse, preslikavanje ˆ : cOX → SelY ν je


izomorfizam klonova, tj. ι̂ni = πn
i i f · [g1, . . . , gn] = f̂(ĝ1, . . . , ĝn).


Za svaki klon D selektivnih operacija skupa Y ν postoji klon C ko-operacija
skupa X takav da je C ∼= D.


Sledeći stav je direktna posledica Stava 3.7:


3.20. Stav. Za svaki klon C selektivnih operacija postoji konačna Booleova
algebra B takva da je C izomorfan podklonu klona


⋃
n∈N Hom(Bn,B). Obr-


nuto, za svaku konačnu Booleovu algebru B i svaki podklon D klona⋃
n∈N Hom(Bn,B) postoji klon C selektivnih operacija takav da je C ∼= D.


(Sa Hom(A,B) označavamo skup svih homomorfizama A → B.)


Ako uzmemo da je Y = {0, 1}, dobijamo prirodnu vezu izmedju ove dve
reprezentacije, kako će to biti pokazano u narednom stavu. Reprezentacija
klonova ko-operacija operacijama partitivnog skupa je, tako, izomorfna jed-
nom specijalnom slučaju reprezentacije klonova ko-operacija selektivnim ope-
racijama. Mi medjutim i dalje smatramo da reprezentacija operacijama na
partitivnom skupu zaslužuje pažnju pre svega zato što je smeštena u veoma
prirodan ambijent skupovnih Booleovih algebri koje su nam daleko poznatije
i bliže od algebri selektivnih operacija.


3.21. Stav. Neka je Y := {0, 1}. Za skup B ⊆ X označimo sa


χB :=






x1


x2
...


xν




∈ Y ν


karakteristični vektor skupa B, tj. element skupa Y ν definisan sa xi = 1 :⇐⇒
i ∈ B. Tada za svaku ko-operaciju f ∈ cO


(k)
X i sve A,B1, . . . , Bk ∈ P(X)


imamo


f−(B1, . . . , Bk) = A ⇐⇒ f̂(χB1 , . . . , χBk
) = χA.
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Dokaz. ⇒: Neka je f−(B1, . . . , Bk) = A i neka su


χBi =:






xi,1


xi,2
...


xi,ν






karakteristični vektori skupova Bi, i ∈ k, redom. Neka je


f̂(χB1 , . . . , χBk
) =






y1


y2
...


yν






.


Pokazaćemo da je yp = 1 ⇐⇒ p ∈ A. Zapravo, pokazaćemo samo jedan smer,
zato što je dokaz drugog veoma sličan. Neka je p ∈ A = f−(B1, . . . , Bk) =⋃k


j=1(f
j)−(Bj). Tada je p ∈ (f i)−(Bi) za neko i ∈ k. Neka je q := f i(p) ∈


Bi. f i(p) = q znači da je f(p) = 〈i, q〉, zbog čega je yp = xi,q. Sada se lako
dobija da q ∈ Bi implicira xi,q = 1 tj. yp = 1.


⇐: Slično. 2


3.3.2 Kodiranje ko-relacija na X relacijama na Y ν


3.22. Definicije i oznake. Neka je 1 ∈ Y fiksirani element skupa Y . Za
ko-vektor r = 〈A1, . . . , Ah〉∇ na X definǐsimo relaciju Θr ∈ R


(h)
Y ν sa


〈




x1,1


x1,2
...


x1,ν






,






x2,1


x2,2
...


x2,ν






, . . . ,






xh,1


xh,2
...


xh,ν






〉
∈ Θr :⇐⇒


:⇐⇒ (∀j ∈ ν) ((x1,j = 1 ⇐⇒ j ∈ A1) ∧
(x2,j = 1 ⇐⇒ j ∈ A2) ∧


. . . ∧
(xh,j = 1 ⇐⇒ j ∈ Ah)).


Za ko-relaciju σ na X definǐsimo relaciju σ̂ na Y ν sa σ̂ :=
⋃


r∈σ Θr, a za skup
S ko-relacija na X stavimo Ŝ := {σ̂ : σ ∈ S}.
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3.23. Stav.


(i) Neka je f ko-operacija skupa X i σ ko-relacija na X. Tada: f ko-čuva
σ ako i samo ako f̂ čuva σ̂.


(ii) Neka je C klon ko-operacija skupa X i neka je S skup ko-relacija na
X takav da je C = cPolX S. Tada je Ĉ = PolY ν (Ŝ ∪QY ν ).


Dokaz. Dokaz tvrdjenja (i) je sličan dokazu Stava 3.21. (ii) sledi iz (i)
neposredno. 2


Pažljiva analiza izloženog kodiranja pokazuje da smo fiksirani element 1
na poziciji j koristili zapravo za kodiranje informacije “j ∈ A”. Ako Y


ima vǐse od dva elementa, tada se data ko-relacija može kodirati relacijom
manje arnosti. U krajnjem slučaju, “male” ko-relacije na X se mogu kodirati
unarnim relacijama na on Y ν , kao što ćemo to pokazati u nastavku.


3.24. Pretpostavke. Neka je σ ko-relacija na X takva da je h := ar(σ) ≤
|Y |. Radi jednostavnijeg izlaganja pretpostavićemo da je {1, . . . , h} ⊆ Y .


3.25. Definicije i oznake. Za ko-vektor r = 〈A1, . . . , Ah〉∇ ∈ σ definǐsimo
(unarnu) relaciju Θ̃r ⊆ Y ν sa






x1


x2
...


xν




∈ Θ̃r :⇐⇒ (∀j ∈ ν) ((xj = 1 ⇐⇒ j ∈ A1) ∧


(xj = 2 ⇐⇒ j ∈ A2) ∧
. . . ∧


(xj = h ⇐⇒ j ∈ Ah))


i stavimo σ̃ :=
⋃


r∈σ Θ̃r.


Tada važi sledeće


3.26. Stav. Neka je f ko-operacija skupa X. f ko-čuva σ ako i samo ako
f̂ čuva σ̃.


Kao što će kasnije biti pokazano (Posledica 3.75), za svaki klon ko-operacija
C skupa X postoji ko-relacija σ arnosti ν2 takva da je C = cPolX{σ}. Ova
osobina klonova ko-operacija zajedno sa mogućnošću kodiranja ko-relacija
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na X unarnim relacijama na Y ν ako je Y dovoljno velik nam daje intere-
santnu apstraktnu osobinu klonova ko-operacija/selektivnih operacija kojom
zaključujemo odeljak.


Kažemo da se podklon C klona D može opisati relacijom % u odnosu na
D ako je C = D ∩ Pol{%}.


3.27. Stav. Svaki klon ko-operacija (klon selektivnih operacija) je izomorfan
klonu selektivnih operacija koji se u odnosu na klon svih selektivnih operacija
može opisati jednom unarnom relacijom.


Dokaz. Neka je C klon ko-operacija skupa X i neka je σ ko-relacija arnosti
ν2 takva da je C = cPolX{σ} (Posledica 3.75). Odaberimo konačan skup
Y tako da je |Y | = ν2 i označimo sa σ̃ relaciju koja kodira ko-relaciju σ


na način opisan u Definiciji 3.25. Uočimo da je σ̃ unarna relacija. Tada je
C ∼= Ĉ = SelY ν ∩ PolY ν{σ̃}. 2


3.4 Algebra ko-operacija konačnog skupa


Stav 3.7 ima još jednu interesantnu posledicu. Skup cOX možemo snabdeti
algebarskom strukturom tipa 〈2, 1, 1, 1, 0〉 i od njega tako načiniti algebru
koja je analogna algebri operacija konačnog skupa: neki skup ko-operacija
je klon ko-operacija ako i samo ako je to nosač neke podalgebre ove algebre.
Takodje ćemo opisati sve automorfizme i kongruencije algebre ko-operacija
konačnog skupa.


3.28. Definicija. Neka je f ∈ cO
(n)
X . Za n = 1 uzmimo ζf := τf := 4f :=


f . Za n > 1 definǐsemo


ζf := f · [ιn2 , ιn3 , . . . , ιnn, ιn1 ],
τf := f · [ιn2 , ιn1 , ιn3 , . . . , ιnn],
4f := f · [ιn−1


1 , ιn−1
1 , . . . , ιn−1


n−1].


Za f ∈ cO
(n)
X i g ∈ cO


(m)
X definǐsemo


f ∗ g := f · [g · [ιn+m−1
1 , . . . , ιn+m−1


m ], ιn+m−1
m+1 , . . . , ιn+m−1


n+m−1].


Algebru 〈cOX , ∗, ζ, τ,4, ι21〉 ćemo zvati algebra ko-operacija konačnog skupa.
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3.29. Lema. Neka su f, g ∈ cOX . Tada je (ζf)− = ζ(f−), (τf)− = τ(f−),
(4f)− = 4(f−) i (f ∗ g)− = f− ∗ g−.


3.30. Stav. C ⊆ cOX je klon ko-operacija ako i samo ako je C nosač neke
podalgebre algebre 〈cOX , ∗, ζ, τ,4, ι21〉.


3.31. Notacija. U nastavku, algebru ko-operacija konačnog skupa X ozna-
čavamo kratko sa AX . Neka su sa AutAX i ConAX označeni skup svih
automorfizama i skup svih kongruencija, redom, algebre AX .


Za svaki operator O ∈ {ζ, τ,4} sa On(f) označavamo O . . . O︸ ︷︷ ︸
n


(f) ako je


n > 0, i uzimamo da je O0(f) := f .


3.4.1 Automorfizmi algebre ko-operacija


Svaka permutacija ψ : X → X odredjuje automorfizam Φψ : cOX → cOX


algebre AX koji ko-operaciju preslikava u novu, dobijenu od polazne “za-
menom imena elemenata skupa X”. Preciznije,


3.32. Definicija. Neka je ψ : X → X permutacija. Označimo sa Φψ :
cOX → cOX sledeće preslikavanje:


Φψ(f)(x) = 〈lbl f(ψ−1(x)), ψ(val f(ψ−1(x)))〉.


Dejstvo preslikavanja Φψ je ilustrovano na Sl. 3.3, gde je j := lbl f(ψ−1(x))
i y := val f(ψ−1(x)). Lako se pokazuje da je Φψ zaista automorfizam alge-
bre AX . Tako dobijene automorfizme zovemo unutrašnjim automorfizmima
algerbe AX . Pokazaćemo da AX nema drugih automorfizama.


Notacija. U Lemama 3.33–3.36 pretpostavljamo da je ϕ proizvoljan auto-
morfizam algebre AX .


3.33. Lema. ar(f) = ar(ϕ(f)) za svaku ko-operaciju f ∈ cOX .


Dokaz. U dokazu koristimo sledeće činjenice:


• za svaku ko-operaciju f ∈ cOX , ar(f) = 1 ako i samo ako 4(f) = f ;


• za svaku ko-operaciju f ∈ cOX , ar(f) ≤ n ako i samo ako 4n(f) =
4n−1(f).
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x


ψ−1(x)
6


〈j, ψ(y)〉


〈j, y〉


?


ψ−1 ψ


-Φψ(f)


-f


Slika 3.3: Dejstvo automorfizma Φψ


Dovoljno je pokazati da za svako f ∈ cOX i n ∈ N imamo


ar(f) = n ⇐⇒ ar(ϕ(f)) = n. (∗)


Dokaz provodimo indukcijom po n. Za n = 1 je lako proveriti ispravnost
sledećeg lanca ekvivalencija, ima li se u vidu da je ϕ ∈ AutAX : ar(f) =
1 ⇐⇒4(f) = f ⇐⇒ ϕ(4(f)) = ϕ(f) ⇐⇒4(ϕ(f)) = ϕ(f) ⇐⇒ ar(ϕ(f)) =
1. Pretpostavimo da (∗) važi za sve k < n.


⇒: Neka je ar(f) = n. Tada je 4n(f) = 4n−1(f) na osnovu čega je
4n(ϕ(f)) = 4n−1(ϕ(f)). Zato je ar(ϕ(f)) ≤ n. Ako bi bilo ar(ϕ(f)) =
k < n tada bismo na osnovu indukcijske pretpostavke imali ar(f) = k, što
je nemoguće. Dakle, ar(ϕ(f)) = n.


⇐: Slično. 2


3.34. Lema. Neka su f ∈ cO
(n)
X i g1, . . . , gn ∈ cO


(m)
X . Tada je ϕ(f ·


[g1, . . . , gn]) = ϕ(f) · [ϕ(g1), . . . , ϕ(gn)].


3.35. Lema. Za svako n ∈ N i svako j ∈ n je ϕ(ιnj ) = ιnj .


Dokaz. ϕ(ι21) = ι21 jer je ϕ ∈ AutAX . Takodje, ϕ(ι11) = ϕ(4(ι21)) =
4(ϕ(ι21)) = 4(ι21) = ι11.


Neka je n > 2. Tada je ιn1 = ι21 ∗ (ι21 ∗ (. . . ∗ (ι21 ∗ ι21)︸ ︷︷ ︸
n


. . .)). Sada je ϕ(ιn1 ) =


ϕ(ι21 ∗ (ι21 ∗ (. . . ∗ (ι21 ∗ ι21) . . .))) = ϕ(ι21) ∗ (ϕ(ι21) ∗ (. . . ∗ (ϕ(ι21) ∗ ϕ(ι21)) . . .)) =
ι21 ∗ (ι21 ∗ (. . . ∗ (ι21 ∗ ι21) . . .)) = ιn1 . Za svako j ∈ n je ιnj = ζn+1−j(ιn1 ), na
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osnovu čega je ϕ(ιnj ) = ϕ(ζn+1−j(ιn1 )) = ζn+1−j(ϕ(ιn1 )) = ζn+1−j(ιn1 ) = ιnj .
2


3.36. Lema. ϕ(Const(X)) = Const(X).


Dokaz. U dokazu koristimo sledeću jednostavnu činjenicu: c ∈ Const(X) ako
i samo ako (∀f ∈ cO


(1)
X )f · c = c, za svako c ∈ cO


(1)
X .


Kako je Const(X) konačan i kako je ψ bijekcija, dovoljno je dokazati da
je ϕ(Const(X)) ⊆ Const(X). Neka je c ∈ Const(X). Uočimo proizvoljno f ∈
cO


(1)
X i stavimo g := ψ−1(f). Tada je f ·ψ(c) = ψ(g) ·ψ(c) = ψ(g · c) = ψ(c),


čime je pokazano da je ψ(c) ∈ Const(X). 2


3.37. Stav. Automorfizmi algebre AX su tačno unutrašnji automorfizmi.


Dokaz. Primetimo sledeće. Neka su f ∈ cO
(n)
X , j ∈ n i a, b ∈ X. Tada:


f(a) = 〈j, b〉 ako i samo ako ca · f = cb · ιnj .
Neka je ϕ ∈ AutAX . Kako je ϕ|Const(X) bijekcija, možemo definisati


permutaciju ψ : X → X na sledeći način:


ψ(a) = b :⇐⇒ ϕ(ca) = cb.


Pokazaćemo da je ϕ = Φψ. Neka je f ∈ cO
(n)
X i g := ϕ(f). Želimo da


pokažemo da je g = Φψ(f) tj. da je


g(x) = 〈lbl f(ψ−1(x)), ψ(val f(ψ−1(x)))〉.
Neka je g(x) = 〈j, y〉. Tada je cx ·g = cy ·ιnj , pa je ϕ(cx ·g) = ϕ(cy ·ιnj ). Prema
Lemi 3.34 imamo da je ϕ(cx) ·ϕ(g) = ϕ(cy) ·ϕ(ιnj ) tj. cψ−1(x) ·f = cψ−1(y) · ιnj .
To je ekvivalentno sa f(ψ−1(x)) = 〈j, ψ−1(y)〉. Drugim rečima,


j = lbl f(ψ−1(x)) i
y = ψ(val f(ψ−1(x))),


što je i trebalo pokazati. 2


3.4.2 Kongruencije algebre ko-operacija


U nastavku opisujemo kongruencije algebre AX . Jasno je da su sledeće tri
relacije kongruencije algebre AX :


∇cOX
:= {〈f, g〉 : f, g ∈ cOX}


Θ := {〈f, g〉 : f, g ∈ cOX i ar(f) = ar(g)}
∆cOX


:= {〈f, f〉 : f ∈ cOX}
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Pokazaćemo da su to jedine kongruencije algebre ko-operacija tako što ćemo
pokazati da je θ ⊇ Θ za svako θ ∈ ConAX \ {∆cOX


} i da Θ <· ∇cOX
.


3.38. Lema. Neka je θ ∈ ConAX .


(i) Neka je F ⊆ cOX . Ako je F ×{idX} ⊆ θ onda je (cCloF )×{idX} ⊆ θ.
(ii) Neka su f, f ′ ∈ θ takvi da je ar(f) = ar(f ′) i neka su 〈g1, g


′
1〉, . . .,


〈gn, g′n〉 ∈ θ takvi da je ar(g1) = ar(g′1) = . . . = ar(gn) = ar(g′n). Tada
je 〈f · [g1, . . . , gn], f ′ · [g′1, . . . , g′n]〉 ∈ θ.


3.39. Lema. Neka je θ ∈ ConAX \ {∆cOX
}. Tada je 〈cx, cy〉 ∈ θ za sve


x, y ∈ X.


Dokaz. Uočimo proizvoljan 〈f, g〉 ∈ θ \∆cOX
. Tada f 6= g. Neka su x, y ∈ X


proizvoljni.
Slučaj 1: ar(f) = ar(g). Kako je f 6= g, postoji a ∈ X takvo da je


f(a) 6= g(a). Neka je f(a) = 〈j, b〉 i g(a) = 〈k, d〉.
Slučaj 1.1: j 6= k. Bez umanjenja opštosti možemo pretpostaviti da je


j = 1 i k = 2. Kako je 〈ca, ca〉, 〈f, g〉, 〈cx, cx〉, 〈cy, cy〉 ∈ θ, Lema 3.38 (ii)
garantuje da je 〈ca · f · [cx, cy, cy, . . . , cy], ca · g · [cx, cy, cy, . . . , cy]〉 ∈ θ. No,
ca · f · [cx, cy, cy, . . . , cy] = cx, dok je ca · g · [cx, cy, cy, . . . , cy] = cy. Odatle,
〈cx, cy〉 ∈ θ.


Slučaj 1.2: j = k. Tada je b 6= d. Odaberimo ko-operaciju h takvu da je
h(b) = 〈1, b〉 i h(d) = 〈2, d〉. Kako je 〈f, g〉 ∈ θ i 〈h, h〉 ∈ ∆cOX


⊂ θ dobijamo
da je 〈f ∗ h, g ∗ h〉 ∈ θ. Označimo f ∗ h i g ∗ h sa f ′ i g′, redom. Tada
je 〈f ′, g′〉 ∈ θ, f ′(a) = 〈1, b〉 i g′(a) = 〈2, d〉, čime je ovaj slučaj sveden na
Slučaj 1.1.


Slučaj 2: ar(f) 6= ar(g). Pretpostavimo da je ar(f) > ar(g) =: k. Neka je
f ′ := 4k−1(f) i g′ := 4k−1(g). Tada je ` := ar(f ′) > ar(g′) = 1 i 〈f ′, g′〉 ∈ θ.
Dalje, neka je f ′′ := ζ`−14ζ(f ′ ∗ ι21), a g′′ := ζ`−14ζ(g′ ∗ ι21). Jasno je da
je 〈f ′′, g′′〉 ∈ θ, ar(g′′) = 1, kao i to da je prva promenljiva ko-operacije f ′′


fiktivna. Kako je 〈f ′′, g′′〉 ∈ θ i 〈cx, cx〉 ∈ θ dobijamo da je 〈f ′′∗cx, g′′∗cx〉 ∈ θ.
Prva promenljiva ko-operacije f ′′ je fiktivna, pa je f ′′ ∗ cx = f ′′. S druge
strane je g′′ ∗ cx = cx zato što je ar(g′′) = 1. Prema tome, 〈f ′′, cx〉 ∈ θ. Na
isti način dobijamo da je 〈f ′′, cy〉 ∈ θ, pa je 〈cx, cy〉 ∈ θ zbog tranzitivnosti
relacije θ. 2


3.40. Stav. Neka je θ ∈ ConAX \ {∆cOX
}. Tada je θ ⊇ Θ.
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Dokaz. Jednostavnosti radi, uzećemo da je X = {1, . . . , ν}. Neka je 〈f, g〉 ∈
Θ i k := ar(f) = ar(g). Neka je još


f =


(
1 2 . . . ν


〈p1, a1〉 〈p2, a2〉 . . . 〈pν , aν〉


)
,


g =


(
1 2 . . . ν


〈q1, b1〉 〈q2, b2〉 . . . 〈qν , bν〉


)


za neke {a1, . . . , aν , b1, . . . , bν} ⊆ X i {p1, . . . , pν , q1, . . . , qν} ⊆ k.
Prema Lemi 3.39 imamo da je 〈c1, c2〉 ∈ θ na osnovu čega je 〈c1 · ινj , c2 ·


ινj 〉 ∈ θ za sve j ∈ ν. Razmotrimo sledeće dve ko-operacije:


s1 =


(
1 2 . . . ν


〈1, 1〉 〈2, 1〉 . . . 〈ν, 1〉


)


i


s2 =


(
1 2 . . . ν


〈1, 2〉 〈2, 2〉 . . . 〈ν, 2〉


)
.


Kako je 〈s1, s1〉 ∈ θ imamo da je (Lema 3.38 (ii)) 〈s1 · [c1 · ιν1 , . . . , c1 · ινν ], s1 ·
[c2 · ιν1 , . . . , c2 · ινν ]〉 ∈ θ. No,


s1 · [c1 · ιν1 , . . . , c1 · ινν ] = s1


dok je
s1 · [c2 · ιν1 , . . . , c2 · ινν ] = s2.


Dakle, 〈s1, s2〉 ∈ θ.
Uočimo sada ko-operacije h1, . . . , hν ∈ cO


(k)
X takve da je hj(1) = 〈pj , aj〉


i hj(2) = 〈qj , bj〉 za sve j ∈ ν. Kako je 〈s1, s2〉 ∈ θ i 〈hj , hj〉 ∈ θ za sve
j ∈ ν, imamo da je 〈s1 · [h1, . . . , hν ], s2 · [h1, . . . , hν ]〉 ∈ θ (Lema 3.38 (ii)).
No, s1 · [h1, . . . , hν ] = f , a s2 · [h1, . . . , hν ] = g. Dakle, 〈f, g〉 ∈ θ. 2


3.41. Stav. Θ <· ∇cOX
.


Dokaz. Neka je θ ∈ ConAX takvo da je Θ ⊂ θ ⊆ ∇cOX
i neka je 〈f, g〉 ∈ θ\Θ.


Tada je ar(f) 6= ar(g). Pretpostavimo da je ar(f) > ar(g) i neka je ar(g) =: k.
Kako je θ ∈ ConAX i 〈f, g〉 ∈ θ imamo da je 〈4k−1(f),4k−1(g)〉 ∈ θ.
Neka je f1 = 4k−1(f) i g1 = 4k−1(g). Jasno je da 〈f1, g1〉 ∈ θ i da je
ar(f1) > ar(g1) = 1. Uočimo ko-operaciju f2 tako da
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• f2 zavisi esencijalno od bar dve promenljive,


• f2 nije lepljenje, i


• ar(f2) = ar(f1).


Iz 〈f2, f1〉 ∈ Θ ⊂ θ, 〈f1, g1〉 ∈ θ i 〈g1, idX〉 ∈ Θ ⊂ θ sledi 〈f2, idX〉 ∈ θ. S
druge strane, za svako h ∈ cO


(1)
X imamo 〈h, idX〉 ∈ Θ ⊂ θ. Dakle, ({f2} ∪


cO
(1)
X ) × {idX} ⊆ θ. Prema Lemi 3.38 (i) je cClo({f2} ∪ cO


(1)
X ) × {idX} ⊆ θ


tj. cOX × {idX} ⊆ θ. Kako je θ relacija ekvivalencije, dobijamo θ = ∇cOX
.


2


3.42. Posledica. ConAX = {∆cOX
, Θ,∇cOX


}.


3.5 Algebra ko-relacija na konačnom skupu


Klonovi ko-relacija su uvedeni u [Pös-R 97] kao pojmovi dualni klonovima
relacija (videti, recimo, [Pös 80]). Klon ko-relacija je svaki skup ko-relacija
koji sadrži sve ko-dijagonale i koji je zatvoren za uopštene superpozicije ko-
relacija. Na osnovu [Pös-R 97, Corollary 5.5], ako je skup X konačan, tada je
S ⊆ cRX klon ko-relacija ako i samo ako postoji skup ko-operacija F ⊆ cOX


takav da je S = cInvX F .


Konvencija. U ovoj glavi X je konačan skup.


3.5.1 Kontravarijantni lifting klonova ko-relacija


Na samom početku je pokazano da se kontravarijantnim liftingom klona ko-
operacija dobija klon operacija na partitivnom skupu. To ne važi za klonove
ko-relacija. Kontravarijantni lifting ko-relacije na skupu X je particiona
relacija na skupu P(X), tako da lifting klona ko-relacija neće biti zatvoren,
recimo, za projekcije. Medjutim, pokazaćemo da tako dobijeni skup parti-
cionih relacija nije daleko od klona relacija.


3.43. Stav. Neka je S ⊆ cRX . S je klon ko-relacija na X ako i samo
ako postoji klon relacija Q na P(X) takav da je Q ⊇ {%∅, %C ,∪•} i S− =
Q ∩ PRP(X).


Dokaz. ⇒: Kako je S klon ko-relacija na konačnom skupu, postoji skup
ko-operacija F takav da je S = cInvX F . Neka je Q := InvP(X)(F−). Prema
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Stavu 3.7 imamo CloP(X)(F−) ≤ HP(X) = PolP(X){%∅, %C ,∪•}, odakle Q ⊇
{%∅, %C ,∪•}. Jednakost S− = Q ∩ PRP(X) sledi iz Napomene 3.11 i Leme
3.12.


⇐: Neka je S− = Q ∩ PRP(X) za neki klon relacija Q na P(X) sa
osobinom Q ⊇ {%∅, %C ,∪•}. Neka je D := PolP(X) Q. Tada je D ≤ HP(X) =
PolP(X){%∅, %C ,∪•}, što, zajedno sa Stavom 3.7, daje da postoji klon ko-
operacija C takav da je C− = D. Napomena 3.11 i Lema 3.12 ponovo
obezbedjuju S = cInvX C, što znači da je S klon ko-relacija. 2


3.5.2 Operacije na cRX


Cilj odeljka je da se klonovi ko-relacija opǐsu kao nosači podalgebri neke
algebre na skupu cRX . Stoga ćemo u ovom odeljku uvesti operacije na
skupu cRX analogne poznatim operacijama na skupu relacija datog skupa.


3.44. Definicija. Neka je r = 〈A1, . . . , Ah〉∇ h-arni ko-vektor, h ∈ N. Za
h = 1 stavimo ζ(r) := τ(r) := ∂(r) := r i ∇(r) := 〈∅, X〉∇. Za h ≥ 2
definǐsemo


ζ(r) := 〈A2, . . . , Ah, A1〉∇
τ(r) := 〈A2, A1, A3, . . . , Ah〉∇
∂(r) := 〈A1 ∪A2, A3, . . . , Ah〉∇
∇(r) := 〈∅, A1, . . . , Ah〉∇.


Za prirodan broj ` i preslikavanje f : h → ` definǐsemo prf (r) := f ◦ r.


3.45. Definicija. Neka je % ko-relacija arnosti h ∈ N0. Za h ≤ 1 stavimo
ζ(%) := τ(%) := ∂(%) := %, 4(%) := ∅ i


∇(%) :=


{
∅, h = 0
{〈∅, X〉∇}, h = 1.


Za h ≥ 2 definǐsemo


ζ(%) := {ζ(r) : r ∈ %},
τ(%) := {τ(r) : r ∈ %},
4(%) := {〈A2, . . . , Ah〉∇ : 〈∅, A2, . . . , Ah〉∇ ∈ %},
∂(%) := {∂(r) : r ∈ %},
∇(%) := {∇(r) : r ∈ %}.
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Za h = 0 i svako preslikavanje f stavimo prf (%) = ∅. Za prirodne brojeve h


i ` i proizvoljno preslikavanje f : h → ` definǐsemo


prf (%) := {prf (r) : r ∈ %}.


Neka su % i σ ko-relacije arnosti h, ` ∈ N0, redom. Ako je h = 0 ili ` = 0
stavimo %× σ := ∅. Za h > 0 i ` > 0 definǐsemo


%× σ := {〈A11, . . . , A1`; A21, . . . , A2`; . . . ; Ah1, . . . , Ah`〉∇ :
(∃〈B1, . . . , Bh〉∇ ∈ %)(∃〈C1, . . . , C`〉∇ ∈ σ)
(∀i, j)Aij = Bi ∩ Cj}.


Za h = 0 ili ` = 0 stavimo %◦σ := ∅. Za h = 1 ili ` = 1 stavimo %◦σ := δ1
{1}.


Ako je h ≥ 2 i ` ≥ 2 definǐsemo


% ◦ σ := {〈A1, . . . , Ah−2, Ah−1 ∪B2, B3, . . . , B`〉∇ :
(∃Ah, B1 ∈ P(X))(〈A1, . . . , Ah〉∇ ∈ % ∧
〈B1, . . . , B`〉∇ ∈ σ ∧Ah = X \B1)}.


3.46. Napomene. (i) Ako je ar(%) = h > 0 i f : h → `, tada je ar(prf (%)) =
`.


(ii) Za svako f : h → ` postoji konačan niz operatora O1, . . . , Ok ∈
{ζ, τ, ∂,∇} takav da prf (%) = O1(O2(. . . (Ok(%)) . . .)) važi za svaku h-arnu
ko-relaciju %.


(iii) Za preslikavanje f : h → ` neka je Bj := f−1(j), j ∈ `. Umesto
prf (%) često ćemo pisati prB1|B2|...|B`


(%). Takodje, često ćemo ispuštati za-
grade za skupove i pisati • umesto ∅. Tako, na primer, ako je f : 6 → 5 dato
sa


f =


(
1 2 3 4 5 6
1 1 4 3 3 3


)
,


umesto prf (%) pisaćemo pr1,2|•|4,5,6|3|•(%).
(iv) Neka je F ⊆ cOX . Tada je skup cInvX F zatvoren za sve operacije


uvedene Definicijom 3.45.


3.47. Lema. Neka je f ∈ cO
(n)
X i neka su r1, . . . , rn h-arni ko-vektori.


Tada:


(i) ζ(f · [r1, . . . , rn]) = f · [ζ(r1), . . . , ζ(rn)],
(ii) τ(f · [r1, . . . , rn]) = f · [τ(r1), . . . , τ(rn)],
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(iii) ∇(f · [r1, . . . , rn]) = f · [∇(r1), . . . ,∇(rn)],
(iv) ∂(f · [r1, . . . , rn]) = f · [∂(r1), . . . , ∂(rn)], i
(v) za svako g : h → `, prg(f · [r1, . . . , rn]) = f · [prg(r1), . . . , prg(rn)].


Dokaz. Neka je rj := 〈Aj
1, . . . , A


j
h〉∇, j ∈ n, i f · [r1, . . . , rn] = 〈B1, . . . , Bh〉∇.


Tada je Bj =
⋃n


i=1(f
i)−(Ai


j) odakle slede (i) i (ii). (iii) sledi iz
⋃n


i=1(f
i)−(∅)


= ∅, a (iv) iz
⋃n


i=1(f
i)−(A′∪A′′) = (


⋃n
i=1(f


i)−(A′))∪ (
⋃n


i=1(f
i)−(A′′)). (v)


je posledica Napomene 3.46 i tvrdnji (i)–(iv). 2


3.48. Stav. Neka je S ⊆ cRX . Sledeći stavovi su ekvivalentni:


(i) cDX ⊆ S i S je zatvoren za ∩, × i prf za sve f : k → `, k, ` ∈ N;
(ii) δ4


{1,2,3} ∈ S i S je zatvoren za ζ, τ , 4, ◦ i ×;


(iii) δ4
{1,2,3} ∈ S i S je zatvoren za ζ, τ , 4, ∂ i ×.


Dokaz. (i) ⇒ (ii): Neka je % h-arna ko-relacija, h ∈ N. Jasno je da je


ζ(%) = pr2|3|...|h|1(%),
τ(%) = pr2|1|3|...|h(%), i
4(%) = pr1,2|3|...|h(% ∩ δh


{2,...,h}).


(Primetimo da je za h ≤ 1, {2, . . . , h} = ∅, te da je 4(%) = ∅.)
Neka je σ `-arna ko-relacija, ` ∈ N. Prema Lemi 0.4 imamo % ◦ σ =


prf ((%× σ) ∩ δ) gde je


f =


(
1 . . . ` ` + 1 . . . 2` . . . (h− 2)` + 1 . . . (h− 1)` + 2
1 . . . 1 2 . . . 2 . . . h− 1 . . . h− 1


(h− 1)` + 3 (h− 1)` + 4 . . . h`


h h + 1 . . . h + `− 3


)


i


δ = { 〈A1, ∅, ∅, . . . , ∅︸ ︷︷ ︸
`−1


, . . . , Ah−1, ∅, ∅, . . . , ∅︸ ︷︷ ︸
`−1


, ∅, B2, . . . , B`〉∇ :


〈A1, . . . , Ah−1, B2, . . . , B`〉∇ je slaba particija skupa X}.


(Očigledno je δ ∈ cDX .)
(ii) ⇒ (iii): Primetimo da je ∂(%) = δ2


{1,2} ◦ %.
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(iii) ⇒ (i): Od δ4
{1,2,3} se pomoću ζ, τ , 4, ∂ i × mogu dobiti sve


neprazne dijagonale, dok je ∅ = 4(δ1
{1}). (Na primer, δ3


{1,2,3} = 4ζ3(δ4
{1,2,3})


i δ5
{2,3,4,5} = 44ζ2∂4ζ∂24ζ∂2(δ4


{1,2,3} × δ4
{1,2,3}).)


Dalje, raspolažemo i operacijom ∇ zato što je ∇(%) = 42(δ2
{2} × %).


Prema Napomeni 3.46 raspolažemo i svim operacijama prf . Da bismo olakšali
konstrukciju preseka ko-relacija, uvedimo jednu pomoćnu operaciju. Za h-
arnu ko-relaciju % i za 1 ≤ i1 < i2 < . . . < ik ≤ h definǐsimo


4i1,...,ik(%) = {〈A1, . . . , Ai1−1, Ai1+1, . . . , Ai2−1, Ai2+1, . . . , Aik−1,


Aik+1, . . . , Ah〉∇ :
〈A1, . . . , Ah〉∇ ∈ % i Ai1 = Ai2 = . . . = Aik = ∅}.


Operacija 4i1,...,ik se uvek može dobiti od ζ, τ i 4. Za pogodan odabir
indeksa i1, . . . , ik je % ∩ σ = 4i1,...,ik(%× σ). 2


3.49. Definicija. Algebru 〈cRX ,×, ζ, τ,4, ∂, δ4
{1,2,3}〉 zovemo algebra ko-


relacija na X. Za S ⊆ cRX označimo sa cClrX S nosač podalgebre algebre
ko-relacija generisane sa S.


Sledeće tvrdjenje je direktna posledica Stava 3.48:


3.50. Stav. Neka je S ⊆ cRX , % ∈ cClr
(h)
X S i f : h → `. Tada je prf (%) ∈


cClrX S.


3.51. Definicija. Za ko-relaciju σ i operaciju O ∈ {ζ, τ,∇, ∂}, neka je
O−1(σ) := {r : r je ko-vektor i O(r) ∈ σ}. Ako je ar(σ) = ` i f : h → ` neka
je pr−1


f (σ) := {r : r je h-arni ko-vektor i prf (r) ∈ σ}.


3.52. Napomene. (i) Ako je ar(σ) = ` i f : h → `, tada je ar(pr−1
f (%)) = h.


(ii) Za svako f : h → ` postoji konačan niz operacija O1, . . . , Ok ∈
{ζ, τ, ∂,∇} takav da pr−1


f (σ) = O−1
1 (O−1


2 (. . . (O−1
k (σ)) . . .)) važi za svaku


h-arnu ko-relaciju σ.
(iii) Za svaku ko-relaciju σ je prf (pr−1


f (σ)) = σ.


3.53. Stav. Neka je S ⊆ cRX , % ∈ cClr
(`)
X S i f : h → `. Tada je pr−1


f (%) ∈
cClrX S.


Dokaz. Zbog Stava 3.48 i napomene 3.52 (ii), dovoljno je primetiti da je
∇−1(%) = 4(%), τ−1(%) = τ(%), ζ−1(%) = ζ`−1(%) i ∂−1(%) = δ3


{1,2,3} ◦
τ(∇(%)). 2
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3.5.3 Motivacija


Neke od upravo uvedenih operacija na skupu ko-relacija u poredjenju sa
odgovarajućim operacijama na skupu relacija deluju prilično neobično, čak
veoma daleko od intuicije koju imamo pri radu sa operacijama na skupu
relacija. U ovom odeljku nudimo nekoliko argumenata za koje smatramo
da bar delom opravdavaju takve definicije. Počnimo sa nekoliko poznatih
osobina koje se lako pokazuju.


3.54. Stav. Neka su % i σ ko-relacije iste arnosti h ∈ N i neka je f : h → `.
Tada


4(∇(%)) = %, ∇(% ∪ σ) = ∇(%) ∪∇(σ), prf (% ∪ σ) = prf (%) ∪ prf (σ),
∂(τ(%)) = ∂(%), ∇(% ∩ σ) = ∇(%) ∩∇(σ), prf (% ∩ σ) ⊆ prf (%) ∩ prf (σ).


Za proizvoljne ko-relacije % ∈ cR
(h)
X i σ ∈ cR


(`)
X postoje preslikavanja


f : h · ` → h i g : h · ` → ` takva da je prf (%× σ) = % i prg(%× σ) = σ.


3.55. Napomena. U skladu sa osobinama odgovarajućih operacija na
skupu relacija očekivalo bi se da je 4(τ(%)) = 4(%). Ovo, medjutim, ne
važi kada se radi sa ko-relacijama.


Nalazimo da je kompozicija ko-relacija najneintuitivnija od svih uvedenih
operacija i stoga ćemo posebnu pažnju posvetiti motivaciji za takvu defini-
ciju. Pokazaćemo da skup ternarnih ko-relacija obrazuje monoid u odnosu
na kompoziciju, kao i da se semigrupa refleksivnih binarnih relacija može
potopiti u semigrupni redukt monoida ternarnih ko-relacija.


Za unarnu operaciju f : A → A kažemo da je involucija semigrupe 〈A, ·〉
(monoida 〈A, ·, 1〉) ako je f2 = idA, f(xy) = f(y)f(x) (i f(1) = 1). Ako je f


involucija semigrupe (monoida) A, za A kažemo da je semigrupa (monoid)
sa involucijom.


3.56. Stav. Neka je εX := {〈A, ∅, X \ A〉∇ : A ⊆ X} i za % ∈ cR
(3)
X


definǐsemo %−1 := {〈A,B, C〉∇ : 〈C, B, A〉∇ ∈ %}. Tada je 〈cR(3)
X , ◦, εX ,−1〉


monoid sa involucijom.


Dokaz. Jasno je da je cR
(3)
X zatvoren za “◦”, da je εX neutralni element


operacije “◦” i da je −1 involucija navedenog monoida. Pokažimo da je “◦”
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asocijativna operacija. Neka su %, σ, τ ∈ cR
(3)
X . Pokazaćemo da je (%◦σ)◦τ ⊆


% ◦ (σ ◦ τ). Dokaz obrnute inkluzije je analogan.
Neka je 〈A, B,C〉∇ ∈ (%◦σ)◦ τ . Tada postoje B1, C1, A2, B2 takvi da je


〈A,B1, C1〉∇ ∈ % ◦ σ, 〈A2, B2, C〉∇ ∈ τ , C1 = X \ A2 i B = B1 ∪ B2. Dalje,
postoje B3, C3, A4, B4 takvi da je 〈A,B3, C3〉∇ ∈ %, 〈A4, B4, C1〉∇ ∈ σ,
C3 = X \ A4 i B1 = B3 ∪ B4. Kako je 〈A4, B4, C1〉∇ ∈ σ, 〈A2, B2, C〉∇ ∈ τ


i C1 = X \ A2, imamo da je 〈A4, B4 ∪ B2, C〉∇ ∈ σ ◦ τ . Ovo, zajedno sa
〈A,B3, C3〉∇ ∈ % i C3 = X \ A4, daje 〈A,B3 ∪ B4 ∪ B2, C〉∇ ∈ % ◦ (σ ◦ τ).
No, B = B1 ∪B2 = B3 ∪B4 ∪B2, pa je 〈A,B, C〉∇ ∈ % ◦ (σ ◦ τ). 2


3.57. Napomena. Jasno je da za %, σ, τ ∈ cR
(3)
X važi (%∪σ)−1 = %−1 ∪σ−1


i da je % ◦ (σ ∪ τ) = (% ◦ σ) ∪ (% ◦ τ). Na žalost, cR
(3)
X sa ovako uvedenim


operacijama nije relaciona algebra Tarskog [Mad-C 92] zato što


(%−1 ◦ (% ◦ σ)) ∩ σ = ∅


ne mora da važi za sve %, σ ∈ cR
(3)
X (ukoliko % shvatimo kao skupovni


komplement ko-relacije %). Na primer, za % = {〈X, ∅, ∅〉∇} i σ = εX je
(%−1 ◦ (% ◦ σ)) ∩ σ = {〈∅, ∅, X〉∇} 6= ∅.


3.58. Stav. Neka je ∆X := {〈x, x〉 : x ∈ X} i neka RX := {% ⊆ X2 : ∆X ⊆
%} označava skup svih refleksivnih binarnih relacija na X. Dalje, neka je
SX := 〈RX , ◦,−1〉 semigrupa refleksivnih binarnih relacija sa uobičajenom
inverzijom. Tada se SX može potopiti u 〈cR(3)


X , ◦,−1〉.


Dokaz. Neka je ϕ : RX → cR
(3)
X dato sa


ϕ(%) = {〈A,X \ (A ∪B), B〉∇ : % ∩ (A×B) = ∅}.


Jasno je da je ϕ(%−1) = ϕ(%)−1 za svako % ∈ RX . Lako se pokazuje da je ϕ


injektivno preslikavanje (neka je ϕ(%) = ϕ(σ); tada 〈a, b〉 /∈ % ako i samo ako
%∩ ({a}×{b}) = ∅ ako i samo ako 〈{a}, X \ {a, b}, {b}〉∇ ∈ ϕ(%) = ϕ(σ) ako
i samo ako 〈a, b〉 /∈ σ).


Pokažimo da je ϕ(% ◦ σ) = ϕ(%) ◦ ϕ(σ).
⊇: Neka je 〈A,B, C〉∇ ∈ ϕ(%) ◦ ϕ(σ). Tada postoje B1, C1, A2, B2


takvi da je 〈A, B1, C1〉∇ ∈ ϕ(%), 〈A2, B2, C〉∇ ∈ ϕ(σ) i C1 = X \A2. Prema
definiciji preslikavanja ϕ imamo da je % ∩ (A× C1) = ∅ i σ ∩ (A2 × C) = ∅.
Pokažimo da je (%◦σ)∩(A×C) = ∅. Pretpostavimo da to nije tako i uzmimo







3.5. Algebra ko-relacija na konačnom skupu 57


proizvoljno 〈a, c〉 ∈ (% ◦ σ) ∩ (A × C). Tada a ∈ A, c ∈ C i postoji s takvo
da je 〈a, s〉 ∈ % i 〈s, c〉 ∈ σ. Ako je s ∈ C1 tada je 〈a, s〉 ∈ % ∩ (A × C1).
Kontradikcija. A ako s /∈ C1 tada s ∈ X\C1 = A2, pa je 〈s, c〉 ∈ σ∩(A2×C).
Kontradikcija.


⊆: Neka je 〈A,B, C〉∇ ∈ ϕ(%◦σ). Tada je (%◦σ)∩ (A×C) = ∅. Stavimo


C1 := {s ∈ X : (∀a ∈ A)〈a, s〉 /∈ %},
A2 := X \ C1,


B1 := X \ (A ∪ C1), i
B2 := X \ (A2 ∪ C).


Pokažimo da su 〈A,B1, C1〉 i 〈A2, B2, C〉 slabe particije skupa X, da je
〈A,B1, C1〉∇ ∈ ϕ(%), 〈A2, B2, C〉∇ ∈ ϕ(σ) i da je B = B1 ∪B2.


Tvrdnja 1: A ∩ C1 = ∅.
Dokaz: Neka je x ∈ A ∩ C1. Kako je x ∈ C1 imamo da 〈a, x〉 /∈ % za


sve a ∈ A. S druge strane, x ∈ A, pa 〈x, x〉 /∈ % tj. % nije refleksivna.
Kontradikcija.


Tvrdnja 2: A2 ∩ C = ∅.
Dokaz: Neka je x ∈ A2 ∩ C. Kako x ∈ A2, dobijamo da x /∈ C1 tj.


〈a, x〉 ∈ % za neko a ∈ A. Sada, 〈a, x〉 ∈ % i 〈x, x〉 ∈ σ (podsetimo se da
je σ refleksivna) daju 〈a, x〉 ∈ % ◦ σ. No, 〈a, x〉 ∈ A × C, takodje. Odatle,
(% ◦ σ) ∩ (A× C) 6= ∅. Kontradikcija.


Tvrdnja 3: 〈A,B1, C1〉∇ ∈ ϕ(%). Jasno.
Tvrdnja 4: 〈A2, B2, C〉∇ ∈ ϕ(σ).
Dokaz: Treba da pokažemo da je σ ∩ (A2 × C) = ∅. Pretpostavimo da


je σ ∩ (A2 × C) 6= ∅ i uzmimo proizvoljno 〈b, c〉 ∈ σ ∩ (A2 × C). Kako je
b ∈ A2 = X \ C1, postoji a ∈ A takvo da je 〈a, b〉 ∈ %. Sada, iz 〈a, b〉 ∈ % i
〈b, c〉 ∈ σ sledi 〈a, c〉 ∈ % ◦ σ. Dakle, (% ◦ σ) ∩ (A× C) 6= ∅. Kontradikcija.


Tvrdnja 5: B = B1 ∪B2.
Dokaz: B1 ∪B2 = X \ ((A∩A2)∪ (C1 ∩C)) jer je A∩C = C1 ∩A2 = ∅.


Znamo da je A ∩ C1 = ∅, pa je A ⊆ X \ C1 = A2. Odatle, A ∩ A2 = A. Na
isti način pokazujemo da je C1∩C = C. Dakle, B1∪B2 = X \ (A∪C) = B.


2


3.59. Napomene. (i) Na žalost, ϕ(∆X) = δ3
{1,2,3} 6= εX . Zato ϕ ne može da


bude potapanje monoida refleksivnih binarnih relacija u monoid ternarnih
ko-relacija.
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(ii) Kažemo da je % ∈ cR
(3)
X puna ko-relacija ako


A′ × C ′ ⊆
⋃


〈A,B,C〉∇∈%


(A× C) implicira 〈A′, X \ (A′ ∪ C ′), C ′〉∇ ∈ %.


Lako se pokazuje sledeće:


• ako je % refleksivna binarna relacija, onda je ϕ(%) puna ko-relacija, i


• ako je σ puna ternarna ko-relacija i % = X2 \⋃
〈A,B,C〉∇∈σ(A×C) onda


je % refleksivna binarna relacija i ϕ(%) = σ.


Prema tome, ϕ(SX) je tačno skup svih punih ternarnih ko-relacija.


3.5.4 Klonovi ko-relacija kao podalgebre algebre ko-relacija


3.60. Definicija. Za F ⊆ cOX i % ∈ cR
(h)
X stavimo


ΓF (%) =
⋂
{σ ∈ cR


(h)
X : % ⊆ σ ∈ cInvX F}


(videti [Pös-R 97]).


3.61. Napomene. (i) Za % = {r1, . . . , rn} i klon ko-operacija C je ΓC(%) =
{f · [r1, . . . , rn] : f ∈ C(n)} ∈ cInvX C (videti [Pös-R 97, Remark 3.9]).


(ii) % ∈ cInvX C ⇐⇒ ΓC(%) = %.
(iii) Ako je F ⊆ cOX i % ⊆ σ onda je ΓF (%) ⊆ ΓF (σ).


3.62. Definicija. Neka je X = {x1, . . . , xν}. Za svako m ∈ N definǐsemo
ko-vektore κm


1 , . . . , κm
m arnosti m · ν sa


κm
1 := 〈{x1}, . . . , {xν}, ∅, ∅, . . . , ∅︸ ︷︷ ︸


ν


, . . . , ∅, ∅, . . . , ∅︸ ︷︷ ︸
ν


〉∇


κm
2 := 〈∅, ∅, . . . , ∅︸ ︷︷ ︸


ν


, {x1}, . . . , {xν}, . . . , ∅, ∅, . . . , ∅︸ ︷︷ ︸
ν


〉∇


...
κm


m := 〈∅, ∅, . . . , ∅︸ ︷︷ ︸
ν


, ∅, ∅, . . . , ∅︸ ︷︷ ︸
ν


, . . . , {x1}, . . . , {xν}〉∇


Ko-relaciju χm := {κm
1 , . . . , κm


m} zovemo m-ta apscisa na X, m ∈ N.


3.63. Napomena. Ako je f m-arna ko-operacija, onda je f · [κm
1 , . . . , κm


m]
m ·ν-arni ko-vektor. Obrnuto, za svaki m ·ν-arni ko-vektor r postoji m-arna
ko-operacija fr takva da je fr · [κm


1 , . . . , κm
m] = r.







3.5. Algebra ko-relacija na konačnom skupu 59


3.64. Primer. Neka je X = {1, 2, 3, 4} i m = 3. Za ko-vektor


r = 〈 ∅, {3}, ∅, ∅, ∅, {1, 4}, ∅, {2}, ∅, ∅, ∅, ∅ 〉∇
↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑


B11 B12 B13 B14 B21 B22 B23 B24 B31 B32 B33 B34


je


fr =


(
1 2 3 4


〈2, 2〉 〈2, 4〉 〈1, 2〉 〈2, 2〉


)
.


Naime, fr(x) = 〈j, y〉 ⇐⇒ x ∈ Bjy.


Prethodna napomena ima sledeću jednostavnu posledicu:


3.65. Lema. Neka je C klon ko-operacija skupa X i n ∈ N. Tada je
C(n) = {fr : r ∈ ΓC(χn)}.


3.66. Lema. Neka je σ ∈ cR
(h)
X i F ⊆ cOX . Tada


(i) ζ(ΓF (σ)) = ΓF (ζ(σ)),


(ii) τ(ΓF (σ)) = ΓF (τ(σ)),


(iii) ∇(ΓF (σ)) = ΓF (∇(σ)),


(iv) ∂(ΓF (σ)) = ΓF (∂(σ)), i


(v) prg(ΓF (σ)) = ΓF (prg(σ)), za sve ` ∈ N i g : h → `.


Dokaz. Tvrdjenje sledi na osnovu Leme 3.47 i toga što je ΓF (σ) = {f ·
[r1, . . . , rn] : f ∈ F (n)}, gde je σ = {r1, . . . , rn}. 2


3.67. Lema. Neka je σ ko-relacija i t := |σ|. Tada postoji g : t · ν → t


takvo da je σ = prg(χt).


Dokaz. Uzmimo da je X = {1, . . . , ν} i σ = {r1, . . . , rt}. Definǐsimo g :
t · ν → t sa


g((i− 1) · ν + j) = k :⇐⇒ j ∈ (ri)−1(k),


gde je i ∈ {1, . . . , t}, j ∈ {1, . . . , ν} i k ∈ {1, . . . , t}. Lako se pokazuje da je
prg(κt


1) = r1, . . ., prg(κt
t) = rt, na osnovu čega je prg(χt) = σ. 2
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3.68. Primer. Neka je X = {1, 2, 3, 4, 5} i σ = {〈12, 45, 3〉∇, 〈∅, 12345, ∅〉∇,


〈5, ∅, 1234〉∇} (pri čemu smo izostavili zagrade). Definǐsimo g : 15 → 3 sa


g =


(
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 1 3 2 2 2 2 2 2 2 3 3 3 3 1


)
.


Tada je prg(κ3
1) = 〈12, 45, 3〉∇, prg(κ3


2) = 〈∅, 12345, ∅〉∇ i prg(κ3
3) = 〈5, ∅,


1234〉∇, pa je prg(χ3) = σ.


3.69. Lema. Neka je C klon ko-operacija. Tada je


cInvX C = cClrX{ΓC(χn) : n ∈ N}.


Dokaz. ⊇: Znamo da je ΓC(χn) ∈ cInvX C za sve n ∈ N. Ova inkluzija sada
sledi na osnovu Napomene 3.46 (iv).


⊆: Neka je % ∈ cInvX C i t := |%|. Tada je ΓC(%) = %. Prema Lemi 3.67
postoji g takvo da je % = prg(χt). Odatle je % = ΓC(%) = ΓC(prg(χt)) =
prg(ΓC(χt)) (Lema 3.66). Kako je ΓC(χt) ∈ cClrX{ΓC(χn) : n ∈ N}, Stav
3.50 daje % ∈ cClrX{ΓC(χn) : n ∈ N}. 2


3.70. Stav. Neka je S ⊆ cRX . Sledeći stavovi su ekvivalentni:


(i) S = cInvX cPolX S;
(ii) S = cClrX S;
(iii) S je nosač podalgebre algebre 〈cRX , ◦,×, ζ, τ,4, δ4


{1,2,3}〉.


Dokaz. (i) ⇒ (ii): Jasno.
(ii) ⇐⇒ (iii): Sledi iz Stava 3.48.
(iii) ⇒ (i): Neka je C := cPolX S. Tada je S ⊆ cInvX C. Pokažimo da je


S = cInvX C.
Pokažimo pre svega da (∀n ∈ N)ΓC(χn) ∈ S.
Neka je n ∈ N. Kako cDX ⊆ S imamo da {σ ∈ cRX : χn ⊆ σ ∈


S} 6= ∅. Neka je γ :=
⋂{σ ∈ cRX : χn ⊆ σ ∈ S}. Na osnovu Stava 3.48


skup S je zatvoren za proizvoljne preseke, pa je γ ∈ S. Pokazaćemo da je
ΓC(χn) = γ. Kako je χn ⊆ γ imamo da je ΓC(χn) ⊆ ΓC(γ) = γ (podsetimo
se da je γ ∈ S ⊆ cInvX C). Pretpostavimo da je ΓC(χn) ⊂ γ i neka je
r ∈ γ \ ΓC(χn). Tada fr /∈ C (ako bi bilo fr ∈ C onda bismo imali r =
fr · [κn


1 , . . . , κn
n] ∈ ΓC(χn), što je nemoguće). Kako je C = cPolX S, postoji


σ ∈ S takvo da fr ne ko-čuva σ. Neka su s1, . . . , sn ∈ σ ko-vektori takvi da
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t := fr · [s1, . . . , sn] /∈ σ. Odaberimo g tako da važi prg(χn) = {s1, . . . , sn} i
stavimo γ∗ := pr−1


g (prg(γ) ∩ σ). Kako je γ, σ ∈ S, Stavovi 3.48, 3.50 i 3.53
obezbedjuju da γ∗ ∈ S. Očigledno je γ∗ ⊆ γ.


Na osnovu izbora ko-relacije γ i ko-vektora s1, . . . , sn je {s1, . . . , sn} ⊆
prg(γ) ∩ σ. Odatle je χn ⊆ γ∗, jer je χn ⊆ pr−1


f ({s1, . . . , sn}). Dakle,
χn ⊆ γ∗ ⊆ γ, pa γ∗ ∈ S implicira γ∗ = γ.


S druge strane, pokažimo da r /∈ γ∗. Ako je r ∈ γ∗ = pr−1
g (prg(γ) ∩ σ)


onda prg(r) ∈ prg(γ) ∩ σ tj. prg(r) ∈ σ. No, r = fr · [κn
1 , . . . , κn


n] pa je
prg(r) = prg(fr·[κn


1 , . . . , κn
n]) = fr·[prg(κn


1 ), . . . , prg(κn
n)] = fr·[s1, . . . , sn] = t.


Drugim rečima, t ∈ σ. Kontradikcija. Prema tome, r /∈ γ∗ čime je pokazano
da je γ 6= γ∗. Kontradikcija. Dakle, mora biti ΓC(χn) = γ ∈ S.


Sada je lako završiti dokaz. Kako (∀n ∈ N)ΓC(χn) ∈ S, imamo


S ⊇ cClrX{ΓC(χn) : n ∈ N} [zbog S = cClrX S]
= cInvX C [Lema 3.69]
⊇ S [zbog C = cPolX S]


tj. S = cInvX C = cInvX cPolX S, što je i trebalo pokazati. 2


3.71. Posledica. Neka je S ⊆ cRX . Sledeći stavovi su ekvivalentni:


• S je klon ko-relacija,
• S = cClrX S, i
• S = cInvX cPolX S.


3.72. Napomena. Dakle, S ⊆ cRX je klon ko-relacija na konačnom skupu
ako i samo ako je S nosač podalgebre algebre 〈cRX ,×, ζ, τ,4, ∂, δ4


{1,2,3}〉,
ili, što je ekvivalentno, algebre 〈cRX , ◦,×, ζ, τ,4, δ4


{1,2,3}〉. Ova karakteri-
zacija klonova ko-relacija se malo razlikuje od odgovarajuće karakterizacije
klonova relacija. Podsetimo se da je Q ⊆ RX klon relacija na konačnom
skupu ako i samo ako je Q nosač podalgebre algebre 〈RX , ◦, ζ, τ,4, δ


[12|3]
3 〉


tipa 〈2, 1, 1, 1, 0〉. Prema tome, za karakterizaciju klonova ko-operacija je
potrebno da algebra ima jednu fundamentalnu operaciju vǐse (× ili ∂). Na
osnovu svega do sada navedenog zaključujemo da je priroda operacija skupa
cRX uvedenih Definicijom 3.45 ipak nešto drugačija u poredjenju sa stan-
dardnim operacijama na skupu relacija.


3.73. Stav. Algebra cRX je konačno generisana. Preciznije, ako su Ω
i Σ ko-relacije uvedene u Lemi 2.12 i Lemi 2.11, redom, tada je cRX =
cClrX{Ω,Σ}.
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Dokaz. Dovoljno je pokazati da je cPolX{Ω, Σ} = cJX , zato što je cInvX cJX =
cRX . Neka je f ∈ cPolX{Ω, Σ}. Kako f ko-čuva Ω, dobijamo da f zavisi
esencijalno od tačno jedne promenljive. Dalje, f ko-čuva Σ, pa je f spliting.
Dakle, f je ko-projekcija. 2


Odeljak ćemo završiti sa nekoliko posledica Leme 3.65.


3.74. Lema. Neka je C klon ko-operacija i neka su m,n ∈ N.


(i) C(n) = cPol
(n)
X {ΓC(χn)}.


(ii) f ∈ cPol
(m)
X {ΓC(χn)} ako i samo ako za sve g1, . . . , gm ∈ C(m) imamo


f · [g1, . . . , gm] ∈ C(m).


Dokaz. Primetimo, prvo, da je (ii) samo reformulacija stava (i). Pokažimo
sada (i).


⊇: Neka je f ∈ cPol
(n)
X {ΓC(χn)}. Kako χn ⊆ ΓC(χn), imamo da je


r := f · [κn
1 , . . . , κn


n] ∈ ΓC(χn). Očigledno, f = fr. Na osnovu Leme 3.65 je
f ∈ C(n).


⊆: Neka su g ∈ C(n) i r1, . . . , rn ∈ ΓC(χn). Postoje f1, . . . , fn ∈ C(n)


takvi da je ri = fi · [κn
1 , . . . , κn


n], i ∈ n. Zato i zbog g · [f1, . . . , fn] ∈ C(n) je
g · [κn


1 , . . . , κn
n] = g · [f1 · [κn


1 , . . . , κn
n], . . . , fn · [κn


1 , . . . , κn
n]] = g · [f1, . . . , fn] ·


[κn
1 , . . . , κn


n] ∈ ΓC(χn). 2


3.75. Posledica. Za svaki klon ko-operacija C postoji ko-relacija σ arnosti
ν2 takva da je C = cPolX{σ}.


Dokaz. Neka je C klon ko-operacija. Pokažimo da možemo uzeti σ :=
ΓC(χν). Svaki klon ko-operacija je jednoznačno odredjen sa C(ν), pa je
C = cCloX(C(ν)) = cCloX


(
cPol


(ν)
X {ΓC(χν)}


)
, prema Lemi 3.74, (i). No,


cCloX


(
cPol


(ν)
X {ΓC(χν)}


)
= cPolX{ΓC(χν)} iz istog razloga kao gore. Dakle,


C = cPolX{σ} dok je ar(σ) = ν2 očigledno. 2


3.6 O odnosu klonova δ(O+
X) i cO−


X u mreži LP(X)


Kovarijantnim liftingom operacija [Bru-D-P-S 93] i kontravarijantnim liftin-
gom ko-operacija smo u mreži klonova operacija na skupu P(X) dobili dva
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klona: kovarijantni lifting klona svih operacija skupa X, δ(O+
X), koji je de-


taljno ispitivan u [Bru-D-P-S 93], i kontravarijantni lifting klona svih ko-
operacija skupa X, cO−X . Cilj ovog dodatka je da pokaže u kakvom odnosu
se nalaze ta dva klona. Pokazaćemo da njihov presek nije prazan, mada je
veoma “tanak”: čini ga tačno klon operacija skupa P(X) generisan skupom
(T(p)


X )+.


3.76. Notacija. Neka je f ∈ O
(n)
X . (Kovarijantni) lifting operacije f ,


f+ : P(X)n → P(X), definǐsemo sa


f+(A1, . . . , An) = {f(a1, . . . , an) : ai ∈ Ai, i ∈ n}
A1, . . . , An ∈ P(X), [Bri 93], a za F ⊆ OX stavljamo F+ := {f+ : f ∈ F}.


Za f ∈ O
(n)
X i preslikavanje θ : n → m neka je δθ(f)(x1, . . . , xm) :=


f(xθ(1), . . . , xθ(n)), x1, . . . , xm ∈ X, odgovarajući polimer od f . Dalje, za
F ⊆ OX neka


δ(F ) := {δθ(f) : f ∈ F (n), θ : n → m, m, n ∈ N}
(videti [Bru-D-P-S 93]) označava skup svih polimera svih operacija iz F . U
[Bru-D-P-S 93] je pokazano da je δ(O+


X) upravo klon operacija skupa P(X)
generisan skupom O+


X .
Neka su sa %1 i %∃∅ označene sledeće relacije na P(X):


%1 := {{x} : x ∈ X},
%∃∅ := {〈B,C, D〉 ∈ P(X)3 : C 6= D ⇒ B = ∅}.


Relacija %∃∅ je uvedena u [Bru-D-P-S 93], gde je (u dokazu Tvrdnje 1, Teo-
rema 2.4) pokazano da ima sledeću osobinu:


Neka je f ∈ Pol
(n)
P(X){%∃∅} i neka f esencijalno zavisi od svoje


k-te promenljive. Ako je B1, . . . , Bn ⊆ X i Bk = ∅ onda je
f(B1, . . . , Bn) = ∅.


3.77. Definicija. Neka je f ∈ Pol
(n)
P(X){%1}. Sa f∗ označavamo operaciju


f∗ : Xn → X definisanu sa f∗(a1, . . . , an) = b :⇐⇒ f({a1}, . . . , {an}) = {b}.


3.78. Definicija. Kažemo da operacija f ∈ O
(n)
P(X) esencijalno zavisi od k-


te promenljive s obzirom na neprazne skupove ako postoje neprazni skupovi
A1, . . . , Ak−1, B, C,Ak+1, . . . , An takvi da je


f(A1, . . . , Ak−1, B,Ak+1, . . . , An) 6= f(A1, . . . , Ak−1, C, Ak+1, . . . , An).
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3.79. Lema. Neka je f ∈ PolP(X){%1, %∪}. Tada f esencijalno zavisi od k-
te promenljive s obzirom na neprazne skupove ako i samo ako f∗ esencijalno
zavisi od k-te promenljive.


Dokaz. ⇒: Pretpostavimo da f∗ ne zavisi esencijalno od svoje prve promen-
ljive. Tada za sve b, c, a2, . . . , an imamo


f(b, a2, . . . , an) = f(c, a2, . . . , an). (∗)


Neka su B, C,A2, . . . , An neprazni podskupovi skupa X i neka je B = {bξ :
ξ < ν}, C = {cξ : ξ < ν} i Aj = {aj,ξ : ξ < ν}. (Pri tome, ako je, recimo,
|B| < ν, tada će neki od elemenata bξ biti jednaki.) Sada je


f(B, A2, . . . , An) = f(
⋃


ξ{bξ},
⋃


ξ{a2,ξ}, . . . ,
⋃


ξ{an,ξ})
=


⋃
ξ f({bξ}, {a2,ξ}, . . . , {an,ξ})


=
⋃


ξ{f∗(bξ, a2,ξ, . . . , an,ξ)}
=


⋃
ξ{f∗(cξ, a2,ξ, . . . , an,ξ)} [zbog (∗)]


=
⋃


ξ f({cξ}, {a2,ξ}, . . . , {an,ξ})
= f(


⋃
ξ{cξ},


⋃
ξ{a2,ξ}, . . . ,


⋃
ξ{an,ξ})


= f(C,A2, . . . , An).


Dakle, f ne zavisi esencijalno od svoje prve promenljive s obzirom na nepra-
zne skupove.


⇐: Pretpostavimo da f∗ esencijalno zavisi od svoje prve promenljive.
Tada postoje b, c, a2, . . . , an ∈ X takvi da je b 6= c i f∗(b, a2, . . . , an) 6=
f∗(c, a2, . . . , an). Odatle je f({b}, {a2}, . . . , {an}) 6= f({c}, {a2}, . . . , {an}),
čime je pokazano da f esencijalno zavisi od svoje prve promenljive s obzirom
na neprazne skupove. 2


3.80. Lema. Neka je f ∈ PolP(X){%1, %∪}. Tada f esencijalno zavisi od
najvǐse jedne promenljive s obzirom na neprazne skupove.


Dokaz. Pretpostavimo da postoji f ∈ PolP(X){%1, %∪} koje esencsijalno za-
visi od bar dve promenljive s obzirom na neprazne skupove. Prema Lemi
3.79, f∗ esencijalno zavisi od bar dve promenljive. Takodje, uočimo da f


čuva proizvoljne konačne unije, kao i %⊆. Neka je n := ar(f) i im(f∗) =
{f∗(a1, . . . , an) : a1, . . . , an ∈ X}.


Slučaj 1. Ako je |im(f∗)| = 1 tada je f∗ konstanta. Kontradikcija sa
činjenicom da f∗ esencijalno zavisi od bar dve promenljive.
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Slučaj 2. Pretpostavimo da je |im(f∗)| = 2 i neka je im(f∗) = {a, b}.
Neka je Pa := f∗−1(a), a Pb := f∗−1(b). Uočimo da je Pa 6= ∅, Pb 6= ∅,
Pa ∩Pb = ∅ i da je Pa ∪Pb = Xn. Kazaćemo da je skup Q ⊆ Xn kvadar ako
postoje A1, . . . , An ⊆ X takvi da je Q = A1 × . . .×An.


Slučaj 2.1. Bar jedan od skupova Pa, Pb nije kvadar. Pretpostavimo da
Pa nije kvadar. Tada je Pa ⊂ pr1(Pa) × . . . × prn(Pa). Uočimo proizvoljno
〈c1, . . . , cn〉 ∈ (pr1(Pa) × . . . × prn(Pa)) \ Pa. 〈c1, . . . , cn〉 /∈ Pa znači da
je f∗(c1, . . . , cn) = b. Kako je 〈c1, . . . , cn〉 ∈ pr1(Pa) × . . . × prn(Pa), za
svako j ∈ {1, . . . , n} postoji 〈dj


1, . . . , d
j
n〉 ∈ Pa takvo da je cj = dj


j . Neka
je Dk = {d1


k, . . . , d
n
k}, k ∈ {1, . . . , n}. Tada za svako k imamo da je Dk =


{d1
k} ∪ . . .∪ {dn


k}. Prema napomeni s početka dokaza, f čuva konačne unije,
pa je


f(D1, . . . , Dn) = f({d1
1}, . . . , {d1


n}) ∪ . . . ∪ f({dn
1}, . . . , {dn


n}).
S jedne strane je f(D1, . . . , Dn) ⊇ {f∗(d1


1, . . . , d
1
n), f∗(d1


1, . . . , d
n
n)} = {a, b}.


S druge strane, f({dk
1}, . . . , {dk


n}) = {a}, za svako k. Kontradikcija.
Slučaj 2.2. I Pa i Pb su kvadri. Neka je Pa = A1 × . . . × An, a Pb =


B1 × . . . × Bn. Pa ∩ Pb = ∅, pa postoji j takvo da je Aj ∩ Bj = ∅. Neka je
A1 ∩ B1 = ∅. Kako je Pa ∪ Pb = Xn imamo da je A1 ∪ B1 = X. Pokažimo
da je A2 = . . . = An = X. Pretpostavimo da A2 6= X i uočimo proizvoljne
a1 ∈ A1, b2 ∈ X \ A2 i c3, . . . , cn ∈ X. Tada je 〈a1, b2, c3, . . . , cn〉 /∈ Pa zato
što b2 /∈ A2, i 〈a1, b2, c3, . . . , cn〉 /∈ Pb zato što a1 /∈ B1. Kontradikcija.


Prema tome, A2 = . . . = An = X. Slično je B2 = . . . = Bn = X. Drugim
rečima, Pa = A1 × X × . . . × X i Pb = B1 × X × . . . × X, što protivreči
pretpostavci da f∗ esencijalno zavisi od bar dve promenljive.


Slučaj 3. Neka je |im(f∗)| ≥ 3. Prema Glavnoj lemi Jablonskog (videti,
recimo, 1.1.6. u [Pös-K 79]) postoje K1, . . . , Kn ⊆ X takvi da je |Ki| ≤ 2 za
sve i, i |f(K1, . . . , Kn)| ≥ 3. Neka je Ki = {ai, bi}, pri čemu uzimamo ai = bi


ako je |Ki| = 1. Za sve i je tada Ki = {ai} ∪ {bi}. Kako f čuva konačne
unije, f(K1, . . . , Kn) = f({a1}, . . . , {an}) ∪ f({b1}, . . . , {bn}). Medjutim,
|f(K1, . . . , Kn)| ≥ 3, dok je |f({a1}, . . . , {an}) ∪ f({b1}, . . . , {bn})| ≤ 2.
Kontradikcija. 2


3.81. Lema. Neka je f ∈ PolP(X){%∅, %1, %∪, %∃∅}. Tada postoji g ∈ OX


takvo da g zavisi od najvǐse jedne promenljive i f ∈ δ(g+).


Dokaz. Primetimo prvo da f esencijalno zavisi od najvǐse jedne promenljive
(kada f ne bi zavisilo ni od jedne promenljive, to bi značilo da je f konstanta,







66 Glava 3. Veza klonova ko-operacija i klonova operacija


što je u suprotnosti sa pretpostavkom da f čuva %∅ i %1). Neka je h operacija
skupa P(X) dobijena od f uklanjanjem fiktivnih promenljivih. Tada je
f(A1, . . . , An) = h(Ai1 , . . . , Aik) za neko k ∈ n i neke iα ∈ {1, . . . , n}, pri
čemu pretpostavljamo da α < β ⇒ iα < iβ. h esencijalno zavisi od svih
svojih promenljivih.


Pokažimo da je h = h+∗ . Kako h čuva %1 i %∪, h esencijalno zavisi od
najvǐse jedne promenljive s obzirom na neprazne skupove (Lema 3.80).


Slučaj 1. Pretpostavimo da h ne zavisi esencijalno ni od jedne promenljive
s obzirom na neprazne skupove. Kako h čuva %1, postoji b ∈ X takvo da
za sve A1, . . . , Ak ∈ P(X) \ {∅} imamo h(A1, . . . , Ak) = {b}. Očigledno
je h∗(x1, . . . , xk) = b za sve x1, . . . , xk ∈ X. Sada je lako pokazati da je
h = h+∗ . Uočimo proizvoljno A1, . . . , Ak ∈ P(X). Ako je ∅ ∈ {A1, . . . , Ak}
onda je h+∗ (A1, . . . , Ak) = ∅, po definiciji liftinga, dok je h(A1, . . . , Ak) = ∅
zato što h čuva %∃∅. Ako ∅ /∈ {A1, . . . , Ak}, onda je h+∗ (A1, . . . , Ak) = {b} =
h(A1, . . . , Ak).


Slučaj 2. Pretpostavimo da h zavisi esencijalno samo od svoje prve
promenljive s obzirom na neprazne skupove i uočimo proizvoljne A1, . . . , Ak ∈
P(X). Ako je ∅ ∈ {A1, . . . , Ak} tada kao u Slučaju 1 zaključujemo da je
h+∗ (A1, . . . , Ak) = ∅ = h(A1, . . . , Ak). No, ako ∅ /∈ {A1, . . . , Ak} tada je


h+∗ (A1, . . . , Ak) = {h∗(a1, . . . , ak) : a1 ∈ A1, . . . , ak ∈ Ak}
=


⋃
a1∈A1


. . .
⋃


ak∈Ak
h({a1}, . . . , {ak})


=
⋃


a1∈A1
. . .


⋃
ak∈Ak


h({a1}, A2, . . . , Ak)
[jer h zavisi esencijalno samo od prve
promenljive s obzirom na neprazne skupove]


=
⋃


a1∈A1
h({a1}, A2, . . . , Ak)


= h(A1, A2, . . . , Ak).


Ovim je pokazano da je f ∈ δ(h) = δ(h+∗ ). 2


3.82. Stav. cO−X ∩ δ(O+
X) = δ((T(p)


X )+). Drugim rečima, 〈cO−X ]LP(X)
∩


〈δ(O+
X)]LP(X)


= 〈δ((T(p)
X )+)]LP(X)


.


Dokaz. ⊇: Dovoljno je uočiti da je δ((T(p)
X )+) 1-kolapsirajući klon operacija


(videti Glavu 5, odeljak o kolapsirajućim klonovima) i da je svako unarno
preslikavanje iz δ((T(p)


X )+) lifting bijekcije zbog čega čuva %∅, %∪ i %C . S
druge strane, cO−X = PolP(X){%∅, %∪, %C}.
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⊆: Neka je f ∈ cO−X ∩ δ(O+
X). Tada je f ∈ PolP(X){%∅, %C , %∪, %1, %∃∅}.


Prema Lemi 3.81 postoji g ∈ OX takvo da g esencijalno zavisi od najvǐse
jedne promenljive i f ∈ δ(g+). Zato je f(A1, . . . , An) = g+(Ai1 , . . . , Aik) za
neko k ∈ n i neke iα ∈ n, pri čemu uzimamo da α < β ⇒ iα < iβ. Pokažimo
da je k = 1. Pretpostavimo da je k ≥ 2. Neka je, na primer, f(A1, A2, A3) =
g+(A1, A1, A2) i neka g esencijalno zavisi samo od svoje prve promenljive.
Kako f čuva %C dobijamo da je f(X, ∅, ∅) = X \ f(∅, X,X). Odatle je
g+(X,X, ∅) = X \ g+(∅, ∅, X). Medjutim, g+(X, X, ∅) = g+(∅, ∅, X) = ∅ tj.
X = ∅. Kontradikcija.


Prema tome k = 1 pa uzmimo da je f(A1, . . . , An) = g+(A1, A1, . . . , A1).
Kako g zavisi esencijalno od najvǐse jedne promenljvie, postoji h ∈ O


(1)
X


takvo da je g+(A1, A1, . . . , A1) = h+(A1). Dakle, f(A1, . . . , An) = h+(A1).
Imajući u vidu da f čuva %C , zaključujemo da h+ takodje čuva %C što znači
da je h ∈ SX . Sada je f ∈ δ(h+) ⊆ δ(SX). 2


3.7 O odnosu ko-relacija prema relacijama


U ovom odeljku ćemo se baviti opisom nekih monoida transformacija in-
varijantnim relacijama i ko-relacijama. Pokazaćemo kako se relacije mogu
kodirati ko-relacijama. Primeri kovarijantnog i kontravarijantnog liftinga
punog monoida transformacija, TX , pokazuju da ko-relacije predstavljaju
moćniji koncept u sledećem smislu:


• ako se neki monoid transformacija može opisati finitarnim relacijama,
onda se može opisati i finitarnim ko-relacijama, i


• postoji monoid transformacija koji se može opisati finitarnim ko-rela-
cijama, ali se ne može opisati finitarnim relacijama.


Ako je skup X konačan, onda se svaki monoid transformacija može
opisati finitarnim relacijama [Pös-K 79]. Zbog toga ćemo se u ovom odeljku
baviti samo monoidima transformacija beskonačnog skupa.


Konvencija. U ovom odeljku pretpostavljamo da je X beskonačan skup.


3.83. Lokalna zatvorenja. Prvo ćemo dati kratak pregled elementarnih
pojmova i rezultata koji se odnose na lokalna (ko-)zatvorenja monoidā trans-
formacija. Opšta teorija lokalno zatvorenih klonova operacija i ko-operacija
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se može naći u [Pös 80], odnosno [Pös-R 97]. Ovde ćemo predstaviti samo
fragment koji je od interesa za razmatranja koja slede.


Za svaki F ⊆ TX i svaki kardinal λ > 0 definǐsemo λ-lokalno zatvorenje
skupa F , u oznaci λ-Loc(F ), i λ-lokalno ko-zatvorenje skupa F , u oznaci
λ-cLoc(F ), sa


λ-Loc(F ) := {g ∈ TX : (∀r ∈ Xλ)(∃f ∈ F )f ◦ r = g ◦ r}, i
λ-cLoc(F ) := {g ∈ TX : (∀r ∈ λX)(∃f ∈ F )r ◦ f = r ◦ g}.


Uočimo da svako g ∈ λ-Loc(F ) ima λ-interpolacionu osobinu, što znači da
za svaki podskup skupa X kardinalnosti ne veće od λ postoji f ∈ F koji je
jednak sa g na uočenom podskupu. Dalje sa


Loc(F ) :=
⋂


0<n<ω


n-Loc(F ), i


cLoc(F ) :=
⋂


0<n<ω


n-cLoc(F ),


označavamo lokalno zatvorenje i lokalno ko-zatvorenje skupa F ⊆ TX , redom.
Očigledno je m-Loc(F ) ⊇ n-Loc(F ) ⊇ Loc(F ) ⊇ µ-Loc(F ) ⊇ κ-Loc(F ) ⊇ F


i, dualno, m-cLoc(F ) ⊇ n-cLoc(F ) ⊇ cLoc(F ) ⊇ µ-cLoc(F ) ⊇ κ-cLoc(F ) ⊇
F za sve m ≤ n < ω ≤ µ ≤ κ.


Poznato je da se lokalno (ko-)zatvoreni monoidi transformacija mogu
opisati kao monoidi (ko-)endomorfizama skupova finitarnih (ko-)relacija.
Preciznije, Loc(F ) = End Inv F (videti [Pös 80]) i cLoc(F ) = cEnd cInv F


(videti [Pös-R 97]). Primetimo, takodje, da za svaki kardinal λ i svako
M ≤ TX važi: λ-Loc(M) = M ako i samo ako postoji skup relacija Q takav
da je M = EndX Q i ar(%) ≤ λ za sve % ∈ Q. Dualno, λ-cLoc(M) = M ako
i samo ako postoji skup ko-relacija S takav da je M = cEndX S i ar(%) ≤ λ


za svako % ∈ S.
Kažemo da je skup F ⊆ TX λ-lokalno zatvoren ako je λ-Loc(F ) = F , a


da je λ-lokalno ko-zatvoren ako je λ-cLoc(F ) = F .


3.7.1 Kovarijantni lifting monoida TX


U ovom pododeljku ćemo ispitati kovarijantni lifting monoida TX , njegov
opis invarijantnim relacijama i opis lokalnog zatvorenja monoida T+


X .


3.84. Stav. Neka je %∅ := {∅}, %1 := {{x} : x ∈ X}, i neka je %∪ := {〈Aα :
α < ν〉 : A0 =


⋃
0<α<ν Aα}. Tada je T+


X = EndP(X){%∅, %1, %∪}. Posebno,
T+


X je ν-lokalno zatvoren.
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Dokaz. ⊆: Jasno.
⊇: Uzmimo proizvoljno f ∈ EndP(X){%∅, %1, %∪} i definǐsimo g : X → X


sa g(x) = y :⇐⇒ f({x}) = {y}. g je dobro definisano zato što f čuva %1.
Sada se lako vidi da je f(B) = g+(B) za sve B ∈ P(X): ako je B = ∅ onda
je g+(B) = ∅ po definiciji, a f(∅) = ∅ zato što f čuva %∅. Ako je B 6= ∅, tada
je f(B) = f(


⋃
b∈B{b}) =


⋃
b∈B f({b}) =


⋃
b∈B g+({b}) = g+(


⋃
b∈B{b}) =


g+(B), zato što i f i g+ čuvaju %∪. 2


U nastavku ćemo pokazati da T+
X nije lokalno zatvoren.


3.85. Skoro konstantna preslikavanja. Neka su c, d ∈ X, c 6= d. Pres-
likavanje f : X → X zovemo 〈c, d〉-skoro konstantno preslikavanje ako je∣∣X \ f−1(c)


∣∣ < ω i f(X) ⊆ {c, d}. Skup svih 〈c, d〉-skoro konstantnih pres-
likavanja ćemo označiti sa Const〈c,d〉(X).


Uočimo da monoid {idX} ∪Const〈c,d〉(X) nije lokalno zatvoren skup (uz-
mimo h : X → {c, d} takvo da je


∣∣h−1(c)
∣∣ ≥ ω i


∣∣h−1(d)
∣∣ ≥ ω; lako se vidi


da h ∈ Loc({idX} ∪ Const〈c,d〉(X)), mada h /∈ {idX} ∪ Const〈c,d〉(X)).


3.86. Stav. Neka je M ⊆ TX monoid takav da je Const〈c,d〉(X) ⊆ M za
neke c 6= d. Tada M+ nije lokalno zatvoren.


Dokaz. Posmatrajmo preslikavanje f : P(X) → P(X) dato sa:


f(B) =







∅, B = ∅
{d}, 0 < |B| < ω


{c, d}, |B| ≥ ω.


Kako f /∈ End{%∪}, zaključujemo da f /∈ T+
X (Stav 3.84), zbog čega f /∈ M+.


Medjutim, pokazaćemo da je f ∈ Loc(M+).
Neka je B = {B1, . . . , Bn} ⊆ P(X). Bez umanjenja opštosti možemo


pretpostaviti da ∅ /∈ B. Pretpostavimo još i da su B1, . . . , Bk konačni, a
Bk+1, . . . , Bn beskonačni skupovi. Neka je U = B1 ∪ . . . ∪ Bk, i za svako
j ∈ {k + 1, . . . , n} odaberimo proizvoljno sj ∈ Bj \ U . Neka je g : X → X


preslikavanje definisano sa:


g(x) =


{
d, x ∈ U ∪ {sk+1, . . . , sn}
c, inače.


Jasno je da g ∈ Const〈c,d〉(X) ⊆ M . S druge strane, g+(B1) = . . . =
g+(Bk) = {d} i g+(Bk+1) = . . . = g+(Bn) = {c, d}, tj. f |B = g+|B. Dakle,
f ∈ Loc(M+). 2
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3.87. Posledica. T+
X nije lokalno zatvoren.


Napomena. Na sličan način se može pokazati da T+
X nije λ-lokalno zatvoren


ni za jedan kardinal ω ≤ λ < ν.


Sada ćemo opisati lokalno zatvorenje monoida T+
X .


3.88. Stav. Neka je sa ∪• označena sledeća ternarna relacija na P(X)
(graf operacije ∪): ∪• = {〈A,B, C〉 : A ∪ B = C}. Za svaki kardinal λ


takav da je ω ≤ λ ≤ ν uvedimo oznaku Kλ := {B ⊆ X : |B| ≤ λ}. Tada je
Loc (T+


X) = EndP(X)({%∅, %1,∪•} ∪ {Kλ : ω ≤ λ ≤ ν}).


Dokaz. ⊆: Za svako f ∈ TX imamo: f+(∅) = ∅, |f+({x})| = 1, f+(A∪B) =
f+(A) ∪ f+(B) i |f+(A)| ≤ |A|. Prema tome, T+


X ⊆ EndP(X)({%∅, %1,∪•} ∪
{Kλ : ω ≤ λ ≤ ν}) na osnovu čega je Loc (T+


X) ⊆ EndP(X)({%∅, %1,∪•}∪{Kλ :
ω ≤ λ ≤ ν}).


⊇: Uzmimo proizvoljno f ∈ EndP(X)({%∅, %1,∪•} ∪ {Kλ : ω ≤ λ ≤
ν}) i proizvoljno B = {B1, . . . , Bn} ⊆ P(X). Bez umanjenja opštosti
možemo pretpostaviti da ∅ /∈ B. Neka su B1, . . . , Bk konačni, a Bk+1, . . . , Bn


beskonačni podskupovi skupa X. Stavimo U := B1∪ . . .∪Bk, i B′
j := Bj \U


za j ∈ {k + 1, . . . , n}.
Postoji particija Π = {A1, . . . , Am} skupa B′


k+1 ∪ . . . ∪B′
n takva da:


• za svaki blok Ai ∈ Π i svako B′
j , ili Ai ⊆ B′


j ili Ai ∩B′
j = ∅; i


• svaki B′
j je unija nekih blokova particije Π


(videti Sl. 3.4). Neka je Ai ∈ Π i neka je λi = |Ai|. Tada je Ai ∈ Kλi . Kako
f čuva Kλi , dobijamo da je f(Ai) ∈ Kλi , tj. |f(Ai)| ≤ |Ai|. Prema tome,
za svako Ai ∈ Π postoji sirjekcija ϕi : Ai → f(Ai). Uočimo preslikavanje
g : X → X dato sa:


g(x) =







y, x ∈ U i f({x}) = {y}
ϕi(x), x ∈ Ai za neko Ai ∈ Π
x, x /∈ B1 ∪ . . . ∪Bn.


Preslikavanje g je dobro definisano zato što f čuva %1. Odmah se vidi da g


ima sledeće osobine:


• (∀x ∈ U)g+({x}) = f({x}), i
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B′
k+1


B′
k+2


. . .B′
n


A1


A2


A3 A4


A5


A6


A7


A8


A9


· · ·Am


Slika 3.4: Particija skupa B′
k+1 ∪ . . . ∪B′


n


• (∀Ai ∈ Π)g+(Ai) = ϕi(Ai) = f(Ai) (jer je ϕi sirjektivno).


Pokažimo da je f |B = g+|B. Uzmimo proizvoljno B ∈ B. Neka je B ∩
U = {b1, . . . , bs} za neke b1, . . . , bs ∈ U , a B \ U = A1 ∪ . . . ∪ At za neke
A1, . . . , At ∈ Π (u slučaju B ∩U = ∅ ili B \U = ∅ dokaz se privodi kraju na
isti način). Tada je


g+(B) = g+({b1} ∪ . . . ∪ {bs} ∪A1 ∪ . . . ∪At)
= g+({b1}) ∪ . . . ∪ g+({bs}) ∪ g+(A1) ∪ . . . ∪ g+(At)
= f({b1}) ∪ . . . ∪ f({bs}) ∪ f(A1) ∪ . . . ∪ f(At)
= f({b1} ∪ . . . ∪ {bs} ∪A1 ∪ . . . ∪At)
= f(B).


Dakle, f ∈ Loc (T+
X). 2


3.89. Primer. Neka su a, b ∈ X različiti elementi skupa X i uočimo pres-
likavanje f : P(X) → P(X) takvo da je


f(B) =







∅, B = ∅
{a}, |B| = 1
{a, b}, |B| ≥ 2.
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Očigledno f /∈ Loc(T+
X) zato što f /∈ End{∪•}. Jednostavna diskusija


pokazuje da je f ∈ 2-Loc(T+
X). Ovim je pokazano da se Loc(T+


X) ne može
opisati relacijama čija arnost je ≤ 2.


3.7.2 Kontravarijantni lifting monoida TX


Razmatranja u ovom pododeljku u potpunosti prate liniju razmatranja pret-
hodnog. Prvo dajemo opis kontravarijantnog liftinga monoida TX invarijan-
tnim relacijama, a potom dajemo opis njegovog lokalnog zatvorenja.


3.90. Stav. Neka je %C := {〈A,X \ A〉 : A ⊆ X}. Tada je T−X =
EndP(X){%∅, %C , %∪}.


Dokaz. ⊆: Jasno.
⊇: Neka je %⊆ := {〈A,B〉 : A ⊆ B ⊆ X}, %X := {X} i %dis := {〈A,B〉 :


A,B ⊆ X ∧A∩B = ∅}. Svako preslikavanje iz EndP(X){%∅, %C , %∪} čuva %X


i %⊆, pa stoga čuva i %dis.
Uočimo proizvoljno g ∈ EndP(X){%∅, %C , %∪} i definǐsimo f : X → X


sa f(x) = y :⇐⇒ x ∈ g({y}). f je dobro definisano zato što g čuva %dis


i što je X = g(X) = g(
⋃


x∈X{x}) =
⋃


x∈X g({x}). Jasno je da je (∀y ∈
X)f−({y}) = g({y}). Kako i f− i g čuvaju %∪, lako se pokazuje da za sve
A ∈ P(X) imamo f−(A) = g(A). Prema tome, g = f− ∈ T−X . 2


U nastavku čemo pokazati da monoid T−X nije lokalno zatvoren.


3.91. Lema. Ako je Const(X) ⊆ M ≤ TX , onda M− nije lokalno zatvoren.


Dokaz. Neka je U slobodan ultrafilter na X i uočimo preslikavanje g :
P(X) → P(X) dato sa


g(B) =


{
∅, B /∈ U
X, B ∈ U .


Pokazaćemo da je g ∈ Loc(M−) \ M−. Kako je U slobodan ultrafilter,
imamo da (∀x ∈ X){x} /∈ U na osnovu čega je (∀x ∈ X)g({x}) = ∅. Dakle,⋃


x∈X g({x}) = ∅ dok je g(
⋃


x∈X{x}) = g(X) = X. Prema tome, g /∈ T−X ,
pa g /∈ M−.


Pokažimo sada da g ∈ Loc(M−). Neka je B = {B1, . . . , Bn} konačna
familija elemenata skupa P(X). Bez umanjenja opštosti možemo pret-
postaviti da ∅ /∈ B. Pretpostavimo i da je B ∩ U = {B1, . . . , Bs}, 0 ≤ s ≤ n.
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Kako Bj /∈ U za j > s, imamo da je u tom slučaju X \ Bj ∈ U . U je filter,
pa je


B1 ∩ . . . ∩Bs ∩ (X \Bs+1) ∩ . . . ∩ (X \Bn) 6= ∅.
Uzmimo proizvoljno t ∈ B1 ∩ . . .∩Bs ∩ (X \Bs+1)∩ . . .∩ (X \Bn) i uočimo
f := ct. Za svako j ≤ s je f−(Bj) = X = g(Bj), dok za j > s imamo
f−(Bj) = ∅ = g(Bj) (zbog t /∈ Bj). Prema tome, f−|B = g|B. 2


3.92. Posledica. T−X nije lokalno zatvoren.


Opǐsimo lokalno zatvorenje monoida T−X . Podsetimo se da je ∪• =
{〈A,B, A ∪B〉 : A,B ∈ P(X)}.


3.93. Stav. Loc(T−X) = EndP(X){%∅, %C ,∪•}.


Dokaz. ⊆: Jasno.
⊇: Neka je g ∈ EndP(X){%∅, %C ,∪•} proizvoljno. Lako se pokazuje da g


čuva %X i %dis. Neka je B = {B1, . . . , Bn} konačna familija elemenata skupa
P(X). Bez umanjenja opštosti možemo pretpostaviti da ∅ /∈ B. Uočimo
particiju Π = {A1, . . . , Am} skupa B1 ∪ . . . ∪Bn takvu da:


• za svaki blok Ai ∈ Π i svako Bj , ili je Ai ⊆ Bj ili Ai ∩Bj = ∅, i


• svaki Bj je unija nekih blokova particije Π.


Kako g čuva %dis imamo da je g(Ai) ∩ g(Aj) = ∅ za sve i 6= j. Uočimo
proizvoljne a1 ∈ A1, . . . , am ∈ Am i t ∈ X \ ⋃m


i=1 Ai i definǐsimo f : X → X


na sledeći način:


f(x) =


{
ai, x ∈ g(Ai) za neko i ∈ {1, . . . , m},
t, inače


(ako je X =
⋃m


i=1 Ai, dokaz se privodi kraju na isti način). Lako se proverava
da je f−|B = g|B. 2


Napomena. Neka je BX skupovna Booleova algebra 〈P(X),∪,∩, c, ∅, X〉
i neka je ΣEnd BX skup svih totalno aditivnih endomorfizama algebre BX


(preslikavanje f : P(X) → P(X) je totalno aditivno ako je f(
⋃


ξ Aξ) =⋃
ξ f(Aξ) za svaku familiju 〈Aξ : ξ < λ〉 elemenata skupa P(X)). Tada


se poslednja dva stava mogu iskazati na sledeći način: T−X = ΣEnd BX i
Loc(T−X) = End BX .
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3.94. Primer. Neka je U slobodan ultrafilter na X i odaberimo B0, B1, B2 ∈
U tako da je B0 6= X, B1 6= B0, B2 6= B0 i B1 ∪ B2 = B0. Posmatrajmo
g : P(X) → P(X) dato sa


g(B) =







X, B ⊇ B0,


∅, B ⊆ X \B0,


B, inače.


Jednostavno, mada tehnički zahtevno, razmatranje pokazuje da je g ∈
2-Loc(T−X) \ Loc(T−X). Prema tome, Loc(T−X) se ne može opisati relacijama
čija arnost je ≤ 2.


Na kraju, pokažimo primer podmonoida monoida TX koji nije lokalno za-
tvoren, a čiji lifting jeste lokalno zatvoren.


3.95. Lema. Neka je n prirodan broj i neka je Mn := {idX} ∪ {f ∈ TX :
|f(X)| ≤ n}. Za svaki podmonoid M monoida Mn imamo da je M− lokalno
zatvoren.


Dokaz. Uočimo proizvoljno ϕ− ∈ Loc(M−) i stavimo S = {x ∈ X :
ϕ−({x}) 6= ∅}. Jasno je da je


⋃
x∈S ϕ−({x}) = X. Ako je |S| ≥ ω onda


je lako pokazati da je ϕ = idX (uzmemo proizvoljan podskup {s1, . . . , sn+1}
skupa S sa n + 1 elemenata i uočimo B := {{s1}, . . . , {sn+1}}; id−X je je-
dini element u M− koji je jednak sa ϕ− na B), pa je ϕ− ∈ M−. Ako je S


konačan, na isti način zaključujemo da je |S| ≤ n i opet je ϕ ∈ M . 2


3.96. Primer. Postoji monoid M transformacija skupa X koji nije lokalno
zatvoren, dok monoid M− jeste lokalno zatvoren.


Neka su c 6= d dva elementa skupa X i neka je M := {idX}∪Const〈c,d〉(X).
M− je lokalno zatvoren na osnovu prethodne leme, dok M nije lokalno
zatvoren kako je pokazano u 3.85.


3.7.3 Monoidi transformacija opisani ko-relacijama


U ovom pododeljku se bavimo kodiranjem relacija pomoću ko-relacija. Poče-
ćemo sa nekim jednostavnijim primerima, nakon čega čemo razmotriti opšti
slučaj.
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3.97. Lema. Neka je % unarna relacija na X i neka je σ% ko-relacija data
sa σ% := {〈A,X \A〉∇ : % ∩A = ∅}. Tada je EndX{%} = cEndX{σ%}.


Kao poseban slučaj, uočimo ko-relacije σ∅ i σ1 na P(X) date sa σ∅ :=
{〈A,P(X) \ A〉∇ : ∅ /∈ A} i σ1 := {〈A,P(X) \ A〉∇ : %1 ∩ A = ∅}. Tada je
EndP(X){%∅} = cEndP(X){σ∅} i EndP(X){%1} = cEndP(X){σ1}.


Dokaz. Dokaz je sličan dokazu Leme 3.98. 2


3.98. Lema. Neka je % λ-arna relacija na X sa osobinom:


{〈xξ : ξ < λ〉 ∈ Xλ : (∃η, ζ < λ)(η 6= ζ ∧ xη = xζ)} ⊆ %


i neka je σ% (λ+1)-arna ko-relacija na X definisana sa 〈Aξ : ξ < λ + 1〉∇ ∈
σ% ako i samo ako je 〈Aξ : ξ < λ + 1〉 slaba particija skupa X i %∩∏


ξ<λ Aξ =
∅. Tada je EndX{%} = cEndX{σ%}.


Dokaz. ⊆: Uočimo proizvoljne f ∈ EndX{%} i 〈Aξ : ξ < λ + 1〉∇ ∈ σ%. Kako
je 〈f−(Aξ) : ξ < λ + 1〉 slaba particija skupa X, dovoljno je pokazati da je
% ∩∏


ξ<λ f−(Aξ) = ∅. Pretpostavimo, nasuprot tome, da postoji neki 〈xξ :
ξ < λ〉 ∈ %∩∏


ξ<λ f−(Aξ). Kako je 〈xξ : ξ < λ〉 ∈ % i f ∈ EndX{%}, imamo da
je 〈f(xξ) : ξ < λ〉 ∈ %. S druge strane, 〈xξ : ξ < λ〉 ∈ ∏


ξ<λ f−(Aξ) implicira
xξ ∈ f−(Aξ) tj. f(xξ) ∈ Aξ, za sve ξ < λ. Prema tome, 〈f(xξ) : ξ < λ〉 ∈
% ∩∏


ξ<λ Aξ, što je u suprotnosti sa pretpostavkom 〈Aξ : ξ < λ + 1〉∇ ∈ σ%.
⊇: Neka je f ∈ cEndX{σ%}. Treba da pokažemo da 〈xξ : ξ < λ〉 ∈ % ⇒


〈f(xξ) : ξ < λ〉 ∈ %. Pretpostavimo da 〈f(xξ) : ξ < λ〉 /∈ %. Neka je Aξ :=
{f(xξ)} za ξ < λ, i Aλ = X \ {f(xξ) : ξ < λ}. Tada je 〈Aξ : ξ < λ + 1〉∇ ∈
σ%. Kako f ko-čuva σ%, dobijamo da je 〈f−(Aξ) : ξ < λ + 1〉∇ ∈ σ% tj.
% ∩ ∏


ξ<λ f−(Aξ) = ∅. No, mi znamo da je xξ ∈ f−(Aξ) za sve ξ < λ, na
osnovu čega 〈xξ : ξ < λ〉 /∈ %. 2


3.99. Posledica. Neka je σ⊆ := {〈A,B,P(X)\ (A∪B)〉∇ : (∀A ∈ A)(∀B ∈
B)A 6⊆ B}. Tada je EndP(X){%⊆} = cEndP(X){σ⊆}.


Razmotrimo još jedan poseban slučaj koji će nam trebati kasnije. On
će poslužiti i kao motivacija za ideju opšteg slučaja. Podsetimo se da je
%C = {〈A, X \A〉 : A ⊆ X} (videti Stav 3.90).


3.100. Lema. Neka su σ′C i σ′′C ternarna i binarna ko-relacija na P(X)
definisane na sledeći način:
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• 〈A,B, C〉∇ ∈ σ′C ako i samo ako je 〈A,B, C〉 slaba particija skupa P(X)
i (∀A ∈ A)(∀B ∈ B)(A ∪B 6= X ∨A ∩B 6= ∅); i


• 〈A,B〉∇ ∈ σ′′C ako i samo ako je 〈A,B〉 slaba particija skupa P(X) i
(∀A,B ∈ A)(A ∪B 6= X ∨A ∩B 6= ∅).


Tada je EndP(X){%C} = cEndP(X){σ′C , σ′′C}.


Dokaz. ⊆: Dokaz je sličan dokazu inkluzije ⊆ u dokazu Leme 3.98.
⊇: Neka f ko-čuva σ′C i σ′′C , i pretpostavimo da 〈f(A), f(B)〉 /∈ %C . Tada


je f(A) ∪ f(B) 6= X ili f(A) ∩ f(B) 6= ∅.
Slučaj 1: f(A) = f(B). Neka je A := {f(A)} i B := P(X) \ {f(A)}.


Tada je r := 〈A,B〉∇ ∈ σ′′C . Kako f ko-čuva σ′′C imamo da je r ◦ f ∈ σ′′C .
Neka je (r ◦ f)− = 〈A′,B′〉. Tada je A,B ∈ A′ na osnovu čega zaključujemo
da je A ∪B 6= X ili A ∩B 6= ∅. Dakle, 〈A,B〉 /∈ %C .


Slučaj 2: f(A) 6= f(B). Neka je A := {f(A)}, B := {f(B)} i C =
P(X) \ {f(A), f(B)}. Tada je r := 〈A,B, C〉∇ ∈ σ′C . Kako f ko-čuva σ′C
dobijamo da je r ◦ f ∈ σ′C . Neka je (r ◦ f)− = 〈A′,B′, C′〉. Tada je A ∈ A′ i
B ∈ B′, pa A ∪B 6= X ili A ∩B 6= ∅. Ponovo 〈A,B〉 /∈ %C . 2


Predjimo, najzad, na opšti slučaj. Pokazaćemo da za svaku relaciju %


postoji skup ko-relacija S% takav da je


• cEndX S% = EndX{%}, i


• za svaku ko-relaciju σ ∈ S% je ar(σ) ≤ ar(%) + 1.


3.101. Definicija. Neka je % relacija na X arnosti λ, neka je 0 < µ ≤ λ


ordinal i neka je j : λ → µ sirjektivno preslikavanje. Kažemo da je slaba
particija 〈Aξ : ξ < µ + 1〉 skupa X j-disjunktna sa % ako je %∩∏


ξ<λ Aj(ξ) = ∅.
Neka je σj(%) skup svih ko-vektora r arnosti µ + 1 za koje je r− slaba


particija skupa X koja je j-disjunktna sa %. Neka je S% skup svih ko-relacija
σj(%), gde je 1 ≤ µ ≤ λ i j : λ → µ je proizvoljno sirjektivno preslikavanje.


3.102. Stav. Za svaku relaciju % na X je cEndX S% = EndX{%}.


Dokaz. ⊆: Neka je f ∈ cEndX S%. Želimo da pokažemo da 〈xξ : ξ < λ〉 ∈
% ⇒ 〈f(xξ) : ξ < λ〉 ∈ %.


Pretpostavimo da 〈f(xξ) : ξ < λ〉 /∈ %. Neka je ε = {〈ξ, η〉 ∈ λ2 : f(xξ) =
f(xη)} i neka je µ := |λ/ε|. Dalje, neka je k : λ/ε → µ proizvoljna bijekcija i
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definǐsimo j : λ → µ sa j(ξ) := k(ξ/ε). Posmatrajmo ko-vektor r : X → µ+1
dat sa:


r(x) =


{
j(ξ), x = f(xξ)
µ, inače.


Neka je r− = 〈Aη : η < µ + 1〉. Na osnovu definicije ko-vektora r je Aj(ξ) =
{f(xξ)}, ξ < λ, dok je Aµ = X \{f(xξ) : ξ < λ}. Prema tome,


∏
ξ<λ Aj(ξ) =


{〈f(xξ) : ξ < λ〉}.
Kako 〈f(xξ) : ξ < λ〉 /∈ % imamo da je %∩∏


ξ<λ Aj(ξ) = ∅ pa je r ∈ σj(%).
f ko-čuva σj(%) (zato što je f ∈ cEndX S%) na osnovu čega je r◦f ∈ σj(%). To
znači da je % ∩∏


ξ<λ f−(Aj(ξ)) = ∅. Dalje, mi znamo da je Aj(ξ) = {f(xξ)},
ξ < λ, na osnovu čega je xξ ∈ f−(Aj(ξ)), tj. 〈xξ : ξ < λ〉 ∈ ∏


ξ<λ f−(Aj(ξ)).
Prema tome, 〈xξ : ξ < λ〉 /∈ %.


⊇: Neka je f ∈ EndX{%} i σj(%) ∈ S%. Neka je r proizvoljan ko-vektor iz
σj(%) i neka je s = r ◦ f . Treba da pokažemo da je s ∈ σj(%).


Neka je r− = 〈Aη : η < µ + 1〉. Tada je s− = 〈f−(Aη) : η < µ + 1〉. Kako
je r− slaba particija skupa X, to je i 〈f−(Aη) : η < µ + 1〉 slaba particija
skupa X. Prema tome, dovoljno je pokazati da je % ∩ ∏


ξ<λ f−(Aj(ξ)) =
∅. Pretpostavimo, suprotno tome, da postoji neko 〈yξ : ξ < λ〉 ∈ % ∩∏


ξ<λ f−(Aj(ξ)). Kako je 〈yξ : ξ < λ〉 ∈ % i kako f čuva %, dobijamo da
je 〈f(yξ) : ξ < λ〉 ∈ %. S druge strane, za sve ξ < λ je yξ ∈ f−(Aj(ξ)) na os-
novu čega je f(yξ) ∈ Aj(ξ). Medjutim, tada je 〈f(yξ) : ξ < λ〉 ∈ ∏


ξ<λ Aj(ξ),
pa je % ∩∏


ξ<λ Aj(ξ) 6= ∅. Kontradikcija. 2


3.103. Posledica.


(i) Za svaki skup Q relacija na X je EndX Q = cEndX(
⋃


%∈Q S%).
(ii) Za svaki monoid M ≤ TX , ako je Loc(M) = M onda je cLoc(M) = M .


Dokaz. (i) Očigledno.
(ii) Ako je Loc(M) = M , onda postoji skup finitarnih relacija Q na X


takav da je M = EndX Q. Kako za svako σ ∈ S% imamo ar(σ) ≤ ar(%) + 1,⋃
%∈Q S% je skup finitarnih ko-relacija. Na osnovu (i), M = cEndX(


⋃
%∈Q S%)


pa je M lokalno ko-zatvoren. 2


3.104. Primer. Pokažimo da obrnuta implikacija u tvrdjenju (ii) prethodne
posledice ne važi. Neka je M monoid svih sirjektivnih preslikavanja X → X


i neka je σ = {〈A,X \ A〉∇ : A ⊆ X,A 6= ∅, A 6= X} binarna ko-relacija.
Jasno je da je M = cEndX{σ} na osnovu čega je M lokalno ko-zatvoren.
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S druge strane, lako se pokazuje da je Loc(M) = TX , što znači da M nije
lokalno zatvoren.


U nekim slučajevima se infinitarne relacije mogu kodirati konačnim bro-
jem ko-relacija konačne arnosti. Kao primer ovog fenomena razmotrićemo
relaciju %∪ (Stav 3.84) koja igra ključnu ulogu pri karakterizaciji monoida
T+


X i T−X .


3.105. Lema. Neka je σ∪ ternarna ko-relacija na P(X) definisana sa:
〈A,B, C〉∇ ∈ σ∪ ako i samo ako je 〈A,B, C〉 slaba particija skupa P(X) i
B = ∅ ∨ (∀∅ 6= D ⊆ B)


⋃D /∈ A. Tada je EndP(X){%∪} = cEndP(X){σ∪, σ⊆}.


Dokaz. ⊆: Neka je f ∈ EndP(X){%∪}. Tada je f ∈ EndP(X){%⊆} =
cEndP(X){σ⊆}. Pokažimo da f čuva σ∪. Neka je 〈A,B, C〉 slaba particija
skupa P(X), r := 〈A,B, C〉∇, neka je r ◦ f = 〈A′,B′, C′〉∇ i pretpostavimo
da r ◦ f /∈ σ∪. To znači da B′ 6= ∅ i da postoji ∅ 6= D′ ⊆ B′ takvo da je⋃D′ ∈ A′. Neka je D′ := {D′


ξ : ξ < µ} takvo da je
⋃D′ = A′ ∈ A′. Dalje,


neka je D := {f(D′
ξ) : ξ < µ} i A := f(A′). Jasno je da je ∅ 6= D ⊆ B i


da je A ∈ A. Kako f čuva %∪, imamo da je A = f(A′) = f(
⋃


ξ<µ D′
ξ) =⋃


ξ<µ f(D′
ξ) =


⋃D. Drugim rečima,
⋃D ∈ A, pa r /∈ σ∪.


⊇: Neka je f ∈ cEndP(X){σ∪, σ⊆}. Uočimo 〈Aξ : ξ < ν〉 sa osobinom
A0 =


⋃
0<ξ<ν Aξ, i pretpostavimo da f(A0) 6=


⋃
0<ξ<ν f(Aξ). f ko-čuva σ⊆,


zbog čega imamo da f čuva %⊆. Kako je Aξ ⊆ A0 za sve 0 < ξ < ν, dobijamo
da je f(Aξ) ⊆ f(A0) za sve 0 < ξ < ν, pa je f(A0) ⊃


⋃
0<ξ<ν f(Aξ). Neka


je A := {f(A0)}, B := {f(Aξ) : 0 < ξ < ν} i C := P(X) \ (A ∪ B). Da
bismo pokazali da je r := 〈A,B, C〉∇ ∈ σ∪, uočimo proizvoljno ∅ 6= D ⊆ B.
Tada je


⋃D ⊆ ⋃
0<ξ<ν f(Aξ) ⊂ f(A0), tj.


⋃D /∈ A i stoga r ∈ σ∪. Kako
f ko-čuva σ∪, r ◦ f ∈ σ∪. Neka je r ◦ f = 〈A′,B′, C′〉∇. Tada je A0 ∈ A′
i {Aξ : 0 < ξ < ν} ⊆ B′. Dalje, r ◦ f ∈ σ∪ pa kako B′ 6= ∅, dobijamo da
za sve ∅ 6= D′ ⊆ B′ važi


⋃D′ /∈ A′. Specijalno,
⋃{Aξ : 0 < ξ < ν} 6= A0.


Kontradikcija. 2


3.106. Posledica. T+
X = cEndP(X){σ∅, σ1, σ∪, σ⊆} i T−X = cEndP(X){σ∅,


σ′C , σ′′C , σ∪, σ⊆}. Prema tome, i T+
X i T−X su lokalno ko-zatvoreni. Štavǐse,


3-cLoc(T+
X) = T+


X i 3-cLoc(T−X) = T−X .







Glava 4


Osobine mreže klonova


ko-operacija kao uredjenog


skupa


U radu [Csá 85] je pokazano da je mreža klonova ko-operacija konačnog
skupa konačna. Štavǐse, dat je opis mreže cL2. U ovoj glavi razmatramo neke
posebne intervale mreže cLX . Potom dajemo jednu konstrukciju nezavisnog
skupa ko-operacija na osnovu koje dobijamo donju granicu za broj elemenata
mreže cLX na konačnom skupu. Ako je X beskonačan, dobijamo da je
|cLX | = 22ν


. Na kraju dajemo gornju granicu za visinu mreže klonova ko-
operacija konačnog skupa.


Počnimo jednom primedbom.


4.1. Stav. Glavni ideal 〈cPolX{Ω}]cLX
(videti Lemu 2.12) je izomorfan


mreži Mon(X) svih monoida transformacija skupa X.


4.2. Posledica. Mreža cLX nije modularna.


U Glavi 5 ćemo pokazati da je cLX ipak komplementirana. Dalje, kao di-
rektnu posledicu Stava 3.7 imamo


4.3. Stav. Neka je M ⊆ TX monoid transformacija. Skup svih klonova
ko-operacija skupa X takvih da je C(1) = M obrazuje interval u mreži cLX .
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4.4. Definicija. Neka je M ⊆ TX monoid transformacija skupa X. Sa
Int(M) ćemo označiti interval svih klonova ko-operacija C skupa X sa oso-
binom C(1) = M .


Sledeća karakterizacija intervala Int(M) je direktna posledica osnovnih poj-
mova.


4.5. Stav. Neka je X = {x1, . . . , xν}, neka je M ⊆ TX monoid transfor-
macija na X i neka je


%M := {〈f−1(x1), . . . , f−1(xν)〉∇ : f ∈ M}.


Tada je Int(M) = [cCloX M, cPolX{%M}]cLX
.


4.1 Opis intervala Int({idX}): Klonovi spliting ko-


operacija


Opšta karakterizacija intervala Int(M) data u Stavu 4.5 dobija sledeći lep
oblik kada je M = {idX}. Podsetimo se da je ko-relacija Σ koja se javlja
u narednom stavu definisana u Lemi 2.11 i da ima sledeći oblik: Σ =
{〈{x1}, {x2}, . . . , {xν}〉∇}.


4.6. Stav. Int({idX}) = [cJX , cPolX{Σ}]cLX
. Drugim rečima, C ∈ Int({idX})


ako i samo ako C ≤ cPolX{Σ}, ili, što je ekvivalentno, Σ ∈ cInvX C.


Klonovi iz ovog intervala će se pokazati kao veoma značajni pri daljem radu.
Zato ćemo odvojiti malo vremena kako bismo detaljnije opisali njihovu struk-
turu. Pokazaćemo da je interval Int({idX}) shvaćen kao mreža izomorfan
mreži particija 〈Part(X),¹〉.


4.7. Definicija. Za klon ko-operacija C kažemo da je klon spliting ko-
operacija ako je svaka ko-operacija u C spliting.


4.8. Notacija. Neka je p = 〈A1, . . . , Ak〉 slaba particija skupa X. Sa
spl(A1, . . . , Ak), ili spl(p), označavamo spliting definisan sa:


spl(p)(x) = spl(A1, . . . , Ak)(x) = 〈j, x〉 :⇐⇒ x ∈ Aj ,
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za sve x ∈ X. Primetimo da je d(spl(p)) = p. Umesto spl({xi1}, . . . , {xiν}),
gde je X = {x1, . . . , xν} i 〈i1, . . . , iν〉 permutacija skupa ν, kraće pǐsemo
spl(xi1 , . . . , xiν ).


Za klon ko-operacija C označimo sa C(sp) := cCloX{f ∈ C : f je spliting}
klon svih splitinga sadržanih u C.


4.9. Stav. Neka je C klon ko-operacija. C(1) = {idX} ako i samo ako je C


klon spliting ko-operacija.


Dokaz. ⇐: Jasno.
⇒: Pretpostavimo da postoji f ∈ C(n) koji nije spliting. Tada postoje


x, y ∈ X i j ∈ n takvi da je x 6= y i f(x) = 〈j, y〉. Neka je g = val f . Tada je
g ∈ C(1). Kako je g(x) = y i x 6= y, dobijamo da g 6= idX , pa C(1) 6= {idX}.


2


Sledeći stav pokazuje da su splitinzi duali idempotentnih operacija, što je
osobina koja će nam kasnije trebati.


4.10. Stav. Neka je f ko-operacija. f je spliting ako i samo ako je f−


idempotentna operacija.


Dokaz. ⇒: Neka je f spliting, ar(f) = n i d(f) = 〈B1, . . . , Bn〉. Tada je
(f i)−(A) = Bi ∩ A za sve A ⊆ X i i ∈ n. Prema tome, f−(A,A, . . . , A) =⋃n


i=1(f
i)−(A) =


⋃n
i=1(Bi ∩A) = A, zato što je


⋃n
i=1 Bi = X.


⇐: Pretpostavimo da f nije spliting. Tada postoje x, y ∈ X i i ∈ n takvi
da je f(x) = 〈i, y〉 i x 6= y, pa je f−({y}, {y}, . . . , {y}) =


⋃n
j=1(f


j)−({y}) ⊇
(f i)−({y}) 3 x. Prema tome, f−({y}, {y}, . . . , {y}) 6= {y}. 2


4.11. Posledica. Neka je f ∈ H(n)
P(X). f je idempotentna operacija ako i


samo ako postoji slaba particija 〈B1, . . . , Bn〉 skupa X takva da je


f(A1, . . . , An) = (A1 ∩B1) ∪ . . . ∪ (An ∩Bn).


Dokaz. ⇐: Jasno.
⇒: Neka je g ko-operacija takva da je g− = f i neka je još d(g) =


〈B1, . . . , Bn〉. Kako je f idempotentna operacija, g je spliting, pa je
f(A1, . . . , An) = g−(A1, . . . , An) =


⋃n
i=1(g


i)−(Ai) =
⋃n


i=1(Ai ∩Bi). 2
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4.12. Definicija. Neka je f spliting i d(f) = 〈B1, . . . , Bn〉. Označimo sa ηf


sledeću ko-relaciju:


ηf := {〈A1, . . . , An, X \⋃n
i=1 Ai〉∇ :


(∀i ∈ n)Ai ⊆ Bi i (∀i ∈ n)(Ai = ∅ ⇐⇒ Bi = ∅)}


4.13. Lema. Neka su f i g splitinzi. g ∈ cPolX{ηf} ako i samo ako je
d(g) ¹ d(f).


Dokaz. Neka je d(f) = 〈B1, . . . , Bn〉 i d(g) = 〈D1, . . . , Dm〉. Prema Lemi
3.12 dovoljno je pokazati da g− ∈ PolP(X){η−f } ako i samo ako d(g) ¹ d(f).
Podsetimo se da je f−(A1, . . . , An) =


⋃n
i=1(Ai ∩ Bi) i g−(A1, . . . , Am) =⋃m


i=1(Ai ∩Di).
⇐: d(g) ¹ d(f) znači da (∀i)(∃j)Bi ⊆ Dj . Neka je 〈Aj


1, . . . , A
j
n+1〉 ∈ η−f ,


j ∈ m i stavimo Ci := g−(A1
i , . . . , A


m
i ), i ∈ n + 1. Treba da pokažemo da


je Ci ⊆ Bi za sve i ∈ n i da je Ci = ∅ ⇐⇒ Bi = ∅. Uočimo proizvoljno i.
Ci = g−(A1


i , . . . , A
m
i ) = (A1


i ∩D1)∪ . . .∪(Am
i ∩Dm). Znamo da (∀j)Aj


i ⊆ Bi


i da postoji s takvo da je Bi ⊆ Ds. Ako je t 6= s onda je At
i ∩Dt = ∅ zbog


At
i ⊆ Bi ⊆ Ds i Ds ∩Dt = ∅. S druge strane, As


i ∩Ds = As
i . Prema tome,


Ci = As
i pa iz osobina skupova As


i sledi Ci ⊆ Bi i Ci = ∅ ⇐⇒ Bi = ∅.
⇒: Pretpostavimo da d(g) 6¹ d(f). Tada (∃i)(∀j)Bi 6⊆ Dj . Neka


(∀j)B1 6⊆ Dj . Za svako j ∈ m odaberimo proizvoljno aj ∈ B1 \Dj i stavimo
Aj


n+1 := X \ ({aj}∪B2∪ . . .∪Bn). Jasno je da je 〈{aj}, B2, . . . , Bn, Aj
n+1〉 ∈


η−f za sve j ∈ m. S druge strane, g−({a1}, . . . , {am}) =
⋃m


j=1({aj}∩Dj) = ∅.
Kako 〈∅, . . .〉 /∈ η−f dobijamo da g− /∈ PolP(X){η−f }. 2


4.14. Posledica. Neka je f spliting. Tada je cCloX{f} = cPolX{Σ, ηf}.


Dokaz. Stav 4.6 i Lema 4.13. 2


4.15. Stav. Neka su f i g splitinzi. g ∈ cCloX{f} ako i samo ako d(g) ¹
d(f).


Dokaz. ⇐: Neka je d(g) = 〈B1, . . . , Bm〉 i d(f) = 〈A1, . . . , An〉. Kako
d(g) ¹ d(f) imamo da (∀i)(∃j)Ai ⊆ Bj . Definǐsimo θ : n → m sa θ(i) =
j :⇐⇒ Ai ⊆ Bj . Sada je jasno da je g = f · [ιmθ(1), ι


m
θ(2), . . . , ι


m
θ(n)] ∈ cCloX{f}.


⇒: Pretpostavimo da d(g) 6¹ d(f). Prema Lemi 4.13 je f ∈ cPolX{ηf}
dok g /∈ cPolX{ηf}. Stoga, g /∈ cCloX{f}. 2
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4.16. Posledica. Neka su f i g splitinzi, neka je d(f) = 〈A1, . . . , An〉
i d(g) = 〈B1, . . . , Bm〉. Tada: cCloX{f} = cCloX{g} ako i samo ako
{A1, . . . , An} \ {∅} = {B1, . . . , Bm} \ {∅}.
4.17. Stav. Neka su f1, . . . , fk splitinzi. Tada postoji spliting g takav da je
cCloX{f1, . . . , fk} = cCloX{g}.
Dokaz. Neka je d(fi) = 〈Ai


1, . . . , A
i
ni
〉, i ∈ k, i neka je 〈B1, . . . , Bm〉 naj-


grublje zajedničko profinjenje particija {d(fi) : i ∈ k}. Primetimo da je


{B1, . . . , Bm} = {A1
i1 ∩ . . . ∩Ak


ik
: 1 ≤ i1 ≤ n1, . . . , 1 ≤ ik ≤ nk} \ {∅}.


Neka je g := spl(B1, . . . , Bm). Pokažimo da je cCloX{f1, . . . , fk} = cCloX{g}.
⊆: Neka je i ∈ k proizvoljno i definǐsimo θi : m → ni sa θi(p) = q :⇐⇒


Ai
p ⊇ Bq. Tada je fi = g · [ιni


θi(1), ι
ni


θi(2), . . . , ι
ni


θi(m)] ∈ cCloX{g}.
⊇: Posmatrajmo sledeći niz ko-operacija:


gk := fk,


gk−1 := fk−1 · [gk, gk, . . . , gk],
gk−2 := fk−2 · [gk−1, gk−1, . . . , gk−1],


...
g1 := f1 · [g2, g2, . . . , g2].


Lako se pokazuje da je g1 ∈ cCloX{f1, . . . , fk} i da je d(g1) = 〈A1
i1
∩. . .∩Ak


ik
:


1 ≤ i1 ≤ n1, . . . , 1 ≤ ik ≤ nk〉. Prema tome, g se može dobiti od g1


otklanjanjem nekih fiktivnih promenljivih i permutovanjem preostalih. Tako,
g ∈ cCloX{f1, . . . , fk}. 2


4.18. Posledica. Za svaki klon spliting ko-operacija C postoji spliting f


takav da je C = cCloX{f} = cPolX{Σ, ηf}.
Dokaz. Direktna posledica Stava 4.17, Posledice 4.14 i činjenice da za svaki
klon ko-operacija C imamo C = cCloX(C(ν)). 2


4.19. Stav. Označimo sa Lsp interval [cJX , cPolX{Σ}] svih klonova spliting
ko-operacija u mreži cLX . Tada je 〈Lsp,⊆〉 ∼= 〈Part(X),¹〉.
Dokaz. Posmatrajmo preslikavanje ϕ : Lsp → Part(X) dato sa ϕ(C) =
{B1, . . . , Bn} ako i samo ako postoji spliting f takav da je C = cCloX{f} i
d(f) = 〈B1, . . . , Bn〉. Na osnovu svega navedenog lako se pokazuje da je ϕ


traženi izomorfizam. 2
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4.20. Posledica. Neka je sa Bk označen k-ti Bellov broj. Tada je |Lsp| =
Bk.


4.2 Opis intervala Int(TX): ν-elementni lanac


Pogledajmo sada drugu krajnost – monoid TX svih transformacija. U radu
[Burl 67] je opisan odgovarajući interval mreže klonova operacija. Ispostavlja
se da je to (ν + 1)-elementni lanac


CloX(TX) = U1 < B < U2 < . . . < Uν−1 < Uν = OX


gde je B klon operacija poznat kao Burleov klon (videti [Burl 67, Pös-K 79]).
Kao što ćemo ubrzo videti, kada se radi o klonovima ko-operacija ovakve
“devijacije” se ne pojavljuju.


4.21. Definicija. Za svako k ∈ {1, . . . , ν} uočimo sledeće klonove i ko-
relacije:


Uk := cClo(TX ∪ {f ∈ cOX : r(f) ≤ k})
θk := {〈A1, . . . , Aν〉∇ : |{i : Ai 6= ∅}| ≤ k}.


4.22. Stav.


(i) Uk = cPolX{θk} za sve 1 ≤ k ≤ ν,
(ii) cCloX(TX) = U1 ⊂ U2 ⊂ . . . ⊂ Uν−1 ⊂ Uν = cOX , i
(iii) Uν−1 je klon koji sadrži sve unarne ko-operacije i sve ne-esencijalne


ko-operacije.


Dokaz. (ii) i (iii) su očigledni. Pokažimo (i).
⊆: Jasno.
⊇: Pretpostavimo da f /∈ Uk. Tada f zavisi esencijalno od bar dve


promenljive i r(f) > k. Bez umanjenja opštosti možemo pretpostaviti da je


im(f) = {〈1, b1〉, . . . , 〈1, bs1〉, 〈2, bs1+1〉, . . . , 〈2, bs1+s2〉, . . . ,
〈t, bs1+...+st−1+1〉, . . . , 〈t, bs1+...+st−1+st〉}


gde je s1 + . . . + st = r(f) > k. Za i ∈ {1, . . . , t} uvedimo sledeće oznake


qi :=


{
k, si > k


si, si ≤ k.
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Kako f zavisi esencijalno od bar dve promenljive, dobijamo da je m :=
q1 + . . . + qt ≥ k + 1. Neka je


B1 := {b1, . . . , bq1},
B2 := {bs1+1, . . . , bs1+q2},


...
Bt := {bs1+...+st−1+1, . . . , bs1+...+st−1+qt}


i posmatrajmo ko-vektore


r1 := 〈{b1}, . . . , {bq1−1}, {bq1} ∪ (X \B1), ∅, ∅, . . . , ∅︸ ︷︷ ︸
q2


, . . . , ∅, ∅, . . . , ∅︸ ︷︷ ︸
qt


,


∅, ∅, . . . , ∅︸ ︷︷ ︸
ν−m


〉∇


r2 := 〈∅, ∅, . . . , ∅︸ ︷︷ ︸
q1


, {bs1+1}, . . . , {bs1+q2−1}, {bs1+q2} ∪ (X \B2), . . . ,


∅, ∅, . . . , ∅︸ ︷︷ ︸
qt


, ∅, ∅, . . . , ∅︸ ︷︷ ︸
ν−m


〉∇


...
rt := 〈∅, ∅, . . . , ∅︸ ︷︷ ︸


q1


, ∅, ∅, . . . , ∅︸ ︷︷ ︸
q2


, . . . , {bs1+...+st−1+1}, . . . , {bs1+...+st−1+qt−1},


{bs1+...+st−1+qt} ∪ (X \Bt), ∅, ∅, . . . , ∅︸ ︷︷ ︸
ν−m


〉∇.


Kako ri ima tačno qi ≤ k nepraznih koordinata, mora biti r1, . . . , rt ∈ θk.
Uočimo proizvoljne rt+1, . . . , rn ∈ θk i stavimo s := f · [r1, . . . , rn]. Najmanje
m (≥ k + 1) koordinata ko-vektora s nisu prazni skupovi, zbog čega s /∈ θk,
videti Sl. 4.1. 2


4.23. Lema. Neka je C klon ko-operacija takav da je TX ⊆ C i pret-
postavimo da u skupu C \ cCloX(TX) postoji ko-operacija ranga k. Tada je
Uk ⊆ C.


Dokaz. Neka je TX ⊆ C i neka je f ∈ C \ cCloX(TX) ko-operacija ranga k.
Primetimo da f esencijalno zavisi od bar dve promenljve. Bez umanjenja
opštosti možemo pretpostaviti da f nema fiktivnih promenljivih.


Tvrdnja 1: Postoje ko-operacija f ′ ∈ C i elementi a1, . . . , ak ∈ X takvi
da
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...


...


...


...


...


...


...


...


s


s


s


-


-


-


1


1


1


...
...


...


f


-


-


3


...


...


...
...


b1


bq1


bs1


r1


1


q1


-


-


3


...


...


...
...


bs1+1


bs1+q1


bs1+s2


r2


q1 + 1


q1 + q2


-


-


3


...


...


...
...


bs1+...+st−1+1


bs1+...+st−1+qt


bs1+...+st


rt


q1 + . . . + qt−1 + 1


q1 + . . . + qt = m


Slika 4.1: Konstrukcija iz Stava 4.22
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...


f


a1


a2


as1


as1+1


as1+s2


...


...


...


*
*


*


j


R


b1


b2


bs1


...


...


-


q


q


ϕ1


bs1+1


bs1+s2


...


-


-


ϕ2 · ι22


a1


as1+1


as1+s2


...


...


1


j


j


f


b1 -ψ1 · ι21


bs1+1


b2s1−1


...


-


-


ψ2 · ι22


a1


a2


as1


as1+1


as1+s2


...


...


...


Slika 4.2: Konstrukcija iz Leme 4.23, Tvrdnja 1
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• i 6= j ⇒ ai 6= aj ,


• ar(f ′) = 2, i


• f ′(a1) = 〈1, a1〉 dok je f ′(aj) = 〈2, aj〉 za j > 1.


Dokaz: Možemo uzeti da je


im(f) = {〈1, b1〉, . . . , 〈1, bs1〉, 〈2, bs1+1〉, . . . , 〈2, bs1+s2〉, . . . ,
〈t, bs1+...+st−1+1〉, . . . , 〈t, bs1+...+st−1+st〉}


gde je 1 ≤ s1 ≤ . . . ≤ st i s1+. . .+st = k. Odaberimo a1, . . . , ak ∈ X tako da
bude f(aj) = 〈1, bj〉 za j ∈ {1, . . . , s1}, f(aj) = 〈2, bj〉 za j ∈ {s1+1, . . . , s1+
s2}, . . ., f(aj) = 〈t, bj〉 za j ∈ {s1 + . . . + st−1 + 1, . . . , s1 + . . . + st−1 + st︸ ︷︷ ︸


=k


}.


Ako je s1 = 1 ko-operacija f ′ := f ·[ι21, ι22, . . . , ι22] zadovoljava navedene uslove.
Pretpostavimo zato da je s1 > 1 i uočimo sledeća preslikavanja X → X:


ϕ1 :=


(
. . . ; b1 b2 . . . bs1 ; . . .
. . . ; a1 as1+1 . . . a2s1−1; . . .


)


ϕ2 :=


(
. . . ; bs1+1 . . . bs1+s2 ; . . .
. . . ; as1+1 . . . as1+s2 ; . . .


)


...


ϕt :=


(
. . . ; bs1+...+st−1+1 . . . bs1+...+st−1+st ; . . .
. . . ; as1+...+st−1+1 . . . as1+...+st−1+st ; . . .


)


ψ1 :=


(
. . . ; b1 ; . . .
. . . ; a1; . . .


)


ψ2 :=


(
. . . ; bs1 . . . b2s1−1; . . .
. . . ; a2 . . . as1 ; . . .


)


Lako se proverava da ko-operacija


f ′ := f · [ϕ1 · f · [ψ1 · ι21, ψ2 · ι22, ι22, ι22, . . . , ι22], ϕ2 · ι22, . . . , ϕt · ι22]
pripada klonu C i da poseduje navedene osobine, videti Sl. 4.2.


Tvrdnja 2: Postoji f∗ ∈ C takvo da je im(f∗) = {〈1, a1〉, 〈2, a1〉, . . . , 〈k−
1, a1〉, 〈k, a2〉}.


Dokaz: Ako je k = 2 uzmimo f∗ := f ′. Pretpostavimo sada da je k ≥ 3.
Neka je ϕ : X → X preslikavanje takvo da je ϕ(a2) = a1, ϕ(a3) = a2, . . .,
ϕ(ak) = ak−1. Tada je


f∗ := f ′ · [ιk1, ϕ · f ′ · [ιk2, ϕ · f ′ · [ιk3, . . . , ϕ · f ′ · [ιkk−1, ι
k
k] . . .]]]
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a1


a2


a3


a1


a2


a3


a1


a2


a1


a2


a1


a1


a2


3


s
s


f ′


-ιk1


1
1


ϕ


*


q


f ′


-


-


ιk2


ιk3


Slika 4.3: Konstrukcija iz Leme 4.23, Tvrdnja 2


tražena ko-operacija, videti Sl. 4.3.


Tvrdnja 3: Uk ⊆ C.
Dokaz: Dovoljno je pokazati da za svaku ko-operaciju g imamo r(g) ≤


k ⇒ g ∈ C. Neka je ` := r(g) ≤ k i h := ar(g). Neka je im(g) =
{〈j1, b1〉, . . . , 〈j`, b`〉} i stavimo Bi := g−1(〈ji, bi〉), i ∈ {1, . . . , `}. Uočimo
proizvoljne d1 ∈ (f∗)−1(〈1, a1〉), d2 ∈ (f∗)−1(〈2, a1〉), . . ., dk ∈ (f∗)−1(〈k, a2〉)
i definǐsimo ϕ : X → X sa ϕ(y) = ds :⇐⇒ y ∈ Bs. Lako se proverava da je


g = ϕ · f∗ · [cb1 · ιhj1 , . . . , cb`
· ιhj`


, ιhh, ιhh, . . . , ιhh︸ ︷︷ ︸
k−h


],


na osnovu čega je g ∈ C, videti Sl. 4.4. 2


4.24. Stav. [cCloX(TX), cOX ]cLX
= {U1, . . . , Uν}.


Dokaz. Jasno je da je U1 = cCloX(TX) i Uν = cOX . Uzmimo proizvoljno
C ∈ [cCloX(TX), cOX ]cLX


. Neka je


k := max{r(f) : f ∈ C i f zavisi od bar dve promenljive}.


Prema Lemi 4.23 imamo da je Uk ⊆ C. Pokažimo da je C ⊆ Uk. Neka je
g ∈ C. Ako g zavisi od tačno jedne promenljive, onda je g ∈ cCloX(TX) ⊆
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B1


B2


...


B`


-


-


-


-


ϕ


d1


d2


...
d`


1


-


q


f∗


a1 -cb1 · ιhj1 b1 : j1


a1 -cb2 · ιhj2 b2 : j2


...
...


a1(2) -cb`
· ιhj` b` : j`


Slika 4.4: Konstrukcija iz Leme 4.23, Tvrdnja 3


Uk. Ako g zavisi od bar dve promenljive, onda je r(g) ≤ k (prema definiciji
broja k) pa opet g ∈ Uk. Dakle, C = Uk. 2


Završićemo odeljak jednostavnom lemom koja će nam trebati kasnije.


4.25. Lema. Neka je f ∈ cOX ko-operacija koja zavisi od bar dve promen-
ljive i pri tome r(f) = ν − 1. Tada je cCloX(T(p)


X ∪ {f}) = Uν−1.


Dokaz. (Ideja) Neka je X = {x1, . . . , xν}. Neka je g ∈ cO
(ν−1)
X ko-operacija


takva da je g(xj) = 〈j, xj〉, j ∈ ν − 1, i g(xν) = g(xν−1). Elementarna
razmatranja su dovoljna da se pokaže da je g ∈ cCloX(T(p)


X ∪ {f}) i da je
cCloX(T(p)


X ∪ {g}) = Uν−1, na osnovu čega sledi tvrdjenje leme. 2


4.3 Opis intervala Int(G), gde je G grupa permuta-


cija


4.26. Notacija. Neka je G ∈ GPerm(X) grupa permutacija skupa X i neka
je 〈D1, . . . , Dk〉 particija skupa X. Za j ∈ k stavimo GDj := {f ∈ G :
supp(f) ⊆ Dj}. GDj su podgrupe grupe G, GD1 ∩ . . . ∩ GDk = {idX} i
GD1 · . . . · GDk ≤ G. Kažemo da je GD1 · . . . · GDk disjunktna faktorizacija
grupe G ako je GD1 · . . . ·GDk = G.







4.3. Opis intervala Int(G), gde je G grupa permutacija 91


Ako je GD1 ·. . . ·GDk disjunktna faktorizacija grupe G i ako su O1, . . . , O`


orbite grupe G tada je 〈D1, . . . , Dk〉 ¹ 〈O1, . . . , O`〉, pri čemu 〈D1, . . . , Dk〉
može biti strogo grublje od 〈O1, . . . , O`〉.


Trivijalne grupe u disjunktnoj faktorizaciji GD1 · . . . ·GDk grupe G odgo-
varaju fiksnim tačkama grupe G.


Za svaku grupu permutacija G ∈ GPerm(X) postoji najfinija particija
〈D1, . . . , Dk〉 skupa X takva da je GD1 · . . . · GDk disjunktna faktorizacija
grupe G. Tada kažemo da je GD1 · . . . ·GDk najfinija disjunktna faktorizacija
grupe G i da je k njena dužina. Primetimo da je broj trivijalnih grupa u
najfinijoj disjunktnoj faktorizaciji grupe G jednak |fix(G)|. Preciznije, faktor
GDi disjunktne faktorizacije grupe G je trivijalan ako i samo ako je Di = {a}
za neko a ∈ fix(G).


4.27. Lema. Neka je G ∈ GPerm(X) i neka je C klon ko-operacija takav
da je C(1) = G. Tada


(i) C = cCloX(G ∪ C(sp));


(ii) postoji spliting s takav da je C = cCloX(G ∪ {s}).


Dokaz. (i) Inkluzija ⊇ je očigledna. Dokažimo ⊆. Neka je g ∈ C. Ako g


zavisi od tačno jedne promenljive, onda je g ∈ cCloX(C(1)) = cCloX G ⊆
cCloX(G ∪ C(sp)). Zato pretpostavimo da g zavisi od bar dve promenljive
i stavimo f := val g. Jasno je da je f ∈ C(1) = G. Kako je G grupa
permutacija, imamo f−1 ∈ G. Neka je n := ar(g) i uočimo h := g ·
[f−1 · ιn1 , . . . , f−1 · ιnn]. Jasno je da je h ∈ C. Pokažimo da je h ∈ C(sp).
Neka je d(g) = 〈B1, . . . , Bn〉. valh = (val g · f−1)|B1⊕ . . .⊕ (val g · f−1)|Bn =
(f · f−1)|B1 ⊕ . . . ⊕ (f · f−1)|Bn = idX . Dakle, h je spliting. Sada je lako
pokazati da je g = h · [f · ιn1 , . . . , f · ιnn] ∈ cCloX(G ∪ C(sp)).


(ii) Prema posledici 4.18 postoji spliting s takav da je C(sp) = cCloX{s}.
Odatle C = cCloX(G ∪ {s}). 2


4.28. Pretpostavke. U nastavku pretpostavljamo da je G ∈ GPerm(X) i
da je G = GD1 · . . . · GDk najfinija disjunktna faktorizacija grupe G kojoj
odgovara particija 〈D1, . . . , Dk〉 skupa X.


4.29. Lema. Neka je C klon ko-operacija, neka je s spliting takav da je
C = cCloX(G ∪ {s}) i neka je C(1) = G. Tada je d(s) ¹ 〈D1, . . . , Dk〉.
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Dokaz. Neka je d(s) = 〈B1, . . . , Bn〉 i označimo sa O1, . . . , O` orbite grupe
G.


Tvrdnja 1: d(s) ¹ 〈O1, . . . , O`〉.
Dokaz: Pretpostavimo da d(s) 6¹ 〈O1, . . . , O`〉. Tada (∃j ∈ `)(∀i ∈


n)Oj 6⊆ Bi. Recimo, O1 ⊆ B1 ∪ B2, ali O1 ∩ B1 6= ∅ i O1 ∩ B2 6= ∅.
Neka su a ∈ O1 ∩ B1 i f ∈ G takvi da je b := f(a) ∈ O1 ∩ B2 i stavimo
g := s · [f, idX , . . . , idX ]. Jasno je da je f ∈ C(1) = G. Kako je g permutacija
i a 6= b (jer a ∈ B1, b ∈ B2 i B1 ∩ B2 = ∅) imamo da je g(a) 6= g(b). S
druge strane, g(a) = f(a) = b zbog a ∈ B1, a g(b) = idX(b) = b zbog b ∈ B2.
Kontradikcija.


Tvrdnja 2: d(s) ¹ 〈D1, . . . , Dk〉.
Dokaz: Pretpostavimo da d(s) 6¹ 〈D1, . . . , Dk〉. Tada (∃j ∈ k)(∀i ∈


n)Dj 6⊆ Bi. Recimo, D1 ⊆ B1 ∪ B2, ali D1 ∩ B1 6= ∅ i D1 ∩ B2 6= ∅.
Postoji p + q različitih orbita Oi1 , . . . , Oip i Oj1 , . . . , Ojq grupe G takvih da
je D1 ∩B1 = Oi1 ∪ . . . ∪Oip i D1 ∩B2 = Oj1 ∪ . . . ∪Ojq . Pokažimo da tada
G = GD1 · . . . ·GDk nije najfinija disjunktna faktorizacija grupe G.


Neka je H ′ := {s·[f, idX , . . . , idX ] : f ∈ GD1} i H ′′ := {s·[idX , f, idX , . . . ,


idX ] : f ∈ GD1}. Kako je D1∩B1 = Oi1∪ . . .∪Oip i D1∩B2 = Oj1∪ . . .∪Ojq


dobijamo da je H ′,H ′′ ∈ GPerm(X) kao i da je D′
1 := supp(H ′) = Oi1 ∪


. . . ∪ Oip i D′′
1 := supp(H ′′) = Oj1 ∪ . . . ∪ Ojq . Dalje, za f ∈ GD1 neka je


f ′ := s·[f, idX , . . . , idX ] i f ′′ := s·[idX , f, idX , . . . , idX ]. Jasno je da je f ′ ∈ H ′,
f ′′ ∈ H ′′ i f = f ′ · f ′′. Sada se lako proverava da je H ′ = GD′1 , H ′′ = GD′′1 i
da je G = GD′1 ·GD′′1 ·GD2 · . . . ·GDk . Prema tome, G = GD1 · . . . ·GDk nije
najfinija disjunktna faktorizacija grupe G. Kontradikcija. 2


4.30. Lema. Neka je s spliting takav da je d(s) ¹ 〈D1, . . . , Dk〉 i neka je
C := cCloX(G ∪ {s}). Tada je C(1) = G.


Dokaz. Kako je G ⊆ C(1) i C(1) = {val f : f ∈ C}, dovoljno je pokazati da
(∀f ∈ C) val f ∈ G. Dokaz izvodimo indukcijom.


• Ako je f ∈ cJX ∪{s} tada je val f = idX ∈ G. Ako je, medjutim, f ∈ G


onda je val f = f ∈ G.
• Neka je f = g · f1 za neko g ∈ G i neko f1 sa osobinom val f1 ∈ G.


Tada je val f = g · val f1 ∈ G.
• Neka je f = s·[f1, . . . , fn], gde je val fi ∈ G za sve i ∈ n. Neka je d(s) =


〈B1, . . . , Bn〉. Tada je val f = (val s · val f1)|B1 ⊕ . . . ⊕ (val s · val fn)|Bn =
(val f1)|B1⊕. . .⊕(val fn)|Bn zato što je val s = idX . Zbog d(s) ¹ 〈D1, . . . , Dk〉,
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za svako j ∈ n imamo Bj = Dαj,1 ∪ . . . ∪Dαj,pj
. Možemo pretpostaviti da


su svi indeksi α različiti zato što je Bj ∩B` = ∅ za sve j 6= `.
Kako je val fj ∈ G = GD1 · . . . · GDk , j ∈ n, za svako j ∈ n postoje


ϕ
(j)
1 ∈ GD1 , . . . , ϕ


(j)
k ∈ GDk takvi da je val fj = ϕ


(j)
1 · . . . · ϕ(j)


k , j ∈ n. Sada
je


(val fj)|Bj = (ϕ(j)
1 · . . . · ϕ(j)


k )|Dαj,1∪...∪Dαj,pj


= ϕ
(j)
αj,1 |Dαj,1


⊕ . . .⊕ ϕ
(j)
αj,pj


|Dαj,pj
.


Sumiranjem po j ∈ n dobijamo


val f =
⊕n


j=1 (val fj)|Bj


=
⊕n


j=1


(
ϕ


(j)
αj,1 |Dαj,1


⊕ . . .⊕ ϕ
(j)
αj,pj


|Dαj,pj


)


= ϕ
(γ1)
1 |D1 ⊕ . . .⊕ ϕ


(γk)
k |Dk


za pogodno odabrane γ1, . . . , γk. Zato što ϕ
(γj)
j ∈ GDj , j ∈ k i što je G =


GD1 · . . . ·GDk disjunktna faktorizacija grupe G napokon dobijamo da je


val f = ϕ
(γ1)
1 |D1 ⊕ . . .⊕ ϕ


(γk)
k |Dk


= ϕ
(γ1)
1 · . . . · ϕ(γk)


k ∈ GD1 · . . . ·GDk = G


2


4.31. Lema. Neka su s i t splitinzi takvi da je d(s) ¹ 〈D1, . . . , Dk〉 i
d(t) ¹ 〈D1, . . . , Dk〉, i neka je cCloX(G ∪ {t}) ⊆ cCloX(G ∪ {s}). Tada je
d(t) ¹ d(s).


Dokaz. Tvrdnja: Za svako h ∈ cCloX(G∪{s}) postoje g ∈ G i f ∈ cCloX{s}
takvi da je h = g · f .


Dokaz: Tvrdnja se lako dokazuje indukcijom, ako se ima u vidu sledeća
činjenica. Neka je p ∈ cCloX{s} i neka je d(p) = 〈E1, . . . , En〉. Tada d(p) ¹
d(s) ¹ 〈D1, . . . , Dk〉. Neka je, na primer, E1 = D1 ∪ D2. Dalje, uzmimo
proizvoljne fi ∈ cCloX{s} i gi ∈ G, i ∈ n, i uočimo h := p·[g1 · f1, . . . , gn · fn].
Kako je g1 ∈ G = GD1 · . . . · GDk postoje g


(1)
1 ∈ GD1 , . . . , g


(k)
1 ∈ GDk


takvi da je g1 = g
(1)
1 · . . . · g


(k)
1 . Faktorizacija je disjunktna, na osnovu


čega je (g(1)
1 · . . . · g(k)


1 )|D1∪D2 = (g(1)
1 · g(2)


1 )|D1∪D2 i (g(1)
1 · g(2)


1 )|X\(D1∪D2) =







94 Glava 4. Osobine mreže klonova ko-operacija kao uredjenog skupa


idX\(D1∪D2). Prema tome,


h = p · [g1 · f1, g2 · f2, . . . , gn · fn]


= p · [g(1)
1 · . . . · g(k)


1 · f1, g2 · f2, . . . , gn · fn]


= p · [g(1)
1 · g(2)


1 · f1, g2 · f2, . . . , gn · fn]


= g
(1)
1 · g(2)


1 · p · [f1, g2 · f2, . . . , gn · fn].


Sada je lako završiti dokaz. Kako t ∈ cCloX(G ∪ {s}), prema tvrdnji
postoje g ∈ G i f ∈ cCloX{s} takvi da je t = g · f . No, t i f su splitinzi pa
je idX = val t = val(g · f) = g · val f = g, tj. g = idX i zato t = f ∈ cCloX{s}.
Na osnovu Stava 4.15 zaključujemo d(t) ¹ d(s). 2


4.32. Stav. 〈Int(G),⊆〉 ∼= 〈Part(k),¹〉.


Dokaz. Neka je p = {A1, . . . , A`} particija skupa k i neka je sp spliting
takav da je d(sp) = 〈⋃j∈A1


Dj , . . . ,
⋃


j∈A`
Dj〉. (Ovaj spliting nije jed-


noznačan, ali možemo uzeti bilo koji sa navedenom osobinom.) Posma-
trajmo ϕ : Part(k) → Int(G) definisano sa ϕ(p) = cCloX(G ∪ {sp}). Lema
4.30 obezbedjuje da je ϕ dobro definisano. Leme 4.27 i 4.29 pokazuju da
je ϕ sirjektivno. Očigledno, p ¹ q ⇒ d(sp) ¹ d(sq) ⇒ ϕ(p) ⊆ ϕ(q) za
sve p,q ∈ Part(k). Konačno, Lema 4.31 nam omogućuje da zaključimo da
ϕ(p) ⊆ ϕ(q) ⇒ d(sp) ¹ d(sq) ⇒ p ¹ q. Dakle, ϕ je i injektivno. 2


4.4 Opis intervala [cO
(gl)
X , Uν−1]cLX


– Ka Uν−1-maksi-


malnim klonovima


4.33. Lema. Neka je C ∈ [cO(gl)
X , Uν−1]cLX


i G := C ∩ T
(p)
X . Tada je


(i) G ∈ GPerm(X), i


(ii) C = cO
(gl)
X ∪ cCloX G.


Dokaz. (i) G = C(1) ∩ T
(p)
X pa je G monoid. No, svaki monoid permutacija


na konačnom skupu je grupa permutacija. Stoga, G ∈ GPerm(X).
(ii) Inkluzija ⊇ je očevidna. Pokažimo ⊆. Neka je f ∈ C. Ako je f ∈ cJX


ili ako je f lepljenje, onda je f ∈ cO
(gl)
X . Pretpostavimo zato da f /∈ cJX i da


f nije lepljenje. Kako je f ∈ C ⊆ Uν−1 dobijamo da f zavisi od tačno jedne
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promenljive pa je val f ∈ T
(p)
X . S druge strane, val f ∈ C(1) = G. Kako f


zavisi od tačno jedne promenljive i kako je val f ∈ G dobijamo f ∈ cCloX G.
2


4.34. Lema. Neka su C1, C2 ∈ [cO(gl)
X , Uν−1]cLX


i neka je Gi := Ci ∩ T
(p)
X ,


i ∈ 2. Tada: C1 ⊆ C2 ⇐⇒ G1 ⊆ G2.


4.35. Lema. Neka je G ∈ GPerm(X) i C := cCloX(cO(gl)
X ∪G). Tada


(i) C = cO
(gl)
X ∪ cCloX G,


(ii) C ∩ T
(p)
X = G i C ∈ [cO(gl)


X , Uν−1]cLX
.


Dokaz. Jednostavan (indukcija). 2


4.36. Stav. [cO(gl)
X , Uν−1]cLX


∼= GPerm(X).


Dokaz. Posmatrajmo ϕ : [cO(gl)
X , Uν−1]cLX


→ GPerm(X) dato sa ϕ(C) =
C ∩ T


(p)
X . Lema 4.33 obezbedjuje da je ϕ dobro definisano. ϕ je sirjek-


cija na osnovu Leme 4.35, dok Lema 4.34 u stvari tvrdi da je ϕ injektivno
preslikavanje i da je C1 ⊆ C2 ⇐⇒ ϕ(C1) ⊆ ϕ(C2). 2


4.5 Nezavisni skupovi ko-operacija


4.37. Definicija. Kažemo da je F ⊆ cOX nezavisan ako F 6= ∅ i (∀f ∈
F )f /∈ cCloX(F \ {f}).
4.38. Napomena. Ako je F nezavisan skup ko-operacija i λ := |F | tada
se 〈P(F ),⊆〉 može potopiti u cLX kao uredjeni skup, na osnovu čega je
|cLX | ≥ 2λ.


Lako se vidi da je F nezavisan skup ko-operacija ako i samo ako za
svako f ∈ F postoji ko-relacija σ takva da je F \ {f} ⊆ cPolX{σ} i da
f /∈ cPolX{σ}.
4.39. Konstrukcija. Fiksirajmo strogo dobro uredjenje “<” skupa X i
neka je a0 := minX u odnosu na “<”. Neka je m ∈ N takav da je 2 ≤
m ≤ ν. Kažemo da je m-particija 〈A1, . . . , Am〉 skupa X striktna ako je
minA1 < . . . < minAm.


Za striktnu m-particiju p = 〈A1, . . . , Am〉 definǐsemo fp : X → Xtm


ovako: fp(x) = 〈j, a0〉 :⇐⇒ x ∈ Aj (videti Sl. 4.5). Neka je Fm := {fp : p je
striktna m-particija skupa X} ∪ {cb : b ∈ X \ {a0}}.







96 Glava 4. Osobine mreže klonova ko-operacija kao uredjenog skupa


A1


A2


...


Am


fp


1


-


q a0
: m


a0
: 2


a0
: 1


...


Slika 4.5: Ko-operacija fp


4.40. Lema. Neka su p i q striktne m-particije skupa X, m ∈ N. Ako je
p ¹ q onda je p = q.


4.41. Stav. Fm je nezavisan skup ko-operacija.


Dokaz. Za striktnu m-particiju p skupa X stavimo σp := {q∇ : q je slaba
m-particija skupa X i q 6= p}. Za b ∈ X \ {a0} stavimo σb := {〈{b}, X \
{b}〉∇, 〈∅, X〉∇}.


Pokažimo da je Fm \ {fp} ⊆ cPolX{σp}. Za b ∈ X \ {a0} je jasno da je
cb ∈ cPolX{σp}. Neka je sada q striktna m-particija skupa X različita od
p. Pokažimo da je fq ∈ cPolX{σp}. Neka je r1, . . . , rm ∈ σp. Jasno je da
je fq · [r1, . . . , rm] ¹ q∇ na osnovu čega je fq · [r1, . . . , rm] 6= p∇. Zato je
fq · [r1, . . . , rm] ∈ σp.


Dalje, pokažimo da fp /∈ cPolX{σp}. Neka je p = 〈A1, . . . , Am〉. Kako
je p striktna particija skupa X imamo da je a0 ∈ A1. Ako je A1 6= {a0}
stavimo B := {a0}. Ako je A1 = {a0} uzmimo proizvoljno b ∈ A2 i stavimo
B := {a0, b}. Očigledno B 6= A1. Uočimo ko-vektore


r1 := 〈B, X \B, ∅, . . . , ∅, ∅〉∇,


r2 := 〈∅, B, X \B, . . . , ∅, ∅〉∇,
...


rm−1 := 〈∅, ∅, ∅, . . . , B,X \B〉∇,


rm := 〈X \B, ∅, ∅, . . . , ∅, B〉∇.
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ν S(ν) 2S(ν)+ν−1


3 3 32
4 7 512
5 25 ≈ 5.37 · 109


6 90 ≈ 3.96 · 1028


7 350 [∼ 10107]
8 1701 [∼ 10514]
9 7770 [∼ 102341]


Tabela 4.1: Prvih nekoliko vrednosti izraza 2S(ν)+ν−1


Jasno je da je r1, . . . , rm ∈ σp, kao i da je fp · [r1, . . . , rm] = p∇ /∈ σp.
Odatle, fp /∈ cPolX{σp}.


Uzmimo sada proizvoljno b ∈ X \ {a0}. Jasno, cb /∈ cPolX{σb}. Takodje
je jasno da za svako d ∈ X \ {a0, b} i svaku striktnu m-particiju p imamo
cd, fp ∈ cPolX{σb}. 2


4.42. Posledica. Neka je X beskonačan skup. Tada je |cLX | = 22ν
.


Dokaz. Zato što je X beskonačan imamo da je |F2| = 2ν , pa je |cLX | ≥
22ν


(Napomena 4.38). S druge strane, cLX ⊆ P(cOX) implicira |cLX | ≤
2|cOX | = 22ν


. 2


4.43. Notacija. Neka su m,n prirodni brojevi i m ≤ n. Označimo sa Sm
n


Stirlingove brojeve druge vrste i neka je S(n) := max{Sm
n : 1 ≤ m ≤ n}.


4.44. Posledica. Neka je X konačan skup. Tada je |cLX | ≥ 2S(ν)+ν−1.


Dokaz. Zbog |Fm| = 2Sm
ν +ν−1 za svako m ∈ {2, . . . , ν} imamo da je |cLX | ≥


2Sm
ν +ν−1 za svako m ∈ {2, . . . , ν}. Odatle |cLX | ≥ 2S(ν)+ν−1. 2


4.45. Napomena. (i) Tabela 4.1 sadrži vrednosti izraza 2S(ν)+ν−1 za ν ∈
{3, 4, 5, 6, 7, 8, 9}. Vidimo da kardinalnost mreže cLX raste veoma brzo.
Primetimo, takodje, da je procena data Posledicom 4.44 prilično neprecizna:
za ν = 3 ona daje |cLX | ≥ 32, dok je, s druge strane,


∣∣∣cL{0,1,2}
∣∣∣ = 3551


(videti Glavu 7).
(ii) Prilično neprecizna gornja granica kardinalnosti skupa cLX se može


dobiti na osnovu toga što je svaki klon ko-operacija C jednoznačno odredjen
sa C(ν) \ cJX . Kako je


∣∣∣cO(ν)
X \ cJX


∣∣∣ = ν2ν − ν, imamo da je |cLX | ≤ 2ν2ν−ν .
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Nešto bolja procena se dobija ako se u obzir uzmu samo one ko-operacije
koje zavise od svake svoje promenljve. Tada je |cLX | ≤ 2N , gde je


N := −ν + νν ·
ν∑


k=1


∑
p1+...+pk=ν


1≤p1≤...≤pk


(
ν


p1, . . . , pk


)
.


4.6 Filter [cPolX{Σ}〉cLX
– Gornja granica za h(cLX)


4.46. Notacija i uvodne napomene. Podsetimo se da je sa RT(X)
označen skup svih refleksivnih i tranzitivnih binarnih relacija na X, kao
i toga da je ∆X := {〈x, x〉 : x ∈ X}, a ∇X := X ×X.


Neka je X = ν i s := spl(1, . . . , ν). Neka je Λ := {λa 7→b : a, b ∈ X i a 6=
b}. Dalje, neka Σ ko-relacija uvedena u Lemi 2.11. Na osnovu ranijih razma-
tranja znamo da je cCloX{s} = cPolX{Σ}, što ćemo u nastavku koristiti bez
posebnog naglašavanja. Podsetimo se, takodje, da iz C ∈ [cPolX{Σ}〉cLX


sledi s ∈ C.


Cilj ovog odeljka je da se pokaže da je glavni filter [cPolX{Σ}〉cLX
izomorfan


mreži 〈RT(X),⊆〉. Na osnovu toga ćemo biti u stanju da izvedemo jednu
gornju granicu za visinu mreže cLX .


4.47. Lema. Neka su C1, C2 ∈ [cPolX{Σ}〉cLX
. Tada: C1 = C2 ako i samo


ako je C1 ∩ Λ = C2 ∩ Λ.


Dokaz. ⇒: Jasno.
⇐: Dovoljno je pokazati da je C1 ⊆ C2. Neka je f ∈ C1, n := ar(f), i


neka je


f =


(
1 2 . . . ν


〈p1, a1〉 〈p2, a2〉 . . . 〈pν , aν〉


)
.


Primetimo da je λj 7→aj = s · [idX , . . . , idX , val f
6j


, idX , . . . , idX ] ∈ C1 za svako


j ∈ ν. Kako C1 ∩ Λ = C2 ∩ Λ dobijamo da je λj 7→aj ∈ C2 za sve j ∈ ν.
Prema tome, f = s · [λ17→a1 · ιnp1


, . . . , λν 7→aν · ιnpν
] ∈ C2. 2


4.48. Definicija. Neka je S ⊆ Λ. Označimo sa %S sledeću binarnu relaciju
na X:


%S := ∆X ∪ {〈a, b〉 ∈ X2 : λa 7→b ∈ S}.
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4.49. Lema. Neka je C ∈ [cPolX{Σ}〉cLX
. Tada je %C∩Λ ∈ RT(X).


Dokaz. Neka su a, b, c ∈ X takvi da je a 6= b 6= c 6= a, 〈a, b〉 ∈ %C∩Λ i
〈b, c〉 ∈ %C∩Λ. Tada je λa 7→b, λb7→c ∈ C. No,


λa 7→c = s · [idX , . . . , idX , λa7→b · λb7→c


6a


, idX , . . . , idX ] ∈ C ∩ Λ,


na osnovu čega je 〈a, c〉 ∈ %C∩Λ. 2


4.50. Lema. Neka je % ∈ RT(X) i C = cCloX({s} ∪ {λa 7→b ∈ Λ : 〈a, b〉 ∈
% \∆X}). Tada za svaku ko-operaciju f ∈ cOX važi: f ∈ C ako i samo ako
(∀a, b ∈ X)(val f(a) = b ⇒ 〈a, b〉 ∈ %).


Dokaz. ⇒: Dokaz provodimo indukcijom.
• Ako je f ∈ cJX ∪{s}∪{λa 7→b ∈ Λ : 〈a, b〉 ∈ %\∆X} tvrdjenje trivijalno


važi.
• Neka je f = s · [g1, . . . , gν ] gde g1, . . . , gν zadovoljavaju induktivnu


pretpostavku. Neka su a, b ∈ X takvi da je val f(a) = b. Tada je b =
val f(a) = val ga(a). Kako ga zadovoljava induktivnu pretpostavku, dobijamo
〈a, b〉 ∈ %.


• Neka je f = λp7→q · g, gde induktivna pretpostavka važi za g, i uzmimo
a, b ∈ X tako da je val f(a) = b.


Slučaj 1: a = p. Tada je b = val f(p) = (val g)(λp7→q(p)) = val g(q), pa je
〈q, b〉 ∈ %. Kako je % tranzitivna i 〈p, q〉 ∈ %, dobijamo 〈p, b〉 = 〈a, b〉 ∈ %.


Slučaj 2: a 6= p. Tada je λp7→q(a) = a i b = val g(a), na osnovu čega je
〈a, b〉 ∈ %.


⇐: Neka je f ko-operacija koja zadovoljava desnu stranu uslova i neka
je n := ar(f). Pretpostavimo još i da je


f =


(
1 2 . . . ν


〈p1, a1〉 〈p2, a2〉 . . . 〈pν , aν〉


)
.


Tada je 〈j, aj〉 ∈ % za svako j ∈ ν, na osnovu čega je λj 7→aj ∈ C za svako
j ∈ ν. Odaberimo unarne ko-operacije ϕk, k ∈ ν, na sledeći način:


ϕk :=


{
idX , val f(k) = k


λk 7→ak
, ak := val f(k) 6= k.


Lako se proverava da je f = s · [ϕ1 · ιnp1
, . . . , ϕν · ιnpν


] ∈ C. 2
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cJX


U1


U2


Uν−1


cOX


cPolX{Σ}?


∼= Mon(X) ∼= Part(X)


∼= RT(X)


Slika 4.6: “Ivica” mreže cLX


4.51. Posledica. Neka je C ∈ [cPolX{Σ}〉cLX
. Tada je C = cCloX({s} ∪


{λa 7→b ∈ Λ : 〈a, b〉 ∈ %C∩Λ \∆X}).


4.52. Stav. [cPolX{Σ}〉cLX
∼= 〈RT(X),⊆〉.


Dokaz. Pokažimo da je preslikavanje ϕ : cPolX{Σ} → RT(X) dato sa ϕ(C) =
%C∩Λ traženi izomorfizam.


Preslikavanje ϕ je dobro definisano na osnovu Leme 4.49, a Lema 4.47 za
posledicu ima da je ϕ injektivno. Pokažimo još da je ϕ sirjektivno. Neka je
% ∈ RT(X) i C = cCloX({s} ∪ {λa 7→b ∈ Λ : 〈a, b〉 ∈ % \∆X}). Jasno je da je
C ∈ cPolX{Σ} kao i to da je ϕ(C) ⊇ %. Pokažimo da je i ϕ(C) ⊆ %. Neka je
〈a, b〉 ∈ ϕ(C) \∆X . Tada je λa 7→b ∈ C ∩Λ. Kako je λa 7→b(a) = b i λa 7→b ∈ C,
na osnovu Leme 4.50 zaključujemo 〈a, b〉 ∈ %.


Iz C1 ⊆ C2 očigledno sledi ϕ(C1) ⊆ ϕ(C2) za sve C1, C2 ∈ cPolX{Σ}.
Pokažimo obrnutu implikaciju. Neka su C1, C2 ∈ cPolX{Σ} takvi da je
ϕ(C1) ⊆ ϕ(C2). Tada je %C1∩Λ ⊆ %C2∩Λ tj.


cCloX({s} ∪ {λa7→b ∈ Λ : 〈a, b〉 ∈ %C1∩Λ \∆X}) ⊆
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⊆ cCloX({s} ∪ {λa 7→b ∈ Λ : 〈a, b〉 ∈ %C2∩Λ \∆X}).
Prema Posledici 4.51 je C1 ⊆ C2, što je i trebalo pokazati. 2


4.53. Napomena. Ovaj stav zajedno sa ranije pokazanim tvrdnjama o
strukturi 〈cCloX(TX)] = 〈U1], [cCloX(TX)〉 = [U1〉 i 〈cPolX{Σ}] nam daje
potpuni opis “ivice” mreže cLX , Sl. 4.6.


4.54. Posledica. h(cLX) ≤ 3ν − 2.


Dokaz. Jasno je da je h(cLX) ≤ h(〈cPolX{Σ}]cLX
) + h([cPolX{Σ}〉cLX


) −
1 = h(〈Part(X),⊆〉) + h(〈RT(X),⊆〉) − 1 zato što je 〈cPolX{Σ}]cLX


∼=
〈Part(X),⊆〉 i [cPolX{Σ}〉cLX


∼= 〈RT(X),⊆〉. Poznato je da je h(〈Part(X),⊆
〉) = ν. Da bismo se uverili da je h(〈RT(X),⊆〉) ≤ 2ν − 1, dovoljno je uočiti
sledeći niz relacija:


∆X <· %2 <· %2 <· . . . <· %ν <· %ν = ∇X


gde je


%j := ∆X ∪ {〈a, b〉 ∈ ν2 : 1 ≤ a, b < j} ∪ {〈a, j〉 ∈ ν2 : a < j}, i
%j := ∆X ∪ {〈a, b〉 ∈ ν2 : 1 ≤ a, b ≤ j}


za j ∈ {2, . . . , ν}. Prema tome, h(cLX) ≤ ν + (2ν − 1)− 1. 2


4.55. Napomena. U slučaju ν = 3 ova gornja granica se dostiže (videti
Glavu 7).
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Glava 5


Maksimalni klonovi


ko-operacija konačnog skupa


Ispitivanja u vezi sa maksimalnim klonovima igraju bitnu ulogu u teoriji
klonova. Svi maksimalni klonovi ko-operacija konačnog skupa su opisani
u [Szék 89] kao skupovi ko-operacija koje slabo čuvaju regularne familije.
Eksplicitan opis maksimalnih klonova ko-operacija je omogućio “eksplici-
tnu” formulaciju Postovog kriterijuma kompletnosti za skupove ko-operacija
[Szék 89].


U ovoj glavi prvo dajemo interpretaciju rezultata iz [Szék 89] u terminima
ko-relacija. Potom pokazujemo da maksimalni klonovi ko-operacija nemaju
Shefferovu ko-operaciju. U nastojanju da pružimo neke informacije u vezi
sa submaksimalnim klonovima, dajemo opis Uν−1-maksimalnih klonova i
razmatramo preseke nekih parova maksimalnih klonova.


Kao primenu tehnika razvijenih pri radu sa maksimalnim klonovima ko-
operacija, pokazujemo da se mreža cLB1× . . .× cLBk


može potopiti u mrežu
cLX ako je B1, . . . , Bk particija skupa X. Nakon toga pokazujemo da je
mreža cLX komplementirana, a na samom kraju razmatramo kolapsirajuće
klonove ko-operacija.


Konvencija. U ovoj glavi X je konačan skup.


5.1. Definicija. Neka je C klon ko-operacija. C je maksimalan klon ko-
operacija ako C <· cOX u mreži cLX . C je submaksimalan klon ko-operacija
ako postoji maksimalan klon ko-operacija D takav da C <· D u mreži cLX .
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Ako su C i D klonovi ko-operacija i ako C <· D, za klon C kažemo da je
D-maksimalan.


5.1 Opis maksimalnih klonova ko-operacija ko-relacijama


U ovom odeljku dajemo interpretaciju opisa maksimalnih klonova ko-opera-
cija Z. Székelya u terminima ko-relacija.


5.2. Napomena. U [Csá 85] se javlja sledeći analogon kriterijuma kom-
pletnosti SÃlupeckog za ko-operacije:


Ako je C klon ko-operacija koji sadrži sve unarne ko-operacije i
jednu esencijalnu ko-operaciju, onda je C = cOX .


Podsetimo se da je sa Uν−1 označen klon ko-operacija koji sadrži sve unarne
i sve ne-esencijalne ko-operacije. Kao direktnu posledicu kriterijuma SÃlupe-
ckog dobijamo


Uν−1 je maksimalan klon ko-operacija. Štavǐse, to je jedini mak-
simalan klon ko-operacija koji sadrži sve unarne ko-operacije.


Napomenimo još i to da je Uν−1 tačno klon ko-operacija koje slabo čuvaju
regularnu familiju M = {X}.
5.3. Definicija. Za A ⊆ X neka je A{1} := {{a} : a ∈ A}. Ako je A
regularna familija, označimo sa Max(A) maksimalan klon ko-operacija koji
je odredjen sa A. Na primer, Uν−1 := Max({X}).


Svakoj regularnoj familiji M ćemo dodeliti ko-relaciju σM tako da je
Max(M) = cPolX{σM}. Pokazaćemo da σM predstavlja najbolji mogući
izbor, bar kada se radi o arnosti.


5.4. Definicija. Neka je M regularna familija ranga t i neka je M :=
⋃M.


Za t = 1 stavimo


σM := {〈A,X \A〉∇ : A ∩M = ∅}.
Za t ≥ 2 stavimo


σM :=
{
〈A1, . . . , At〉∇ : 〈A1, . . . , At〉 je slaba particija skupa X i


(∀S ∈M)(∃i ∈ t)Ai ∩ S = ∅
}
.
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5.5. Napomena. Neka je M regularna familija ranga t ≥ 2 i neka je
〈A1, . . . , At〉∇ ∈ σM. Primetimo da je tvrdnja (∀S ∈ M)(∃i ∈ t)Ai ∩ S = ∅
ekvivalentna sa (∀S ∈ M)(∃i ∈ t) |Ai ∩ S| ≥ 2 zato što je |S| = t za sve
S ∈M i što je 〈A1, . . . , At〉 slaba particija skupa X.


5.6. Stav. Neka je M regularna familija ranga 1. Tada je Max(M) =
cPolX{σM}.


Dokaz. Neka je M :=
⋃M i f ∈ cO


(n)
X .


⊆: Pretpostavimo da f slabo čuva M. Kako je r(M) = 1, f ne može da
lepi ni na jednom S ∈M, pa je (∀i ∈ n)(f i)+(M) ⊆ M . Odavde je


A ∩M = ∅ ⇒ (f i)−(A) ∩M = ∅ (∗)


za sve A ⊆ X i i ∈ n. Neka je r1, . . . , rn ∈ σM i rj = 〈Aj , X \ Aj〉∇, j ∈ n.
Dalje, neka je s := f · [r1, . . . , rn] i pretpostavimo da je s = 〈B,X \ B〉∇.
Kako je B =


⋃n
j=1(f


j)−(Aj), kako Aj ∩ M = ∅ za sve j i kako važi (∗),
dobijamo da je B ∩M = ∅, na osnovu čega je s ∈ σM.


⊇: Pretpostavimo da nije tačno da f slabo čuva M. Tada postoji {a} ∈
M takvo da {b} /∈M, gde je b := val f(a). Bez umanjenja opštosti možemo
pretpostaviti da je a ∈ dom(f1). Neka je r1 = 〈{b}, X \ {b}〉∇ (jasno:
r1 ∈ σM) i neka su r2, . . . , rn ∈ σM proizvoljni. Neka je još f · [r1, . . . , rn] =
〈B, X \B〉∇. Tada je B ∩M ⊇ {a}, pa f · [r1, . . . , rn] /∈ σM. 2


Za dokaz u slučaju regularnih familija ranga ≥ 2 će nam trebati sledeća
tehnička lema.


5.7. Lema. Neka je M regularna familija ranga t ≥ 2, neka je T ⊆ X


takav da je T /∈ M i 1 ≤ |T | ≤ t, i neka je G ⊆ t takav da je |G| = |T |.
Tada postoji ko-vektor 〈A1, . . . , At〉∇ ∈ σM takav da je


(∀j ∈ t)(Aj ∩ T 6= ∅ ⇐⇒ j ∈ G). (∗)


(Primetimo da (∗) u stvari znači sledeće: j ∈ G ⇒ |Aj ∩ T | = 1 i j /∈ G ⇒
Aj ∩ T = ∅.)


Dokaz. Neka je T = {a1, . . . , am}, G = {j1, . . . , jm}, M = {S1, . . . , Sk} i
M =


⋃M. Neka je, dalje, t \ G = {jm+1, . . . , jt} (tako da je 〈j1, . . . , jt〉
permutacija skupa t).
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Slučaj 1: T ∩M = ∅. Stavimo


Aj1 := {a1} ∪ (X \ T ),
Aji := {ai}, za i ∈ {2, . . . ,m}, i
Aji := ∅, za i ∈ {m + 1, . . . , t}.


Za svako S ∈M je S ⊆ A1, odakle je 〈A1, . . . , At〉∇ ∈ σM jer je r(M) ≥ 2.
Slučaj 2: T∩M 6= ∅. Pretpostavimo da S1, . . . , Sq imaju neprazan presek


sa T , a da su Sq+1, . . . , Sk disjunktni sa T . Neka je


S1 := {a1, . . . , a`1 , s
1
`1+1, . . . , s


1
t }


S2 := {a`1+1, . . . , a`2 , s
2
`2+1, . . . , s


2
t }


...
Sq := {a`q−1+1, . . . , a`q , s


q
`q+1, . . . , s


q
t}


i neka je T \ (S1∪ . . .∪Sq) = {a`q+1, . . . , am}. Kako T /∈M i |T | ≤ t imamo
da je Sj \ T 6= ∅ za sve j ∈ {1, . . . , k}. Dakle, `1 < t, `2 − `1 < t, . . .,
`q − `q−1 < t. Dalje, neka je


Aj1 := {a1}∪ (X \ (T ∪S1 ∪ . . .∪Sq))
Aj2 := {a2}


...
Aj`1−1


:= {a`1−1}
Aj`1


:= {a`1 , s
1
`1+1, . . . , s


1
t }







S1


Aj`1+1
:= {a`1+1}
...


Aj`2−1
:= {a`2−1}


Aj`2
:= {a`2 , s


2
`2+1, . . . , s


2
t }







S2


...


Aj`q−1+1
:= {a`q−1+1}
...


Aj`q−1
:= {a`q−1}


Aj`q
:= {a`q , s


q
`q+1, . . . , s


q
t}







Sq
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Aj`q+1
:= {a`q+1}
...


Ajm := {am}







T \
q⋃


i=1


Si


i neka je


Ajm+1 := ∅
...


Ajt := ∅


Lako se proverava da je 〈A1, . . . , At〉∇ ∈ σM, kao i da važi (∗). 2


5.8. Stav. Neka je M regularna familija ranga t ≥ 2. Tada je Max(M) =
cPolX{σM}.


Dokaz. Uočimo proizvoljno f ∈ cO
(n)
X .


⊇: Pretpostavimo da nije tačno da f slabo čuva M. Tada postoji S ∈M
takvo da f ne lepi na S i


(∀i ∈ n)(S ⊆ dom(f i) ⇒ (f i)+(S) /∈M).


Slučaj 1: (∀i ∈ n)S 6⊆ dom(f i). Neka je S ⊆ dom(f1) ∪ . . . ∪ dom(f q)
i pretpostavimo da S seče svaki od njih. Neka je Tj := (f j)+(S), j ∈ q,
i mj := |Tj |. Kako f ne lepi na S mora biti m1 + . . . + mq = |S| = t.
Jasno je da Tj /∈ M, kao i da je 1 ≤ |Tj | < t za sve j. Neka je r1 ∈ σM
ko-vektor čiju egzistenciju garantuje Lema 5.7 za T1 i G1 := {1, . . . , m1},
neka je r2 ∈ σM ko-vektor čiju egzistenciju garantuje ista lema za T2 i
G2 := {m1+1, . . . , m1+m2}, . . . , neka je rq ∈ σM ko-vektor čiju egzistenciju
garantuje Lema 5.7 za Tq i Gq := {m1 + . . . + mq−1 + 1, . . . , m1 . . . + mq︸ ︷︷ ︸


=t


}.


Dalje, neka je rq+1, . . . , rn ∈ σM, s = f · [r1, . . . , rn] i s = 〈B1, . . . , Bt〉∇.
Konstrukcija ko-vektorā r1, . . . , rq uz činjenicu da f ne lepi na S obezbedjuje
da (∀i ∈ n) |Bi ∩ S| = 1, na osnovu čega s /∈ σM. Prema tome, f ne ko-čuva
σM.


Slučaj 2: S ⊆ dom(f1). Jasno je da (f1)+(S) /∈ M. Neka je r1 ∈ σM
ko-vektor čiju egzistenciju garantuje Lema 5.7 za T := (f1)+(S) i G := t.







108 Glava 5. Maksimalni klonovi ko-operacija konačnog skupa


Neka je r2, . . . , rn ∈ σM, s = f · [r1, . . . , rn] i s = 〈B1, . . . , Bt〉∇. Ponovo
(∀i ∈ n) |Bi ∩ S| = 1, pa s /∈ σM. Dakle, f ne ko-čuva σM.


⊆: Pretpostavimo da f slabo čuva M. Neka je r1, . . . , rn ∈ σM i s =
f · [r1, . . . , rq]. Neka je još ri = 〈Ai


1, . . . , A
i
t〉∇ i s = 〈B1, . . . , Bt〉∇, i uočimo


proizvoljno S ∈ M. Ako f lepi na S tada je |Bj ∩ S| ≥ 2 za neko j na
osnovu čega je s ∈ σM.


Pretpostavimo da f ne lepi na S. Tada je S ⊆ dom(fk) za neko k i pri
tome je S′ := (fk)+(S) ∈ M. Kako rk ∈ σM, postoji j ∈ t takvo da je∣∣∣Ak


j ∩ S′
∣∣∣ ≥ 2. S druge strane, Bj =


⋃n
`=1(f


`)−(A`
j) ⊇ (fk)−(Ak


j ). Dakle,∣∣∣(fk)−(Ak
j ) ∩ S


∣∣∣ ≥ 2, na osnovu čega je |Bj ∩ S| ≥ 2. Ovim je pokazano da
je s ∈ σM. 2


Regularne familije ranga 1 i 2 su opisane ko-relacijama arnosti 2. Bolje od
toga se ne može postići zato što je jedina ko-relacija arnosti 1 zapravo dija-
gonala. Pokažimo i da su regularne familije ranga ≥ 3 opisane ko-relacijama
najmanje moguće arnosti.


5.9. Stav. Neka je M regularna familija ranga t ≥ 3 i neka je θ ∈
cInvX Max(M). Ako je ar(θ) < t onda θ ∈ cDX .


Dokaz. Neka je θ ∈ cInvX Max(M) i ar(θ) < t. Bez umanjenja opštosti
možemo pretpostaviti da θ nema fiktivnih koordinata. Neka je h := ar(θ) <


t. Pokažimo da je θ = δh
{1,2,...,h}.


Kako θ nema fiktivnih koordinata, postoje r1, . . . , rh ∈ θ takvi da je
(ri)−1(i) 6= ∅, i ∈ h. Odaberimo proizvoljne ai ∈ (ri)−1(i), i ∈ h. Neka
je 〈B1, . . . , Bh〉 proizvoljna slaba particija skupa X i razmotrimo f ∈ cO


(h)
X


definisano sa f(x) = 〈j, aj〉 :⇐⇒ x ∈ Bj . Kako je h < t, dobijamo da
f lepi na svakom S ∈ M, pa je f ∈ Max(M). Zato f ko-čuva θ, pa je
〈B1, . . . , Bh〉∇ = f · [r1, . . . , rh] ∈ θ. 2


5.10. Broj maksimalnih klonova ko-operacija. Neka je µt(ν) broj re-
gularnih familija ranga t na skupu sa ν ≥ 2 elemenata. Broj maksimalnih
klonova ko-operacija ν-elementnog skupa je tada


µ1(ν) + . . . + µν(ν),
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gde je


µt(ν) =







2ν − 2, t = 1


b ν
t c∑


j=1


ν!
(t!)j · j! · (ν − jt)!


, 1 < t ≤ bν
2c


(
ν


t


)
, t > bν


2c.


5.2 Maksimalni klonovi i Shefferove ko-operacije


Pokazaćemo da nijedan maksimalan klon ko-operacija nema Shefferovu ko-
operaciju. Podsetimo se da je ko-operacija f Shefferova ko-operacija klona
ko-operacija C ako je C = cCloX{f}.


Dokaz sledeće tri leme je pravolinijski.


5.11. Lema. Neka je f ∈ cOX i neka su a, b ∈ X takvi da je a 6= b i
f(a) = f(b). Tada za svako g ∈ cCloX{f}, ili g ∈ cJX ili g(a) = g(b).


5.12. Lema. Neka je A regularna familija ranga 1, A :=
⋃A i b ∈ X \ A.


Dalje, neka je f ∈ Max(A) takvo da je val f(b) ∈ A. Tada za svako g ∈
cCloX{f}, ili g ∈ cJX ili val g(b) ∈ A.


5.13. Lema. Neka je A regularna familija ranga ≥ 2, i neka je f ∈ Max(A)
ko-operacija koja ne lepi ni na jednom A ∈ A. Tada za svako g ∈ cCloX{f},
g ne lepi ni na jednom A ∈ A.


U nastavku dokazujemo još tri tehničke leme. Glavni stav je tada direktna
posledica svega navedenog.


5.14. Lema. Neka je A regularna familija takva da je 2 ≤ r(A) < ν, i neka
je f ∈ Max(A). Tada je cCloX{f} ⊂ Max(A).


Dokaz. Neka jeA = {A1, . . . , Ak}, T := X\⋃k
i=1 Ai i g := spl(A1, . . . , Ak, T ).


Dalje, neka je a ∈ X proizvoljan. Jasno je da ca, g ∈ Max(A).
Ako f lepi na nekom A ∈ A tada Lema 5.11 daje da g /∈ cCloX{f}, pa je


cCloX{f} ⊂ Max(A). Ako f ne lepi ni na jednom A ∈ A tada, prema Lemi
5.13, imamo ca /∈ cCloX{f} i opet je cCloX{f} ⊂ Max(A). 2
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5.15. Lema. Neka je A := {X} i f ∈ Max(A). Tada je cCloX{f} ⊂
Max(A).


Dokaz. Neka je g ∈ cO
(2)
X proizvoljno binarno lepljenje koje zavisi od obe


promenljive i neka je h ∈ T
(p)
X \ {idX} proizvoljna netrivijalna permutacija.


Ako je f lepljenje, na osnovu Leme 5.11 je h /∈ cCloX{f}, pa je cCloX{f}
⊂ Max(A). Ako je f nije lepljenje, onda zavisi od tačno jedne promenljive
(zbog f ∈ Max(A)). Tada g ∈ Max(A) \ cCloX{f} i ponovo cCloX{f} ⊂
Max(A). 2


5.16. Lema. Neka je A regularna familija ranga 1 i f ∈ Max(A). Tada je
cCloX{f} ⊂ Max(A).


Dokaz. Neka je A = {{a1}, . . . , {ak}}, A :=
⋃A, B := X \ A = {b1, . . . , b`}


i g := spl(a1, . . . , ak, b1, . . . , b`). Jasno je da je ca1 , g ∈ Max(A).
Ako je val f(bj) ∈ A za neko j ∈ ` tada Lema 5.12 garantuje g /∈


cCloX{f}, pa je cCloX{f} ⊂ Max(A). Ako val f(bj) /∈ A za sve j ∈ `


tada je f ∈ Max(B{1}) tj. cCloX{f} ⊆ Max(B{1}). Dakle, ca1 /∈ cCloX{f},
na osnovu čega cCloX{f} ⊂ Max(A). 2


5.17. Stav. Nijedan maksimalan klon ko-operacija nema Shefferovu ko-
operaciju.


Dokaz. Ako je f ∈ Max(A) Shefferova ko-operacija za Max(A) onda je
cCloX{f} = Max(A) za neko f ∈ Max(A), što je u suprotnosti sa tvrdjenjima
Lema 5.14–5.16. 2


5.3 Uν−1-maksimalni klonovi


O ovom odeljku ćemo dati opis klonova koji su pokriveni klonom Uν−1.


5.18. Stav. Neka je C klon ko-operacija. C <· Uν−1 ako i samo ako C =
Uν−2 ili postoji grupa permutacija G ∈ GPerm(X) takva da je C = cO


(gl)
X ∪


cCloX G i da G <· T(p)
X .


Dokaz. ⇐: Posledica Stavova 4.24 i 4.36.
⇒: Pretpostavimo da C <· Uν−1.
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Slučaj 1: T
(p)
X ⊆ C. Kako C ⊂ Uν−1 za sve f ∈ C imamo: ako f


esencijalno zavisi od bar dve promenljive onda je r(f) ≤ ν − 1. Zbog C 6=
Uν−1, Lema 4.25 obezbedjuje da za svako f ∈ C važi: ako f esencijalno
zavisi od bar dve promenljive, onda je r(f) ≤ ν − 2. Zato je C ⊆ Uν−2. S
druge strane, C <· Uν−1 i Uν−2 <· Uν−1, pa mora biti C = Uν−2.


Slučaj 2: T
(p)
X 6⊆ C. Pokažimo da je cO


(gl)
X ⊆ C. Tada će na osnovu Leme


4.36 postojati G ∈ GPerm(X) koja ima navedene osobine.
Neka cO


(gl)
X 6⊆ C. Neka je f ∈ cO


(gl)
X \ C, g ∈ T


(p)
X \ C, i D := cO


(gl)
X ∪ C.


Lako se pokazuje da je D klon ko-operacija (jer je C \ cO
(gl)
X ⊆ T


(p)
X ). Sada


g ∈ Uν−1 \ D i f ∈ D \ C daju da je C < D < Uν−1, tj. C ¿ Uν−1.
Kontradikcija. 2


5.19. Napomena. Potpuna karakterizacija Uν−1-maksimalnih klonova ko-
operacija zavisi od karakterizacije maksimalnih podgrupa simetrične grupe
(videti [Lie-P-S 87] i [Dix-M 96, Section 8.5]).


5.4 O presecima nekih parova maksimalnih klono-


va


Cilj ovog odeljka je ispitivanje klonova oblika Max(A) ∩Max(B) gde su A i
B regularne familije takve da je ili A ⊂ B ili (


⋃A)∩ (
⋃B) = ∅. Pokazaće se


da se u nekim slučajevima dobija submaksimalan klon, mada ne uvek.


5.20. Definicija. Neka su A i B regularne familije. Tada sa


Max(A|B) := {f ∈ Max(A) :(∀B ∈ B)(f lepi na B


∨ (∃i ∈ ar(f))(B ⊆ dom(f i) ∧ (f i)+(B) ∈ B)
∨ (∃i ∈ ar(f))(∃A ∈ A) (f i)+(B) ⊇ A)}


označavamo klon ko-operacija koji slabo čuva familiju B u odnosu na familiju
A.


5.21. Lema. Neka su A i B regularne familije.


(i) Max(A|B) ⊆ Max(A).
(ii) Ako je A ⊂ B onda je Max(A|B) = Max(A) ∩Max(B).
(iii) Ako je (


⋃A)∩ (
⋃B) = ∅ i r(A) > r(B) onda je Max(A|B) = Max(A)∩


Max(B).
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(iv) Ako je (
⋃A)∩ (


⋃B) = ∅ i r(A) ≤ r(B) onda je Max(A|B) ⊃ Max(A)∩
Max(B).


5.22. Definicija. Neka su A i B regularne familije takve da je (
⋃A) ∩


(
⋃B) = ∅. Kažemo da je par 〈A,B〉 singularan ako je r(A) = r(B) = 1 i
A ∪ B = X{1}. U ostalim slučajevima kažemo da je par 〈A,B〉 regularan.


Pojam interpolacije koga ćemo uvesti za trenutak, kao i jednostavna lema
koja sledi, pokazaće se kao veoma korisan alat pri ispitivanjima ovog prilično
napornog odeljka.


5.23. Definicija. Neka su C i D klonovi ko-operacija skupa X i neka je
p = 〈B1, . . . , Bn〉 slaba particija skupa X. Kažemo da klon C p-aproksimira
klon D ako


(∀g ∈ D)(∀i ∈ n)(∃f ∈ C)g|Bi = f |Bi .


(Primetimo da je f |∅ = ∅.) Ako je s spliting, kažemo da klon C s-aproksimira
klon D kada C d(s)-aproksimira D.


5.24. Lema. Neka su C i D klonovi ko-operacija skupa X i neka je p slaba
particija skupa X. Pretpostavimo da klon C p-aproksimira klon D i da je
spl(p) ∈ C. Tada je D ⊆ C.


Dokaz. Neka je p = 〈B1, . . . , Bn〉 i g ∈ D. Postoje f1, . . . , fn ∈ C takve da je
g|Bi = fi|Bi , i ∈ n. Primetimo da je ar(f1) = . . . = ar(fn) = ar(g) na osnovu
definicije restrikcije ko-operacije. Sada je g = spl(p) · [f1, . . . , fn] ∈ D. 2


5.25. Stav. Neka je 〈A,B〉 singularan par regularnih familija na X. Tada:


(i) Max(A|B) = Max(A).
(ii) Max(A) ∩Max(B) <· Max(A)


Max(A) ∩Max(B) <· Max(B).


Dokaz. (i) Znamo da je Max(A|B) ⊆ Max(A), pa je dovoljno pokazati obr-
nutu inkluziju. Neka je f ∈ Max(A), {b} ∈ B i val f(b) = c. Kako je
A ∪ B = X{1} imamo da je {c} ∈ A ili {c} ∈ B. Ako je {c} ∈ A onda je


(∃i ∈ ar(f))(∃A ∈ A) (f i)+(B) ⊇ A.
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Ako je {c} ∈ B onda je


(∃i ∈ ar(f))(B ⊆ dom(f i) ∧ (f i)+(B) ∈ B).


Stoga, f ∈ Max(A|B).
(ii) Pokažimo da Max(A) ∩Max(B) <· Max(A). Neka je {a} ∈ A. Tada


je ca ∈ Max(A) i ca /∈ Max(A)∩Max(B), pa je Max(A)∩Max(B) ⊂ Max(A).
Neka je C klon ko-operacija takav da je Max(A)∩Max(B) ⊂ C ⊆ Max(A).


Neka je f ′ ∈ C \ (Max(A) ∩ Max(B)) i f := val f ′. Jasno je da je f ∈
C \ (Max(A) ∩Max(B)). Prema tome, f /∈ Max(B) tj. postoji {b} ∈ B takvo
da {f(b)} /∈ B. Kako je A ∪ B = X{1}, dobijamo {f(b)} ∈ A.


Neka je A = {{a1}, . . . , {ap}}, B = {{b1}, . . . , {bq}} i f(b1) = a1. Dalje,
neka je


s = spl(a1, . . . , ap, b1, . . . , bq).


Prema Lemi 5.24 dovoljno je pokazati da je s ∈ C i da C s-aproksimira
Max(A). Trivijalno, s ∈ Max(A)∩Max(B) ⊂ C, pa pokažimo drugu tvrdnju.
Neka je g ∈ Max(A), n := ar(g) i


g =


(
a1 . . . ap b1 . . . bq


〈k1, ai1〉 . . . 〈kp, aip〉 〈`1, x1〉 . . . 〈`q, xq〉


)


za neke ai1 , . . . , aip ∈ {a1, . . . , ap} i x1, . . . , xq ∈ X. Uočimo ko-operaciju g0


arnosti n definisanu sa


g0 :=


(
a1 . . . ap b1 . . . bq


〈k1, ai1〉 . . . 〈kp, aip〉 〈`1, b1〉 . . . 〈`q, bq〉


)
.


Jasno je da je g0 ∈ Max(A) ∩Max(B) ⊂ C i da je g|{a1,...,ap} = g0|{a1,...,ap}.
Neka je, sada, j ∈ q. Ako je {xj} ∈ B posmatrajmo ko-operaciju gj


arnosti n definisanu sa


gj :=


(
a1 . . . ap b1 . . . bq


〈k1, a1〉 . . . 〈kp, ap〉 〈`1, xj〉 . . . 〈`q, xj〉


)
.


Tada je gj ∈ Max(A) ∩Max(B) ⊂ C i g|{bj} = gj |{bj}. Ako {xj} /∈ B onda
je {xj} ∈ A, pa uzmimo da je xj = at za neko t ∈ p. Tada λbj 7→b1 , λa1 7→at ∈
Max(A)∩Max(B) ⊂ C i λbj 7→b1 · f · λa1 7→at(bj) = at. Očigledno je λbj 7→b1 · f ·
λa1 7→at ∈ C. Uočimo ko-operaciju g′j arnosti n datu sa


g′j := s · [ιn1 , . . . , ιnkp
, ιn`1 , . . . , ι


n
`j−1


, λbj 7→b1 · f · λa1 7→at · ιn`j
, ιn`j+1


, . . . , ιn`q
].
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Tada g′j ∈ C i g|{bj} = g′j |{bj}. Ovim je pokazano da C s-aproksimira Max(A)
na osnovu čega je C = Max(A). 2


U nastavku razmatramo regularne parove regularnih familija, kao i regu-
larne familije A, B za koje je A ⊂ B.


5.26. Lema. Neka su A i B regularne familije takve da je ili (
⋃A)∩(


⋃B) =
∅ ili A ⊂ B. Neka je Q ⊆ X podskup skupa X takav da (∀S ∈ A ∪ B)S 6⊆ Q


i neka je ϕ : Q → Xtn proizvoljno preslikavanje. Tada postoji ko-operacija
ϕ ∈ Max(A) ∩Max(B) koja proširuje ϕ, tj. takva da je ϕ|Q = ϕ.


Dokaz. Pokazaćemo tvrdjenje samo u slučaju (
⋃A) ∩ (


⋃B) = ∅. Slučaj
A ⊂ B se razmatra na isti način.


Neka je A = {A1, . . . , Ak} i B = {B1, . . . , B`}. Neka je Q ∩ Ai 6= ∅ za
i ≤ p, p ∈ k, i Q∩Ai = ∅ za i > p. Slično, neka je Q∩Bj 6= ∅ za j ≤ q, q ∈ `,
i Q ∩ Bj = ∅ za j > q. Na osnovu pretpostavki leme, (∀i ∈ p)Ai \ Q 6= ∅ i
(∀j ∈ q)Bj \ Q 6= ∅. Uzmimo proizvoljne ai ∈ Ai \ Q, i ∈ p, i bj ∈ Bj \ Q,


j ∈ q i definǐsimo ϕ ∈ cO
(n)
X sa


ϕ(x) =







ϕ(x), x ∈ Q


ϕ(ai), x ∈ Ai \Q, i ∈ p


ϕ(bj), x ∈ Bj \Q, j ∈ q


〈1, x〉, inače.


Za i ∈ p imamo da ϕ lepi na Ai, dok za i > p važi Ai ⊆ dom(ϕ1) i ϕ1|Ai =
idAi . Prema tome ϕ ∈ Max(A). Analogno je ϕ ∈ Max(B).


Napomenimo samo da u slučaju r(A) = 1 imamo Q∩ (
⋃A) = ∅ zato što


(∀S ∈ A)S 6⊆ Q, zbog čega dokaz ostaje validan. Isto važi ako je r(B) = 1.
2


5.27. Stav. Neka su A i B regularne familije na X takve da je ili par 〈A,B〉
regularan ili A ⊂ B. Tada Max(A|B) <· Max(A).


Dokaz. Pokažimo prvo da je Max(A|B) ⊂ Max(A). Ako je r(A) ≥ 2 ili
r(B) ≥ 2, uzmimo proizvoljne B ∈ B \ A, b ∈ B i a ∈ ⋃A. Tada λb7→a ∈
Max(A) \ Max(A|B). Ako je r(A) = r(B) = 1 tada A ∪ B 6= X{1}, pa
uzmimo proizvoljne b ∈ (


⋃B) \ (
⋃A) i d ∈ X \ ⋃


(A ∪ B). Tada λb7→d ∈
Max(A) \Max(A|B).
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Neka je C klon ko-operacija takav da je Max(A|B) ⊂ C ⊆ Max(A).
Pokazaćemo da za pogodno odabranu particiju p klon C p-aproksimira
Max(A) i spl(p) ∈ C.


Ako je par 〈A,B〉 regularan i A = {A1, . . . , Ak}, B = {B1, . . . , B`}
uočimo T := X\(A1∪. . .∪Ak∪B1∪. . .∪B`) i p = 〈A1, . . . , Ak, B1, . . . , B`, T 〉.


Ako je A ⊂ B i A = {A1, . . . , Ak}, B = {A1, . . . , Ak, B1, . . . , B`} uočimo
T := X \ (A1 ∪ . . . ∪Ak ∪B1 ∪ . . . ∪B`) i p = 〈A1, . . . , Ak, B1, . . . , B`, T 〉.


U oba slučaja je s := spl(p) ∈ Max(A) ∩Max(B) ⊂ C. Pokažimo da C


p-aproksimira Max(A). Neka je f ∈ C \ Max(A|B) i n := ar(f). Tada je
f ∈ Max(A) i postoji B ∈ B takvo da: f ne lepi na B,


(∀i ∈ n)(B ⊆ dom(f i) ⇒ (f i)+(B) /∈ B), (1)


i
(∀i ∈ n)(∀A ∈ A)(f i)+(B) 6⊇ A. (2)


Pretpostavimo da B1 ima navedene osobine. Bez umanjenja opštosti možemo
pretpostaviti da postoji q ∈ n takvo da B1 ∩ dom(f i) 6= ∅ za i ∈ q i
B1 ∩ dom(f i) = ∅ za i > q. Neka je Qi := (f i)+(Bi), i ∈ q. Na osnovu
(2) je


(∀i ∈ q)(∀A ∈ A)Qi 6⊇ A. (3)


Ako je q = 1 tada (1) i činjenica da f ne lepi na B1 impliciraju |Q1| = r(B) i


(∀B ∈ B)Q1 6⊇ B. (4)


Ako je q > 1 tada je |Q1| + . . . + |Qq| = |B1| na osnovu čega je |Qi| < r(B)
za sve i ∈ q. Dakle,


(∀i ∈ q)(∀B ∈ B)Qi 6⊇ B. (5)


Prema Lemi 5.26, na osnovu (3)–(5) imamo da:


za svako m ∈ N, svako i ∈ q i svako ϕ : Qi → Xtm postoji


ϕ ∈ cO
(m)
X takvo da je ϕ|Qi = ϕ i ϕ ∈ Max(A) ∩Max(B)


(6)


što će nam ubrzo zatrebati.
Neka je g ∈ Max(A) i m := ar(g). Definǐsimo g0 ∈ cO


(m)
X sa


g0(x) :=


{
g(x), x ∈ A1 ∪ . . . ∪Ak ∪ T


〈1, x〉, x ∈ B1 ∪ . . . ∪B`.
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Tada g0 ∈ Max(A) ∩Max(B) ⊂ C i g0|A1∪...∪Ak∪T = g|A1∪...∪Ak∪T .
Neka je j ∈ `. Razmotrimo ψ ∈ TX takvo da je ψ+(Bj) = B1 i ψ|X\Bj


=


idX\Bj
. Dalje, neka su ϕ


(j)
i : Qi → Xtm, i ∈ q, preslikavanja odabrana tako


da sledeći dijagram komutira:


B1


Bj


Qq


Q1


Xtm


O º


:


z


z
:


...
...


...


ψ g


(f1)+


(fq)+


ϕ
(j)
1


ϕ
(j)
q


Kako su ψ|Bj i f |B1 injektivni, preslikavanja ϕ
(j)
1 , . . . , ϕ


(j)
q su jednoznačno


odredjena. Prema (6) postoje ϕ
(j)
1 , . . . , ϕ


(j)
q ∈ Max(A) ∩Max(B) takvi da je


ϕ
(j)
i |Qi = ϕ


(j)
i , i ∈ q. Definǐsimo gj ∈ cO


(m)
X sa


gj := s · [ιm1 , . . . , ιm1 , ψ · f · [ϕ(j)
1 , . . . , ϕ(j)


q , ιm1 , . . . , ιm1 ]︸ ︷︷ ︸
j-ta pozicija


, ιm1 , . . . , ιm1 ].


Zbog s, f, ψ, ϕ
(j)
1 , . . . , ϕ


(j)
q ∈ C imamo gj ∈ C. Konstrukcija preslikavanja gj


nam daje da je gj |Bj = g|Bj .
Ovim je pokazano da klon C p-aproksimira Max(A), na osnovu čega je


C = Max(A). 2


5.28. Stav. Neka su A i B regularne familije takve da je A ⊂ B. Tada
Max(A) ∩Max(B) <· Max(B).


Dokaz. Pokažimo prvo da je Max(A) ∩Max(B) ⊂ Max(B). Neka su A ∈ A,
B ∈ B \ A i ϕ ∈ TX takvi da je ϕ(A) = B, ϕ(B) = A i ϕ|X\(A∪B) =
idX\(A∪B). Tada je ϕ ∈ Max(B) i ϕ /∈ Max(A).


Pretpostavimo sada da je Max(A) ∩ Max(B) ⊂ C ⊆ Max(B). Neka je
f ∈ C \(Max(A)∩Max(B)) i n := ar(f). Tada je f ∈ Max(B)\Max(A). Neka
je B = {B1, . . . , B`} i A = {B1, . . . , Bk}, k < `. Kako f /∈ Max(A) postoji
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A ∈ A takvo da f ne lepi na A i (∀i ∈ n)(A ⊆ dom(f i) ⇒ (f i)+(A) /∈ A).
Neka B1 ∈ A ima navedene osobine. Zato što je B1 ∈ A ⊂ B, što f ne lepi
na B1 i što je f ∈ Max(B) imamo da (∃i ∈ n)(B1 ⊆ dom(f i) ∧ (f i)+(B1) ∈
B). Bez umanjenja opštosti možemo pretpostaviti da je B1 ⊆ dom(f1) i
(f1)+(B1) ∈ B. Tako je (f1)+(B1) ∈ B \ A, recimo (f1)+(B1) = B`.


Neka je T := X \ (B1∪ . . .∪B`), p = 〈B1, . . . , B`, T 〉 i s := spl(p). Jasno
je da je s ∈ Max(A)∩Max(B) ⊂ C, pa da bismo pokazali da je C = Max(B)
dovoljno je pokazati da C p-aproksimira Max(B).


Neka je g ∈ Max(B) i m := ar(g). Definǐsimo g0 ∈ cO
(m)
X sa


g0 := s · [ιm1 , . . . , ιm1︸ ︷︷ ︸
k


, g, . . . , g︸ ︷︷ ︸
`+1−k


].


Tada je g0 ∈ Max(A) ∩Max(B) ⊂ C i g0|Bk+1∪...∪B`∪T = g|Bk+1∪...∪B`∪T .
Neka je j ∈ k. Odaberimo ψ ∈ TX tako da je ψ(Bj) = B1 i ψ|X\Bj


=
idX\Bj


. Potom odaberimo preslikavanja ϕj : B` → Xtm tako da sledeći
dijagram komutira:


B1 Bj


B` Xtm


¾


66


-


ψ


ϕj


val f g


Kako je g ∈ Max(B) dobijamo da ili g lepi na Bj ili (∃i ∈ m)(Bj ⊆ dom(gi)∧
(gi)+(Bj) ∈ B). U oba slučaja se ϕj može proširiti do ϕj ∈ cO


(m)
X tako da


je ϕj ∈ Max(A) ∩Max(B). Definǐsimo gj ∈ cO
(m)
X sa


gj := s · [ιm1 , . . . , ιm1︸ ︷︷ ︸
j−1


, ψ · (val f) · ϕj , ι
m
1 , . . . , ιm1︸ ︷︷ ︸


`+1−j


].


Tada je gj ∈ C i gj |Bj = g|Bj . Ovim je pokazano da C p-aproksimira
Max(B). 2


Da rezimiramo:


5.29. Posledica. Neka su A i B regularne familije.
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(i) Ako je A ⊂ B onda Max(A)∩Max(B) <· Max(A) i Max(A)∩Max(B) <·
Max(B).


(ii) Ako je par 〈A,B〉 singularan onda Max(A) ∩ Max(B) <· Max(A) i
Max(A) ∩Max(B) <· Max(B).


(iii) Ako je par 〈A,B〉 regularan i r(A) > r(B) onda Max(A) ∩Max(B) <·
Max(A) i Max(A) ∩Max(B) ⊂ Max(B|A) <· Max(B).


(iv) Ako je par 〈A,B〉 regularan i r(A) = r(B) onda Max(A) ∩ Max(B) ⊂
Max(A|B) <· Max(A) i Max(A) ∩Max(B) ⊂ Max(B|A) <· Max(B).


Dokaz. (i) Lema 5.21 (ii) i Stavovi 5.27 i 5.28.
(ii) Stav 5.25.
(iii) Lema 5.21 (iii), (iv), i Stav 5.27.
(iv) Lema 5.21 (iii) i Stav 5.27. 2


Sada bismo voleli da pokažemo da Max(A) ∩ Max(B) u (iv) Posledice 5.29
nije submaksimalan klon ko-operacija. U ostalim slučajevima bismo voleli
da utvrdimo da li je Max(A) ∩Max(B) sadržan u nekom drugom maksimal-
nom klonu. Zato se do kraja odeljka bavimo sledećim problemom: za date
regularne familije A i B takve da je A ⊂ B ili (


⋃A)∩ (
⋃B) = ∅, opisati sve


regularne familije E za koje je Max(A) ∩Max(B) ⊆ Max(E).


5.30. Lema. Neka su A, B i E regularne familije i neka je Max(A) ∩
Max(B) ⊆ Max(E). Tada je


⋃ E ⊆ ⋃
(A ∪ B).


Dokaz. Pretpostavimo da
⋃ E 6⊆ ⋃


(A∪B) i uzmimo proizvoljno e ∈ (
⋃ E) \⋃


(A ∪ B).
Slučaj 1: E = {X}. Definǐsimo ϕ ∈ cO


(2)
X sa


ϕ(x) =


{
〈1, e〉, x = e


〈2, x〉, inače.


Tada je ϕ ∈ Max(A) ∩Max(B), a ϕ /∈ Max(E). Kontradikcija.
Slučaj 2: E 6= {X}. Neka je E ∈ E takav da je e ∈ E. Ako je r(E) = 1


uzmimo proizvoljno a ∈ X \ ⋃ E . Ako je r(E) ≥ 2, uzmimo proizvoljno
a ∈ X \ E. U oba slučaja je λe 7→a ∈ Max(A) ∩ Max(B) i λe 7→a /∈ Max(E).
Kontradikcija. 2


5.31. Stav. Neka su A, B i E regularne familije takve da je r(E) = 1 i
Max(A) ∩Max(B) ⊆ Max(E). Tada je
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(i) r(A) = 1 ili r(B) = 1.


(ii) Ako je r(A) = r(B) = 1 onda je E ∈ {A ∪ B,A ∩ B,A,B} \ {∅}.
(iii) Ako je r(A) = 1 i r(B) > 1 onda je A ⊆ E.
(iv) Ako je r(A) = 1 i r(B) ≥ 3 onda je A = E.
(v) Neka je r(A) = 1, r(B) = 2 i A∗ = A∪{B\⋃A : B ∈ B∧|B ∩ (


⋃A)| =
1}. Tada je E ∈ {A,A∗}.


Dokaz. (i) Neka je r(A) > 1, r(B) > 1 i a ∈ X \ ⋃ E . Tada je ca ∈
Max(A) ∩Max(B) i ca /∈ Max(E). Kontradikcija.


(ii) Prema Lemi 5.30, E ⊆ A∪B. Neka je A∩B 6= ∅ (u slučaju A∩B = ∅,
dokaz je sličan). Pokažimo prvo da je A ∩ B ⊆ E . Pretpostavimo suprotno:
A ∩ B 6⊆ E . Neka je {a} ∈ (A ∩ B) \ E . Tada je ca ∈ Max(A) ∩ Max(B) i
ca /∈ Max(E). Kontradikcija.


Dalje, pokažimo da (A \ B) ∩ E 6= ∅ ⇒ A \ B ⊆ E . Pretpostavimo da
(A \ B) ∩ E 6= ∅ ali da A \ B 6⊆ E . Neka je {a} ∈ (A \ B) \ E i definǐsimo
ϕ ∈ TX sa


ϕ(x) =


{
a, x ∈ ⋃


(A \ B)
x, inače.


Tada je ϕ ∈ Max(A) ∩Max(B) i ϕ /∈ Max(E). Kontradikcija.
Na isti način se pokazuje da (B \ A) ∩ E 6= ∅ ⇒ B \ A ⊆ E . Dakle,


E ∈ {A∪B,A∩B,A,B} \ {∅} (gde se “\{∅}” pojavljuje zbog toga što može
da se desi da je A ∩ B = ∅).


(iii) Ako je A 6⊆ E uzmimo {a} ∈ A \ E . Tada je ca ∈ Max(A) ∩Max(B)
i ca /∈ Max(E). Kontradikcija.


(iv) Neka je r(B) ≥ 3 i pretpostavimo da A 6= E . Tada A ⊂ E . Neka je
{b} ∈ E \ A. Prema Lemi 5.30 postoji B ∈ B takvo da je b ∈ B. Konstru-
isaćemo ϕ ∈ TX tako da bude ϕ ∈ Max(A) ∩Max(B) i ϕ /∈ Max(E). Time
ćemo pokazati da polazna pretpostavka vodi u kontradikciju.


Slučaj 1: B 6⊆ ⋃ E . Uzmimo e ∈ B \⋃ E i definǐsimo ϕ ∈ TX sa


ϕ(x) =


{
e, x ∈ B \⋃A
x, inače. ⋃ E


B


⋃A
b e
-


6
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Slučaj 2: B ⊆ ⋃ E i |B \⋃A| ≥ 2.
Uzmimo e ∈ X \ ⋃ E i definǐsimo ϕ ∈
TX sa


ϕ(x) =


{
e, x ∈ B \⋃A
x, inače.


⋃ E


B


⋃A


b1 b2


e
W ²


Slučaj 3: B ⊆ ⋃ E i |B \⋃A| ≤ 1.
Kako je |B| = r(B) ≥ 3 imamo da je
|B ∩ (


⋃A)| ≥ 2. Uzmimo e ∈ X \⋃ E
i b1 ∈ B ∩ (


⋃A), i definǐsimo ϕ ∈ TX


sa


ϕ(x) =







e, x = b


b1, x ∈ B ∩ (
⋃A)


x, inače.


⋃ E


B


⋃A


b1 b′ b


e
?


¾?


(v) Pokažimo prvo da je E ⊆ A∗. Pretpostavimo da E 6⊆ A∗ i uzmimo
proizvoljno a ∈ X \⋃ E . Definǐsimo ϕ ∈ TX sa


ϕ(x) =


{
x, x ∈ ⋃A∗
a, inače.


Tada je ϕ ∈ Max(A) ∩Max(B) i ϕ /∈ Max(E). Kontradikcija.
Dakle, A ⊆ E ⊆ A∗. Pretpostavimo sada da je A ⊂ E ⊆ A∗ i uzmimo


proizvoljno {b} ∈ E \ A. Postoje B ∈ B i b′ ∈ X takvi da je B = {b, b′}.
Neka je {b1} ∈ A∗ \ A i neka je B1 = {b1, b


′
1} ∈ B odgovarajući element


familije B. Primetimo da je {b′}, {b′1} ∈ A. Definǐsimo ϕ ∈ TX sa


ϕ(x) =







b1, x = b


b′1, x = b′


x, inače.


Tada je ϕ ∈ Max(A) ∩ Max(B) ⊆ Max(E). Kako je {b} ∈ E i ϕ ∈ Max(E)
imamo da je {b1} = {ϕ(b)} ∈ Max(E). Dakle, E = A∗. 2


5.32. Stav. Neka su A i B regularne familije takve da je A ⊂ B ili
(
⋃A) ∩ (


⋃B) = ∅. Dalje, neka je E regularna familija takva da je r(E) ≥ 2
i Max(A) ∩Max(B) ⊆ Max(E).


(i) E ⊆ A ∪ B.
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(ii) Ako je r(A) 6= r(B) onda je E ∈ {A,B}.
(iii) Ako je r(A) = r(B) onda je E ∈ {A,B,A ∪ B}.


Dokaz. (i) Pokažimo prvo da


(∀E ∈ E) |{S ∈ A ∪ B : S ∩ E 6= ∅}| ≤ 1. (1)


Pretpostavimo da postoji E ∈ E takvo da je |{S ∈ A ∪ B : S ∩ E 6= ∅}| ≥ 2.
Neka je A ∪ B = {S1, . . . , Sk}, k ≥ 2, i s := spl(S1, . . . , Sk). Tada je s ∈
Max(A) ∩Max(B) i s /∈ Max(E). Kontradikcija.


Dalje, pokažimo da


(∀S ∈ A ∪ B)(∀E ∈ E)(S ∩ E = ∅ ∨ S ⊆ E). (2)


Pretpostavimo da postoje S ∈ A∪B i E ∈ E takvi da je S ∩E 6= ∅ i S 6⊆ E.
Neka su e ∈ S ∩E i a ∈ S \E proizvoljni. Tada je λ(ae) ∈ Max(A)∩Max(B)
i λ(ae) /∈ Max(E). Kontradikcija.


Konačno, pokažimo tvrdjenje. Neka je E ∈ E . Prema Lemi 5.30 je
E ⊆ ⋃


(A ∪ B), pa postoji S ∈ A ∪ B takvo da je E ∩ S 6= ∅. Prema (1), S


je jedini element skupa A ∪ B sa tom osobinom, pa je E ⊆ S. Prema (2),
S ⊆ E. Dakle, E = S ∈ A ∪ B.


(ii) Neka je r(A) 6= r(B). Tada su A i B neuporedivi, pa mora biti
(
⋃A) ∩ (


⋃B) = ∅. Kako je E ⊆ A ∪ B, imamo da je ili E ⊆ A ili E ⊆ B.
Neka je E ⊆ A. Pokažimo da je E = A. Pretpostavimo da je E ⊂ A
i uzmimo proizvoljne E ∈ E i A ∈ A \ E . Uočimo ϕ ∈ TX tako da je
ϕ(E) = A i ϕ|X\E = idX\E . Tada je ϕ ∈ Max(A) ∩Max(B) i ϕ /∈ Max(E).
Kontradikcija.


(iii) Na kraju, neka je r(A) = r(B). Prema (i), E ⊆ A∪B. Ako je (
⋃A)∩


(
⋃B) = ∅, koristeći se idejom iz dokaza Stava 5.31, (ii), lako pokazujemo


da A ∩ E 6= ∅ ⇒ A ⊆ E i B ∩ E 6= ∅ ⇒ B ⊆ E . Ako je A ⊂ B onda je
E ⊆ A ∪ B = B, pa se na isti način pokazuje da A ∩ E 6= ∅ ⇒ A ⊆ E i
A ⊂ E ⇒ E = B. 2


Da rezimiramo:


5.33. Posledica. Neka su A i B regularne familije na X.


(i) Neka je A ⊂ B ili neka je par 〈A,B〉 singularan. Tada Max(A) ∩
Max(B) <· Max(A) i Max(A) ∩ Max(B) <· Max(B). Štavǐse, ako je
E regularna familija takva da E /∈ {A,B} tada Max(A) ∩ Max(B) 6⊆
Max(E), Sl. 5.1(a).
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Max(A) Max(B)


Max(A) ∩Max(B)


(a)


Max(A) Max(B)


Max(B|A)


Max(A) ∩Max(B)


(b)


Max(A) Max(A ∪ B) Max(B)


Max(A|B) Max(B|A)


Max(A) ∩Max(B)


(c)


Slika 5.1: Relativan položaj klona Max(A) ∩Max(B) u mreži cLX


(ii) Ako je par 〈A,B〉 regularan i r(A) = r(B) onda Max(A)∩Max(B) nije
submaksimalan klon ko-operacija, Sl. 5.1(c).


(iii) Ako je par 〈A,B〉 regularan i r(A) > r(B) onda Max(A) ∩Max(B) <·
Max(A) i Max(A) ∩ Max(B) ⊂ Max(B|A) <· Max(B). Štavǐse, ako je
E regularna familija takva da E /∈ {A,B} onda Max(A) ∩ Max(B) 6⊆
Max(E), Sl. 5.1(b).


Dokaz. (i) Ako je A ⊂ B tvrdnja sledi na osnovu Posledice 5.29, (i), Stava
5.31, (ii), Stava 5.32, (iii), i sledećih šinjenica: A ∪ B = B i A ∩ B = A.


Ako je par 〈A,B〉 singularan tvrdnja sledi iz Posledice 5.29, (ii), Stava
5.31, (ii), Stava 5.32, (iii), i toga što A∪B = X{1} i A∩B = ∅ nisu regularne
familije.


(ii) Prema Posledici 5.29, (iii), znamo da je Max(A)∩Max(B) ¿ Max(A)
i Max(A) ∩ Max(B) ¿ Max(B). Pretpostavimo da je Max(A) ∩ Max(B) ⊆
Max(E). Prema Stavovima 5.31 i 5.32 je E ∈ {A,B,A ∪ B}. Da bismo
pokazali da je Max(A)∩Max(B) ¿ Max(A∪B), pokažimo da je Max(A|B) ⊂
Max(A∪B). Jasno je da je Max(A|B) ⊆ Max(A∪B). Neka su A ∈ A i B ∈ B
proizvoljni. Uočimo ϕ ∈ TX tako da je ϕ(A) = B i ϕ|X\A = idX\A. Tada je
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ϕ ∈ Max(A ∪ B) \Max(A|B).
(iii) Prema Posledici 5.29, (iv), znamo da Max(A)∩Max(B) <· Max(A) i


da Max(A) ∩Max(B) ¿ Max(B). Pretpostavimo da je Max(A) ∩Max(B) ⊆
Max(E). Na osnovu Stavova 5.31 i 5.32 je E ∈ {A,B}, čime je dokaz završen.


2


5.5 Potapanje mreže cLB1
× . . .× cLBk


u mrežu cLX


5.34. Notacija. U celom odeljku sledeće oznake i pojmovi imaju fiksirano
značenje.


Neka je p = 〈A,B〉 particija skupa X, A := A{1}, B := B{1}, CA :=
Max(A) i CB := Max(B). Dalje, neka je sp := spl(p) i Sp := cCloX{sp}.


Za ko-operaciju f ∈ cOX je jasno da je f |A ∈ cOA ako i samo ako f ∈ CA.
Sa ιnk(A) ćemo označiti k-tu n-arnu ko-projekciju u cOA.


Za f ∈ cO
(n)
A i g ∈ cO


(n)
B ko-operaciju f ⊕ g možemo shvatiti kao element


skupa cO
(n)
X . Za F1 ⊆ cOA i F2 ⊆ cOB stavimo


F1 ⊕ F2 :=
⋃


n∈N


{f1 ⊕ f2 : f1 ∈ F
(n)
1 , f2 ∈ F


(n)
2 }.


5.35. Lema.


(i) Neka su f, g ∈ CA i i ∈ n. Tada


ιni (X)|A = ιni (A) τ(f |A) = τ(f)|A
ζ(f |A) = ζ(f)|A 4(f |A) = 4(f)|A


(f |A) ∗ (g|A) = (f ∗ g)|A.


(ii) Ako je C klon ko-operacija skupa X i C ⊆ CA, tada je C|A klon ko-
operacija skupa A.


5.36. Lema.


(i) Neka je f, f ′ ∈ cOA, g, g′ ∈ cOB, ar(f) = ar(f ′) i ar(g) = ar(g′).
Takodje, neka je i ∈ n.


ιni (A)⊕ ιni (B) = ιni (X) τ(f ⊕ g) = τ(f)⊕ τ(g)


ι21(A)⊕ ι22(B) = sp 4(f ⊕ g) = 4(f)⊕4(g)


ζ(f ⊕ g) = ζ(f)⊕ ζ(g) (f ∗ f ′)⊕ (g ∗ g′) = (f ⊕ g) ∗ (f ′ ⊕ g′).
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(ii) Ako je C1 ≤ cOA i C2 ≤ cOB tada je C1 ⊕ C2 klon ko-operacija na X


i Sp ≤ C1 ⊕ C2 ≤ CA ∩ CB.


Dokaz. (i) Jasno.
(ii) Da je C1 ⊕ C2 klon ko-operacija sledi iz (i). Takodje je jasno da


je C1 ⊕ C2 ≤ CA ∩ CB. Kako je ι21(A) ∈ C1 i ι22(B) ∈ C2 dobijamo da je
sp = ι21(A)⊕ ι22(B) ∈ C1 ⊕ C2 odakle je Sp = cCloX{sp} ≤ C1 ⊕ C2. 2


5.37. Lema.


(i) Ako je f ∈ CA ∩ CB onda je f |A ∈ CA, f |B ∈ CB i f |A ⊕ f |B = f .
(ii) Ako je Sp ≤ C ≤ CA∩CB onda je C|A ≤ CA, C|B ≤ CB i C|A⊕C|B =


C.
(iii) Ako je f ∈ cOA i g ∈ cOB onda je (f ⊕ g)|A = f i (f ⊕ g)|B = g.
(iv) Ako je C1 ≤ cOA i C2 ≤ cOB onda je (C1 ⊕ C2)|A = C1 i (C1 ⊕ C2)|B =


C2.


Dokaz. (i), (iii) i (iv) su očevidni.
(ii) Inkluzija ⊇ sledi iz (i). Pokažimo ⊆. Neka je f ′ ∈ C|A i g′ ∈ C|B.


Postoje f, g ∈ C takvi da je f |A = f ′ i g|B = g′. Primetimo da je f ′ ⊕ g′ =
sp · [f, g] ∈ C. 2


5.38. Lema. Neka je C ≤ CA ∩ CB, i neka su C1 ≤ cOA i C2 ≤ cOB takvi
da je C = C1 ⊕ C2. Tada je C1 = C|A i C2 = C|B.


Dokaz. Pokažimo da je C1 = C|A.
⊆: Neka je f ′ ∈ C1 i n := ar(f ′). Tada je f ′ ⊕ ιn1 (B) ∈ C1 ⊕ C2 = C na


osnovu čega je f ′ = (f ′ ⊕ ιn1 (B))|A ∈ C|A.
⊇: Neka je f ′ ∈ C|A. Postoji f ∈ C takvo da je f ′ = f |A. Kako je


f ∈ C = C1 ⊕ C2 postoje f ′′ ∈ C1 i g′′ ∈ C2 takvi da je f = f ′′ ⊕ g′′, na
osnovu čega je f ′ = f |A = (f ′′ ⊕ g′′)|A = f ′′ ∈ C1. 2


5.39. Stav. cLA × cLB
∼= [Sp, CA ∩ CB]cLX


.


Dokaz. Posmatrajmo ϕ : cLA×cLB → [Sp, CA∩CB]cLX
dato sa ϕ(〈C1, C2〉)


= C1⊕C2. Prema Lemi 5.36 ϕ je dobro definisano, dok Leme 5.35, 5.37 i 5.38
obezbedjuju da je ϕ sirjektivno, injektivno i da je 〈C1, C2〉 ≤ 〈C ′


1, C
′
2〉 ⇐⇒


ϕ(〈C1, C2〉) ≤ ϕ(〈C ′
1, C


′
2〉). 2


Prethodna razmatranja se direktno mogu uopštiti, kao što pokazuje naredni
stav.
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cL2 cL3


cLν−1


cL2


cL3


cLν


· · · · · ·


. . .


. . .


Slika 5.2: Mreža cLν sadrži kopije mreže cLk za svako k < ν
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5.40. Stav. Neka je p = 〈B1, . . . , Bk〉 particija skupa X, neka je sp spliting
takav da je d(sp) = p, Sp := cCloX{sp} i Ci := Max(B{1}


i ), i ∈ k. Tada je
cLB1 × . . .× cLBk


∼= [Sp, C1 ∩ . . . ∩ Ck]cLX
.


5.41. Posledica. Neka je Y ⊂ X i |Y | ≥ 1. Tada je mreža cLY izomorfna
intervalu mreže cLX .


Dokaz. Neka je X \ Y = {a1, . . . , am} i p := 〈Y, {a1}, . . . , {am}〉. Sada
primenimo Stav 5.40. Situacija je ilustrovana na Sl. 5.2. 2


5.6 Mreža cLX je komplementirana


Pokazaćemo sada da je mreža cLX komplementirana. Podsetimo se da u
mreži cLX za klonove ko-operacija C i D imamo C ∧D = C ∩D i C ∨D =
cCloX(C ∪D).


5.42. Notacija. Za klon ko-operacija C neka je FC := {A : A je regularna
familija ranga 1 i Max(A) ⊇ C}.


5.43. Lema. Neka je C klon ko-operacija takav da C 6= cOX , C 6= cJX i
FC 6= ∅. Dalje, neka je D klon ko-operacija takav da


(CC1) D sadrži ν-arnu ko-operaciju koja zavisi od svake svoje promenljive;


(CC2) za svako A ∈ FC postoji f ∈ D takvo da f /∈ Max(A); i


(CC3) za svako f ∈ D \ cJX postoji A ∈ FC takvo da f /∈ Max(A).


Tada je D komplement klona C u mreži cLX .


Dokaz. Da bismo pokazali da je da je C ∨D = cOX dovoljno je pokazati da
C ∪D 6⊆ Max(A) za sve regularne familije A. Neka je A regularna familija
na X. Ako C 6⊆ Max(A) tada trivijalno C ∪ D 6⊆ Max(A). Pretpsotavimo
zato da je C ⊆ Max(A). Ako je r(A) ≥ 2 onda D 6⊆ Max(A) zbog (CC1).
Ako je r(A) = 1 onda A ∈ FC , pa D 6⊆ Max(A) zbog (CC2).


Pokažimo sada da je C ∧ D = cJX . Pretpostavimo da C ∧ D 6= cJX i
uočimo proizvoljno f ∈ (C∧D)\cJX . Kako je f ∈ D\cJX , na osnovu (CC3)
postoji A ∈ FC takvo da f /∈ Max(A). S druge strane, f ∈ C ⊆ Max(A).
Kontradikcija. 2
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5.44. Lema. Neka je C klon ko-operacija takav da je C 6= cOX , C 6= cJX i
FC 6= ∅.


(i) Ako su A,B ∈ FC i A ∩ B 6= ∅ onda je A ∩ B ∈ FC .
(ii) Postoji neprazan skup GC ⊆ FC sa sledećim osobinama:


• za sve A,B ∈ GC je ili A = B ili A ∩ B = ∅;
• za svako A ∈ FC postoji B ∈ GC takvo da je A ⊇ B; i
• za svako A ∈ FC i svako B ∈ GC ili A ⊇ B ili A ∩ B = ∅.


Dokaz. (i) Očigledno.
(ii) 〈FC ,⊆〉 je konačan parcijalno uredjen skup zatvoren za neprazne


preseke. Neka je GC skup svih minimalnih elemenata u 〈FC ,⊆〉. Lako se
proverava da GC poseduje navedene osobine. 2


5.45. Lema. Neka je C klon ko-operacija takav da je C 6= cOX , C 6= cJX i
FC = ∅. Tada C ima komplement u mreži cLX .


Dokaz. Neka je X = {x1, . . . , xν}.
Slučaj 1: Postoji regularna familija A takva da je 2 ≤ r(A) < ν i C ⊆


Max(A). Neka su A ∈ A, xp ∈ A i xq ∈ X \ A (X \ A 6= ∅ jer je r(A) < ν).
Neka je


ϕ := diag(x1, . . . , xq−1, xp


6q


, xq+1, . . . , xν) ∈ cO
(ν)
X


i D := cCloX{ϕ}. Indukcijom se jednostavno pokazuje da za svako f ∈
D \ cJX imamo val f(xq) = xp i val f(xj) = xj za j 6= q. Pokažimo da je D


komplement klona C u cLX .
Da bismo pokazali da je C ∨D = cOX dovoljno je pokazati da C ∪D 6⊆


Max(B) za sve regularne familije B na X. Ako je B regularna familija ranga
1 onda C 6⊆ Max(B) zbog FC = ∅. Ako je B regularna familija ranga ≥ 2
onda ϕ /∈ Max(B), na osnovu čega je D 6⊆ Max(B).


Pokažimo da je C ∧D = cJX . Pretpostavimo da C ∧D 6= cJX . Uzmimo
proizvoljno f ∈ (C∧D)\cJX = (C∩D)\cJX . Kako je f ∈ D\cJX imamo da
je val f(xq) = xp i val f(xj) = xj za j 6= q. Odatle f /∈ Max(A) jer nije tačno
da f slabo čuva A ∈ A. S druge strane, f ∈ C ⊆ Max(A). Kontradikcija.


Slučaj 2: A = {X} je jedina regularna familija na X takva da je C ⊆
Max(A).
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Tvrdnja: Ako C(1) nije tranzitivan monoid, onda FC 6= ∅.
Dokaz. Pretpostavimo da C(1) nije tranzitivan monoid, tj. da


¬(∀a, b ∈ X)(a 6= b ⇒ (∃f ∈ C(1))f(a) = b).


Tada postoje a, b ∈ X takvi da je a 6= b i f(a) 6= b za sve f ∈ C(1). Neka je


B := {x ∈ X : x 6= b ∧ (∀f ∈ C(1))f(x) 6= b}


i B := B{1}. Kako je a ∈ B i b /∈ B imamo B 6= ∅ i B 6= X, pa je B regularna
familija ranga 1. Pokažimo da je C ⊆ Max(B). Zbog r(B) = 1 dovoljno je
pokazati da je C(1) ⊆ Max(B).


Pretpostavimo da C(1) 6⊆ Max(B) i uzmimo proizvoljno g ∈ C(1)\Max(B).
Postoji {x} ∈ B takvo da {y} /∈ B, gde je y := g(x). Zbog {y} /∈ B
imamo da je f(y) = b za neko f ∈ C(1). No, ako je f(y) = b onda je
(f◦g)(x) = f(g(x)) = f(y) = b, što sa f◦g ∈ C(1) daje x /∈ B. Kontradikcija.


Dakle, C(1) ⊆ Max(B) što znači da je B ∈ FC . Ovim je tvrdnja dokazana.


Kako je FC = ∅, na osnovu prethodne tvrdnje je C(1) tranzitivan monoid.
Neka je D klon svih splitinga. C(1) je tranzitivan monoid, pa kako je
spl(x1, . . . , xν) ∈ D lako se pokazuje da je C ∨D = cCloX(C ∪D) = cOX .


Da bismo pokazali da je C ∩D = cJX dovoljno je uočiti da C ne sadrži
nijednu esencijalnu ko-operaciju zato što je C ⊆ Max({X}). Dakle, D je
komplement od C u mreži cLX . 2


5.46. Lema. Neka je C klon ko-operacija takav da C 6= cOX , C 6= cJX i
FC 6= ∅. Tada C ima komplement u cLX .


Dokaz. Neka je X = {x1, . . . , xν}. Prema Lemi 5.44 postoji skup GC ⊆ FC


takav da GC 6= ∅ i


• za sve A,B ∈ GC je ili A = B ili A ∩ B = ∅;
• za svako A ∈ FC postoji B ∈ GC takvo da je A ⊇ B; i


• za svako A ∈ FC i svako B ∈ GC je ili A ⊇ B ili A ∩ B = ∅.


Neka je GC = {A1, . . . ,Ak}.
Da bismo pokazali da C ima komplement u mreži cLX dovoljno je naći


klon ko-operacija D koji zadovoljava uslove (CC1)–(CC3) Leme 5.43.
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Slučaj 1: k = 1. Tada za svako Q ∈ FC imamo Q ⊇ A1. Neka je
A :=


⋃A1 i B := X \ A. Kako je A1 regularna familija ranga 1, A 6= ∅ i
A 6= X, tako da B 6= ∅ i B 6= X. Uočimo sledeći klon:


D := {f ∈ cOX : im(val f) ⊆ B} ∪ cJX .


Prvo, jasno je da je D klon ko-operacija. Pokažimo da D zadovoljava uslove
(CC1)–(CC3) Leme 5.43.


(CC1) Neka je b ∈ B i ϕ := diag(b, b, . . . , b). Jasno je da je ϕ ∈ D, ar(ϕ) = ν


i da ϕ zavisi od svake svoje promenljive.


(CC2) Neka je Q ∈ FC . Tada je Q ⊇ A1. Uočimo proizvoljno b ∈ X \⋃Q.
Jasno je da je cb ∈ D \Max(Q).


(CC3) Neka je f ∈ D \ cJX . Jasno je da f /∈ Max(A1) i da je A1 ∈ FC .


Slučaj 2: k > 1 ∧ (∃A ∈ GC) |A| ≥ 2. Neka je |A1| ≥ 2. Uočimo
proizvoljno {a∗} ∈ A1 i neka je


B1 :=
⋃


(A1 \ {{a∗}})
B2 :=


⋃A2
...


Bk :=
⋃Ak


Bk+1 := X \ (B1 ∪ . . . ∪Bk).


Primetimo da B1 6= ∅ zbog |A1| ≥ 2 kao i to da je a∗ ∈ Bk+1 (zbog Ai∩Aj =
∅ za i 6= j je a∗ /∈ B1 ∪ . . . ∪Bk). Definǐsimo D ovako:


D := cJX ∪ {f ∈ cOX : (val f)(Bk+1 \ {a∗}) ⊆ Bk+1∧
∧ (∀i ∈ k)(val f)(Bi) ⊆


⋃k+1
j=i+1 Bj}


Nije teško pokazati da je D klon ko-operacija. Pokažimo da D zadovoljava
uslove (CC1)–(CC3) Leme 5.43.


(CC1) Neka je ϕ := diag(a∗, a∗, . . . , a∗). Tada ϕ ∈ D, ar(ϕ) = ν i ϕ zavisi
od svake svoje promenljive.


(CC2) Neka je Q ∈ FC . Ako je A1 ∩Q = ∅ onda je ca∗ ∈ D \Max(Q).







130 Glava 5. Maksimalni klonovi ko-operacija konačnog skupa


B
E


A


ª


⋃ E


ª


⋃Ai


Slika 5.3: A, B i E


Ako je A1 ⊆ Q i postoji j ∈ k takvo da Aj ∩Q = ∅ uočimo f ∈ D(1)


takvo da je f(B1) ⊆ Bj i f(Bi) = {a∗} za sve i ∈ {2, . . . , k + 1}. Tada
je f ∈ D \Max(Q).


Konačno, ako je
⋃k


i=1Ai ⊆ Q uzmimo proizvoljno b ∈ X \ ⋃Q
(X\⋃Q 6= ∅ jer je Q regularna familija ranga 1). Tada b ∈ Bk+1\{a∗},
pa je cb ∈ D \Max(Q).


(CC3) Neka je f ∈ D \ cJX . Tada f /∈ Max(A2) dok je A2 ∈ FC .


Slučaj 3: k > 1∧(∀A ∈ GC) |A| = 1. Ako je A1∪ . . .∪Ak = X{1} onda je
C netrivijalan klon spliting ko-operacija, pa je D := cCloX(TX) komplement
klona C u cLX .


Pretpostavimo sada da je A1 ∪ . . . ∪ Ak 6= X{1}. Neka je A :=
⋃


(A1 ∪
. . . ∪ Ak) i B := X \ A. Tada je |A| ≥ 2 i B 6= ∅. Uočimo E ⊂ A na sledeći
način.


Ako (∀A ∈ FC)A 6⊇ B{1} stavimo E := ∅.
Ako (∃A ∈ FC)A ⊇ B{1} stavimo E :=


⋂{A ∈ FC : A ⊇ B{1}}. Zbog
B{1} 6= ∅, Lema 5.44 implicira E ∈ FC , pa postoji i ∈ k takvo da je Ai ⊆ E .
Prema tome, E ⊃ B{1} tj. (


⋃ E) ∩ A 6= ∅. Takodje, E 6= X{1}. Neka je
E := A \⋃ E . Osobine familije E obezbedjuju da ∅ 6= E ⊂ A (Sl. 5.3).


Posmatrajmo klon D definisan sa


D := {f ∈ cOX : im(val f) ⊆ E ∪B} ∪ cJX .


Jasno je da je D klon ko-operacija. Pokažimo da D zadovoljava uslove
(CC1)–(CC3) Leme 5.43.
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(CC1) Uzmimo proizvoljno b ∈ B i neka je ϕ := diag(b, b, . . . , b). Tada
ϕ ∈ D, ar(ϕ) = ν i ϕ zavisi esencijalno od svake svoje promenljive.


(CC2) Neka je Q ∈ FC . Ako Q 6⊇ B{1}, uočimo b ∈ B \ ⋃Q. Očito,
cb ∈ D \Max(Q). Ako je Q ⊇ B{1} tada je Q ⊇ E , po definiciji familije
E . Kako Q 6= X{1} imamo da E \ ⋃Q 6= ∅. Uočimo proizvoljno
e ∈ E \⋃Q. Jasno je da je ce ∈ D \Max(Q).


(CC3) Neka je f ∈ D \ cJX . Ako je E = ∅ onda za svako i ∈ k imamo
f /∈ Max(Ai). Ako je E 6= ∅, postoji i ∈ k takvo da je Ai ⊆ E . Tada je
(
⋃Ai) ∩ (E ∪B) = ∅ odakle sledi da f /∈ Max(Ai).


2


5.47. Stav. Mreža cLX je komplementirana.


Dokaz. Neka je C klon ko-operacija skupa X. Zato što su trivijalni klonovi
ko-operacija cOX i cJX jedan drugom komplementi, pretpostavimo da je C


netrivijalan klon ko-operacija. Ako je FC = ∅, tada klon C ima komplement
u mreži cLX prema Lemi 5.45, a ako je FC 6= ∅, onda klon C ima komplement
u mreži cLX prema Lemi 5.46. 2


5.48. Napomena. Mreža cLX nije jednoznačno komplementirana: svaki
netrivijalni klon spliting ko-operacija je komplement klona cCloX(TX), što
sledi na osnovu kriterijuma kompletnosti SÃlupeckog (Napomena 5.2) i Stava
4.9.


5.7 Kolapsirajući klonovi ko-operacija


Razmatranja kolapsirajućih klonova ko-operacija koja provodimo u ovom
odeljku motivisana su rezultatima Th. Ihringera i R. Pöschela predstavl-
jenim u [Ihr-P 93]. Osnovni rezultat dodatka predstavljaju analogoni rezul-
tata P. P. Pálfyja i Á. Szendrei, kao i karakterizacija kolapsirajućih grupa
transformacija (podsetimo se da je analogni problem u slučaju klonova ope-
racija još uvek otvoren).


5.49. Definicija. Neka je C klon ko-operacija i n ∈ N. Za C kažemo da je
n-kolapsirajući ako za svaki klon ko-operacija D važi C(n) = D(n) ⇒ C = D.


Kažemo da je monoid transformacija kolapsirajući ako je Int(M) =
{cCloX M}.
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5.50. Napomene. (i) Klon C je n-kolapsirajući ako je to jedini klon sa
n-arnim delom C(n).


(ii) Svaki klon ko-operacija C je jednoznačno odredjen sa C(ν) [Csá 85].
Odatle, svaki klon ko-operacija je ν-kolapsirajući.


(iii) Klon C je 1-kolapsirajući ako i samo ako je monoid C(1) kolapsirajući.
(iv) cOX je 2-kolapsirajući, što je neposredna posledica kriterijuma kom-


pletnosti Sierpińskog [Csá 85].


Kao što je pokazano Stavovima 4.3 i 4.5, za dati monoid transforma-
cija M , svi klonovi ko-operacija C takvi da je C(1) = M obrazuju inter-
val [cCloX M, cPolX{%M}], gde je %M ko-relacija definisana u Stavu 4.5. U
slučaju n-arnog dela klonova ko-operacija situacija je slična:


5.51. Stav. Neka su C i D klonovi ko-operacija.


(i) D(n) = C(n) ako i samo ako je cCloX(C(n)) ⊆ D ⊆ cPolX{ΓC(χn)}.
(ii) Klonovi D takvi da je C(n) = D(n) obrazuju interval u mreži cLX .
(iii) Klon C je n-kolapsirajući, n ∈ N, ako i samo ako je cCloX(C(n)) =


cPolX{ΓC(χn)}.


Dokaz. Lema 3.74. 2


Pre nego što predjemo na kolapsirajuće monoide pokazaćemo da je svaki
maksimalan klon ko-operacija 2-kolapsirajući.


5.52. Lema. Neka je C maksimalan klon ko-operacija. Tada je C =
cCloX(C(2)).


Dokaz. Neka je A := {A1, . . . , Ak} regularna familija skupa X takva da je
C = Max(A) i neka je S := X \ ⋃k


i=1 Ai. Posmatrajmo sledeće skupove
binarnih ko-operacija:


P1 := {λs 7→x · ι21 : s ∈ S, x ∈ X}
P2 := {spl({s}, X \ {s}) : s ∈ S}
P3 := {f · ι21 : f ∈ TX i (∃i, j ∈ k)(f(Ai) = Aj ∧ f |X\Ai


= idX\Ai
)}


P4 := {f · ι21 : f ∈ TX i (∃i ∈ k)(|f(Ai)| < |Ai| ∧ f |X\Ai
= idX\Ai


)}
P5 := {spl(Ai, X \Ai)i ∈ k}.


Tada je P1∪. . .∪P5 ⊆ C(2) i cCloX(P1∪. . .∪P5) = C. Dakle, cClo(C(2)) = C.
2
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5.53. Stav. Svaki maksimalan klon ko-operacija je 2-kolapsirajući.


Dokaz. Neka je C maksimalan klon ko-operacija, a D klon ko-operacija takav
da je D(2) = C(2). Tada je D ⊇ cCloX(D(2)) = cCloX(C(2)) = C, (Lema
5.52). Kako je C maksimalan i D(2) = C(2) 6= cO


(2)
X , dobijamo D = C. 2


U vezi sa kolapsirajućim monoidima, pokazaćemo analogone sledeća dva
dobro poznata rezultata teorije klonova operacija.


Teorema (P. P. Pálfy, Á. Szendrei [Pál-Sz 83]). Neka je ν ≥ 3 i G


grupa permutacija skupa X. Tada: G je kolapsirajući monoid (u odnosu
na klonove operacija) ako i samo ako je %6= ∈ Inv Pol{%G}, gde je %6= :=
{〈x, y〉 ∈ X2 : x 6= y}.
Teorema (P. P. Pálfy [Pál 84]). Neka je ν ≥ 3, neka je G grupa per-
mutacija skupa X i M = Const(X) ∪G. Tada


• ili je M kolapsirajući monoid (u odnosu na klonove operacija)


• ili postoji vektorski prostor 〈X, +,K〉 nad poljem K takav da je M =
{ma,k : a ∈ X, k ∈ K}, gde je ma,k(x) = a + kx.


U drugom slučaju, |Int(M)| = 2.


Kao direktnu posledicu Stava 4.32 dobijamo


5.54. Stav. Neka je G grupa permutacija skupa X. Sledeća tri stava su
ekvivalentni:


(i) G je kolapsirajući monoid (u odnosu na klonove ko-operacija);
(ii) dužina najfinije disjunktne faktorizacije grupe G je 1;
(iii) cPolX{Σ} ∩ cPolX{%G} = cJX .


Kao analogon Pálfyjevog rezultata imamo:


5.55. Stav. Neka je M ⊆ Const(X) ∪ T
(p)
X monoid takav da je M ∩


Const(X) 6= ∅. Tada: M je kolapsirajući (u odnosu na klonove ko-operacija)
ako i samo ako je |M ∩ Const(X)| ≥ 2.


Dokaz. ⇐: Neka je |M ∩ Const(X)| ≥ 2. Dovoljno je pokazati da je svaki
klon C ∈ Int(M) unaran. Pretpostavimo da postoje C ∈ Int(M) i g ∈ C


takvi da g zavisi od najmanje dve promenljive, recimo, prve i druge. Neka
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su a, b ∈ X takvi da je a 6= b i ca, cb ∈ M , i neka je f := g · [ca, cb, . . . , cb].
Kako je g ∈ C i ca, cb ∈ M = C(1) imamo da je f ∈ C(1). No, f /∈ M .
(f /∈ Const(X) zato što je im(f) = {a, b}, a f /∈ T


(p)
X zato što je |X| ≥ 3 dok


je |im(f)| = 2). Kontradikcija.
Kako je svaki klon C ∈ Int(M) unaran, zaključujemo da je |Int(M)| = 1,


tj. da je M kolpsirajući monoid.
⇒: Neka je |M ∩ Const(X)| 6≥ 2. Tada je |M ∩ Const(X)| = 1. Neka


je M ∩ Const(X) = {ca} i neka je G := M ∩ T
(p)
X . Prvo, primetimo da je


a ∈ fix(G) (neka je f ∈ G i f(a) = b; tada je f ◦ ca = cb ∈ M , pa je b = a).
Neka je 〈A,B〉 proizvoljna particija skupa X. Uočimo ko-operaciju g ∈ cO


(2)
X


datu sa:


g(x) =


{
〈1, a〉, x ∈ A


〈2, a〉, x ∈ B


i neka je C = cCloX({g} ∪M). Lako se pokazuje da je C(1) = M . Kako je
g ∈ C \ cCloX M dobijamo |Int(M)| ≥ 2, tj. M nije kolapsirajući monoid. 2


5.56. Napomena. Primetimo da je {idX} ∪ K kolapsirajući monoid za
sve K ⊆ Const(X) sa osobinom |K| ≥ 2. Posebno, {idX} ∪ Const(X) je
kolapsirajući monoid.


5.57. Problemi. (i) Neka je G grupa permutacija skupa X i a ∈ fix(G).
Opisati Int(M), gde je M = {ca} ∪G.


(ii) Naći (unutrašnju i spoljašnju) karakterizaciju kolapsirajućih klonova
i monoida.







Glava 6


Minimalni klonovi


ko-operacija konačnog skupa


Već se vǐse puta do sada pokazalo da je mreža klonova ko-operacija konačnog
skupa znatno pitomija od mreže klonova operacija istog skupa. Ispitivanja
minimalnih klonova ko-operacija će još jednom potvrditi ovo zapažanje.
Opisaćemo sve minimalne i skoro sve supminimalne klonove ko-operacija.
Na osnovu strukture supminimalnih klonova ko-operacija ćemo izvesti donju
granicu za visinu mreže klonova ko-operacija.


Konvencija. U ovoj glavi X je konačan skup.


6.1. Definicija. Za klon ko-operacija C kažemo da je minimalan ako cJX <·
C. Klon ko-operacija C je supminimalan ako postoji minimalan klon ko-
operacija D takav da D <· C.


6.1 Opis minimalnih klonova ko-operacija


Opisaćemo sve minimalne klonove ko-operacija na konačnom skupu. Na
osnovu Stava 3.7, dovoljno je opisati minimalne klonove operacija skupa
P(X) koji pripadaju idealu 〈HP(X)]LP(X)


. Podsetimo se da je HP(X) =
PolP(X){%∅, %C ,∪•} kada je X konačan.


6.2. Definicija. Neka je f ∈ OX .


• f je minoranta ako je ar(f) = 3 i f(x, x, y) = f(x, y, x) = f(y, x, x) = y


za sve x, y ∈ X;
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• f je majoranta ako je ar(f) = 3 i f(x, x, y) = f(x, y, x) = f(y, x, x) = x


za sve x, y ∈ X;


• f je i-ta n-arna semiprojekcija ako je ar(f) = n ≥ 3 i postoji i ∈ n


takvo da za sve {x1, . . . , xn} ⊆ X, iz |{x1, . . . , xn}| < n sledi
f(x1, . . . , xn) = xi.


Ako je D minimalan klon operacija na skupu P(X) tada postoji f ∈
OP(X) \ JP(X) takvo da je D = CloP(X){f} i f pripada jednoj od sledećih
šest klasa [Szen 86]:


• ar(f) = 1 i f2 = f ;


• ar(f) = 1 i postoji prost broj p takav da je fp = idP(X);


• ar(f) = 2 i f je idempotentna operacija (tj. f(A,A) = A za sve A ⊆
X);


• f je minoranta;


• f je majoranta;


• f je semiprojekcija.


6.3. Lema. Ako je f ∈ OP(X) \ JP(X) minoranta, majoranta ili semiprojek-
cija, tada CloP(X){f} 6⊆ HP(X).


Dokaz. Neka je f minoranta i f ∈ HP(X). Tada je f(X,X, X) = f(X, ∅, ∅)∪
f(∅, X, ∅) ∪ f(∅, ∅, X) = X ∪ X ∪ X = X. S druge strane, f(X,X, X) =
f(X,X, ∅) ∪ f(X, ∅, X) ∪ f(∅, X,X) = ∅ ∪ ∅ ∪ ∅ = ∅. Dakle, X = ∅. Kon-
tradikcija. Ista ideja radi i ako je f majoranta.


Neka je sada f semiprojekcija i f ∈ HP(X). Jednostavnosti radi, uzećemo
da je f prva ternarna semiprojekcija. Tada je f(A,B, C) = f(A, ∅, ∅) ∪
f(∅, B, ∅) ∪ f(∅, ∅, C) = A ∪ ∅ ∪ ∅ = A = π3


1(A,B, C). Dakle, f ∈ JP(X).
Kontradikcija. 2


6.4. Lema. Neka je f ∈ O
(2)
P(X) preslikavanje za koga postoji particija


〈G1, G2〉 skupa X takva da je f(A,B) = (A ∩G1) ∪ (B ∩G2) za sve A,B ∈
P(X). Tada


(i) za svako g ∈ Clo
(n)
P(X){f} postoje i, j ∈ n takvi da je g(A1, . . . , An) =


f(Ai, Aj);
(ii) CloP(X){f} je minimalan klon operacija skupa P(X).
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Dokaz. (i) Indukcijom, na osnovu sledećih jednostavnih činjenica:


• πn
i (A1, . . . , An) = f(Ai, Ai)


• f(f(Ai, Aj), f(Ak, A`)) = f(Ai, A`).


(ii) Direktna posledica tvrdjenja (i). 2


6.5. Napomena. Podsetimo se: ako je f binarni spliting i d(f) = 〈G1, G2〉
onda je f−(A,B) = (A ∩G1) ∪ (B ∩G2) (Stav 4.10 i Posledica 4.11).


6.6. Stav. Neka je D klon ko-operacija. D je minimalan klon ko-operacija
ako i samo ako postoji ko-operacija f /∈ cJX takva da je D = cCloX{f} i


• ili ar(f) = 1 i f2 = f ,


• ili ar(f) = 1 i fp = f za neki prost broj p,


• ili f je binarni spliting koji zavisi od obe promenljive.


Dokaz. ⇐: Sledi na osnovu poznatih činjenica o minimalnim klonovima
operacija i Leme 6.4.


⇒: Napomena 6.5 i Lema 6.3. 2


6.7. Opis minimalnih klonova ko-operacija invarijantnim ko-relaci-
jama. Neka je D minimalan klon ko-operacija.


• Ako je D = cCloX{f} gde je ar(f) = 1 i f2 = f , onda je D =
cPolX{Ω, %{idX ,f}} (videti Lemu 2.12 i Stav 4.5 za definiciju ko-relacija
Ω i %M , redom).


• Ako je D = cCloX{f} gde je ar(f) = 1 i fp = f za neki prost broj p,
onda je D = cPolX{Ω, %{idX ,f,...,fp−1}}.


• Ako je D = cCloX{f} gde je f binarni spliting koji zavisi od obe
promenljive, onda je D = cPolX{Σ, ηf} (videti Posledicu 4.18 za defini-
ciju ko-relacije ηf ).


6.8. Broj minimalnih klonova ko-operacija. Neka je α1(ν) broj pres-
likavanja f ∈ TX takvih da je f2 = f , α2(ν) broj preslikavanja f ∈ TX


takvih da je fp = idX za neki prost broj p, a α3(ν) broj binarnih splitinga
skupa X koji zavise od obe promenljive. Tada je broj minimalnih klonova
ko-operacija na X dat sa


α1(ν) +
α2(ν)
p− 1


+ α3(ν),
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gde je


α1(ν) =
ν−1∑


j=1


(
ν


j


)
jν−j


α2(ν) =
∑


2≤p≤ν
p prost


b ν
p
c∑


j=1


ν!
j! · pj · (ν − jp)!


α3(ν) = 2(ν−1) − 1.


(Primetimo da je α2(ν) podeljeno sa p − 1 zato što f , f2, . . . , fp−1 svi
generǐsu isti minimalan klon ako je f permutacija skupa X reda p, a p prost
broj.)


6.2 Neki supminimalni klonovi ko-operacija


U ovom odeljku ćemo opisati sve ne-unarne minimalne klonove ko-operacija
skupa X. Važnu informaciju o supminimalnim klonovima ko-operacija nam
daje sledeći stav:


6.9. Stav. Neka su C i D klonovi ko-operacija takvi da cJX <· D <· C.
Tada važi tačno jedan od sledećih stavova:


(i) D = D(un) i C = C(un);
(ii) postoji f ∈ TX takvo da je f2 = f 6= idX , D = cCloX{f} i D(1) = C(1);
(iii) postoje f ∈ TX i prost broj p takvi da je f 6= idX , fp = idX , D =


cCloX{f} i D(1) = C(1);
(iv) D = D(sp) i C = C(sp).
(v) D = D(sp) = C(sp) i postoji f ∈ TX takvo da je f2 = f 6= idX i


C = cCloX(D ∪ {f});
(vi) D = D(sp) = C(sp), C(1) sadrži samo permutacije i za svako f ∈


C(1) \ {idX} je C = cCloX(D ∪ {f}).


Dokaz. Stav je direktna posledica stava [Szen 83, Proposition 4.2.], Stavova
3.7 i 4.10 i sledeće dve činjenice:


• f ∈ TX je permutacija ako i samo ako je f− permutacija;


• za f ∈ TX imamo: f2 = f ako i samo ako je (f−)2 = f−.
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2


U nastavku dajemo karakterizaciju supminimalnih klonova ko-operacija za
svaki od tipova (ii)–(vi) ponaosob. Primetimo da supminimalni klonovi tipa
(i) u stvari odredjuju drugi sprat u mreži monoida konačnog skupa, čime se
nećemo baviti u ovom radu.


6.10. Napomena. U slučajevima (iv), (v) i (vi) znamo da je D = cCloX{g}
za neki binarni spliting g koji zavisi od obe promenljive.


6.11. Lema. Neka je g binarni spliting koji zavisi od obe promenljive, d(g) =
〈A,B〉 i f ∈ TX . Ako cCloX{g} <· cCloX{f, g} onda je ili f |A = idA ili
f |B = idB.


Dokaz. Ako je f |A = idA i f |B = idB onda je f = idX pa je cCloX{g} =
cCloX{f, g}. Kontradikcija.


Pretpostavimo sada da f |A 6= idA i f |B 6= idB. Neka je h := g · [f · ι21, ι22].
Jasno je da je cCloX{g} ⊆ cCloX{g, h} ⊆ cCloX{g, f}. Pokažimo da je prva
inkluzija stroga. Odaberimo a ∈ A tako da je f(a) 6= a i posmatrajmo ko-
relaciju σa := {〈P, X \ P 〉∇ : a ∈ P ⊆ X}. Očigledno, σa ∈ cInvX{g}. Neka
je ra := 〈{a}, X\{a}〉∇ i s := h·[ra, ra]. Lako se vidi da s−1(1) = f−1(a) 63 a.
Stoga, s /∈ σa dok je ra ∈ σa. Ovim je pokazano da σa /∈ cInvX{g, h} pa je
cCloX{g} ⊂ cCloX{g, h}.


Dokaz da je i druga inkluzija stroga je sličan. Odabere se b ∈ B takvo
da f(b) 6= b i uoči se ko-relacija σb := {〈P, X \ P 〉∇ : b ∈ P ⊆ X}. Potom se
pokaže da je σb ∈ cInvX{g, h} \ cInvX{g, f} na osnovu čega je cCloX{g, h} ⊂
cCloX{g, f}. 2


6.2.1 Tip (ii)


6.12. Lema. Neka je f unarna ko-operacija takva da je f2 = f 6= idX i
neka je ∅ 6= G ⊆ cOX skup ko-operacija takav da je val g = f za sve g ∈ G.
Tada za sve h ∈ cCloX G imamo


h ∈ cJX ili val h = f. (∗)


Dokaz. Indukcijom. Ako je h ∈ cJX ∪G, onda je (∗) trivijalno tačno.
Neka je h = g · [h1, . . . , hn] za neko g ∈ G i neke h1, . . . , hn koji zadovo-


ljavaju (∗). Neka ja d(g) = 〈B1, . . . , Bn〉. Tada je val h = (val g · val h1)|B1 ⊕
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. . .⊕(val g · valhn)|Bn . Na osnovu induktivne pretpostavke je valhi ∈ {idX , f}
za sve i ∈ n. Kako je f · f = f · idX = f , dobijamo da je val h =
f |B1 ⊕ . . .⊕ f |Bn = f . 2


6.13. Notacija. U Lemama 6.14, 6.15, 6.16 neka je f unarna ko-operacija
takva da je f2 = f 6= idX i neka je D := cCloX{f}. Dalje, neka je C klon
ko-operacija takav da je C(un) = D(un) i D <· C.


6.14. Lema. Za svako h ∈ C je h ∈ cJX ili valh = f .


Dokaz. Kako je C(1) = D(1) = {idX , f} znamo da je valh ∈ {idX , f} za sve
h ∈ C. Dovoljno je pokazati da valh = idX implicira h ∈ cJX , tj. da u C ne
postoje netrivijalni splitinzi.


Pretpostavimo da je g ∈ C netrivijalni spliting. Jednostavnosti radi,
pretpostavimo da g zavisi od prve dve promenljive. Neka je g′ := g ·
[f · ιn1 , . . . , f · ιnn] i C ′ := cCloX{f, g′}. g′ takodje zavisi od prve dve pro-
menljive, pa je D ⊂ C ′. Pokažimo da je C ′ ⊂ C tako što ćemo pokazati da
g /∈ C ′. Kako je val g′ = f , Lema 6.12 daje da za svako h ∈ C ′ \ cJX važi
valh = f . No, val g = idX 6= f i tako g /∈ C ′. Dakle, D ¿ C. Kontradikcija.


2


6.15. Lema. Postoji binarna ko-operacija g takva da g zavisi od obe pro-
menljive, val g = f i C = cCloX{g}.


Dokaz. Kako C 6= C(un), postoji g′ ∈ C koje zavisi od bar dve promenljive.
Lema 6.14 garantuje da je val g′ = f . Bez umanjenja opštosti možemo pret-
postaviti da g′ zavisi od prve dve promenljive. Neka je g := g′ · [ι21, ι22, . . . , ι22].
Tada je D ⊂ cCloX{g} ⊆ C. Kako D <· C imamo da je C = cCloX{g}. Pri
tome je, očigledno, val g = val g′ = f . 2


6.16. Lema. Neka je Φ := fix(f) i neka je g binarna ko-operacija čija
egzistencija je pokazana u Lemi 6.15. Tada je


• ili (∀x, y ∈ Φ) lbl g(x) = lbl g(y)


• ili (∀y ∈ Φ)(∀x ∈ f−1(y)) lbl g(x) = lbl g(y).


Dokaz. Pretpostavimo suprotno. Ako važe oba uslova, onda je (∀x, y ∈
X) lbl g(x) = lbl g(y), pa g zavisi od samo jedne promenljive. Kontradikcija.
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g :
a
b
c


a


c


c


µ


3


R


g′ :
a
b
c


a


c


µ


wR


Slika 6.1: Ko-operacije g i g′


Pretpostavimo sada da ne važi nijedan uslov. Tada postoje a, a′ ∈ Φ
takvi da je lbl g(a) 6= lbl g(a′) i postoje c ∈ Φ i b ∈ f−1(c) takvi da je lbl g(b) 6=
lbl g(c). Jednostavnosti radi, uzmimo da je lbl g(b) = 1 i lbl g(c) = 2. Kako
je ar(g) = 2 i lbl g(a) 6= lbl g(a′) imamo da je lbl g(a) = 1 ili lbl g(a′) = 1.
Recimo, lbl g(a) = 1. Neka je g′ := g · [g, ι22] i C ′ := cCloX{g′} (Sl. 6.1). Kako
je g′(a) = 〈1, a〉 i g′(c) = 〈2, c〉 dobijamo da g′ zavisi od obe promenljive.
Lako se proverava da je val g′ = f , pa je D ⊂ C ′. Pokazaćemo da je C ′ ⊂ C


tako što ćemo pokazati da g /∈ C ′. Uočimo ko-relaciju σ := {r1, r2, r3}, gde
je r1 := 〈∅, X〉∇, r2 := 〈{c}, X \ {c}〉∇ i r3 := 〈f−1(c), X \ f−1(c)〉∇. Lako
se pokazuje da σ ∈ cInvX C ′ zato što (∀x, y ∈ f−1(c)) lbl g′(x) = lbl g′(y).
Pokažimo da g ne ko-čuva σ. Neka je s := g · [r2, r1] i s− = 〈P, Q〉. Kako je
b ∈ P , c /∈ P i b ∈ f−1(c) imamo da s /∈ σ. Tako, C ′ ⊂ C, pa je D ¿ C.
Kontradikcija. 2


6.17. Lema. Neka je f unarna ko-operacija takva da je f2 = f 6= idX , neka
je Φ := fix(f) i neka je g binarna ko-operacija koja zavisi od obe promenljive
i ima osobinu val g = f . Pretpostavimo još da


(a) ili (∀x, y ∈ Φ) lbl g(x) = lbl g(y)


(b) ili (∀y ∈ Φ)(∀x ∈ f−1(y)) lbl g(x) = lbl g(y).


Tada za svako h ∈ cCloX{g} imamo: h ∈ cJX , ili h = f · ιnk za neko n ∈ N
i neko k ∈ n, ili h = g · [ιnk , ιn` ] za neko n ∈ N i neke k, ` ∈ n.


Dokaz. Indukcijom, ima li se u vidu da važi sledeće:
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• f · g =


{
f · ι2k, za neko k ∈ 2 u slučaju (a)
g, u slučaju (b);


• g · [ιnk , f · ιn` ] = g · [f · ιnk , ιn` ] = g · [f · ιnk , f · ιn` ] = g · [ιnk , ιn` ], zato što je
f |Φ = idΦ;


• g ·[ιnk , g ·[ιn` , ιnm]] = g ·[g ·[ιnk , ιn` ], ιnm] = g ·[g ·[ιnj , ιnk ], g ·[ιn` , ιnm]] = g ·[ιnp , ιnq ]
gde p, q ∈ n u različitim slučajevima mogu imati različite vrednosti; i


• g · [f · ιnk , g · [ιn` , ιnm]] = g · [g · [ιnk , ιn` ], f · ιnm] = g · [ιnp , ιnq ] gde p, q ∈ n u
različitim slučajevima mogu imati različite vrednosti.


2


6.18. Stav. Neka je f unarna ko-operacija takva da je f2 = f 6= idX , neka
je Φ := fix(f) i neka je D := cCloX{f}. Neka je C klon ko-operacija takav da
je C(un) = D(un). Tada D <· C ako i samo ako postoji binarna ko-operacija g


sa sledećim osobinama: C = cCloX{g}, g zavisi od oba argumenta, val g = f


i


• ili (∀x, y ∈ Φ) lbl g(x) = lbl g(y)


• ili (∀y ∈ Φ)(∀x ∈ f−1(y)) lbl g(x) = lbl g(y).


Dokaz. ⇒: Leme 6.12, 6.14, 6.15 i 6.16.
⇐: Jasno je da je D ⊂ C. Da bismo pokazali da D <· C, uočimo klon


ko-operacija C ′ takav da je D ⊂ C ′ ⊆ C i uzmimo proizvoljno h ∈ C ′ \D.
Prema Lemi 6.17 je h = g · [ιnk , ιn` ] za neke k, `, n, na osnovu čega je g ∈ C ′.
Dakle, C ′ = C. 2


6.2.2 Tip (iii)


6.19. Notacija. U Lemama 6.20 i 6.21 neka je f 6= idX permutacija takva
da je fp = idX za neki prost broj p ∈ N i neka je D := cCloX{f}. Neka je
C klon ko-operacija takav da je C(un) = D(un) i D <· C.


6.20. Lema. Neka je g ∈ C najmanje binarna ko-operacija koja zavisi od
svake svoje promenljive i neka je d(g) = 〈B1, . . . , Bn〉. Tada postoji tačno
jedno i ∈ n takvo da je f |Bi 6= idBi.


Dokaz. Ako je f |Bi = idBi za sve i ∈ n onda je f = idX . Kontradik-
cija. Pretpostavimo sada da f |B1 6= idB1 i f |B2 6= idB2 , i uočimo g′ := g ·
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[f, ι11, ι
1
1, . . . , ι


1
1] ∈ C(1). Kako je val g ∈ C(1) = D(1) = {idX , f, f2, . . . , fp−1}


dobijamo da je val g = fk za neko k ∈ {0, 1, . . . , p− 1}. Tada je


g′(x) =


{
fk+1(x), x ∈ B1


fk(x), x ∈ X \B1.


Na osnovu f |B1 6= idB1 i f |B2 6= idB2 dobijamo da je g′ ∈ C(1) \ {idX , f , f2,
. . ., fp−1}. Kontradikcija. 2


6.21. Lema. Postoji binarna ko-operacija g ∈ C koja zavisi od obe pro-
menljive i ima sledeće osobine: C = cCloX{g}, val g = f i ili f |A = idA ili
f |B = idB, gde je 〈A,B〉 = d(g).


Dokaz. Kako je C 6= C(un) uzmimo proizvoljno g′ ∈ C\C(un). Bez umanjenja
opštosti možemo pretpostaviti da g′ zavisi od svake svoje promenljive. Neka
je d(g′) = 〈B1, . . . , Bn〉. Prema Lemi 6.20 možemo pretpostaviti još i da je
f |B1 6= idB1 , dok je f |Bj = idBj za j ≥ 2. Postoji nenegativan ceo broj k


takav da je val g′ = fk. Odaberimo ` > 0 tako da je k + ` ≡ 1 (mod p) i
stavimo g := f ` ·g′ · [ι21, ι22, ι22, . . . , ι22]. Jasno je da g zavisi od obe promenljive
i da je val g = f . Takodje, d(g) = 〈B1, X \B1〉 i f |B1 6= idB1 dok je f |X\B1


=
idX\B1


. Štavǐse, D ⊂ cCloX{g} ⊆ C, na osnovu čega je C = cCloX{g} (zbog
D <· C). 2


6.22. Lema. Neka je f 6= idX permutacija takva da je fp = idX za neki prost
broj p ∈ N. Neka je g binarna ko-operacija koja zavisi od obe promenljive i
ima sledeće osobine: val g = f i ili f |A = idA ili f |B = idB, gde je 〈A,B〉 =
d(g). Dalje, neka je ĝ := spl(A,B). Tada za svako h ∈ cCloX{g} postoje
nenegativni celi brojevi k, `, m, n takvi da je h = fm · ĝ · [ιnk , ιn` ].


Dokaz. Indukcijom, uz sledeću napomenu: ĝ · [f · ϕ,ψ] = f · ĝ · [ϕ,ψ] i
ĝ · [ϕ, f · ψ] = ĝ · [ϕ,ψ]. 2


6.23. Stav. Neka je f 6= idX permutacija takva da je fp = idX za neki prost
broj p ∈ N i neka je D := cCloX{f}. Neka je C klon ko-operacija takav da
je C(un) = D(un). Tada D <· C ako i samo ako postoji binarna ko-operacija
g ∈ C koja zavisi od obe promenljive i ima sledeće osobine: C = cCloX{g},
val g = f i ili f |A = idA ili f |B = idB, gde je 〈A,B〉 = d(g).


Dokaz. Leme 6.21 i 6.22. 2
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6.2.3 Tip (iv)


Prema Stavu 4.19 lako je opisati supminimalne klonove ko-operacija tipa
(iv).


6.24. Stav. C je supminimalan klon ko-operacija tipa (iv) ako i samo ako
postoji ternarni spliting g koji zavisi od svake svoje promenljive i generǐse
C, tj. C = cCloX{g}.


6.2.4 Tip (v)


6.25. Lema. Neka je g binarni spliting koji zavisi od obe promenljive, neka
je d(g) = 〈A,B〉 i neka je f ∈ TX takvo da je f |B = idB. Tada za sve
h1, h2 ∈ cClo


(n)
X {f, g} postoji k ∈ n takvo da je g · [h1, h2] = g · [h1, ι


n
k ].


6.26. Lema. Neka je g binarni spliting koji zavisi od obe promenljive i neka
je d(g) = 〈A,B〉. Uočimo f ∈ TX takvo da je f2 = f 6= idX , f |A 6= idA i
f |B = idB. Tada za sve h ∈ cCloX{f, g} važi


h ∈ cCloX{g} ili val h = f. (∗)


Dokaz. Indukcijom. Ako je h ∈ cJX ∪ {f, g}, (∗) trivijalno važi.
Pretpostavimo da je h = g · [ϕ1, ϕ2] gde ϕ1 i ϕ2 zadovoljavaju (∗). Prema


Lemi 6.25 postoji k takvo da je h = g · [ϕ1, ι
n
k ]. Ako je ϕ1 ∈ cCloX{g} onda


je i h ∈ cCloX{g}. No, ako je valϕ1 = f , onda je valh = (val g · valϕ1)|A ⊕
(val g · val ιnk)|B = (idX ·f)|A ⊕ (idX · idX)|B = f |A ⊕ idB = f .


Pretpostavimo sada da je h = f · ϕ gde ϕ zadovoljava (∗). Tada je
valh = f · valϕ. Ako je ϕ ∈ cCloX{g}, onda je val ϕ = idX i val h = f . Ako
je, medjutim, val ϕ = f , onda je val h = f · f = f . 2


6.27. Stav. Neka je g binarni spliting koji zavisi od obe promenljive, neka
je d(g) = 〈A,B〉 i neka je f ∈ TX takvo da je f2 = f 6= idX . Tada
cCloX{g} <· cCloX{f, g} ako i samo ako je f |A = idA ili f |B = idB.


Dokaz. ⇒: Lema 6.11.
⇐: Pretpostavimo da je f |A 6= idA i f |B = idB. Jasno je da je cCloX{g} ⊂


cCloX{f, g}. Neka je klon C takav da je cCloX{g} ⊂ C ⊆ cCloX{f, g} i
uzmimo proizvoljno h ∈ C \ cCloX{g}. Tada je valh = f prema Lemi 6.26.
Kako je h ∈ C imamo da je f = val h ∈ C, pa je C = cCloX{f, g}. Ovim je
pokazano da cCloX{g} <· cCloX{f, g}. 2
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6.2.5 Tip (vi)


6.28. Lema. Neka je g binarni spliting koji zavisi od obe promenljive, neka
je d(g) = 〈A,B〉 i neka je f ∈ TX takvo da je f(A) ⊆ A i f |B = idB. Tada


(i) za sve h1, h2 ∈ cClo
(n)
X {f, g} i q ∈ N postoji k ∈ n takvo da je g · [f q ·


h1, h2] = f q · g · [h1, ι
n
k ];


(ii) za svako h ∈ cCloX{f, g}, ili h ∈ cCloX{g} ili h = f q · g′ za neke
q ∈ N i g′ ∈ cCloX{g}. Drugim rečima, h = f q · g′ za neke q ≥ 0 i
g′ ∈ cCloX{g} uz dogovor da je f0 = idX .


6.29. Lema. Neka je g binarni spliting koji zavisi od obe promenljive, neka
je d(g) = 〈A,B〉 i neka je f ∈ TX permutacija skupa X takva da je f |A 6= idA


i f |B = idB. Dalje, neka cCloX{g} <· cCloX{f, g}. Tada postoji prost broj
p ∈ N takav da je fp = idX .


Dokaz. f je permutacija konačnog skupa, pa postoji najmanji prirodan
broj n ∈ N takav da je fn = idX . Kako f |A 6= idA mora biti n > 1.
Pretpostavimo da n nije prost, neka je q prost faktor od n i neka je f ′ := fn/q.
Tada je cCloX{g} ⊆ cCloX{f ′, g} ⊆ cCloX{f, g}. Na osnovu Leme 6.28 obe
inkluzije su stroge. Dakle, cCloX{g} ¿ cCloX{f, g}. Kontradikcija. 2


6.30. Stav. Neka je g binarni spliting koji zavisi od obe promenljive, neka
je d(g) = 〈A, B〉 i neka je f ∈ TX permutacija skupa X takva da f 6= idX .
Tada cCloX{g} <· cCloX{f, g} ako i samo ako


• postoji prost broj p ∈ N takav da je fp = idX , i


• ili f |A = idA ili f |B = idB.


Dokaz. ⇒: Leme 6.11 i 6.29.
⇐: Pretpostavimo da je f |A 6= idA i f |B = idB. Jasno je da je cCloX{g} ⊂


cCloX{f, g}. Neka je klon C takav da je cCloX{g} ⊂ C ⊆ cCloX{f, g} i neka
je h ∈ C \ cCloX{g} proizvoljno. Tada je h = f q · g′ za neke q ≥ 0 i
g′ ∈ cCloX{g} (Lema 6.29). Kako je h ∈ C imamo da je f q = valh ∈ C. p je
prost, pa f q ∈ C implicira f ∈ C i tako C = cCloX{f, g}. Ovim je pokazano
da cCloX{g} <· cCloX{f, g}. 2


6.31. Napomena. Uočimo da se ova klasa supminimalnih klonova poklapa
sa klasom supminimalnih klonova tipa (iii).
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6.2.6 Rezime i komentari


Rezimirajmo rezultate ovog odeljka.


6.32. Stav. Neka je C klon ko-operacija takav da C 6= C(un). Tada: C


je supminimalan klon ko-operacija ako i samo ako važi jedan od sledećih
stavova:


• Tip (ii): postoje unarna ko-operacija f i binarna ko-operacija g takve
da je C = cCloX{g}, f2 = f 6= idX , g zavisi od obe promenljive,
val g = f i


– ili (∀x, y ∈ fix(f)) lbl g(x) = lbl g(y)
– ili (∀y ∈ fix(f))(∀x ∈ f−1(y)) lbl g(x) = lbl g(y);


• Tipovi (iii) i (vi): postoje binarni spliting g koji zavisi od obe promen-
ljive i permutacija f 6= idX skupa X takvi da je C = cCloX{f, g},
fp = idX za neki prost broj p ∈ N i ili f |A = idA ili f |B = idB, gde je
d(g) = 〈A,B〉.


• Tip (iv): postoji ternarni spliting g koji zavisi od svake svoje promen-
ljive takav da je C = cCloX{g};


• Tip (v): postoje binarni spliting g koji zavisi od obe promenljive i
unarna ko-operacija f takvi da je C = cCloX{f, g}, f2 = f 6= idX


i ili f |A = idA ili f |B = idB, gde je d(g) = 〈A,B〉;


6.33. Problem. Opisati supminimalne klonove tipa (i). Primetimo da se
ovaj problem svodi na opis drugog sprata mreže monoida transformacija
konačnog skupa, što je problem koji ne pripada esencijalno teoriji klonova.


6.34. Napomene. (i) Neka je sa Kj označen skup svih supminimalnih
klonova tipa j, j ∈ {(ii), (iii), (iv), (v), (vi)}. Videli smo da je K(iii) = K(vi),
a lako se pokazuje da su u svim ostalim slučajevima klase Kj i K` različite
za j 6= `.


(ii) Supminimalni klonovi tipa (ii) i (v) su u posebnom odnosu. Neka
je 〈A,B〉 particija skupa X. Neka je g := spl(A,B) i uzmimo f ∈ TX


tako da je f |B = idB, dok je f(A) ⊆ A ili f(A) ⊆ B. Neka je, dalje,
g∗ := g · [f · ι21, ι22]. Tada je cCloX{g∗} supminimalan klon tipa (ii), dok je
cCloX{f, g} supminimalan klon tipa (v). Po konstrukciji je cCloX{g∗} <


cCloX{f, g}. Klonovi cJX , cCloX{f}, cCloX{g}, cCloX{g∗} i cCloX{f, g}
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cJX


cCloX{f} cCloX{g}


cCloX{f, g}
cCloX{g∗}


Slika 6.2: Supminimalan klon tipa (v) koji je iznad supminimalnog klona
tipa (ii)


obrazuju pentagon koji je prikazan na Sl. 6.2. Primetimo još da se ispod
skoro svakog supminimalnog klona tipa (v) nalazi neki supminimalan klon
tipa (ii).


6.2.7 Asocijativnost


Kao poslednju napomenu uvešćemo pojam asocijativnosti ko-operacija i još
jednom razmotriti ko-operacije koje generǐsu minimalne i supminimalne klo-
nove ko-operacija.


6.35. Motivacija. Za operacije f ∈ O
(n)
X i g ∈ O


(m)
X neka je sa 〈f, g〉


označeno preslikavanje Xn+m → X2 definisano sa 〈f, g〉 : Xn+m → X2 :
〈x1, . . . , xn, y1, . . . , ym〉 7→ 〈f(x1, . . . , xn), g(y1, . . . , ym)〉. Ako je ∗ : X2 → X


binarna operacija skupa X tada se činjenica da je ∗ asocijativna može opisati
činjenicom da sledeći dijagram komutira:


X ×X X


X ×X ×X X ×X


?


〈idX , ∗〉


?


∗


-∗


-〈∗, idX〉
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Dualno, za ko-operacije f ∈ cO
(n)
X i g ∈ cO


(m)
X neka je sa 〈f, g〉 označeno


preslikavanje 〈f, g〉 : Xt2 → Xtm+n definisano sa


〈f, g〉(〈j, x〉) =


{
f(x), j = 1
n + g(x), j = 2


gde je n + 〈k, y〉 := 〈n + k, y〉. Okretanjem strelica u gornjem dijagramu,
dobijamo po analogiji pojam asocijativnosti za ko-operacije: za ko-operaciju
f : X → Xt2 kažemo da je asocijativna ako sledeći dijagram komutira:


X tX X tX tX


X X tX


?


f


?


〈idX , f〉


-〈f, idX〉


-f


tj. ako je f · 〈idX , f〉 = f · 〈f, idX〉. Primetimo da je to ekvivalentno sa


f · [ι31, f · [ι32, ι33]] = f · [f · [ι31, ι32], ι33]


i da f · 〈g, h〉 odgovara linearizovanoj superpoziciji koja je uvedena u
[Pös-R 97].


6.36. Definicija. Neka je f ∈ cO
(2)
X . Kažemo da je f asocijativna ako


f · [f · [ι31, ι32], ι33] = f · [ι31, f · [ι32, ι33]].


Pojam asocijativnosti se slaže sa kontravarijantnim liftingom, kao što poka-
zuje sledeći stav.


6.37. Stav. Neka je f binarna ko-operacija. f je asocijativna ako i samo
ako je f− asocijativna.


6.38. Primeri. (i) Svaki binarni spliting koji zavisi od obe promenljive je
asocijativan.
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(ii) Neka je f binarna ko-operacija, d(f) = 〈A,B〉 i ϕ := val f . Ako je
ϕ(A) ⊆ A, ϕ(B) ⊆ B i ϕ2 = ϕ onda je f asocijativna.


(iii) Neka je f binarna ko-operacija koja zavisi od tačno jednog argumenta
i pri tome (val f)2 6= val f . Tada f nije asocijativna.


(iv) Neka je f binarna ko-operacija, d(f) = 〈A,B〉 i ϕ := val f . Ako je
ϕ(A) ⊆ B i ϕ(B) ⊆ B tada f nije asocijativna. Razlog je jednostavan: prva
promenljiva ko-operacije f · [f · [ι31, ι32], ι33] je fiktivna, dok prva promenljiva
ko-operacije f · [ι31, f · [ι32, ι33]] nije.


Sada na prirodan način možemo da uopštimo pojam asocijativnosti na ko-
operacije proizvoljne arnosti.


6.39. Definicija. Neka je f ∈ cO
(n)
X . Kažemo da je f asocijativna ako


f · [f · [ι2n−1
1 , . . . , ι2n−1


n ], ι2n−1
n+1 , . . . , ι2n−1


2n−1] =


= f · [ι2n−1
1 , f · [ι2n−1


2 , . . . , ι2n−1
n+1 ], ι2n−1


n+2 , . . . , ι2n−1
2n−1] =


...
= f · [ι2n−1


1 , . . . , ι2n−1
n−1 , f · [ι2n−1


n , . . . , ι2n−1
2n−1]]


6.40. Primeri. (i) Svaka unarna ko-operacija je asocijativna.
(ii) Svaki spliting koji zavisi od svake svoje promenljive je asocijativan.
(iii) Neka je f ko-operacija, d(f) = 〈B1, . . . , Bn〉 i ϕ := val f . Ako je


ϕ(Bi) ⊆ Bi, i ∈ n, i ϕ2 = ϕ onda je f asocijativna.


6.41. Stav. Asocijativnost nije klon-teoretska osobina. Drugim rečima, ne
postoji skup ko-relacija S takav da je cPolX S tačno skup svih asocijativnih
ko-operacija.


Dokaz. Dovoljno je pronaći asocijativnu ko-operaciju f takvu da cCloX{f}
sadrži neasocijativnu ko-operaciju. A to je lako: uzmimo proizvoljnu unarnu
ko-operaciju f . f je asocijativna, dok f · ι21 ∈ cCloX{f} nije. 2


6.42. Stav. Svi minimalni klonovi ko-operacija se mogu generisati aso-
cijativnim ko-operacijama. Svi supminimalni klonovi ko-operacija tipa (i)
i (iii)–(vi) se mogu generisati asocijativnim ko-operacijama. Supminimalan
klon ko-operacija C tipa (ii) se može generisati asocijativnim ko-operacijama
ako i samo ako je C = cCloX{g} gde je g binarna ko-operacija koja zavisi
od obe promenljive, a za f := val g važi sledeće:


f2 = f ∧ (∀y ∈ fix(f))(∀x ∈ f−1(y)) lbl g(x) = lbl g(y).
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6.3 Donja granica za h(cLX)


U ovom odeljku ćemo koristeći se strukturom supminimalnih klonova ko-
operacija pokazati da je h(cLX) ≥ 6 za ν ≥ 3.


Podsetimo se da je sa Uν−1 označen maksimalan klon ko-operacija koji
se sastoji od svih ne-esencijalnih ko-operacija. Takodje, ako je A regularna
familija na X i C maksimalan klon ko-operacija takav da C 6= Max(A) onda
je C ∩Max(A) < C.


6.43. Lema. Neka je C maksimalan klon ko-operacija i neka je ν ≥ 4.
Tada je C(un) ¿ C.


Dokaz. Ako je C = Uν−1 onda je
∣∣∣[C(un), C]cLX


∣∣∣ = ν − 1 ≥ 3 (Stav 4.24),
čime je lema pokazana.


Pretpostavimo zato da C 6= Uν−1. Jasno je da je C ∩ Uν−1 < C.
Pokazaćemo da je C(un) < C ∩ Uν−1. Neka je A 6= {X} regularna fami-
lija na X takva da je C = Max(A). Neka su S ∈ A i a ∈ S proizvoljni.
Posmatrajmo sledeću binarnu ko-operaciju:


f(x) =


{
〈1, a〉, x ∈ S


〈2, a〉, x /∈ S.


Jasno je da je f ∈ C ∩ Uν−1 i da f /∈ C(un), čime je tvrdjenje pokazano. 2


U nastavku pokazujemo da za svaki supminimalan klon ko-operacija D i
svaki maksimalan klon ko-operacija C iz D ≤ C sledi D ¿ C. U Lemama
6.44–6.48 razmatramo redom sve tipove supminimalnih klonova ko-operacija,
a rezultate rezimiramo Stavom 6.49. Posledica 6.50 zaključuje odeljak.


6.44. Lema. Neka je D supminimalan klon ko-operacija tipa (i) i neka je
C maksimalan klon ko-operacija takav da je D ≤ C. Tada je D ¿ C.


Dokaz. Neka je ν ≥ 4. Ako je D < C(un) onda je D < C(un) < C (Lema
6.43). Ako je D = C(un), onda je D = C(un) ¿ C (ponovo Lema 6.43).


Neka je sada ν = 3. Prema Stavu 4.24, C(un) <· C. Zato, da bismo
pokazali da je D ¿ C, dovoljno je pokazati da je D(1) < C(1). Tabela 6.1
sadrži D(1) i C(1) za sve supminimalne klonove D i sve maksimalne klonove
C ko-operacija skupa X = {0, 1, 2}. Direktnom proverom se pokazuje da
iz D(1) ≤ C(1) sledi D(1) < C(1). Jednostavnosti radi, preslikavanja f :
{0, 1, 2} → {0, 1, 2} su predstavljena nizovima f(2) f(1) f(0). 2
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Unarni delovi supminimalnih klonova ko-operacija skupa {0, 1, 2}
210 000 100 210 022 200 210 210 211 222
000 210 000 110 210 110 111 210 210 212 222
010 210 000 111 210 110 210 220 210 220 222
012 210 000 120 210 111 112 210 210 221 222
110 210 000 200 210 111 210 211 000 012 210 222
111 210 000 210 220 111 210 212 000 111 201 210
120 210 000 210 222 111 210 222 010 012 210 212
200 210 001 110 210 121 210 212 110 120 210 220
201 210 002 210 220 122 210 211 111 120 210 222
210 211 010 101 210 200 210 211 200 201 210 211
210 212 010 110 210 200 210 220 000 021 102 111 210 222
210 220 010 111 210 200 210 222 001 010 101 110 201 210
210 222 010 210 212 201 210 222 002 012 022 200 210 220
000 010 210 011 111 210 202 210 222 012 021 102 120 201 210
000 020 210 012 111 210 210 211 212 120 121 122 210 211 212


Unarni delovi maksimalnih klonova ko-operacija skupa {0, 1, 2}
C0 : 000 010 020 100 110 120 200 210 220
C1 : 010 011 012 110 111 112 210 211 212
C2 : 200 201 202 210 211 212 220 221 222
C0|1 : 000 001 010 011 100 101 110 111 200 201 210 211
C0|2 : 000 002 010 012 020 022 200 202 210 212 220 222
C1|2 : 110 111 112 120 121 122 210 211 212 220 221 222
C01 : 000 001 010 011 022 100 101 110 111 122 200 201 210 211 222
C02 : 000 002 010 012 020 022 101 111 121 200 202 210 212 220 222
C12 : 000 001 002 110 111 112 120 121 122 210 211 212 220 221 222
C012: 000 001 002 010 011 012 020 021 022 100 101 102 110 111 112


120 121 122 200 201 202 210 211 212 220 221 222


Tabela 6.1: Unarni delovi supminimalnih i maksimalnih klonova ko-operacija
skupa {0, 1, 2}
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6.45. Lema. Neka je D supminimalan klon ko-operacija tipa (ii) i C mak-
simalan klon ko-operacija takav da je D ≤ C. Tada je D ¿ C.


Dokaz. Kako je D supminimalan klon ko-operacija tipa (ii), postoje unarna
ko-operacija f i binarna ko-operacija g takvi da


• f2 = f 6= idX ,


• g zavisi od obe promenljive i val f = g,


• ili (∀x, y ∈ fix(f)) lbl g(x) = lbl g(y)
ili (∀y ∈ fix(f))(∀x ∈ f−1(y)) lbl g(x) = lbl g(y), i


• D = cClo{g}.


Slučaj 1: C = Uν−1. Prvo jedna jednostavna činjenica. Neka je ϕ unarna
ko-operacija takva da je ϕ2 = ϕ i da postoji c ∈ X sa sledećim osobinama:


• ili c ∈ fix(f) ili c ∈ fix(ϕ), i


• f |X\{c} = ϕ|X\{c}.


Tada f 6= ϕ, ϕ · f = f · ϕ ∈ {f, ϕ} i indukcijom se lako pokazuje da (∀h ∈
cClo(D ∪ {ϕ})) valh ∈ {idX , f, ϕ}. Dakle, ako uspemo da nadjemo takvo ϕ,
odmah dobijamo da je D < cClo(D ∪ {ϕ}) < Uν−1 = C, (Lema 6.17) tj. da
je D ¿ C.


Slučaj 1.1: (∃a ∈ fix(f))
∣∣f−1(a)


∣∣ ≥ 3. Neka je a ∈ fix(f) takvo da je∣∣f−1(a)
∣∣ ≥ 3 i neka su b, c ∈ f−1(a) takvi da je a 6= b 6= c 6= a. Tada


ϕ : X → X definisano sa


ϕ(x) =


{
b, x = b


f(x), x 6= b


ima tražene osobine.
Slučaj 1.2: (∃a, b ∈ fix(f))(a 6= b ∧ ∣∣f−1(a)


∣∣ =
∣∣f−1(b)


∣∣ = 2). Neka
su a, b ∈ fix(f) takvi da je a 6= b i


∣∣f−1(a)
∣∣ =


∣∣f−1(b)
∣∣ = 2, i neka je


f−1(b) = {b, b′}. Tada ϕ : X → X definisano sa


ϕ(x) =


{
b′, x = b′


f(x), x 6= b′


ima tražene osobine.
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Slučaj 1.3: (∃a ∈ fix(f))(
∣∣f−1(a)


∣∣ = 2 ∧ (∀b ∈ fix(f) \ {a}) ∣∣f−1(b)
∣∣ = 1).


Neka je a ∈ fix(f) takvo daje
∣∣f−1(a)


∣∣ = 2, a b ∈ fix(f) takvo da je f−1(b) =
{b}. Tada ϕ : X → X definisano sa


ϕ(x) =


{
a, x = b


f(x), x 6= b


ima tražene osobine.


Slučaj 2: C 6= Uν−1. Očito je D ≤ C ∩Uν−1 < C. Da bismo pokazali da
je D < C ∩ Uν−1, dovoljno je naći ko-operaciju ϕ takvu da je ϕ ∈ C ∩ Uν−1


i ϕ /∈ D. Neka je A regularna familija takva da je C = Max(A) i neka je t


rang familije A.
Slučaj 2.1: t ≥ 2. Uzmimo S ∈ A i a, b ∈ S tako da je a 6= b. Tada


ϕ : X → X definisano sa


ϕ(x) =







b, x = a


a, x = b


x, x 6= a, b


ima tražene osobine.
Slučaj 2.2: t = 1 i |A| ≥ 2. Uzmimo {a}, {b} ∈ A tako da je a 6= b.


Ko-operaciju ϕ definǐsemo kao u Slučaju 2.1.
Slučaj 2.3: t = 1 i |A| = 1. Neka je A = {{a}} i uzmimo b, c ∈ X tako


da je a 6= b 6= c 6= a. Tada ϕ : X → X definisano sa


ϕ(x) =







c, x = b


b, x = c


x, x 6= b, c


ima tražene osobine. 2


6.46. Lema. Neka je D supminimalan klon ko-operacija tipa (iii) ili (vi) i
neka je C maksimalan klon ko-operacija takav da je D ≤ C. Tada je D ¿ C.


Dokaz. Postoje permutacija f 6= idX skupa X i binarna ko-operacija g takvi
da je C = cClo{g}, fp = idX za neki prost broj p ∈ N, g zavisi od obe
promenljive, val g = f i još ili f |A = idA ili f |B = idB, gde je 〈A,B〉 = d(g).
Pretpostavimo da je f |A 6= idA i f |B = idB, i neka je A regularna familija
takva da je C = Max(A). Kako je g ∈ C i kako g ne lepi na X, imamo da


(∀S ∈ A)(S ⊆ A ∨ S ⊆ B). (∗)
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Uočimo takodje da je |A| ≥ 2 zato što je f |A 6= idA, f |B = idB i što je f


permutacija.
Ako jeA 6= B{1} stavimo B := B{1}. Ako jeA = B{1} stavimo B := A{1}.


Jasno je da je D ≤ C∩Max(B) < C. Da bismo pokazali da je D < C∩Max(B)
uočimo proizvoljno a ∈ A i preslikavanje ϕ : X → X definisano sa


ϕ(x) =


{
a, x ∈ A


x, x ∈ B.


Očito, ϕ ∈ Max(B), dok ϕ ∈ C zbog (∗). Kako je |A| ≥ 2, ϕ je lepljenje, pa
Lema 6.21 implicira ϕ /∈ D. 2


6.47. Lema. Neka je D supminimalan klon ko-operacija tipa (iv), a C


maksimalan klon ko-operacija takav da je D ≤ C. Tada je D ¿ C.


Dokaz. Postoji ternarni spliting g koji zavisi od svake svoje promenljive i
takav je da je C = cClo{g}. Neka je g := spl(B1, B2, B3). Bez umanjenja
opštosti možemo pretpostaviti da je |B1| ≥ |B2| ≥ |B3| > 0. Dalje, neka je
A regularna familija takva da je C = Max(A). Zato što je g ∈ C i što g ne
lepi na X, imamo


(∀S ∈ A)(S ⊆ B1 ∨ S ⊆ B2 ∨ S ⊆ B3). (∗)


Primetimo, takodje, da je |B2 ∪B3| ≥ 2.
Ako je A 6= B


{1}
1 stavimo B := B


{1}
1 . Ako je A = B


{1}
1 stavimo B :=


(B2 ∪ B3){1}. Jasno je da je D ≤ C ∩Max(B) < C. Da bismo pokazali da
je D < C ∩ Max(B) uzmimo proizvoljno a ∈ B2 i definǐsimo preslikavanje
ϕ : X → X sa


ϕ(x) =


{
a, x ∈ B2 ∪B3


x, x ∈ B1.


Jasno je da je ϕ ∈ Max(B), dok je ϕ ∈ C zbog (∗). Kako je |B2 ∪B3| ≥ 2,
ϕ je lepljenje, pa Stav 6.24 implicira ϕ /∈ D. 2


6.48. Lema. Neka je D supminimalan klon ko-operacija tipa (v), a C


maksimalan klon ko-operacija takav da je D ≤ C. Tada je D ¿ C.


Dokaz. Postoje binarni spliting g i unar f takvi da g zavisi od obe promen-
ljive, da je C = cClo{f, g}, f2 = f 6= idX i ili f |A = idA ili f |B = idB, pri
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čemu je d(g) = 〈A,B〉. Pretpostavimo da je f |A 6= idA i f |B = idB. Neka je
A regularna familija takva da je C = Max(A) i neka je t njen rang. Kako je
g ∈ C i kako g ne lepi na X imamo


(∀S ∈ A)(S ⊆ A ∨ S ⊆ B). (∗)


Slučaj 1: t ≥ 2. Stavimo B := B{1}. Jasno je da je D ≤ C∩Max(B) < C.
Da bismo pokazali da je D < C ∩Max(B) uočimo proizvoljne a ∈ A i b ∈ B


i definǐsimo preslikavanje ϕ : X → X sa


ϕ(x) =


{
a, x ∈ A


b, x ∈ B.


Tada je ϕ ∈ C ∩Max(B). Zbog ϕ|B 6= idB imamo da ϕ /∈ D.
Slučaj 2: t = 1 i A 6= fix(f){1}. Stavimo B := fix(f){1}. Jasno je da je


D ≤ C ∩Max(B) < C. Pokažimo da je D < C ∩Max(B). Kako je f ∈ C


mora biti A∩B 6= ∅ (evo razloga: neka je {x} ∈ A; tada je {f(x)} ∈ A∩B).
Ako je |fix(f)| ≥ 2 uzmimo proizvoljno p ∈ X takvo da je {p} ∈ A ∩ B.


Tada je cp ∈ C ∩Max(B), dok cp /∈ D.
Pretpostavimo sada da je |fix(f)| = 1. Recimo fix(f) = {p}. Tada je


A ∩ B = B = {{p}}. Štavǐse, f = cp i B = {p}. Kako je A 6= fix(f){1},
postoji q ∈ X takvo da je {q} ∈ A \ {{p}}. Definǐsimo ϕ : X → X sa


ϕ(x) =


{
q, x ∈ A


p, x ∈ B = {p}.


Jasno je da je ϕ ∈ C ∩Max(B), dok ϕ /∈ D.
Slučaj 3: t = 1 i A = fix(f){1}. Ako je |fix(f)| ≥ 2 uočimo proizvoljno


p ∈ fix(f) i stavimo B := {{p}}. Tada je cp ∈ C ∩Max(B), dok cp /∈ D.
Na kraju, pretpostavimo da je |fix(f)| = 1. Recimo, fix(f) = {p}. Tada


je f = cp i B = {p}. Uočimo proizvoljno q ∈ X \ {p} i stavimo B :=
{{p}, {q}}. Neka je ϕ : X → X kao u Slučaju 2. Tada se lako pokazuje da
je ϕ ∈ C ∩Max(B) i da ϕ /∈ D. 2


6.49. Stav. Neka je D supminimalan klon ko-operacija i neka je C maksi-
malan klon ko-operacija takav da je D ≤ C. Tada je D ¿ C.


Dokaz. Stav 6.32 i Leme 6.44–6.48. 2


6.50. Posledica. h(cLX) ≥ 6.
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Dokaz. Na osnovu strukture minimalnih i maksimalnih klonova ko-operacija
odmah vidimo da ni za jedan minimalan klon D i ni za jedan maksimalan
klon C ne važi ni D = C ni D <· C. Odatle, h(cLX) 6= 1, 2, 3, 4. Ako bi bilo
h(cLX) = 5, onda bi postojali klonovi E, D, C takvi da cJX <· E <· D <·
C <· cOX . Drugim rečima, D bi bio supminimalan klon ko-operacija, C bi
bio maksimalan klon ko-operacija i imali bismo da D <· C, što je nemoguće
na osnovu Stava 6.49. Dakle, h(cLX) ≥ 6. 2







Glava 7


Neke enumerativne osobine


mreže cL3


Struktura cele mreže cLX je još uvek nepoznata. No njena konačnost sugerǐse
da je, bar u načelu, moguće generisati celu mrežu za neke manje vrednosti
|X|, ispitati osobine tako dobijene posebne mreže i pokušati uopštiti dobijene
rezultate. Neki od rezultata koji su izloženi u prethodnim glavama dobijeni
su upravo na ovaj način.


Neka je 3 := {0, 1, 2}. U ovoj glavi ćemo prikupiti neke informacije
o strukturi mreže cL3. Svi klonovi u ovoj mreži su efektivno generisani i
sačinjen je njen Hasse dijagram. Zbog veličine mreže (3551 elemenata) nije
bilo moguće dati njen efektivan prikaz (crtež). Zato je sačinjen jednosta-
van programski paket pomoću koga se mogu dobiti (i dobijene su) razne
informacije o cL3.


Svaki maksimalan klon ko-operacija je jednoznačno odredjen jednom reg-
ularnom familijom [Szék 89]. Na skupu 3 ima tačno 10 regularnih familija,
što znači da imamo tačno 10 maksimalnih klonova ko-operacija. Oni će biti
označeni na način prikazan u Tabeli 7.1. Za takav redosled maksimalnih
klonova na 3 kažemo da je leksikografski.


7.1 Enumeracija klonova ko-operacija skupa 3


Podsetimo se da unarni deo svakog klona ko-operacija obrazuje monoid
transformacija. Cela mreža klonova ko-operacija se time raspada na dis-
junktne slojeve. Za dati monoid transformacija M , podsetimo se da je
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Maksimalan klon Regularna familija
C0 {{0}}
C1 {{1}}
C2 {{2}}
C0|1 {{0}, {1}}
C0|2 {{0}, {2}}
C1|2 {{1}, {2}}
C01 {{0, 1}}
C02 {{0, 2}}
C12 {{1, 2}}
C012 {{0, 1, 2}}


Tabela 7.1: Leksikografski poredak maksimalnih klonova ko-operacija
skupa 3


Int(M) := {C ≤ cOX : C(1) = M}. Dakle, {Int(M) : M je monoid transfor-
macija na X} je particija mreže cLX . Prva ideja za enumeraciju mreže cLX


se sada sama nameće:


1) generisati sve monoide transformacija na X;


2) za svaki monoid transformacija M generisati i prebrojati Int(M).


Razmotrimo jedno značajno ubrzanje osnovne ideje.


7.1. Definicija. Kažemo da su monoidi transformacija M1 i M2 skupa X


konjugovani, i pǐsemo M1
∼=c M2, ako postoji bijekcija ϕ : X → X takva da


je M2 = {ϕ−1 ◦ f ◦ ϕ : f ∈ M1}.


Ako su M1 i M2 konjugovani monoidi, onda je |Int(M1)| = |Int(M2)|. Sada
možemo modifikovati osnovnu ideju za prebrajanje elemenata mreže cLX :


1) generisati skup M svih monoida transformacija skupa X;


2) generisati skup klasa M/∼=c;


3) za svaku klasu P ∈ M/∼=c izračunati nP := |Int(M)|, gde je M


proizvoljni predstavnik klase P ;


4) |cLX | =
∑


P∈M/∼=c


nP .
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Postoji tačno 699 monoida transformacija skupa 3, a relacija ∼=c ima 160
klasa, koje su prikazane u Dodatku 7.A ove glave. Broj klonova ko-operacija
u svakoj klasi je dat u Dodatku 7.B ove glave. Postoji tačno 3551 klonova
ko-operacija skupa 3. 699 su unarni klonovi, 1239 su binarni (što znači da
svaka ko-operacija zavisi od najvǐse dve promenljive), a 1613 su ternarni
klonovi.


U nastavku ćemo detaljnije opisati algoritam koji je upotrebljen da bi
se utvrdila kardinalnost skupa Int(M) za dati monoid M . Za klonove ko-
operacija C1 i C2 znamo da je C1 = C2 ako i samo ako je C


(ν)
1 = C


(ν)
2 .


Dakle, dovoljno je generisati samo skup Intν(M) := {C(ν) : C ∈ Int(M)}.
Tokom enumeracije skupa Intν(M) potrebno je za dato F ⊆ cO


(ν)
3 kon-


struisati cClo
(ν)
3 F . Pogledajmo jedan način da se to učini. Svaki klon ko-


operacija skupa X je nosač neke podalgebre algebre 〈cOX , ∗, ζ, τ,4, ι21〉. Za
ko-operaciju f , označimo sa f ′ ovakvu ko-operaciju:


f ′ :=







f, ar(f) = ν,


f kojoj je dodato ν − ar(f) fiktivnih prom., ar(f) < ν,


f kojoj je uklonjeno ar(f)− ν fiktivnih prom., ar(f) > ν.


Jasno je da gornji opis nipošto ne odredjuje f ′ jednoznačno. U stvari,
možemo se opredeliti za bilo koju konstrukciju koja dovodi arnost ko-ope-
racije f na ν dodavanjem/uklanjanjem fiktivnih promenljivih. Za date ko-
operacije f i g neka je f ¯ g := (f ∗ g)′ i 4′(f) := (4(f))′. Sada je lako
pokazati


7.2. Stav. Neka je F ⊆ cOX . Tada je cClo(ν) F nosač podalgebre algebre
〈cOX ,¯, ζ, τ,4′, ιν1〉 generisan skupom F .


na osnovu koga se rutinski konstruǐse funkcija Closure sledeće signature:


function Closure(F : set of CoOp) returns C : Clone;


Neka je M monoid transformacija, a C klon ko-operacija takav da je
C(1) = M . Ako ko-operacija f pripada klonu C tada val f mora pripadati
monoidu M . Medjutim, ako je f ko-operacija takva da je val f ∈ M , jasno je
da f ne mora pripadati klonu C. Tehnikom čiji opis sledi dalje se redukuje
skup ko-operacija koje se mogu pojaviti kao elementi klona ko-operacija čiji
unarni deo je poznat.
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7.3. Definicija. Neka je p particija skupa X i neka je ϕ ∈ TX transforma-
cija skupa X. Neka je sa cO


[p,ϕ]
X označen sledeći skup ko-operacija:


cO
[p,ϕ]
X := {f ∈ cOX : d(f) = p i val f = ϕ}.


7.4. Definicija. Neka je p = 〈B1, . . . , Bn〉 particija skupa X i ϕ ∈ TX


transformacija skupa X. Neka je sa
∧ϕ


p : Tn
X → TX označena n-arna opera-


cija skupa TX definisana sa:
∧ϕ


p
(g1, . . . , gn) = (ϕ · g1)|B1 ⊕ . . .⊕ (ϕ · gn)|Bn .


7.5. Stav. Neka je M monoid transformacija skupa X, a C klon ko-
operacija takav da je C(1) = M . Neka je p particija skupa X i neka je ϕ


preslikavanje X → X. Ako M nije zatvoren za
∧ϕ


p onda je cO
[p,ϕ]
X ∩ C = ∅.


Dokaz. Pretpostavimo da cO
[p,ϕ]
X ∩C 6= ∅ i uzmimo proizvoljno f ∈ cO


[p,ϕ]
X ∩


C. Tada je val f = ϕ i d(f) = p. Neka je sp := spl(p). Jasno je da
je f = sp · [ϕ · ιn1 , . . . , ϕ · ιnn]. Uzmimo proizvoljne g1, . . . , gn ∈ M . Kako
je f ∈ C i g1, . . . , gn ⊆ M = C(1) ⊆ C imamo da je f · [g1, . . . , gn] ∈
C(1) = M . Pokažimo da je f · [g1, . . . , gn] =


∧ϕ
p(g1, . . . , gn): f · [g1, . . . , gn] =


sp · [ϕ · ιn1 , . . . , ϕ · ιnn] · [g1, . . . , gn] = sp · [ϕ · g1, . . . , ϕ · gn] = (ϕ · g1)|B1⊕ . . .⊕
(ϕ · gn)|Bn =


∧ϕ
p(g1, . . . , gn). Dakle, M je zatvoren za operaciju


∧ϕ
p. 2


Posmatrajmo sledeću funkciju:


function RelevantCoOps(M : Monoid) returns L : set of CoOp is
var


p : Partition;
ϕ : Transformation;


begin
L := ∅;
for each partition p of X do


for each ϕ ∈ M do
if M is closed w.r.t.


∧ϕ
p then


L := L ∪ cO
[p,ϕ]
X


fi
od


od
end
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Na osnovu Stava 7.5, ako je C(1) = M za klon ko-operacija C i monoid
transformacija M , onda je C(ν) ⊆ RelevantCoOps(M). Primetimo samo da
kardinalnost skupa RelevantCoOps(M) može biti značajno manja od kardi-
nalnosti skupa cO


(ν)
X .


Sve zajedno, dobijamo sledeći algoritam za generisanje i prebrajanje
skupa Intν(M):


input M : Monoid;
output I : set of Clone;
var


Q : queue of Clone;
L : set of CoOp;
C, D : Clone;
f : CoOp;


begin
L := RelevantCoOps(M);
Q := EMPTY;
I := ∅;
PutAtEnd(Closure(M), Q);
while Q 6= EMPTY do


GetFirst(C, Q);
for each f ∈ L do


D := Closure(C ∪ {f});
if D /∈ I then


PutAtEnd(D, Q);
I := I ∪ {D};


fi
od


od
end


Završićemo odeljak sa nekoliko napomena o implementaciji. Elementi
skupa cO


(3)
3 su predstavljeni kao šestocifreni ternarni brojevi interpretirani


decimalno: ko-operaciji


f =


(
0 1 2


〈`0, v0〉 〈`1, v1〉 〈`2, v2〉


)
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se dodeljuje njen kod `2`1`0v2v1v0 (u decimalnom zapisu). Tako dobijamo
da je {0, 1, . . . , 728} skup svih mogućih kodova ko-operacije skupa 3.


Klonovi ko-operacija su predstavljeni kao strukture sa dve komponente:


type Clone is record
s : set of CoOp;
` : list of CoOp;


end


Dvostruko knjigovodstvo se pojavljuje zato što je statička reprezentacija
pogodnija za testove kojima se utvrdjuje pripadnost, dok se dinamička re-
prezentacija pokazala kao pogodnija za implementaciju funkcije Closure.


Skup I koji se javlja u gornjem algoritmu može biti prilično velik, pa je
predstavljen kao hash-tabela kako bi se ubrzali testovi pripadnosti (I[n] je
lista klonova kardinalnosti n):


var I : array [1 . . . 729] of list of CoOp


7.2 Enumeracija i klasifikacija baza


7.6. Definicija. Skup B ⊆ cOX je baza za cOX ako je cCloB = cOX i ni-
jedan pravi podskup skupa B nema tu osobinu. Ako je B baza, kardinalnost
skupa B zovemo rang baze B.


Daćemo prvo kratak pregled standardne tehnike za klasifikaciju i enu-
meraciju baza. Neka su M1, . . . ,Mn svi maksimalni klonovi ko-operacija
skupa X u utvrdjenom redosledu. Svakoj ko-operaciji f ∈ cOX dodelju-
jemo binarni vektor cv(f) = 〈c1, . . . , cn〉 ∈ {0, 1}n, karakteristični vektor
ko-operacije f , na sledeći način: za i ∈ n je


ci =


{
0, f 6∈ Ci,


1, f ∈ Ci.


7.7. Definicija. Kažemo da su ko-operacije f, g ∈ cOX ekvivalentne, i
pǐsemo f ≡ g, ako je cv(f) = cv(g).
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Jasno je da je “≡” relacija ekvivalencije na cOX pri čemu se u istoj klasi
nalaze ko-operacije koje imaju jednake karakteristične vektore. Zato u nas-
tavku ne pravimo razliku izmedju karakterističnih vektora i klasa relaci-
je “≡”.


7.8. Definicija. Neka je B ⊆ cOX baza. Tada skup {f/≡ : f ∈ B} zovemo
agregat.


Agregate ćemo, zapravo, shvatati kao skupove karakterističnih vektora.
Da bi se prebrojale sve baze, prvi korak klasične tehnike je klasifikacija


svih ko-operacija u odnosu na relaciju “≡”, odnosno, odredjivanje svih mo-
gućih karakterističnih vektora. Potom se generǐsu svi agregati, nakon čega
se enumeracija baza svodi na odredjivanje kardinalnosti pojedinih agregata.


Za binarne vektore x = 〈x1, . . . , xn〉 i y = 〈y1, . . . , yn〉 neka je x ∧ y =
〈x1 · y1, . . . , xn · yn〉. Neka je 0 = 〈0, 0, . . . , 0〉. Teorema koja sledi je jednos-
tavna posledica Postovog kriterijuma kompletnosti za ko-operacije [Szék 89].


7.9. Teorema. Neka je A = {x1, . . . ,xk} ⊆ {0, 1}n skup binarnih vektora.
A je agregat ako i samo ako je


• x1 ∧ . . . ∧ xk = 0, i


• x1 ∧ . . . ∧ xi−1 ∧ xi+1 ∧ . . . ∧ xk 6= 0 za sve i ∈ k.


Klasifikacija ko-operacija i odredjivanje svih karakterističnih vektora je
relativno jednostavan problem. Dovoljno je razmotriti samo ko-operacije
arnosti ≤ ν, zato što se svaka ko-operacija arnosti > ν svodi na neku
ko-operaciju arnosti ≤ ν uklanjanjem fiktivnih promenljivih. Pri tome je
jasno da uklanjanje fiktivnih promenljivih ne menja karakteristični vektor.
Kada nadjemo karakteristične vektore, standardni algoritmi (videti, recimo,
[Sto-M 87]) se mogu primeniti za dobijanje svih agregata.


Sada ćemo se usredsrediti na baze ko-operacija skupa 3. Pokažimo prvo
da baza ko-operacija skupa 3 ima rang najvǐse 5. Kako na 3 ima 10 mak-
simalnih klonova, jasno je da je |B| ≤ 10 za svaku bazu B. Svaki agregat
ranga k se može predstaviti kao 01-matrica [A] formata k × 10 čije vrste su
karakteristični vektori iz A poredjani na proizvoljan, ali utvrdjen način.
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7.10. Stav. Neka je A agregat ranga k ≤ 10. Tada se udaljavanjem nekih
kolona matrice [A] i permutovanjem preostalih može dobiti sledeća matrica
formata k × k: 





0 1 1 . . . 1 1
1 0 1 . . . 1 1
1 1 0 . . . 1 1
. . . . . . . . . . . . . . . . . .
1 1 1 . . . 0 1
1 1 1 . . . 1 0






7.11. Posledica. Ako postoji agregat na 3 ranga ≥ 6, onda postoji šest
maksimalnih klonova D1, . . . , D6 na 3 za koje je


D1 ∩D2 ∩D3 ∩D4 ∩D5 ∩D6 6= ∅
D1 ∩D2 ∩D3 ∩D4 ∩D5 ∩D6 6= ∅
D1 ∩D2 ∩D3 ∩D4 ∩D5 ∩D6 6= ∅
D1 ∩D2 ∩D3 ∩D4 ∩D5 ∩D6 6= ∅
D1 ∩D2 ∩D3 ∩D4 ∩D5 ∩D6 6= ∅
D1 ∩D2 ∩D3 ∩D4 ∩D5 ∩D6 6= ∅


(∗)


7.12. Definicija. Neka jeD := {D1, . . . , D6} skup šest maksimalnih klonova
ko-operacija skupa 3 za koje važi (∗) prethodne definicije. Tada ćemo za skup
D reći da je kritičan na 3.


U Lemama 7.13–7.19 D je proizvoljan kritičan skup.


7.13. Lema. Ako je |{C01, C02, C12} ∩ D| ≥ 2 onda C012 /∈ D.


Dokaz. Neka je {C01, C02, C012} ⊆ D. Tada je C01∩C02∩C012 6= ∅. Uzmimo
proizvoljno f ∈ C01∩C02∩C012. Kako f /∈ C012 dobijamo da f nije lepljenje
i da f zavisi od bar dve promenljive. Na osnovu toga što je f ∈ C01 i
što f nije lepljenje dobijamo da (∃i){0, 1} ⊆ dom(f i). Slično, iz f ∈ C02


sledi (∃i){0, 2} ⊆ dom(f i). Kako je dom(f i) ∩ dom(f j) = ∅ za sve i 6= j,
imamo da (∃i){0, 1, 2} ⊆ dom(f i) tj. da f zavisi od tačno jedne promenljive.
Kontradikcija. 2


7.14. Lema.


(i) {C0, C1, C0|1} 6⊆ D,
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(ii) {C0, C2, C0|2} 6⊆ D,
(iii) {C1, C2, C1|2} 6⊆ D.


Dokaz. Pokažimo (i). Neka je {C0, C1, C0|1} ⊆ D. Tada je C0∩C1∩C0|1 6= ∅,
što se protivi očiglednoj činjenici C0 ∩ C1 ⊆ C0|1. 2


7.15. Lema.


(i) {C0, C0|1, C0|2} 6⊆ D,
(ii) {C1, C0|1, C1|2} 6⊆ D,
(iii) {C2, C0|2, C1|2} 6⊆ D.


Dokaz. Pokažimo (i). Neka je {C0, C0|1, C0|2} ⊆ D. Tada C0∩C0|1∩C0|2 6= ∅,
što se protivi očiglednoj činjenici C0|1 ∩ C0|2 ⊆ C0. 2


7.16. Lema. {C0, C1, C2} 6⊆ D.


Dokaz. Neka je {C0, C1, C2} ⊆ D. Prema Lemi 7.14 imamo C0|1 /∈ D, C0|2 /∈
D i C1|2 /∈ D. Kako je |D| = 6, tri od sledeća četiri klona C01, C02, C12, C012


pripadaju skupu D, na osnovu čega je |{C01, C02, C12} ∩ D| ≥ 2. Bez uma-
njenja opštosti možemo pretpostaviti da je C01, C02 ∈ D. Tada je C0 ∩C1 ∩
C2 ∩ C01 ∩ C02 6= ∅, pa uzmimo proizvoljno f ∈ C0 ∩ C1 ∩ C2 ∩ C01 ∩ C02.
Kako je f ∈ C1∩C2 imamo da je val f(1) = 1 i val f(2) = 2. Takodje, f /∈ C0


implicira val f(0) 6= 0. Ako je val f(0) = 1 onda je f /∈ C02. Kontradikcija.
Ako je val f(0) = 2 onda je f /∈ C01. Kontradikcija. 2


7.17. Lema. Ako je {C01, C02, C12} ⊆ D onda je
∣∣∣{C0|1, C0|2, C1|2} ∩ D


∣∣∣ ≤
1.


Dokaz. Neka je {C01, C02, C12, C0|1, C0|2} ⊆ D. Tada je C0|1 ∩ C0|2 ∩ C01 ∩
C02∩C12 6= ∅. Uzmimo proizvoljno f ∈ C0|1∩C0|2∩C01∩C02∩C12. Zato što
radimo na 3, iz f ∈ C01 ∩ C02 sledi da f zavisi od tačno jedne promenljive,
pa možemo uzeti da je ar(f) = 1. Iz f ∈ C0|1 ∩ C0|2 sledi f(0) = 0. Kako
f /∈ C02 zaključujemo da f ne lepi na {0, 2} i da f({0, 2}) 6= {0, 2}. Dakle,
f(2) = 1. No, u tom slučaju f /∈ C0|2. Kontradikcija. 2


7.18. Lema. {C01, C02, C12} 6⊆ D.
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Dokaz. Neka je {C01, C02, C12} ⊆ D. Prema Lemi 7.13 je C012 /∈ D,
prema Lemi 7.16 je {C0, C1, C2} 6⊆ D, dok na osnovu Leme 7.17 sledi da je∣∣∣{C0|1, C0|2, C1|2} ∩ D


∣∣∣ ≤ 1. Kako je |D| = 6, mora biti |{C0, C1, C2} ∩ D| =
2 i


∣∣∣{C0|1, C0|2, C1|2} ∩ D
∣∣∣ = 1.


Slučaj 1: {C0, C1, C0|1} ∈ D. Nemoguće zbog Leme 7.14.
Slučaj 2: {C0, C1, C0|2} ∈ D. Tada je C0∩C1∩C0|2∩C01∩C02∩C12 6= ∅.


Neka je f ∈ C0 ∩C1 ∩C0|2 ∩C01 ∩C02 ∩C12. f /∈ C0 implicira val f(0) 6= 0.
Kako je f ∈ C0|2 i val f(0) 6= 0, imamo da je val f(0) = 2. val f(1) = 1 zbog
f ∈ C1. Tako, f /∈ C01. Kontradikcija.


Ostali slučajevi dovode do kontradikcije na isti način. 2


7.19. Lema.


(i) |{C0, C1, C2} ∩ D| ≥ 1,
(ii) |{C01, C02, C12} ∩ D| ≥ 1.


Dokaz. (i) Neka je {C0, C1, C2}∩D = ∅. Prema Lemi 7.16 je |{C01, C02, C12}
∩D| ≤ 2. Kako je |D| = 6, mora biti {C0|1, C0|2, C1|2, C012} ⊆ D i |{C01, C02,
C12} ∩ D| = 2. No, to je u suprotnosti sa Lemom 7.13.


(ii) Neka je {C01, C02, C12} ∩ D = ∅. Prema Lemi 7.16 je |{C0, C1, C2}
∩D| ≤ 2. Kako je |D| = 6, mora biti {C0|1, C0|2, C1|2, C012} ⊆ D i |{C0, C1,
C2} ∩ D| = 2, što protivreči Lemi 7.14. 2


7.20. Stav. Ne postoje kritični skupovi na 3.


Dokaz. Neka je D kritičan skup na 3, p := |{C0, C1, C2} ∩ D| i q :=
|{C01, C02, C12} ∩ D|. Na osnovu Lema 7.16, 7.18 i 7.19 je 1 ≤ p ≤ 2 i
1 ≤ q ≤ 2.


Slučaj 1: p = 1, q = 1. Kako je |D| = 6, mora biti {C0|1, C0|2, C1|2} ⊆ D
što sa p = 1 protivreči Lemi 7.15.


Slučaj 2: p = 1, q = 2. Kako je q = 2, Lema 7.13 implicira C012 /∈ D, pa
je {C0|1, C0|2, C1|2} ⊆ D. Ta činjenica zajedno sa p = 1 protivreči Lemi 7.15.


Slučaj 3: p = 2, q = 1. Neka je C0, C1 ∈ D i C2 /∈ D. Lema 7.14
implicira C0|1 /∈ D. Kako je q = 1 i |D| = 6, mora biti {C0|2, C1|2, C012} ⊆ D.
Pretpostavimo da je C01 ∈ D. Tada je C0∩C1∩C0|2∩C1|2∩C01∩C012 6= ∅.
Uzmimo proizvoljno f ∈ C0∩C1∩C0|2∩C1|2∩C01∩C012. Kako je f ∈ C0∩C1


imamo val f(0) = 0 i val f(1) = 1. Dalje, f ∈ C0|2 ∩ C1|2 znači da je
val f(2) = 2. Dakle, f nije lepljenje. Na osnovu toga, i f ∈ C012 dobijamo
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Broj Broj baza
agr. bin. tern. ukupno


Rang 1 1 12 12 24
Rang 2 526 3840 11820 15660
Rang 3 8423 56198 204228 260426
Rang 4 9155 70548 130128 200676
Rang 5 321 2250 1458 3708


Tabela 7.2: Broj agregata i baza na 3


da f zavisi od tačno jedne promenljive. Dakle, f je ko-projekcija. Ali, tada
je f ∈ C01. Kontradikcija.


Ako je C02 ∈ D ili C12 ∈ D, do kontradikcije dolazimo na isti način.
Slučaj 4: p = 2, q = 2. Neka je C0, C1 ∈ D i C2 /∈ D. Lema 7.14 implicira


C0|1 /∈ D, dok Lema 7.13 implicira C012 /∈ D. Kako je q = 2 i |D| = 6 imamo
da je {C0|2, C1|2} ⊆ D.


Slučaj 4.1: {C01, C02} ⊆ D. Tada je C0∩C1∩C0|2∩C1|2∩C01∩C02 6= ∅.
Neka je f ∈ C0 ∩ C1 ∩ C0|2 ∩ C1|2 ∩ C01 ∩ C02. f ∈ C0|2 ∩ C1|2 implicira
val f(2) = 2, dok f ∈ C1 implicira val f(1) = 1. Kako f /∈ C0, dobijamo da
val f(0) 6= 0. Sada iz f ∈ C0|2 i val f(0) 6= 0 sledi val f(0) = 2. No, to znači
da f /∈ C01. Kontradikcija.


Slučaj 4.2: {C01, C12} ⊆ D. Razmatra se kao Slučaj 4.1.
Slučaj 4.3: {C02, C12} ⊆ D. Tada je C0∩C1∩C0|2∩C1|2∩C02∩C12 6= ∅.


Uzmimo proizvoljno f ∈ C0∩C1∩C0|2∩C1|2∩C02∩C12. Kako je f ∈ C0∩C1


imamo da je val f(0) = 0 i val f(1) = 1. f /∈ C0|2 znači da val f(2) /∈ {0, 2},
pa je val f(2) = 1. No, tada f /∈ C02. Kontradikcija. 2


7.21. Posledica. Za svaku bazu B na 3 je |B| ≤ 5.


Dokaz. Stav 7.20 i Posledica 7.11. 2


7.22. Primer. Daćemo primer petoelementne baze na 3. Uočimo sledećih
pet ko-operacija: f1 =


(
0 1 2


〈0, 1〉 〈0, 1〉 〈0, 2〉
)
, f2 =


(
0 1 2


〈0, 0〉 〈0, 2〉 〈0, 2〉
)
,


f3 =
(


0 1 2
〈0, 0〉 〈0, 0〉 〈0, 2〉


)
, f4 =


(
0 1 2


〈0, 0〉 〈0, 1〉 〈0, 1〉
)


i f5 =
(


0 1 2
〈1, 0〉 〈1, 1〉 〈0, 2〉


)
,


i neka je B = {f1, f2, f3, f4, f5}. Lako se proverava da su, u odnosu na
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karakt. v. kard.
0000000000 24
0000000001 2
0000010000 16
0000010010 4
0000010101 2
0000010111 1
0000011001 2
0000011011 1
0000100000 16
0000100011 2
0000100100 4
0000100111 1
0000101001 2
0000101101 1
0001000000 16
0001000011 2
0001000101 2
0001001000 4
0001001011 1
0001001101 1
0010010000 10
0010010011 3
0010100000 10
0010100101 3
0010110000 6
0010110011 2
0010110101 2
0010111001 2
0010111111 1


karakt. v. kard.
0011000000 10
0011001000 2
0011001001 1
0100010000 10
0100010011 3
0100100000 10
0100100100 2
0100100101 1
0101000000 10
0101001001 3
0101010000 6
0101010011 2
0101010101 2
0101011001 2
0101011111 1
0110110000 8
0110110010 2
0110110101 2
0110110111 1
0111010000 8
0111010010 2
0111011001 2
0111011011 1
1000010000 10
1000010010 2
1000010011 1
1000100000 10
1000100101 3
1001000000 10


karakt. v. kard.
1001001001 3
1001100000 6
1001100011 2
1001100101 2
1001101001 2
1001101111 1
1010110000 8
1010110011 2
1010110100 2
1010110111 1
1011100000 8
1011100100 2
1011101001 2
1011101101 1
1101010000 8
1101010011 2
1101011000 2
1101011011 1
1101100000 8
1101100101 2
1101101000 2
1101101101 1
1111110000 6
1111110010 2
1111110100 2
1111111000 2
1111111111 1


Tabela 7.3: 85 klasa ko-operacija na 3
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leksikografski poredak maksimalnih klonova na 3, odgovarajući karakter-
istični vektori dati sa cv(f1) = 0111011011, cv(f2) = 1010110111, cv(f3) =
1011101101, cv(f4) = 1101011011 i cv(f5) = 1111111000 i da je B zaista
baza na 3.


Postoji tačno 85 klasa ko-operacija na 3. Sve one su prikazane u Tabeli
7.3. Karakteristučni vektori su dati u odnosu na leksikografski poredak
maksimalnih klonova ko-operacija skupa 3. Tabela 7.2 prikazuje broj agre-
gata i baza na 3. U obzir su uzete samo ko-operacije koje nemaju fiktivne
promenljive. Naravno, ima ih konačno mnogo i njihova arnost je najvǐse 3.


7.3 Submaksimalni klonovi ko-operacija u cL3


Postoji tačno 38 submaksimalnih klonova ko-operacija u cL3 i odgovarajući
Hasse dijagram izgleda ovako:


0
a


0
b


0
c


0
d


1
a


1
b


1
c


1
d


2
a


2
b


2
c


2
d


3
a


3
b


3
c


4
a


4
b


4
c


5
a


5
b


5
c


6
a


6
b


6
c


6
d


7
a


7
b


7
c


7
d


8
a


8
b


8
c


8
d


9
a


9
b


9
c


9
d


9
e


C0 C1 C2 C0|1 C0|2 C1|2 C01 C02 C12 C012


cOX


Označimo submaksimalne klonove ko-operacija skupa 3 sa Dk
α gde je


k ∈ {0, 1, . . . , 9} i α ∈ {a, b, c, d, e}. Smisleni parovi 〈k, α〉 su prikazani
na gornjoj slici u obliku k


α , gde se svaki par oznaka javlja ispod odgo-
varajućeg submaksimalnog klona. Sada ćemo dati opis svih 38 submaksimal-
nih klonova. Podsetimo se da je sa λ(ab) označena transpozicija (ab). Neka
je µ3 ciklična permutacija (012). Podsetimo se još i da je klon Max(A|B),
gde su A i B regularne familije, uveden Definicijom 5.20.
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D0
a = Max({{0}}|{{1, 2}})


D0
b = C0 ∩ C0|1


D0
c = C0 ∩ C0|2


D0
d = C0 ∩ C1|2


D1
a = Max({{1}}|{{0, 2}})


D1
b = C1 ∩ C0|1


D1
c = C1 ∩ C0|2


D1
d = C1 ∩ C1|2


D2
a = Max({{2}}|{{0, 1}})


D2
b = C2 ∩ C0|1


D2
c = C2 ∩ C0|2


D2
d = C2 ∩ C1|2


D3
a = {f ∈ C0|1 : ako f zavisi od


bar dve promenljive i
f ∈ C2, onda je f(0) = f(1)}


D3
b = {f ∈ C0|1 : f ∈ C2 ⇒ f ∈ C0}


D3
c = {f ∈ C0|1 : f ∈ C2 ⇒ f ∈ C1}


D4
a = {f ∈ C0|2 : ako f zavisi od


bar dve promenljive i
f ∈ C1, onda je f(0) = f(2)}


D4
b = {f ∈ C0|2 : f ∈ C1 ⇒ f ∈ C0}


D4
c = {f ∈ C0|2 : f ∈ C1 ⇒ f ∈ C2}


D5
a = {f ∈ C1|2 : ako f zavisi od


bar dve promenljive i
f ∈ C0, onda je f(1) = f(2)}


D5
b = {f ∈ C1|2 : f ∈ C0 ⇒ f ∈ C1}


D5
c = {f ∈ C1|2 : f ∈ C0 ⇒ f ∈ C2}


D6
a = C01 ∩ C0|1


D6
b = C01 ∩ C2


D6
c = C01 ∩ C012


D6
d = {f ∈ C01 : f(0) = f(1) ili


(∃i)(f i(0) = 0 ∧ f i(1) = 1)


D7
a = C02 ∩ C0|2


D7
b = C02 ∩ C1


D7
c = C02 ∩ C012


D7
d = {f ∈ C02 : f(0) = f(2) ili


(∃i)(f i(0) = 0 ∧ f i(2) = 2)


D8
a = C12 ∩ C1|2


D8
b = C12 ∩ C0


D8
c = C12 ∩ C012


D8
d = {f ∈ C12 : f(1) = f(2) ili


(∃i)(f i(1) = 1 ∧ f i(2) = 2)


D9
a = cCloT3


D9
b = cO


(gl)
3 ∪ cClo{λ(12)}


D9
c = cO


(gl)
3 ∪ cClo{λ(02)}


D9
d = cO


(gl)
3 ∪ cClo{λ(01)}


D9
e = cO


(gl)
3 ∪ cClo{µ3}


Za svaki maksimalan klon sada možemo ponoviti standardnu proceduru
i tako klasifikovati i prebrojati sve njihove baze. Zbog simetrije dovoljno je
razmotriti samo C0, C0|1, C01 i C012. Rezultati su prikazani u Tabelama 7.5,
7.7, 7.6 i 7.4.
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karakt. v. kard.
01111 54
10001 1
10010 1
10100 1
11000 2
11111 22


Broj Broj baza
agr. bin. tern. ukupno


Rang 3 6 486 0 486


Tabela 7.4: Karakteristični vektori i enumeracija baza klona C012


karakt. v. kard.
0011 13
0110 13
0111 39
1000 10
1001 10
1010 3
1011 3
1100 10
1101 10
1110 3
1111 3


Broj Broj baza
agr. bin. tern. ukupno


Rang 2 5 196 518 714
Rang 3 18 2464 9632 12096
Rang 4 1 756 1998 2754


Tabela 7.5: Karakteristični vektori i enumeracija baza klona C0
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karakt. v. kard.
0001 4
0011 2
0101 2
0111 1
1001 4
1010 6
1011 14
1101 2
1110 3
1111 7


Broj Broj baza
agr. bin. tern. ukupno


Rang 2 3 48 0 48
Rang 3 10 276 0 276
Rang 4 1 84 0 84


Tabela 7.6: Karakteristični vektori i enumeracija baza klona C01
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karakt. v. kard.
0010000 10
0010001 8
0010100 8
0010101 6
0011001 2
0011101 2
0110000 2
0110010 1
0110011 2
0110101 2
0110110 2
0111011 1
1001010 20
1001011 20
1001110 20
1001111 20
1010100 2
1010101 2
1101010 6
1101011 6
1101110 6
1101111 6
1110110 1
1111111 1


Broj Broj baza
agr. bin. tern. ukupno


Rang 2 23 416 1396 1812
Rang 3 214 4576 11708 16284
Rang 4 49 3088 2756 5844


Tabela 7.7: Karakteristični vektori i enumeracija baza klona C0|1
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Dodatak


7.A Klase monoida transformacija skupa 3


U ovom dodatku dajemo spisak svih 160 klasa monoida transformacija skupa
3 koje su, jednostavnosti radi, označene redom sa 001–160. Za svaku klasu
dati su njena kardinalnost i jedan predstavnik. Preslikavanja f : 3 → 3 su
predstavljena nizovima f(2) f(1) f(0).


Klasa # Predstavnik
001 1 210
002 3 210 000
003 6 210 010
004 3 210 012
005 6 210 000 010
006 6 210 020 000
007 6 210 000 110
008 3 210 000 111
009 3 210 000 120
010 6 210 001 110
011 3 210 010 110
012 3 210 010 212
013 1 210 021 102
014 6 210 010 020 000
015 6 210 010 100 000
016 6 210 000 010 110
017 6 210 000 010 111
018 3 210 010 200 000
019 6 210 010 222 000
020 6 210 000 011 111
021 3 210 000 012 222
022 6 210 020 000 220
023 3 210 000 110 220
024 1 210 000 111 222
025 3 210 010 012 212
026 6 210 000 001 111


110
027 6 210 000 010 011


111
028 6 210 010 020 000


200


Klasa # Predstavnik
029 6 210 010 220 020


000
030 6 210 010 020 000


222
031 6 210 010 100 000


110
032 6 210 010 100 000


111
033 3 210 000 010 110


111
034 6 210 010 111 200


000
035 6 210 010 111 222


000
036 6 210 010 202 000


222
037 3 210 000 010 212


222
038 3 210 011 111 100


000
039 6 210 011 111 222


000
040 3 210 000 012 222


111
041 3 210 000 110 120


220
042 3 210 001 110 002


220
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Klasa # Predstavnik
043 3 210 001 110 010


101
044 6 210 001 110 211


111 000
045 6 210 001 110 222


000 111
046 6 210 010 011 111


100 000
047 6 210 000 010 011


111 110
048 6 210 010 011 111


200 000
049 6 210 000 010 211


111 011
050 6 210 010 011 111


222 000
051 3 210 000 010 012


222 212
052 3 210 020 000 100


010 200
053 6 210 020 000 110


010 220
054 6 210 010 020 000


111 222
055 6 210 010 200 000


220 020
056 6 210 010 020 000


200 222
057 6 210 010 020 000


202 222
058 6 210 010 020 000


212 222
059 6 210 010 100 000


222 111
060 3 210 010 110 222


000 111
061 3 210 010 111 200


000 222
062 6 210 010 111 202


000 222


Klasa # Predstavnik
063 3 210 000 010 111


212 222
064 3 210 011 111 201


100 000
065 3 210 011 111 100


000 222
066 1 210 000 021 111


102 222
067 3 210 001 110 120


002 220
068 3 210 001 110 201


010 101
069 1 210 012 021 120


201 102
070 3 210 000 001 111


110 010 101
071 6 210 001 110 011


111 100 000
072 6 210 001 110 211


111 000 222
073 3 210 010 011 111


100 000 110
074 6 210 010 011 111


100 000 200
075 6 210 010 100 000


211 111 011
076 6 210 010 011 111


100 000 222
077 6 210 000 010 110


211 111 011
078 6 210 010 011 111


110 222 000
079 6 210 010 200 000


211 111 011
080 6 210 010 011 111


200 000 222
081 6 210 010 211 111


011 222 000
082 3 210 000 010 012


222 212 111
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Klasa # Predstavnik
083 3 210 010 120 020


100 000 200
084 6 210 010 020 000


111 222 200
085 6 210 010 020 000


111 222 202
086 6 210 010 020 000


111 222 212
087 3 210 010 020 000


202 222 212
088 3 210 011 111 201


100 000 222
089 3 210 000 001 111


110 002 222 220
090 3 210 000 001 111


110 201 010 101
091 3 210 001 110 010


101 222 000 111
092 6 210 001 110 200


000 011 100 111
093 6 210 001 110 011


111 100 000 211
094 6 210 001 110 011


111 100 000 222
095 6 210 001 110 112


221 000 111 222
096 3 210 001 110 122


222 000 111 211
097 6 210 010 011 111


110 200 000 100
098 3 210 010 011 111


100 000 110 222
099 6 210 010 100 000


200 211 111 011
100 6 210 010 011 111


100 000 200 222
101 6 210 010 100 000


211 111 011 222
102 6 210 010 110 211


111 011 222 000


Klasa # Predstavnik
103 3 210 011 111 202


200 010 000 222
104 6 210 010 200 000


211 111 011 222
105 6 210 000 011 111


212 222 211 010
106 3 210 010 012 212


020 000 202 222
107 3 210 010 100 000


220 020 200 110
108 3 210 020 000 100


010 200 111 222
109 3 210 010 020 000


111 222 202 212
110 3 210 000 001 111


110 120 002 222
220


111 3 210 001 110 010
101 011 111 100
000


112 3 210 001 110 201
010 101 222 000
111


113 6 210 001 110 200
000 011 100 111
211


114 6 210 001 110 200
000 011 100 111
222


115 6 210 001 110 011
111 100 000 211
222


116 6 210 001 110 112
221 000 111 222
211


117 6 210 001 110 212
221 000 112 111
222
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Klasa # Predstavnik
118 3 210 010 110 200


000 100 211 111
011


119 6 210 010 011 111
110 200 000 100
222


120 6 210 010 100 000
200 211 111 011
222


121 3 210 010 012 212
020 000 202 222
111


122 3 210 010 110 120
020 100 220 000
200


123 3 210 010 111 120
020 100 222 000
200


124 1 210 000 012 222
021 111 120 201
102


125 3 210 001 110 002
220 112 221 000
111 222


126 6 210 001 110 010
101 200 000 011
100 111


127 3 210 001 110 011
111 100 000 201
010 101


128 3 210 001 110 010
101 011 111 100
000 222


129 6 210 001 110 022
222 100 011 200
000 111


130 6 210 001 110 011
111 100 000 122
222 211


Klasa # Predstavnik
131 6 210 001 110 200


000 011 100 111
211 222


132 6 210 001 110 211
111 000 212 221
112 222


133 3 210 010 110 200
000 100 211 111
011 222


134 3 210 000 010 011
111 112 222 212
110 211


135 3 210 010 202 000
222 211 111 011
212 200


136 3 210 001 110 112
221 000 111 222
120 002 220


137 6 210 001 110 002
220 211 111 000
112 221 222


138 3 210 001 110 010
101 200 000 011
100 111 211


139 6 210 001 110 010
101 200 000 011
100 111 222


140 3 210 001 110 011
111 100 000 201
010 101 222


141 3 210 000 010 011
111 012 222 212
211 110 112


142 6 210 001 110 020
002 101 220 010
000 202 111 222


143 6 210 001 110 002
220 121 112 000
221 111 222 212
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Klasa # Predstavnik
144 3 210 001 110 002


220 211 111 000
112 221 222 212


145 6 210 001 110 010
101 022 222 100
011 000 111 200


146 3 210 001 110 200
000 011 100 111
201 010 101 211


147 3 210 001 110 010
101 200 000 011
100 111 211 222


148 3 210 011 111 221
122 001 222 100
112 211 000 110


149 3 210 001 110 200
000 011 100 111
201 010 101 211
222


150 3 210 001 110 012
221 100 112 011
000 111 122 222
211


151 3 210 001 110 002
220 121 112 000
221 111 222 212
122 211


152 3 210 001 110 120
002 220 121 112
000 221 111 211
212 222 122


153 3 210 001 110 011
111 100 000 020
002 101 220 010
022 222 200 202


154 3 210 001 110 020
002 101 220 010
000 202 111 222
112 221 212 121


Klasa # Predstavnik
155 3 210 001 110 010


101 120 002 220
020 100 202 011
000 111 200 022
222


156 3 210 001 110 002
220 201 010 101
112 020 221 202
000 111 222 121
212


157 1 210 001 110 020
002 101 220 010
000 202 111 222
122 212 200 221
011 112 100 121
022 211


158 3 210 001 110 012
221 100 112 011
000 111 122 222
211 020 002 101
220 010 202 121
200 212 022


159 1 210 001 110 021
112 100 221 011
102 000 111 211
220 010 122 002
222 101 121 022
212 200 202 020


160 1 210 001 110 012
221 100 112 011
000 111 122 222
211 021 120 201
002 010 220 101
200 212 022 121
102 020 202
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7.B Broj klonova ko-operacija skupa 3 prema od-


govarajućim klasama monoida


Za predstavnika svake klase monoida transformacija generisani su i prebro-
jani svi klonovi ko-operacija kojima je unarni deo jednak datom monoidu.
U tabeli koristimo sledeće oznake:


p1 broj unarnih klonova za predstavnika date klase
p2 broj binarnih klonova za predstavnika date klase
p3 broj ternarnih klonova za predstavnika date klase
k kardinalnost klase
qi = k · pi, i ∈ {1, 2, 3}
Σ = q1 + q2 + q3.


Klasa p1 p2 p3 k q1 q2 q3 Σ
001 1 3 1 1 1 3 1 5
002 1 8 2 3 3 24 6 33
003 1 4 4 6 6 24 24 54
004 1 1 0 3 3 3 0 6
005 1 10 5 6 6 60 30 96
006 1 8 10 6 6 48 60 114
007 1 10 3 6 6 60 18 84
008 1 0 0 3 3 0 0 3
009 1 4 2 3 3 12 6 21
010 1 0 0 6 6 0 0 6
011 1 5 8 3 3 15 24 42
012 1 2 0 3 3 6 0 9
013 1 0 0 1 1 0 0 1
014 1 12 16 6 6 72 96 174
015 1 10 23 6 6 60 138 204
016 1 6 5 6 6 36 30 72
017 1 0 0 6 6 0 0 6
018 1 18 20 3 3 54 60 117
019 1 0 0 6 6 0 0 6
020 1 0 0 6 6 0 0 6
021 1 0 0 3 3 0 0 3
022 1 8 12 6 6 48 72 126
023 1 9 3 3 3 27 9 39
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Klasa p1 p2 p3 k q1 q2 q3 Σ
024 1 0 0 1 1 0 0 1
025 1 2 1 3 3 6 3 12
026 1 1 0 6 6 6 0 12
027 1 0 0 6 6 0 0 6
028 1 16 43 6 6 96 258 360
029 1 13 22 6 6 78 132 216
030 1 0 0 6 6 0 0 6
031 1 8 26 6 6 48 156 210
032 1 0 0 6 6 0 0 6
033 1 0 0 3 3 0 0 3
034 1 0 0 6 6 0 0 6
035 1 0 0 6 6 0 0 6
036 1 0 0 6 6 0 0 6
037 1 0 0 3 3 0 0 3
038 1 1 0 3 3 3 0 6
039 1 0 0 6 6 0 0 6
040 1 0 0 3 3 0 0 3
041 1 5 3 3 3 15 9 27
042 1 0 0 3 3 0 0 3
043 1 1 0 3 3 3 0 6
044 1 2 0 6 6 12 0 18
045 1 0 0 6 6 0 0 6
046 1 1 0 6 6 6 0 12
047 1 0 0 6 6 0 0 6
048 1 0 0 6 6 0 0 6
049 1 0 0 6 6 0 0 6
050 1 0 0 6 6 0 0 6
051 1 0 0 3 3 0 0 3
052 1 4 9 3 3 12 27 42
053 1 4 5 6 6 24 30 60
054 1 0 0 6 6 0 0 6
055 1 14 55 6 6 84 330 420
056 1 0 0 6 6 0 0 6
057 1 1 0 6 6 6 0 12
058 1 0 0 6 6 0 0 6
059 1 0 0 6 6 0 0 6
060 1 0 0 3 3 0 0 3
061 1 0 0 3 3 0 0 3
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Klasa p1 p2 p3 k q1 q2 q3 Σ
062 1 0 0 6 6 0 0 6
063 1 0 0 3 3 0 0 3
064 1 1 0 3 3 3 0 6
065 1 0 0 3 3 0 0 3
066 1 0 0 1 1 0 0 1
067 1 0 0 3 3 0 0 3
068 1 2 0 3 3 6 0 9
069 1 0 0 1 1 0 0 1
070 1 1 0 3 3 3 0 6
071 1 2 0 6 6 12 0 18
072 1 0 0 6 6 0 0 6
073 1 2 0 3 3 6 0 9
074 1 1 0 6 6 6 0 12
075 1 1 0 6 6 6 0 12
076 1 0 0 6 6 0 0 6
077 1 0 0 6 6 0 0 6
078 1 0 0 6 6 0 0 6
079 1 0 0 6 6 0 0 6
080 1 0 0 6 6 0 0 6
081 1 0 0 6 6 0 0 6
082 1 0 0 3 3 0 0 3
083 1 4 5 3 3 12 15 30
084 1 0 0 6 6 0 0 6
085 1 0 0 6 6 0 0 6
086 1 0 0 6 6 0 0 6
087 1 2 0 3 3 6 0 9
088 1 0 0 3 3 0 0 3
089 1 0 0 3 3 0 0 3
090 1 1 0 3 3 3 0 6
091 1 0 0 3 3 0 0 3
092 1 2 0 6 6 12 0 18
093 1 2 0 6 6 12 0 18
094 1 0 0 6 6 0 0 6
095 1 0 0 6 6 0 0 6
096 1 0 0 3 3 0 0 3
097 1 2 0 6 6 12 0 18
098 1 0 0 3 3 0 0 3
099 1 2 0 6 6 12 0 18
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Klasa p1 p2 p3 k q1 q2 q3 Σ
100 1 0 0 6 6 0 0 6
101 1 0 0 6 6 0 0 6
102 1 0 0 6 6 0 0 6
103 1 0 0 3 3 0 0 3
104 1 0 0 6 6 0 0 6
105 1 0 0 6 6 0 0 6
106 1 2 0 3 3 6 0 9
107 1 2 9 3 3 6 27 36
108 1 0 0 3 3 0 0 3
109 1 0 0 3 3 0 0 3
110 1 0 0 3 3 0 0 3
111 1 3 1 3 3 9 3 15
112 1 0 0 3 3 0 0 3
113 1 4 0 6 6 24 0 30
114 1 0 0 6 6 0 0 6
115 1 0 0 6 6 0 0 6
116 1 0 0 6 6 0 0 6
117 1 0 0 6 6 0 0 6
118 1 5 0 3 3 15 0 18
119 1 0 0 6 6 0 0 6
120 1 0 0 6 6 0 0 6
121 1 0 0 3 3 0 0 3
122 1 2 6 3 3 6 18 27
123 1 0 0 3 3 0 0 3
124 1 0 0 1 1 0 0 1
125 1 1 0 3 3 3 0 6
126 1 3 2 6 6 18 12 36
127 1 3 1 3 3 9 3 15
128 1 0 0 3 3 0 0 3
129 1 0 0 6 6 0 0 6
130 1 0 0 6 6 0 0 6
131 1 0 0 6 6 0 0 6
132 1 0 0 6 6 0 0 6
133 1 0 0 3 3 0 0 3
134 1 0 0 3 3 0 0 3
135 1 0 0 3 3 0 0 3
136 1 1 0 3 3 3 0 6
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Klasa p1 p2 p3 k q1 q2 q3 Σ
137 1 1 0 6 6 6 0 12
138 1 6 2 3 3 18 6 27
139 1 0 0 6 6 0 0 6
140 1 0 0 3 3 0 0 3
141 1 0 0 3 3 0 0 3
142 1 0 0 6 6 0 0 6
143 1 1 0 6 6 6 0 12
144 1 2 0 3 3 6 0 9
145 1 0 0 6 6 0 0 6
146 1 7 3 3 3 21 9 33
147 1 0 0 3 3 0 0 3
148 1 0 0 3 3 0 0 3
149 1 0 0 3 3 0 0 3
150 1 0 0 3 3 0 0 3
151 1 1 0 3 3 3 0 6
152 1 2 0 3 3 6 0 9
153 1 0 0 3 3 0 0 3
154 1 1 0 3 3 3 0 6
155 1 0 0 3 3 0 0 3
156 1 1 0 3 3 3 0 6
157 1 1 0 1 1 1 0 2
158 1 1 0 3 3 3 0 6
159 1 1 0 1 1 1 0 2
160 1 1 1 1 1 1 1 3


Ukupno 699 1239 1613 3551


7.C Još neki brojni podaci


7.23. Visina mreže cL3. Visina mreže cL3 (i stoga dužina najkraćeg mak-
simalnog lanca u cL3) je 7, što se lako utvrdjuje kada nam na raspolaganju
stoji Hasse dijagram mreže klonova ko-operacija skupa 3. Postoji tačno 118
maksimalnih lanaca dužine 7. Svaki takav lanac ima sledeći oblik:


cJX <· D <· H1 <· H2 <· H3 <· C <· cOX ,


gde je D neki minimalan, a C neki maksimalan klon ko-operacija skupa 3.
Primetimo da na 3 postoje minimalni klonovi ko-operacija kroz koje ne pro-
lazi nijedan najkraći maksimalni lanac. Takvi su minimalni klonovi gener-
isani idempotentnom unarnom ko-operacijom. Da bismo preciznije opisali
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C0 C1 C2 C0|1 C0|2 C1|2 C01 C02 C21 C012
∑


Ds0 3 4 4 4 4 5 − − 5 − 29
Ds1 4 3 4 4 5 4 − 5 − − 29
Ds2 4 4 3 5 4 4 5 − − − 29
Df0 1 − − − − 3 − − 4 1 9
Df1 − 1 − − 3 − − 4 − 1 9
Df2 − − 1 3 − − 4 − − 1 9
Dfc − − − − − − − − − 4 4∑


12 12 12 16 16 16 9 9 9 7 118


Tabela 7.8: Raspodela najkraćih maksimalnih lanaca u cL3 prema odgo-
varajućem minimalnom i maksimalnom klonu


raspodelu najkraćih maksimalnih lanaca, uvedimo nekoliko oznaka.
Posmatrajmo sledeće ko-operacija skupa 3: s0 :=


(
0 1 2


〈1, 0〉 〈0, 1〉 〈0, 2〉
)
,


s1 :=
(


0 1 2
〈0, 0〉 〈1, 1〉 〈0, 2〉


)
, s2 :=


(
0 1 2


〈0, 0〉 〈0, 1〉 〈1, 2〉
)
, f0 :=


(
0 1 2
0 2 1


)
,


f1 :=
(


0 1 2
2 1 0


)
, f2 :=


(
0 1 2
1 0 2


)
i fc :=


(
0 1 2
1 2 0


)
. Ko-operacije s0,


s1 i s2 su binarni splitinzi, dok su f0, f1, f2 i fc permutacije skupa 3.
Neka su Ds0 , Ds1 , Ds2 , Df0 , Df1 , Df2 i Dfc minimalni klonovi ko-operacija
generisani odgovarajućom ko-operacijom. Uz oznake maksimalnih klonova
ko-operacija uvedene na početku ove glave, raspodela najkraćih maksimalnih
lanaca prema minimalnom i maksimalnom klonu kroz koji prolaze data je u
Tabeli 7.8.


7.24. Naslednici i prethodnici. Tabela 7.9 sadrži broj klonova ko-ope-
racija prema broju elemenata mreže cL3 koje pokrivaju i broju elemenata
te mreže koji ih pokrivaju. Primetimo da u mreži cL3 ima tačno 76 ∨-
ireducibilnih i 149 ∧-ireducibilnih elemenata.


7.D Jednostavan softverski paket za ispitivanje mreže


cL3


Na početku ove glave je pokazano kako se mogu generisati svi klonovi ko-
operacija na 3. Primenjujući standardne algoritme, konstruisan je Hasse
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br. nasl. br. klonova br. preth. br. klonova
0 1 0 1
1 76 1 149
2 677 2 785
3 1429 3 1341
4 1043 4 771
5 265 5 348
6 48 6 115
7 6 7 12
9 4 8 21


10 1 9 3
13 1 12 3


16 2


Tabela 7.9: Raspodela klonova ko-operacija skupa 3 prema broju naslednika
i prethodnika


dijagram mreže cL3. Kako je mreža prevelika da bi se mogla nacrtati, obez-
bedjen je jednostavan softverski paket, cL3, pomoću koga se mogu ispitivati
osobine ove mreže na osnovu njenog Hasse dijagrama. Paket je implementi-
ran u programskom jeziku C.


7.D.1 Reprezentacija ko-operacija skupa 3


Elementi skupa cO
(3)
3 su, kako je već rečeno, predstavljeni svojim kodovima.


Svakoj ko-operaciji


f =


(
0 1 2


〈`0, v0〉 〈`1, v1〉 〈`2, v2〉


)


dodeljen je šestocifreni ternarni broj `2`1`0v2v1v0 koji je interpretiran dec-
imalno. Tako, kao kodovi ko-operacija iz cO


(3)
3 se javljaju elementi skupa


{0, 1, . . . , 728}. Ako sa [f ] označimo kod ko-operacije f i ako lbl f shvatimo
kao preslikavanje 3 → 3, onda je


[lbl f ] = [f ] div 27 i [val f ] = [f ] mod 27.
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#define FALSE 0
#define TRUE 1
typedef int bool;


#define NCoOps 729
typedef int CoOp;


#define cProj0 21
#define cProj1 372
#define cProj2 723


Funkcija CoOp_Arity vraća arnost svog argumenta. Funkcija CoOp_Perm


vraća ko-operaciju koja se dobija od f permutovanjem promenljivih u odnosu


na permutaciju


(
2 1 0
v2 v1 v0


)
. Funkcija CoOp_Print ispisuje ko-operaciju


f. Ako je argument unary postavljen na TRUE ispisuje se samo niz
f(2) f(1) f(0). CoOp_Save ispisuje ko-operaciju f u datoteku out.


int CoOp_Arity(CoOp f);
CoOp CoOp_Perm(int v2, int v1, int v0, CoOp f);
void CoOp_Print(CoOp f, bool unary);
void CoOp_Save(FILE *out, CoOp f, bool unary);


Funkcijama CoOp_Isα se proverava da li f ima osobinu α. Funkcije Pre_M
testiraju da li f slabo čuva regularnu familiju M (koja je navedena u ko-
mentaru).


bool CoOp_IsBij(CoOp f);
bool CoOp_IsUnary(CoOp f);
bool CoOp_IsSplitting(CoOp f);
bool CoOp_IsGlueing(CoOp f);
bool CoOp_HasNoFictArgs(CoOp f);
bool Pre_0(CoOp f); /* {{0}} */
bool Pre_1(CoOp f); /* {{1}} */
bool Pre_2(CoOp f); /* {{2}} */
bool Pre_0_1(CoOp f); /* {{0}, {1}} */
bool Pre_0_2(CoOp f); /* {{0}, {2}} */
bool Pre_1_2(CoOp f); /* {{1}, {2}} */
bool Pre_01(CoOp f); /* {{0, 1}} */
bool Pre_02(CoOp f); /* {{0, 2}} */
bool Pre_12(CoOp f); /* {{1, 2}} */
bool Pre_012(CoOp f); /* {{0, 1, 2}} */
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7.D.2 Skupovi ko-operacija


Skupovi ko-operacija su predstavljeni kao nizovi bitova. Podrazumeva se da
je osnovi tip unsigned long implementiran kao reč dužine 32 bita. Globalna
promenljiva cProjs sadrži skup svih ko-projekcija na 3.


#define SetLen 23
typedef unsigned long Set[SetLen];
typedef unsigned long SetPtr[];
extern Set cProjs;


Funkcije koje slede obezbedjuju podršku za elementarnu manipulaciju sku-
povima (napravi prazan skup, dodaj element skupu, ukloni element iz skupa,
proveri da li je skup prazan, proveri da li ko-operacija pripada skupu, q := p,
res := p∪q, res := p∩q, res := p\q, napravi komplement skupa s, redom).


void Set_Init(SetPtr s);
void Set_Add(SetPtr s, CoOp f);
void Set_Rm(SetPtr s, CoOp f);
bool Set_IsEmpty(SetPtr s);
bool Set_Memb(SetPtr s, CoOp f);
void Set_CopyTo(SetPtr p, SetPtr q);
void Set_Union(SetPtr p, SetPtr q, SetPtr res);
void Set_Inters(SetPtr p, SetPtr q, SetPtr res);
void Set_Diff(SetPtr p, SetPtr q, SetPtr res);
void Set_Compl(SetPtr s);


Funkcija Set_Eq testira jednakost skupova. Funkcija Set_Cmp se može pri-
meniti samo na skupove koji nisu jednaki. Ona vraća “−1” kada je p ⊂ q,
“0” kada su p i q neuporedivi, a “1” kada je p ⊃ q. Ako je p = q, program
prekida sa radom i prijavljuje se sistemska greška.


bool Set_Eq(SetPtr p, SetPtr q);
int Set_Cmp(SetPtr p, SetPtr q);


Funkcija Set_All proverava da li svi elementi skupa s (koji je skup ko-
operacija) imaju osobinu P. Osobina je booleovska funkcija čiji jedini argu-
ment je tipa CoOp.


typedef bool (*CoOp_Property)(CoOp);
bool Set_All(SetPtr s, CoOp_Property P);
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Funkcija Set_Print ispisuje ko-operacije koje pripadaju datom skupu. U
modu Mode_All se ispisuju svi elementi skupa. U modu Mode_NoFictArgs se
ispisuju samo oni elementi skupa (ko-operacije) koji zavise od svakog svog ar-
gumenta. Mod Mode_OmitPerms podrazumeva Mode_NoFictArgs. Pri tome,
ako je ispisana ko-operacija f , sve one koje se mogu dobiti od f permutova-
njem promenljivih neće biti ispisane. Funkcija Set_Save preusmerava izlaz
funkcije Set_Print u datoteku out.


#define Mode_All 0
#define Mode_NoFictArgs 1
#define Mode_OmitPerms 2


void Set_Print(SetPtr s, int mode);
void Set_Save(FILE *out, SetPtr s, int mode);


7.D.3 Klonovi ko-operacija


Tip List obezbedjuje kratku statičku listu celih brojeva sa najvǐse 19 ele-
menata koji se nalaze na pozicijama 0 . . . 18. Pozicija 19 sadrži dužinu liste.
Funkcija Length vraća tekuću dužinu liste.


#define ListLen 20
typedef int List[ListLen];
typedef int ListPtr[];


int Length(ListPtr p);


Postoji tačno 3551 klonova ko-operacija skupa 3. Hasse dijagram mreže cL3


se nalazi u datoteci cL3.dat. Funkcija cL3_Init učitava datoteku i smešta
opis u globalnu promenljivu Clone. Komponente strukture CloneType imaju
sledeće značenje:


• opset – skup ko-operacija koje pripadaju klonu;


• succ – lista naslednika tekućeg klona u Hasse dijagramu;


• pred – lista prethodnika tekućeg klona u Hasse dijagramu;


• base – generativni skup klona;


• name – string koji sadrži ime klona; ime imaju samo klonovi koji su
navedeni ispod.
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#define NClones 3551


void cL3_Init(void);


typedef struct{
Set opset;
List succ;
List pred;
List base;
char name[32];


} CloneType;


extern CloneType Clone[NClones];


Indeksi važnih klonova. cO je indeks klona cO3. cJ je indeks klona cJ3.
Max_M je indeks maksimalnog klona koji je odredjen regularnom familijom
M (videti funkcije Pre_M). Max je niz indeksa maksimalnih klonova; uveden
je da bi se olakšalo iteriranje po maksimalnim klonovima.


#define cO 0
#define cJ 1
#define Max_0 3202
#define Max_1 3243
#define Max_2 3275
#define Max_0_1 3440
#define Max_0_2 3457
#define Max_1_2 3494
#define Max_01 3517
#define Max_02 3520
#define Max_12 3513
#define Max_012 3550


extern int Max[10];


Funkcija Clone_Print ispisuje ko-operacije koje pripadaju klonu. U modo-
vima Mode_All, Mode_NoFictArgs i Mode_OmitPerms komponenta opset se
samo prosledjuje funkciji Set_Print (uz informaciju o modu, naravno). U
modu Mode_Short se ispisuju sve unarne ko-operacije i ne-unarni deo genera-
tivnog skupa. U modu Mode_Name se ispisuje ime klona. Za klonove koji ne-
maju ime, mod Mode_Name se ponaša kao Mode_Short. Funkcija Clone_Save


preusmerava izlaz funkcije Clone_Print u datoteku out.
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#define Mode_Name 10
#define Mode_Short 11


void Clone_Print(int index, int mode);
void Clone_Save(FILE *out, int index, int mode);


7.D.4 Napomene


Pokažimo nekoliko korisnih fraza koje se često javljaju pri upotrebi ovog
paketa. Iteracija po svim klonovima:


int i;
for(i = 0; i < NClones; i++){ ... Clone[i] ... }


Iteracija po svim netrivijalnim klonovima (primetimo da su 0 i 1 indeksi
trivijalnih klonova cO3 i cJ3, redom):


int i;
for(i = 2; i < NClones; i++){ ... }


Iteracija po svim maksimalnim klonovima:


int i;
for(i = 0; i < 10; i++){ ... Clone[Max[i]] ... }


Iteracija po svim naslednicima klona c:


int i, c, s;
for(i = 0; i < Length(Clone[c].succ); i++){
s = Clone[c].succ[i];
... s ...


}


7.D.5 Primeri


Odredjivanje visine mreže cL3.


#include <stdio.h>
#include <stdlib.h>
#include "intqueue.h"
#include "cL3.h"


#define Infinity 9999
int Level[NClones];
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void main(void){
int i, c, L;


cL3_Init();
for(i = 0; i < NClones; i++) Level[i] = Infinity;
Q_Init();
Level[cO] = 1;
Q_Insert(cO);


while(Q_First != NULL){
c = Q_Next();
L = Level[c] + 1;
for(i = 0; i < Length(Clone[c].succ); i++){


if(Level[Clone[c].succ[i]] == Infinity){
Level[Clone[c].succ[i]] = L;
Q_Insert(Clone[c].succ[i]);


} } }


printf("h = %d\n", Level[cJ]);
exit(0);


}


Provera da li je mreža cL3 komplementirana.


#include <stdio.h>
#include <stdlib.h>
#include "cL3.h"


bool IsComplement(int i, int j){
Set s;
int k;


Set_Inters(Clone[i].opset, Clone[j].opset, s);
if(!Set_Eq(s, cProjs)) return FALSE;


Set_Union(Clone[i].opset, Clone[j].opset, s);
for(k = 0; k < 10; k++){


if(Set_Eq(s, Clone[Max[k]].opset)) return FALSE;
if(Set_Cmp(s, Clone[Max[k]].opset) == -1) return FALSE;


}
return TRUE;


}
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void main(void){
int i, j;
bool H[NClones];
int N;


cL3_Init();
for(i = 0; i < NClones; i++) H[i] = FALSE;
H[cO] = H[cJ] = TRUE;


for(i = 2; i < NClones; i++){
for(j = 2; j < NClones; j++){


if(IsComplement(i,j)){
H[i] = TRUE;
break;


} } }


N = 0;
for(i = 0; i < NClones; i++) if(!H[i]) N++;
printf("%d clones have no complement\n", N);
exit(0);


}







Spisak oznaka


Oznake zasnovane na latiničnom alfabetu


ar arnost operacije (str. 10)


arnost relacije (str. 12)


arnost ko-operacije (str. 20)


arnost ko-relacije (str. 25)


ca konstantno preslikavanje x 7→ a (str. 10)


cv karakteristični vektor ko-operacije (str. 162)


cClo klon ko-operacija generisan skupom ko-operacija (str. 23)


cClr nosač podalgebre algebre ko-relacija generisane skupom
ko-relacija (str. 54)


cDX skup svih finitarnih ko-dijagonala na X (str. 26)


cEnd monoid ko-endomorfizama skupa ko-relacija (str. 26)


cInv skup svih finitarnih ko-relacija koje su ko-invarijantne u
odnosu na svaku ko-operaciju datog skupa (str. 26)


cJX skup svih ko-projekcija na X (str. 21)


cLX mreža klonova ko-operacija skupa X (str. 24)


cLoc lokalno ko-zatvorenje skupa ko-operacija (str. 68)


λ-cLoc λ-lokalno ko-zatvorenje skupa ko-operacija (str. 68)


cOX skup svih ko-operacija skupa X (str. 20)


cO
(n)
X skup svih n-arnih ko-operacija skupa X (str. 20)


cO
(gl)
X klon svih lepljenja na X (str. 21)


193







194 Spisak oznaka


cPol skup svih ko-operacija koje ko-čuvaju svaku ko-relaciju iz
datog skupa (str. 26)


cRX skup svih finitarnih ko-relacija na X (str. 26)


cR
(α)
X skup svih α-arnih ko-relacija na X (str. 25)


d niz domena komponenata ko-operacije (str. 21)


diag dijagonalna ko-operacija (str. 22)


dom domen parcijalnog preslikavanja (str. 6)


fix skup svih fiksnih tačaka preslikavanja (str. 6)


fix(F ) :=
⋂


f∈F fix(f), za ∅ 6= F ⊆ TX (str. 6)


h visina mreže (str. 7)


idA identičko preslikavanje skupa A (str. 5)


im slika domena preslikavanja (str. 6)


lbl označavanje ko-operacije (str. 21)


prf projekcija relacije (str. 13)


projekcija vektora (str. 13)


projekcija ko-relacije (str. 52)


prB1|B2|...|B`
drugi zapis za prf (str. 52)


pr−1
f inverz projekcije ko-relacije (str. 54)


r rang ko-operacije (str. 20)


rang regularne familije (str. 29)


spl spliting odredjen datom slabom particijom (str. 80)


supp(f) := X \ fix(f), za f ∈ TX (str. 6)


supp(F ) :=
⋃


f∈F supp(f), za ∅ 6= F ⊆ TX (str. 6)


val vrednost ko-operacije (str. 21)


Aut skup automorfizama algebre (str. 45)


C0 maksimalan klon na 3 odredjen regularnom familijom
{{0}} (str. 158)


C1 maksimalan klon na 3 odredjen regularnom familijom
{{1}} (str. 158)


C2 maksimalan klon na 3 odredjen regularnom familijom
{{2}} (str. 158)
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C01 maksimalan klon na 3 odredjen regularnom familijom
{{0, 1}} (str. 158)


C02 maksimalan klon na 3 odredjen regularnom familijom
{{0, 2}} (str. 158)


C12 maksimalan klon na 3 odredjen regularnom familijom
{{1, 2}} (str. 158)


C0|1 maksimalan klon na 3 odredjen regularnom familijom
{{0}, {1}} (str. 158)


C0|2 maksimalan klon na 3 odredjen regularnom familijom
{{0}, {2}} (str. 158)


C1|2 maksimalan klon na 3 odredjen regularnom familijom
{{1}, {2}} (str. 158)


C012 maksimalan klon na 3 odredjen regularnom familijom
{{0, 1, 2}} (str. 158)


Clo klon operacija generisan skupom operacija (str. 10)


Con skup kongruencija algebre (str. 45)


Const skup svih konstantnih preslikavanja (str. 10)


Const〈c,d〉 skup svih 〈c, d〉-skoro konstantnih preslikavanja (str. 69)


DX skup svih finitarnih dijagonala na X (str. 12)


End monoid endomorfizama datog skupa relacija (str. 14)


GPerm skup svih grupa permutacija (str. 6)


H(n)
P(X) skup svih totalno aditivnih homomorfizama


〈P(X),∪,∩,c , ∅, X〉n → 〈P(X),∪,∩,c , ∅, X〉 (str. 33)


HP(X) =
⋃


n∈NH(n)
P(X) (str. 33)


Int(M) skup svih klonova ko-operacija C takvih da je C(1) = M


(str. 80)


Intν(M) := {C(ν) : C ∈ Int(M)} (str. 159)


Inv skup svih finitarnih relacija koje su invarijantne u odnosu
na svaku operaciju iz datog skupa (str. 14)


JX skup svih projekcija na X (str. 10)


LX mreža klonova operacija skupa X (str. 11)


Loc lokalno zatvorenje skupa operacija (str. 68)
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λ-Loc λ-lokalno zatvorenje skupa operacija (str. 68)


Max(A) maksimalan klon ko-operacija odredjen regularnom famil-
ijom A (str. 104)


Max(A|B) klon ko-operacija koje slabo čuvaju familiju B u odnosu
na familiju A (str. 111)


Mon skup svih monoida transformacija (str. 6)


N skup pozitivnih celih brojeva (str. 5)


N0 skup nenegativnih celih brojeva (str. 5)


OX skup svih finitarnih operacija skupa X (str. 10)


O
(n)
X skup svih n-arnih operacija skupa X (str. 10)


P(A) partitivni skup skupa A (str. 5)


Part(X) skup svih neuredjenih particija skupa X (str. 8)


Pol skup svih operacija koje čuvaju svaku relaciju iz datog
skupa relacija (str. 14)


PRP(X) skup svih finitarnih particionih relacija na P(X) (str. 8)


PTA skup svih parcijalnih preslikavanja A ◦−→A (str. 6)


RT(A) skup svih refleksivnih i tranzitivnih binarnih relacija na A


(str. 5)


RX skup svih finitarnih relacija na X (str. 12)


R
(α)
X skup svih α-arnih relacija na skupu X (str. 12)


TX skup svih preslikavanja X → X (str. 5)


T
(p)
X skup svih permutacija skupa X (str. 6)


Uk klon generisan unarnim ko-operacijama i ko-operacijama
ranga ≤ k (str. 84)


Uν−1 klon svih ne-esencijalnih ko-operacija (str. 84)


Oznake zasnovane na grčkom alfabetu


δh
B ko-dijagonala na X (str. 26)


δε
α dijagonala na X (str. 12)


∂ elementarna operacija na cRX (str. 51)


∂−1 inverz elementarne operacije skupa cRX (str. 54)
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ζ elementarna operacija skupa OX (str. 11)


elementarna operacija na RX (str. 12)


elementarna operacija na skupu cOX (str. 44)


elementarna operacija na cRX (str. 51)


ζ−1 inverz elementarne operacije skupa cRX (str. 54)


ηf ko-relacija koja opisuje odgovarajući spliting (str. 82)


θk ko-relacija koja opisuje Uk (str. 84)


ιni i-ta n-arna ko-projekcija (str. 21)


κm
j elementi ko-relacije χm (str. 58)


λa7→b jedno posebno preslikavanje X → X (str. 5)


λ(ab) transpozicija (ab) (str. 5)


ν kardinalnost skupa X (str. 5)


πn
i i-ta n-arna projekcija (str. 10)


%C := {〈A,X \A〉 : A ⊆ X} (str. 33)


%M relacija koja opisuje interval Int(M) (str. 80)


%X := {X} (str. 33)


%∅ := {∅} (str. 33)


%dis := {〈A,B〉 : A,B ⊆ X ∧A ∩B = ∅} (str. 33)


%⊆ := {〈A,B〉 : A ⊆ B ⊆ X} (str. 33)


%∪ := {〈Aξ : ξ < ν〉 : A0 =
⋃


0<ξ<ν Aξ} (str. 33)


τ elementarna operacija skupa OX (str. 11)


elementarna operacija na RX (str. 12)


elementarna operacija na skupu cOX (str. 44)


elementarna operacija na cRX (str. 51)


τ−1 inverz elementarne operacije skupa cRX (str. 54)


χm m-ta apscisa (str. 58)


Γ operator zatvorenja na cRX (str. 58)


∆A := {〈x, x〉 : x ∈ A}, najmanja refleksivna binarna relacija
na A (str. 5)


Σ ko-relacija koja opisuje klonove spliting ko-operacija
(str. 28)
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Ω ko-relacija koja karakterǐse unarne klonove ko-operacija
(str. 29)


∇A := {〈x, y〉 : x, y ∈ A}, najveća binarna relacija na A (str. 5)


∇ elementarna operacija na cRX (str. 51)


∇−1 inverz elementarne operacije skupa cRX (str. 54)


Infiksne oznake


A ⊂ B A ⊆ B ∧A 6= B (str. 5)


f : A ◦−→B parcijalno preslikavanje iz A u B (str. 6)


f |D restrikcija preslikavanja f (str. 6)


f1 ⊕ f2 disjunktna suma preslikavanja f1 i f2 (str. 6)


(f · g)(x) = g(f(x)) (str. 5)


(f ◦ g)(x) = f(g(x)) (str. 5)


a <· b a < b i [a, b] = {a, b} (str. 7)


a ¿ b a < b i nije a <· b (str. 7)


M1
∼=c M2 monoidi M1 i M2 su konjugovani (str. 158)


≺, ¹ poredak na particijama; “je (strogo) grublja od” (str. 8)


poredak na skupu ko-vektora; “je (strogo) grublji od”
(str. 26)


% ◦ σ kompozicija relacija (str. 13)


kompozicija ko-relacija (str. 52)


%× σ proizvod relacija (str. 13)


proizvod ko-relacija (str. 52)


f ∗ g elementarna superpozicija operacija f i g (str. 11)


elementarna superpozicija ko-operacija f i g (str. 44)


f ≡ g ko-operacije f i g su ekvivalentne (str. 162)


C ≤ D (C < D) C i D su klonovi operacija i C ⊆ D (C ⊂ D) (str. 11)


C i D su klonovi ko-operacija i C ⊆ D (C ⊂ D) (str. 24)


Q ≤ S (Q < S) Q i S su klonovi relacija i Q ⊆ S (Q ⊂ S) (str. 13)


Q i S su klonovi ko-relacija i Q ⊆ S (Q ⊂ S) (str. 27)
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Indeksi


A{1} := {{a} : a ∈ A} (str. 104)


Xtn unija n disjunktnih kopija skupa X (str. 20)


∪• := {〈A,B, A ∪B〉 : A,B ⊆ X} (str. 33)


fr ko-operacija takva da je fr · [κm
1 , . . . , κm


m] = r (str. 59)


f j j-ta komponenta ko-operacije f (str. 20)


f+ kovarijantni lifting (parcijalnog) preslikavanja (str. 6)


f− kontravarijantni lifting (parcijalnog) preslikavanja (str. 6)


kontravarijantni lifting ko-operacije f (str. 32)


r− kontravarijantni lifting ko-vektora (str. 35)


%− kontravarijantni lifting ko-relacije (str. 35)


p∇ ko-vektor dobijen od particionog vektora p (str. 36)


%∇ ko-relacija dobijena od particione relacije % (str. 36)


F (n) skup svih n-arnih operacija u F (str. 10)


skup svih n-arnih ko-operacija u F (str. 20)


Q(α) skup α-arnih relacija u Q (str. 12)


skup svih α-arnih ko-relacija u Q (str. 26)


C(sp) klon svih splitinga sadržanih u C (str. 81)


C(un) unarni deo klona ko-operacija C (str. 24)


Ostale oznake


∅ prazan skup; parcijalno preslikavanje sa praznim domenom
(str. 6)


2 := {0, 1} (str. 17)


3 := {0, 1, 2} (str. 157)


n skup {1, . . . , n} (str. 5)


[a, b]L interval mreže L (str. 7)


[a〉L glavni filter mreže L generisan elementom a (str. 7)


〈a]L glavni ideal mreže L generisan elementom a (str. 7)


f(g1, . . . , gn) superpozicija operacija (str. 10)
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[g1, . . . , gn] ko-proizvod preslikavanja g1, . . . , gn (str. 22)


4 elementarna operacija skupa OX (str. 11)


elementarna operacija na RX (str. 12)


elementarna operacija na skupu cOX (str. 44)


elementarna operacija na cRX (str. 51)
f∧


〈fi:i∈I〉
〈%i : i ∈ I〉 uopštena superpozicija relacija (str. 13)
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na 3, broj, 169
algebra
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homomorfizam, totalno adi-


tivan, 33
ko-operacija, 44
ko-relacija (finitarnih), 54
kongruencija, 47
operacija, 11
relacija (finitarnih), 13
unutrašnji automorfizam, 45


p-aproksimira, 112
apscisa, 58
arnost


ko-operacije, 20
ko-relacije, 25
operacije, 10
relacije, 12


asocijativna ko-operacija, 148


B
baza, 162


rang, 162
bojenje, 25


Č
f čuva %, 14, 36


F
fiktivna koordinata


ko-relacije, 26
fiktivni argument


ko-operacije, 21


G
Galoisova veza


End–Inv, 14
Pol–Inv, 14
cEnd–cInv, 27
cPol–cInv, 27


grupa permutacija, 6
disjunktna faktorizacija, 91
najfinija disjunktna faktoriza-
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dužina, 91


I
% je invarijantna u odnosu na f , 14
involucija semigrupe (monoida), 55
izomorfizam
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apstraktan, 16, 31
izomorfizam, 16, 31, 35
ko-operacija, 23
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generisan skupom, 23, 26
kolapsirajući, 131
kontravarijantni lifting, 32
leksikografski redosled, na 3,


157
lokalno ko-zatvoren, 26, 35,


37
maksimalan, 25, 103
maksimalan, broj, 108
maksimalan, na 3, 157
minimalan, 135, 149
na 3, broj, 159
opisan skupom ko-relacija, 26
submaksimalan, 103
submaksimalan, na 3, 169
supminimalan, 135, 149
trivijalan, 23
unaran, 24, 29


ko-relacija, 26, 61
kontravarijantni lifting, 50


operacija, 10
generisan skupom F , 10, 14
kao apstraktan klon, 17
lokalno zatvoren, 14
lokalno zatvoren u odnosu na


klon, 37
maksimalan, 11, 15
opisan skupom relacija, 14


relacija, 13
selektivnih operacija, 31, 38
spliting ko-operacija, 80


f ko-čuva %, 26, 36
% je ko-invrijantna u odnosu na f ,


26
ko-operacija, 20


algebra, 44
apscisa, 58


arnost, 20
asocijativna, 148
esencijalna, 21
fiktivni argument, 21
karakteristični vektor, 162
komponenta, 20
kontravarijantni lifting, 32, 81
lepi na skupu, 21
lepljenje, 21
ne-esencijalna


klon, 84
nezavisan skup, 95
označavanje, 21
rang, 20
Shefferova, 23, 109
spliting, 28
superpozicija, 22
vrednost, 21
zavisi od svoje promenljive, 21


ko-projekcija, 21
ko-relacija, 25


algebra, 54
arnost, 25
fiktivna koordinata, 26
klon, 26, 61
ko-dijagonala, 26
kontravarijantni lifting, 35, 36
ternarna, 55


puna, 58
ko-stepen, 20
ko-vektor, 25


kontravarijantni lifting, 35
kolapsirajući


klon, 131
monoid, 131


komplement elementa mreže, 7
komplementirana mreža, 7
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kompletan skup operacija, 11
konjugacija monoida, 158
kriterijum kompletnosti


Posta, 29
SÃlupeckog, 104


kritičan skup, 164


L
leksikografski redosled maksimal-


nih klonova ko-operacija
skupa 3, 157


lifting
kontravarijantni, (parcijalnog)


preslikavanja, 6
kontravarijantni, klona ko-ope-


racija, 32
kontravarijantni, klona ko-re-


lacija, 50
kontravarijantni, ko-operacije,


32
kontravarijantni, ko-relacije, 35
kontravarijantni, ko-vektora, 35
kovarijantni, (parcijalnog) pre-


slikavanja, 6
lokalno ko-zatvoren


klon ko-operacija, 26
lokalno ko-zatvorenje skupa trans-


formacija, 68
lokalno zatvoren


klon operacija, 14
lokalno zatvorenje skupa transfor-


macija, 68


M
majoranta, 136
maksimalan klon ko-operacija, 25
maksimalan klon operacija, 11, 15
minoranta, 135


monoid
ko-endomorfizama skupa ko-re-


lacija, 26
kolapsirajući, 131
konjugovan, 158
lokalno ko-zatvoren, 68
lokalno zatvoren, 68
na 3


broj, 159
sa involucijom, 55


monoid endomorfizama
skupa relacija, 14


mreža
filter, 7
ideal, 7
interval, 7
komplementirana, 7
lanac, 7


maksimalan, 7
visina, 7


N
nezavisan skup ko-operacija, 95


O
operacija


arnost, 10
majoranta, 136
minoranta, 135
projekcija, 10
selektivna, 40


klon, 31, 38
semiprojekcija, 136


P
parcijalno preslikavanje, 6


disjunktna suma, 6
kontravarijantni lifting, 6
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kovarijantni lifting, 6
particija, 7


neuredjena, 7
slaba, 7
striktna, 95
uredjena, 7


particiona relacija, 8, 37
particioni vektor, 7


odredjen ko-vektorom, 26
permutacija, 6
preslikavanje


kontravarijantni lifting, 6
kovarijantni lifting, 6


projekcija, 10


R
regularna familija, 29


broj, 108
rang, 29
regularan par, 112
singularan par, 112


relacija, 12
arnost, 12
binarna, 5
dijagonala, 12
klon, 13
kompozicija, 13
particiona, 8
proizvod, 13
projekcija, 13
uopštena superpozicija, 13


S
selektivna operacija, 40
semigrupa


sa involucijom, 55
semiprojekcija, 136
Shefferova ko-operacija, 23, 109


slaba particija, 7
f slabo čuva M, 29
spliting (ko-operacija), 28


klon, 80
striktna particija, 95
superpozicija


ko-operacija, 22
operacija, 10
uopštena, relacija, 13
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[Tay 86] Taylor, W.: The Clone of the Topological Space, Research
and Exposition in Mathematics 13, Helderman Verlag,
Berlin 1986


[Tay 93] Taylor, W.: Abstract clone theory, Algebras and Orders,
I. G. Rosenberg and G. Sabidussi (eds.), Kluwer Academic
Publishers, 1993, 507–530


[Trn 94] Trnková V.: Semirigid spaces, Trans. Amer. Math. Soc.
343(1994), no. 1, 305–325
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[Yan-M 59] Yanov, Yu. I., Mučnik, A. A.: On the existence of k-valued
closed classes without a finite basis (ruski), Dokl. Akad.
Nauk SSSR 127(1959), 44–46







210 Literatura







Summary


In 1971 K. Drbohlav started an investigation of co-operations and univer-
sal co-algebras as the dual of classical notions of operations and universal
algebras. He obtained duals of many universal algebraic properties. Co-
operations are obtained by dualizing the notion of operation (reversing the
arrows in the category SET).


Clones of co-operations were introduced in 1985 by B. Csákány as sets
of co-operations containing all co-projections and closed with respect to su-
perposition of co-operations.


In order to develop its full potential, clone theory needs its “relational”
counterpart by which we can express that certain clones have certain proper-
ties. The corresponding objects called co-relations were introduced in 1997
by R. Pöschel and M. Rößiger. It came as no surprise that the notion of a
co-relation is also obtained by reversing the arrows.


Introduction to the thesis demonstrates in short the genesis of concepts
of co-operation and co-algebra and presents two approaches to the topic: the
Kleisli approach which originated in the category theory, and the approach
of Drbohlav which is more in the spirit of universal algebra and which is
adopted in the thesis.


Chapter 0 is a short display of standard set-theoretic terminology and
notation which is used in the thesis. Chapters 1 and 2 present standard
notions of theory of clones of operations and co-operations, respectively.
They contain lists of the most important known results.


The original contribution of this thesis is contained in Chapters 3–7.
Chapter 3 contains the basic result of the thesis. By means of contravari-


ant lifting of co-operations we establish an isomorphism between the clone
of all co-operations on a set X and one special clone of operations on the set
P(X). This isomorphism is not only the abstract clone isomorphism, but
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also a lattice isomorphism between the lattice of all clones of co-operations
on X and a principal ideal in the lattice of all clones of operations on P(X).
The same mapping is an embedding of the algebra of co-operations on X


into the algebra of operations on P(X). Locally co-closed clones of opera-
tions are also characterised via this most useful mapping. Representation
of clones of co-operations by operations on the powerset is compared to the
representation by selective operations. Although isomorphic to a special case
of the representation by selective operations, representation by operations
on the powerset is highly important because it places clones of co-operations
into a familiar setting of set-theoretic Boolean algebras, rather then in the
quite obscure setting of selective algebras. At the end of this lengthy chap-
ter, we investigate the relationship of corresponding liftings of the clone of
all operations and the clone of all co-operations, and ellaborate the lifting
proces and the interplay between description of transformation monoids by
relations and co-relations.


Chapter 4 exibits some order-theoretic properties of the lattice of clones
of co-operations. Intervals of the form Int(M) are described for some spe-
cial transformation monoids M . In case M = TX it is demonstrated that
the so-called “Burle anomaly” does not occur in the lattice of clones of co-
operations. The investigation of collapsing clones and monoids is, however,
deferred until Chapter 5. After that a construction of an independent set of
co-operations is presented, based on which a lower bound for the number of
clones of co-operations is obtained. Although pretty rough, this lower bound
shows that the number of clones of co-operations on a finite set is of a “very
exponental nature”. The number of clones of operations on an infinite set is
also obtained. The investigations of a particular principal filter of the lattice
provide an upper bound for the height of the lattice.


Chapter 5 is devoted to the investigation of maximal clones of co-opera-
tions on a finite set. All the maximal clones of co-operations are described
in [Szék 89] in terms of regular families. We first reinterpret that result in
terms of co-relations and show that the description is the best possible as far
as arities of co-relations involved are considered. After that we supply some
more information on the maximal clones. We show that no maximal clone of
co-operations has a Sheffer co-operation and describe clones covered by Uν−1.
Then we turn to intersections of maximal clones of co-operations. First we
consider intersections of some special pairs of maximal clones and show that
in some cases this is not a maximal clone. As for the intersection of several
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maximal clones of co-operations, we show how to embed cLB1 × . . .× cLBk


in cLX . Using results on the structure of maximal clones we show that the
lattice cLX is complemented. The chaptr ends with a note on collapsing
clones of co-operations.


Chapter 6 provides the description of minimal clones of co-operations and
those supminimal clones of co-operations which are not essentially unary.
The structure of supminimal clones of co-operations provides a lower bound
for the height of the lattice of clones of co-operations. As a spin-off, there is
a brief discussion on associativity.


Chapter 7 is devoted to enumerations of various objects connected to
the lattice of clones of co-operations on a three element set. Besides the
enumeration of the lattice itself, the submaximal clones have been listed and
the height of the lattice on a three element set is determined. A separate
section deals with a classical clone-theoretic topic of enumerating the bases
for the clone of all co-operations and for the maximal clones of co-operations.
The Appendices to this chapter contain some tables that summarize various
enumerations, as well as a description of a modest software tool that palys the
role of the “computer atlas” of cL3. Since the lattice has too many elements
to be drawn explicitely, this was the simplest and the most efficient way to
handle it. Let us remark that many results of this thesis were obtained by
gathering the information on the particular case from the “computer atlas”
and by generalisation, such as: the structure of Uν−1 maximal clones, the
bounds for the height of the lattice, the fact that maximal clones have no
Sheffer co-operation and the fact that cLX is complemented.
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kulteta Univerziteta u Novom Sadu
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Abstract (AB): The aim of this thesis is to provide information on abstract prop-
erties of clones of co-operations, the lattice of clones of co-operations and
other accompanying objects.


Introduction to the thesis demonstrates in short the genesis of concepts of
co-operation and co-algebra and presents two approaches to the topic: the
Kleisli approach which originated in the category theory, and the approach
of Drbohlav which is more in the spirit of universal algebra and which is
adopted in the thesis.


Chapter 0 is a short display of standard set-theoretic terminology and nota-
tion which is used in the thesis. Chapters 1 and 2 present standard notions of
theory of clones of operations and co-operations, respectively. They contain
lists of the most important known results.


The original contribution of this thesis is contained in Chapters 3–7.


Chapter 3 contains the basic result of the thesis. By means of contravari-
ant lifting of co-operations we establish an isomorphism between the clone
of all co-operations on a set X and one special clone of operations on the
set P(X). This isomorphism is not only the abstract clone isomorphism, but
also a lattice isomorphism between the lattice of all clones of co-operations
on X and a principal ideal in the lattice of all clones of operations on P(X).
The same mapping is an embedding of the algebra of co-operations on X into
the algebra of operations on P(X). Locally co-closed clones of operations are
also characterised via this most useful mapping. Representation of clones of
co-operations by operations on the powerset is compared to the representa-
tion by selective operations. Although isomorphic to a special case of the
representation by selective operations, representation by operations on the
powerset is highly important because it places clones of co-operations into
a familiar setting of set-theoretic Boolean algebras, rather then in the quite
obscure setting of selective algebras. At the end of this lengthy chapter, we
investigate the relationship of corresponding liftings of the clone of all opera-
tions and the clone of all co-operations, and ellaborate the lifting proces and
the interplay between description of transformation monoids by relations and
co-relations.


Chapter 4 exibits some order-theoretic properties of the lattice of clones of
co-operations. Intervals of the form Int(M) are described for some special
transformation monoids M . In case M = TX it is demonstrated that the so-
called “Burle anomaly” does not occur in the lattice of clones of co-operations.







The investigation of collapsing clones and monoids is, however, deferred until
Chapter 5. After that a construction of an independent set of co-operations
is presented, based on which a lower bound for the number of clones of co-
operations is obtained. Although pretty rough, this lower bound shows that
the number of clones of co-operations on a finite set is of a “very exponental
nature”. The number of clones of operations on an infinite set is also obtained.
The investigations of a particular principal filter of the lattice provide an
upper bound for the height of the lattice.


Chapter 5 is devoted to the investigation of maximal clones of co-operations
on a finite set. All the maximal clones of co-operations are described in
[Szék 89] in terms of regular families. We first reinterpret that result in
terms of co-relations and show that the description is the best possible as far
as arities of co-relations involved are considered. After that we supply some
more information on the maximal clones. We show that no maximal clone of
co-operations has a Sheffer co-operation and describe clones covered by Uν−1.
Then we turn to intersections of maximal clones of co-operations. First we
consider intersections of some special pairs of maximal clones and show that
in some cases this is not a maximal clone. As for the intersection of several
maximal clones of co-operations, we show how to embed cLB1 × . . . × cLBk


in cLX . Using results on the structure of maximal clones we show that the
lattice cLX is complemented. The chaptr ends with a note on collapsing
clones of co-operations.


Chapter 6 provides the description of minimal clones of co-operations and
those supminimal clones of co-operations which are not essentially unary.
The structure of supminimal clones of co-operations provides a lower bound
for the height of the lattice of clones of co-operations. As a spin-off, there is
a brief discussion on associativity.


Chapter 7 is devoted to enumerations of various objects connected to the
lattice of clones of co-operations on a three element set. Besides the enu-
meration of the lattice itself, the submaximal clones have been listed and the
height of the lattice on a three element set is determined. A separate section
deals with a classical clone-theoretic topic of enumerating the bases for the
clone of all co-operations and for the maximal clones of co-operations. The
Appendices to this chapter contain some tables that summarize various enu-
merations, as well as a description of a modest software tool that palys the
role of the “computer atlas” of cL3. Since the lattice has too many elements
to be drawn explicitely, this was the simplest and the most efficient way to
handle it. Let us remark that many results of this thesis were obtained by
gathering the information on the particular case from the “computer atlas”
and by generalisation, such as: the structure of Uν−1 maximal clones, the
bounds for the height of the lattice, the fact that maximal clones have no







Sheffer co-operation and the fact that cLX is complemented.
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