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HacnoB mokropcke auceprammje: Acumnmomcra ceojemea wenapame-
mapcKuT mecmosa 3acnosanur wa U-cmamucmukama v V -cmamucmurama
€O HEDE2EHEPUCAHUM U CAGDO 0e2EHEPUCAHUM Je32DOM

Pe3ume: TectoBu carsiacHocTu ca pacroiejoM U TECTOBU CUMETPHje 3ay3H-
Majy 3Ha4ajHO MECTO y HellapaMeTapcKoj crarucTunu. Begnku Opoj Kiia-
CUYHUX TECTOBA CATJIACHOCTH €A PACHOJETIOM je 3aCHOBAH Ha IMOCMAaTDAEy
pacrojama u3Mely mpernocraB/beHe (DYHKIIMje paclojesie W HeHe MOCTO-
jaHe oIleHe, eMIupHjcKe (PYHKIMje pacrogenae. AHATOTHO CY HAIIPAB/HEHH W
TECTOBU CHMETPHje Yy KOjuMa ce ocMaTpa pasjnka udMehy orena GpyHkimje
pacrojiesie u perna pacrojesne. Jegan 0j HOBUJUX MPUCTYIHA KOJH je TOCeOHO
aTpPaKTHBAH TOCTENHUX TOAUHA ITIOApa3yMeBa IIPaBJ/heHe TecTOBa Ha OC-
HOBY KapaKTepH3allfja paclojiea Pa3JHdIuTor THTa. Y TaKBUM TEeCTOBAMA
ce jaB/bajy YOIIITema eMmupujcKux ¢ynkiuja pacrnogere U-emnupujcke
dbyunknuje pacnogesne, U-emnupujcke TpancdopMmalje pachomgena (HIp.
JamnacoBa TpancdopMmalmja, kKapakrepuctndHa byHknmja ura) u U-
eMIIUPHJCKA MOMEHTH paclojiesie. [y1aBHA TpegHOCT OBAKBUX TECTOBa je
TO MTO Cy YecTO CJIODOTHU OJ HEKOI' TapameTpa pachojesie Ha je HuMa
oMoryheHo TecTHpambe CI0KEHHX HYJATHX XHUIIOoTe3a. 3a Hopeheme TecToBa
cBe BHIlle ce kopuctu baxajypoBa edukacHocT, 3a duje ojapehuBambe Huje
HEOTIXO/IHA ACUMIITOTCKA HOPMAJIHOCT TeCT-CTaTUCTUKE. JOII je/IHA MPETHOCT
oBe BpcTe e(pUKACHOCTH je TITO Ce JIOKAJTHO 4ecTo mokJjarma ca [lurmanosom
edukacnomrhy. HMcemocraspa ce 1a je 3a oapehuBame Baxanypose eduka-
CHOCTH HeoNX0HO Hahm pYHKIN]Y BETUKUX O/ICTYamha YKOJIUKO BaxKH HYJITA
xurore3a. YKOJIMKO TO Huje Moryhe, najuenihe ce ojapehyje npubinkua Ba-
Xa/IypoBa e(pUKACHOCT 3a KOjy je JIOBO/bHO ITO3HABAHE T'PDAHUYHE PACIIOETe
TEeCT CTAaTUCTHKE U IheHe T'PpaHu4vYHe BPpEIHOCTHU Y BepOBaTHOhI/I VYKOJINKO BaxKu"
aJITepHATHBHA XHUIIOTE3a.

HnbeBu oBe mucepranuje cy hOpMHpame HOBUX TECTOBA CarJIaCHOCTU
n cuMeTpuje 3acHoBanmx Ha U-cratuctmkama m V-cratucturama, oapehu-
Bale IPAHUYHUX PAaCIojiesia HOBUX CTAaTUCTHUKA, ojroBapajyhux QyHKIHja
BEeJIMKUX OJIcCTynama U ojpehuBame baxajypose emKacHOCTH TecTa WJIH
BbeHe alpokcuMaruje. /lucepramnmja ce cacToju of ABa Jesa.

[IpBu 1eo ce cacrtoju oj Tpu morjaasba. lIpBo je mocseheno teopuju
U-cratuctuka n V-cratuctuka, kao m U-eMnupujckuMm u V-eMIUPHjCKIM
dyHKImjaMa pacnojiejie u JIpyruM eMmmnupujckum dyuknujama.  Jpyro
noryiaBjbe je nocseheno U-cratucrukama m V-CTaTUCTHKAMa €a OIEHEHUM
napaMmerpuma. ¥ TpeheM moriaB/by JdedHHUCAHA je aCUMITOTCKA eduka-
CHOCT HelapaMeTapckux TtectoBa. Hajpumme naxme je mnoceheno Ba-
XaJIlypOBOj ACUMITOTCKOj edUKACHOCTH. Y HUCTOM MOTJIaB/by Hahena je u
dyHKIMja BeJIMKUX OJICTYIIaha 38 HOBY KJacy TeCT CTaTucTuka. Pesysarar je



IpuKasal y paiay [69].

Jpyru 1eo, Koju IOYHIE YEeTBPTUM IHOTJIAB/HEM, IOcBeleH je HOBUM
TeCTOBUMa 3acHOBaHUM Ha U-ctatmctukama m V-ctaTucTukama. Y YeTBp-
TOM TIOTJIABJBY CY TPEACTAB/HEHNW THUIIOBH KapaKTepu3allija Ha OCHOBY KO-
JUX Cy KOHCTPYHWCAHW TECTOBW y HapEJIHUM TOTJIAB/BIMA W TO KapaKTepH-
3amyje pacrojiesia Ha OCHOBY jeHAaKO paclofe/beHNX CTATHCTUKA Y KOjuMa
cy nmocebHO U3/BOjeHe KapaKTepHu3alije CAMETPHYHUX PAacIojiesa, Ha OCHOBY
DYHKIIMOHAIHUX jeJHAYNHA KOje 3aJ0BoJhaBa (PYHKIIHja paciojiese, Ha OC-
HOBY HE3aBHCHOCTH CTATUCTHKA M HA OCHOBY MOMeEHaTa. ¥ OBOM IIOIJIABJbY
Cy TOKa3aHe W JIBe HOBE KapaKTepu3allije CHUMETPpUYHUX pacruojena. v
[EeTOM IOTJIABJBY CY IIPE/ICTaB/beHH HOBHU TECTOBU CATJIACHOCTU Ca PACIOJie-
JOM W TO YeTWPH TecTa CArIaCHOCTH ca (haMUJIAjOM eKCIOHEeHIH)aJTHIX
pacroziesia, Ba TecTa carjacHocTu ca davminjoM [laperoBux pacmomena,
JIB& TECTA CArJIACHOCTH ca (PaMUJIUJOM JIOTUCTUIKUX PACIIOE/IA U je/IHa HOBA
KJlaca TecroBa carinacHoctu ca yHudopmuom U[0, 1] pacnomenom kojum je
Moryhe TecTupaTH CarJacHOCT ca OWJIO KOjOM yHAIpes 3aJaTOM HENPeKHI-
oM pacmogesioM (B. [66], [69], [67]). Lllecro nmornassbe mocselieno je noBuM
TecToBuMa cuMeTpuje. [IpencraBbeHo je mer HOBUX TecToBa cuMeTpuje. Y
HOBHUM TecToBUMA 1ope U-craTucTuka ca HeJereHepUCaHuM je3rPOM jaBJba-
Jy €€ M CTaTHCTUKE ca CJIabo JIereHepUCcaHuM je3rpoM. ¥ CeIMOM ITOrJIaBJbY
Cy TpEJICTaB/HEHN TECTOBU CArJIACHOCTH Ca (DAMUJIUjOM E€KCITOHEHIIH])aJTHITX
pacroziesia 3acHOBaHUX Ha U-cTaTucTHKaMa U V -CTaTHCTHKAMA Ca OTEeHeHIM
napamerpuma. l[locebHO cy m3aBOjeHW TecToBHM y KojuMa ce jaBibajy U-
emnupujcke Jlamnacose Tpancdopmaruje. [lopea oBuUX mpeacTaB/beHH CY
1 TeCTOBU 3aCHOBAaHW Ha U-eMIUPUjCKIM MOMEHTHMA. 3a TECTOBE je Mopes
Baxaaypose, onpehena n [ITurmanosa acumnrorcka edpukacuHoct. Ha kpajy
JIAcepTalfje, y OCMOM MOTJIaBJ/bYy MIPUKA3aH je KpaTaK OCBPT Ha HEKe pUMeHe
IpeJICTaB/heHUX TECTOBA Y aHAJIU3W BPEMEHCKHX CepHja.
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Doctoral Dissertation Title: Asymptotic properties of non-parametric
tests based on U-statistics and V -statistics with non-degenerate and weakly
degenerate kernel

Abstract: Goodness of fit and symmetry tests occupy a significant part
of nonparametric statistic. Most of classical tests are based on the distance
between the assumed distribution function and its consistent estimate, empir-
ical distribution function. The symmetry tests are analogously constructed.
A new approach that is especially attractive in recent years is making tests
based on characterizations of different types. Those tests use U-empirical
distribution functions (generalized empirical ones), U-empirical transforms
(eg. Laplace transform, characteristic functions etc.) and U-empirical mo-
ments of distributions. The main advantage of these tests is that they are
often free of some distribution parameters. Therefore they are suitable for
testing composite hypothesis.

For purpose of comparison of tests the Bahadur efficiency has become
very popular. One of the reasons is that it does not require the asymptotic
normality of test statistics. In addition, Bahadur and Pitman efficiencies very
often locally coincide. It turns out that for determining Bahadur efficiency it
is necessary to find large deviations function under null hypothesis. If that is
not possible, usually the approximate Bahadur efficiency is used. It requires
the existence of asymptotic distribution and the asymptotic behavior of its
tail under null hypothesis, and the limit in probability under alternative
distribution.

The goals of the thesis are the construction of new goodness of fit and
symmetry tests based on U-statistics and V-statistics, deriving the asymp-
totic distribution of proposed statistics, their large deviation functions and
Bahadur efficiencies or their approximations. The thesis is divided into two
parts.

The first part consists of three chapters. In the first chapter the theory
of U-statistics and V-statistics as well as U-empirical and V-empirical dis-
tribution function and some other empirical transforms is presented. The
second chapter is devoted to the U-statistics and V-statistics with estimated
parameters. The third chapter deals with asymptotic efficiency of nonpara-
metric tests. Most of the chapter is devoted to Bahadur efficiency. In the
same chapter the large deviation function for a new class of tests statistics
is derived. This result is presented in [69].

The second part, which starts with the fourth chapter, is dedicated to new
tests based on U-statistics and V-statistics. In the fourth chapter some type
of characterizations which are used within the next chapters for construction
of tests are presented. They include characterizations based on equidistri-



bution of some statistics among which the characterizations of symmetric
distributions stand out, then those based on functional equations that the
distribution function satisfies, those based on the independence of statistics
and those based on moments. Two new characterizations of symmetric dis-
tributions are also presented. The fifth chapter deals with new goodness of fit
tests. There are four new exponentiality tests, two new goodness of fit tests
for a family of Pareto distribution, as well as two new goodness of fit tests
for logistic distribution (see [66], [69]). Also one new class of uniformity tests
which can be used as goodness of fit test for any predetermined continuous
distribution is proposed (see [67]). The sixth chapter is devoted to new sym-
metry tests. Five new symmetry tests are proposed. In the seventh chapter
there are new exponentiality tests based on U-statistics and V-statistics with
estimated parameters. A special attention is given to new tests based on U-
empirical Laplace transforms. Beside those, some tests based on U-empirical
moments are also presented. For new presented tests local Bahadur and/or
Pitman efficiency is calculated. In the final chapter, a brief review of some
applications in time series analysis is shown.

Keywords:  U-statistics, asymptotic efficiency,large deviation theory,
goodness-of-fit tests, symmetry tests

Scietific Area: Mathematics
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OBoj /lucepranuju mpeTxXoIuso je MyHO CTelEeHUIA W ITIPernpeka Koje je
TpebaJIo MpeBa3uhu y3 ocMeX Ha JIMIY. 3aTo ocehaMm morpedy /1a ce 3aXBaInM
HEKUM JbY/IUMa KOJU CY MU y TOME JOCTa MOMOTJIH.

BaxBajbyjeM ce cBuM IpodecoprMa KOju Cy MH IpeaaBajd Ha IpeHe-
CEeHOM 3Hamy CBUX OBUX roguHa. CBakw je HA ceOW COMCTBEH HAYWH J0-
IPUHEO PAa3BOjy MOT MATeMATHYKOT MHIL/bEHA & CAMHM THM U KBAJHTETY
Hucepramuje. Ilocebny 3axpaJsinoct jayryjem mpodecopy [lapay Maameno-
BNy KOjU MU je IIPBU yKa3a0 HMOBEPEe 3aI0CIUBIIT Me Ha MareMaTmakoM
dakyarery m oMOryhusim Jla ce MOj TajeHAT pa3BHuja, Kao U Ha CBOjUM
KOMEHTApUMa KOJu Cy YHampeaman Tekct Jlucepramuje. 3axBajbyjeM ce mpo-
decopru Crobonanku Jankosuh umju Ge3pe3epBHU CaBeTH CYy MU 3HAYAJHO
noMorsim Ja g0 oe Jlucepramuje mohe m uuja je OpHrKHA HAXKIba jeJTHOM
HECTPIJBUBOM OHNy cTH3aJa YBEK V IpaBO BpeMe. 3aXBaJinjia OUX ce U Ipo-
decopku Becnu JeBpemoBuh Ha KOpUCHUM CyrecrujamMa M UHTEJIEKTYAJHO]
noJIpIIIy, Kao u npodecopy Munany Mepkiey Koju Mu je 1pejiaBao MaTeMa-
THYKY CTATUCTUKY U JOMPUHEO JIa je 3aBOJIUM.

[TocebHy 3aXBaJIHOCT JIyIyjeM CBOM KOJIETH H JI00pOM IipHjaTesbu Mapky
Ha caTHMa 3aHUMJBUBHUX PA3roBOpa TOKOM KOjUX cy ce pabhasie pasue uieje
KOje CMO 1IOTOM clpoBojuin y jesa. Hajam ce ja hemo ce jonn jpyzkuru
Ha TaKaB HAYMH. 3aXBaJbyjeM Ce W CBOM KoJerum MmiaHy KOju je 3Ha4ajHO
JIONPUHEO CUCTEMATHYHOCTU HAYYHOT pajia, Kao u npodecopy Biaaumupy
Boxkuny 3a HeBepOBaTHY MAIITOBUTOCT.

Benuky 3axBannocT ayryjem npodecopy JakoBy Hukutwry o1 Kora cam
MHOTO TOTa Hay4WJIa U KOjU je CBe BpeMe O] KaJla CMO MOYeJIN CapaIiby, YBEK
Ono Ty 3a MeHe.

XBaJia cBUM mpujaresbuma, Hajuire Mapky n Munanu koju cy cayiraan
CBe JIOTOJIOBIITHHE TOKOM IHcama JlucepTamuje n moMoraan MU CBOJUM caBe-
THMa KaJa je TO OUJIO MOTPedHoO.

BaxBanmia 6ux ce cBoM MOMKY Jlparany Ha pa3syMmeBamby W CTPILTHEILY
KOju cy Oujm Henoxo/uu Jia ou nucame lucepranuje OUIO IPABO yKUBAE.
XpaJia 6pary Jbybuiu na TOmIMM pednmMa KaJi cy Oujie HajuoTpedHHje.

U na kpajy, HajBehy 3axBajanocT ayryjem mamu Ejiuzadberu u tatu Bojamy
3a CBe IITO Cy MU TPYXKWUJIW, HajBUIle 3a Jby0aB U Bepy Ja he ce cBe Jerno
3aBpmuT. [locebHO XBasa MaMu IITO ce CAMHOM y HajpaHUjeM IETHHCTBY
ATpaja MareMaTuKe W JOTPUHEJA J1a je JAKO 3aBOJIIM.

Jluceprarujy mocBehyjem pogauTe/buMa u CBOM jeja zKapky koju Ou cu-
T'yPHO OO jaKO TTOHOCAH JIa je JO0YKUBEO J1a je BU/IM.

[lanueso, jarmyap 2016.

bojarna Munowesuh
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Iloriaasipe 1

U-craTuctuke u V-crarucruke

Y Teopuju onemuBarba Kao MPUPOJHE OlleHe BeoMa dYecTo ce jar/pajy U-
craructuke u V-cratuctuke. U-CTaTHCTHKE Cy CAMETPUYHE U HEIPHUC-
TpacHe OlleHe HEeKUX MapaMeTapa Ia je mEXoBa yrnorpeba mocebHO 3HadYa-
JHA y HemapaMeTapcKoj CTaTHCTHUIUM TJe Cce HEeINO3HATH Hapamerpu Jipy-
ravuje HHTEePIPEeTHPAjy & Paclo/ieia eJeMenaTa y30pKa IIPUIaia HeKOj KJiach
pactiozesia. [1aBHa 3aciayra 3a pasBujame Teopuje U-cTaTuCTUKA MPUITNACY]e
ce Xedaunry (B. [43]). eo meropor J0NpHHOCA U JOMPUHOCA IHETOBHX CJIET-
Gennka Guhe TpUKa3aH y 0OBOM MOTJIAB/BY a BHIIE ce MOKe Haliu y Kesu3u [53].

Heka je Xi,..., X, y3opak u3 pacuojese F' u neka je ¢ = ¥(F) napa-
MeTap KOju MMa HEeMpPHUCTPACHY OIEHY Ha OCHOBY JATOT Y30PKa, Tj. MOCTOjU
m > 1 u mepspuBa byukumja ¢(zq, ..., x,,) TakBa 1a je

I(F) = B(®(X1,..., X)) :/..../CD(:cl,...,xm)dF(xl)---dF(xm).
(1.1)

Hajmame m 3a Koje mocToju olleHa HAa3UBaMO pedom mapameTpa v.
Ykosauko dpyukiuja ¢ Huje cuMeTpudHa 110 CBOjUM apryMEHTHMa MOZKEMO
jé 3aMEeHUTH CUMETPUYHOM (DYHKITHjOM

1
Po(w1,- -y ) = — > O(ar,... 2,
" m(m)

rie 7(m) IpecTaB/ba CKYI CBUX TepMyTanuja ckyna {1,2, ..., m}. 36or Tora,
y Jla/beM TEKCTY, MOXKEMO IIPETIOCTABUTH CUMeTPUUHOCT pyHKiuje @ 1o
CBOJUM apryMeHTHMa.

Hedbunaunuja 1.0.1. Heka je X1, Xo,..., X, npocm cayuajon ysopax u3
pacnodese F u wexa je ® : R™ — R mepausa pynruyuja. U-cmamucmura



llormaBme 1. U-crarucrure u V -craTtucruke

peda m ca jezepom P je cmamucmuka

1
Un=7c > Xy, X)), (1.2)

n
() 1<i1 <--<im<n

[Ipumerumo pa je U-crarucruka, Ha oBaj HauWH jeduHUCAHA, HEIPUC-
TpacHa oneHa napamerpa U.

Hajjennocrapuuju npumep U-cratuctuke peja 1 je y3opadka cpejauHa.
[loznaTu npumepn U-cTaTucTuKa Cy U HENPUCTPACHE OIleHe MEeHTPAJTHUX MO-
MeHaTa pacnojiesne, Tj. mapaMeTpa

¥ = E(Xl — E)(l)m7 m Z 2.

To cy U- cratuctuke ca jearpom

1 @ _ m m— m
Bt wtn) = o 30 (0 () ) s (D).

(m) k=1

Cuenujanno, 3a m = 2 npobujamo U-CTaTUCTUKY ca je3rpoM

D(xq,x9) = %(w% + 23— 2175) = %(xl — 19)% (1.3)
Tpaucdopmarnujom nzpasza (1.2) gobuja ce na je U-cratuctnka ca jearpom
(1.3) mompab/beHa y30padKa JUCHEP3Uja.

AcuMnrorcka cBojerBa U-CTATHCTHKA 3aBUCE O IEHOT pela, ald U Of
ocobuHa HBeHor je3rpa, Tj. oj1 panra U-crarucruke jeduHucanor Ha ciejiehu
HAYMH.

[Ipermocrasumo na je E|P(X,...., X,,)| < co. Ozmaunmo ca O, marem-
ATHYIKO OYCKHBAIHE

Sy, .yxe) = EO(xy,..., 00 X1, ., Xin)
= E((I)(Xl,...,Xm)]Xl:xl,...,Xc:xc), OSCSm
Hexka je R
D(x1, .y ) = D21, ..., Xip) — H(F)
(fc(:vl, ey Te) = Doy, .oy we) — V(F)

Jlame, Heka je ca
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g1(71) = ‘51@1)

92(71, 12) = Po(w1,72) — g1(71) — g1(22)

Im(T1, . ) = ém(xl, ce Ty — 291(%) — Z 92(xiy, 4y)

i=1 1<y <ip<m

e e — Z gm71($i17"'7:€im71)'

1<i1 <+ <tm-1<m

nedunucan Hu3 (pyHKIHEja Koje UMajy CBOjCTBO KOMILIETHE JereHepUCcaHOCTH
1j. FE(ge(z1,...; 21, X)) = 03a ¢ = 1,2,....,m. OBO CBOjCTBO ce BeoMma
4ecTo Kopuctu y u3Bohemwy ocobunna U-crarucruka Koje hemo y jJa/beM TeKCTy
HABECTH.

Heka je r > 1 majmamu npupojan 6poj 3a koju je g = -+ = g1 = 0
u g. # 0. bpoj r taga ce HazuBa pamnzom jesrpa, oaHocuo U-craTucTUke.
AKo je paHT jesrpa jegHak jedaH, Tala je3rpo HASHBAMO HEJE2EHEPUCIHUM,
y CYIIPOTHOM HMX HA3UBAMO dezeHepucarum. AKO je paHr je3rpa jegHak JBa,
Taa je3rpo HA3WBAMO CAGOO dezenepucaHuMm TOK Ta Y CIydYajHy paHra m
HA3UBAMO KOMNAEMHO dezernepucarum. Creren aerermepucanoctu y Hajsehoj
MepH yTHYe Ha THII FPAaHUYHE PACIIOJesie CTATUCTHKE.

Cpaka U-craTHcTUKa paHra 7 ce MOKe IIPEeJICTABUTH Y O0JuKYy 30upa
KOMILTETHO JereHepucanux U-cTaTUCTUKA OJHOCHO BaxKu XedIXHTOBA
penpesentanuja ([43]).

Un - = in: (77;) Unca

rae je Unc = ﬁ Z gc(Xip-'-aXic)-
¢) 1<ij<—<ic<n

Kopumthemem oBe penpesenraruje ¥ MapTHHTAJCKUX cBojcraBa U-
crarucTuka Koja Hehiemo HaBomuTw (B. [53]) MoOKe ce ToKasaTh Ja ce Juc-
nepsuja U-cTaTHCTHKe Ydje je3rpo Ipuliajia HekoM L2 IIpocTopy W MMa paHT

T, MOXKe IIpeJCTaBUTH Ha JBa Ha4dYWHa. Baxu

1 o /m\ /n—m
2
o Un = TN ()
o=y () )
e je n. = E®%(Xy, ..., X,). JIpyru HAYHE Ja ce IpeiCTaBH JUCIep3Hja je

o*(Uy,) = Z %&7
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: _ 2
rae je 6. = Ego (X, ..., Xo).

3 oBe aBe penpeseHTaluje quCIep3uje, MOXKe Ce H3BECTH Be3a u3Mmehy 1),
n 0., anu u m3BecTu ciaeneha acuMmmToTcka pesammja

2
9 (™ i 1
o*(U,) r.(r> nrn6+0<nr—1)'

[Tpumernmo na cy U-crarucTtike 30MpOBH je THAKO PACIO/Ie/heHNX CJIyda-
JHUX BeJIWYWHA. YKOJUKO je m = 1 paaum ce o 30Upy HE3aBUCHHUX jeTHAKO
pacIo/ie/beHIX CIydajHuX BeJIMYUHA 11a, Y3 yeJI0B Ja je3srpo npunaja L2 npoc-
TOPY W Jia je HeJlereHepHCcaHo, MOYKEMO MPUMEHUTH IMEHTPATHY TDAHUIHY
Tteopemy um gobutu ga /n(U, — ) uma acumurorcku mopmaany N (0,7;)
pacnojeny. Moxkemo npuMeHUTH ¥ 3aKOH BeiMKuX Opojesa u aodoutu jga U,
CKOPO curypHo kouseprupa ka 6. IloctaB/ba ce nurame ja Jid IPDAHAYHA
BPETHOCT U T'PaHUYHa pacnojesna U-cTaTUCTUKe MOCTOje U KOJU CY Y Caydajy
pena Beher ox 1. Oaroesop Ha oBo nuTame Aahemo y ciaenehem omesbKy.

1.1 AcumnrTorcka cBojcTBa U-cTaTuCTUKA

Creneha Teopema mpejicTaB/ba 3aKOH BeJMKUX OpojeBa 3a U-cTaTHUCTHKE.
Hoxas ce moxe mahu y [53].

Teopema 1.1.1. Hexa je U, U-cmamucmuxa ca jesepom ® 3a xoje easrcu
E|®(Xy, ..., X;n)| < co. Tada sa U, sasrcu jaxu 3axon eesukus bpojesa, my.
nuz U, cxopo cuzypro Koneepaupa napamempy v.

Hajmoznaruja ¢opMmynanuja neHTpajdHe TrpaHudHe Teopeme 3a U-
craTucTuke je ciaeneha.

Teopema 1.1.2 (Xedaunr, 1948). Hexa je U, U-cmamucmuka ca
nedezenepucanum jeszpom © sa Koje easicu

E(®*(X1, ..., X)) < 0. (1.4)

Tada
1

d

Mozwxe ce mokazaru jia TBpheme Teopeme 1.1.2 BaxKu U yKOJIMKO CE YCJIOB
(1.4) 3amenu caabujuM ycJa0BOM

Elg.(Xy, ..., X.)

e <oo, c=1,2,....,m (1.5)
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4
3

re je Yo = 5oog. OBaj yeos je ncnymen ykomuko je B|®(Xy, ..., X,,)[3 < oo.

Y cayuajy U-craTucTuka ca JereHepucaHuM je3rpoM rpaHnyHa pacio/iesia
HUje HOpMaJiHa. 3 MeTomo/IonIKux pas3jiora MpBO heMo HaBEeCTH Teo-
pemy 3a U-ctatucTtuke Jpyror peja ca JdereHepHCAaHUM je3rpoM, a 3a-
THM IIPOM3BOJHHOI pella ca cJ1abo JiereHepHCcaHuM je3rpoM, W Ha Kpajy,
IPOU3BOJBHOT pefia ca panroM r. Jloka3m oBuX Teopema ce Mory Hahm y

[53).

Teopema 1.1.3. Ipemnocmasumo da je r = 2 u da je E®*( Xy, Xy) < oo.
Tada

o0

nl, 2 Z /\j(Tj2 - 1),

j=1

ede je {1;} nus mesasucnuzr cayuwajnur eeauwuna ca nopmasrom N(0,1)
pacnodeaom, {\;} cy concmesene spednocmu unmezpanroz onepamopa S
[ E(®(Xy,2) f(X1)).

Y cayuay U-crarucruka ca caabo jiereHepucaHnM je3rpoM BazKu cJejgeha
TeopeMma.

Teopema 1.1.4. IIpemnocmaeumo da je r = 2 u da je EP*(Xy, ..., X,,) <

0o. Tada -
U, 5 (M) SN2 1)
2 = I ’

ede je {1;} nmus mesasucrnuzr caywajnur eeaununa ca nopmasrom N(0,1)
pacnodesom, {\;} cy concmeene epednocmu uwmezpannoz onepamopa S

[ = E(g2( X1, Xo) f(X3)|X1).

Jla 6ucMo mpHKasaau YOIIITeIhe OBe TeopeMe MoTpebHo je na aeduH-
umemo Bukose noasumnome.  Heka je fi, fo,...f,, OpTOHOPMEPAH CKYII
dbynknuja y mexom L? npocropy u W (-) Taycosa ciayuajua mepa. Tasia je
ca

T ::/-~-/fj1(x1)-~~fjn(xn)W(dx1)-~~W(dmn)
nedunncad BUKOB HOIHHOM.

Teopema 1.1.5. Ilpemnocmasumo da je pame jesepa v u da je

Elg.(Xq,..., X )| < o0, c=r,r+1,....,m, (1.6)
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2de je Yy = 2& Tada

c—Tr

oo
T d m . .
n2U, — <r) g Py ey @) = Tay oo T

(i17--'1i7l):1

2de je
hr(ilv cery iT) - E(QT(Xh X XT)¢i1 (X1>¢ir<X7‘))7

a {¢;} opmonopmuparu cucmem Pynryuja y wexom L* npocmopy u
Tiy *** Ti. Jje Buxos noaurom.

1.2 V-crarucruke

Heka je Xy, ..., X, npoct ciayuajan y3opak. Oyukiujy

n

1
Fulw) =~ Y X<z}, z€R,

=1

HA3UBAMO EMNUPUJCKoM Hynryujom pacnodese. V-CTaTuCTUKE, TO3HATE
jorr u moj, HaswBoM (poH-Mmu3zecoBe craTuCcTuKe Mpe/icTaB/bajy OyHKIIHOHAIE
on emmupujckux yHKnuja pacnogese (craTucTHdKe (DYHKIHOHATE).
Heduucane cy na cienehun Hadum.

Hedbununuja 1.2.1. Hexa je X1, Xo, ..., X, ysopak us pacnodese F u neka
je @ : R™ — R mepousa pynryuja.

1
m
1<ig,yim<n

= O(X;y, . Xi)

19 °°

V, = 9(F) :/---/@(ml,...,xm)an(xl)---an(xm)
>

3

nasuea ce V-cmamucmuka peda m ca jezepom P.

Be3 ymamema OIITOCTH MOZKEMO IPETIOCTaBUTH Ja je dpyuknuja P cu-
MeTpHUYHA IO CBOJUM apryMeHTHMa, jep aKO HUje MOYKEMO je CHMeTPU30BaTH
Ha Beh mpukasan HauuH.

[Ipumerumo j1a ce 3a m = 1 gedununuje U-crarucTuka u V-cTaTUCTHKA,
MOKJIAIa]y, JIOK 3a m > 2 V-craTucTuke IPeCcTaB/bajy MPUCTPACHEe OlleHe
dynknuonana J(F) nedunucanor y (1.1). V mamem Tekery sBugehemo ja y
HeKUM curyanujama U-cratuctuke u V-CTaTUCTAKE CA& UCTUM je3IPOM UMa]y
YIJIABHOM MCTa aCUMIITOTCKa CBOJCTBA CTOTA je 33 FhUXOBO TPOydYaBarbe JI0-
BOJHHO IIOCMATPATHU CaMO jeJIHY O/l CHOMEHYTHX KJIaca CTaTUCTHUKA.
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Heku ox mpumepa V-cTaTucTuka cy y3opadka CpeauHa W Y30pavdka
jgucuep3uja. Beoma decTo ce UPHUPOJAHO jaBibajy Y KOHCTPYKIIHjU TeCT-
CTATUCTUKA 33 TECTOBE CATJIACHOCTH, MOCEOHO 3aCHOBAHUX HA KapaKTepH-
3anujaMa. DBayKHO je W HamoMeHyTH Ja je HEPeTKO HMILIeMeHTaruja V-
CTaTHCTUKA MHOTO jeIHOCTaBHH]a, & U BPEMEHCKH Malbe 3aXTeBHA KOJ, IpO-
rpama koju cy "Bekropcku opujentucann’ (R, Matlab).

1.2.1 AcumMmnToTrcka cBojcTBa V-cTaTucTukKa
Jlokasu Teopema Koje HaBomuMo ce Mory Hahum y [53].

Teopema 1.2.1. Illpemnocmasumo da je
max{E®(X;,, ... X;, )?:1<i; <+ <ip, <n} < oo,

Tada .
\/E(Un - ﬁ(Fn)) - 0> n — oo,
u axo nocmoje 2panuune pacnodeae caysajuur seauvuna /n(U, — H(F)) u

Vn(9(F,) — 9(F)) onda ce one nokaanagy.

JIupekTHa TIOCIENIIA OBE TeOpPeMe je Ja y CJIydajy HelereHepUCAHUX je3-
rapa V-cTaTucTuke nMajy UCTy aCUMITOTHKY Kao U U-cTaTUCTUKE HCTOT pejia
7 je3rpa.

Teopema 1.2.2. IIpemnocmasumo da je jezepo ® V-cmamucmuxe V, peda
dea u da je E|®(X, X1)| < oo, E®(Xy, X5) =0 u E®*( X, Xy) < co. Tada

nVo % BO(X1, X1) + Y N(r? = 1), n— oo, (1.7)

j=1

ede je {1;} mus mesasucrnuzr caywajrur eeaununa ca nopmasrom N(0,1)
pacnodesom, {\;} cy concmeene epednocmu unmezpannoz onepamopa S
[ = E(g2( X1, Xo) f(X2)[XT1).

YKOIMKO je oneparop S HyKJeapaH, OJHOCHO

o0

> Al < o,

j=1
OHJIA je

EO(X1,X) =) A,

o0
j=1
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na ce (1.7) cBonu Ha
o0
d 2
nV, — Z)\ﬂj, n — 00.
j=1
Y nokazy TeopeMe ce kopuctu Beh moctojehinm pesynarar 3a U-craTuctuky

peJia JiBa ca c1abo JiereHepucaHuM je3rpoM, U perpesenraiuja V-crarucruke
npexo ojarosapajyhe U-craTtucruke Tj.

1 2
i=1 1<i<j<n
1 n
— =N ®(X,, X, U,
3 X))

Ha camyan naymn MoxkeMo JOOMTH TpaHU4YHe pacnojesie ocraaux V-
CTATUCTHKA.

ITpumep 1.2.1. Heka cy Xi,..., X, He3aBucHe ¥ jeJIHAKO paCIO/E/beHEe

clayuajue BequmuuHe 3a Koje je EX; = p u 0%(X;) = o2 Ilocmarpajmo
U-cratuctuke n V-cratuctuke ca jesrpom $(zq, x9) = 129

1

2) 1<i<j<n

1
Vo= > XX

1<i,j<n

Taga je gi(r1) = E(X1Xs|X, = 21) = xu — p?.  Pasnuxosahemo jsa
cJydaja.

1. Heka je u # 0. Cana je Egi(X1)? = p?c?. Ilpumenom Teopeme 1.1.2
3aKJbyIyjeMo Ja

VU, — %) 5 N (0, 4p%0%).
Ucro Baxku m 3a ctatuctuky Vi,.

2. Heka je p = 0. Y oBom cjyudajy pajiu ce 0 cJabo JIereHepUCcanoM je3rpy
jep je 91(X1) =0 u go(xy, 22) = x129. Tpeba na nahemo A 3a koje je

Af(z) =z E(Y f(Y)).
HudepenmupameM 106ujaMo 1a je

f(z) = cx +d; ¢, d cy koncranre.

10
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3aMeHOM y TOJIA3HOj jemHaYnHu gooujamo 1a je A = 1, d = 0 ma npu-
MenoM Teopeme 1.1.4 nobujamo

nU, % o2(Z% = 1),

r7e je Z cJaydajHa BeJIUUWHa ca CTAHIAPTHOM HOPMAJTHOM PAaCIOIETOM.
Kako je E®(X,, X|) = EX? = 02 no6ujamo 1a BaxKn

d
nV, = 027>,

o ucror pesyarara MoxkeMmo jiohn u Ha ciaenehn nayun. [Ipumerumo ja je

"1y (2?1)@-)2 "L X2
B) n — - 5
o Vno —~ no
[IppMmenoM IeHTpaJjHe IpaHU4YHe Teopeme J00HjaMoO Ja HpBH cabupak y
PACIIOIEIN TeXKH CJIydajHoj Beamaunu ca HopmaaaoM N (0, 1) pacnomgenom.

Ha japyru cabupak MOzKeMO HPUMEHHTH 3aKOH BeJiMux Opojesa u JodouTH jia
oH y BepoBarHohm Texkwu 1, ma mpumenom Teopeme Ciaynkor jgobujamo TB-

pheme.
Hamomena: Teopema Cayuykoz K0jy Ha 080M MeCMY KOPUCTIUMO 00HOCU

ce Ha 30upose HU306a CAYNAJHUT eeaununa. Haume, yroauxo cy {A,} u
{B,} Hu306u cCAYUAIHUT BeAUNUNG 3G KOJE 6ANHCU

d
A, — A, n— o,

B, 5 b, n— oo,
2de je b Koncmanma, mada

An—i-BniA%—b, n — 00.

1.3 U-emmnupujcke (pyHKIFje pacioieiie

Hedbunaunuja 1.3.1. Hexa je X1, Xo, ..., X, y3opak u3 pacnodese F u nexa
je h: R™— R meprusa gynryuja. Pynruyuje pacnodene

Un(t):% > Kh(X,,... . X;,)<t}, teR (1.8)

m/ 1<61 < <tm<n
1
Valt) = — Yo HuX,....X;,) <t} teR (1.9)

1<iy#FEim<n

nasusajy ce pedom U-emnupujera u V-emnupujcra dynrkuuja pacnodene.

11
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Ba m =1 U,(t) ce noknana ca eMoupujckoM (hyHKIHJUM DACTIOJEe ma
je npupojHo odekuBatTu jia U-emnupujcke u V-emnupujcke QyHKIHje 100po
anpokcuMupajy dbyHknujy pacmnogaene. O Tome Ham roBopu ciiegeha Teopema

(137]).

Teopema 1.3.1 (Xesnmepc, Jancen, Cepdaunr (1988)). 3a U-emnupujery
dynruujy pacnodese Uy, (t) u e > 0 nocmoju nosumusna xoncmarma C koja
He sasucu 00 F maxo da eascu

P{sup|U,(t) —U(t)| > e} < (1 +4C/[n/m]e)e2l/mE* (1.10)

2de je U(t) = E(U, (1)) = PIR{(X1, ... Xon) < t1.

[Tpumernmo ma je 3a cBako dukcupano t U, (t) crarucruka ca jesrpom
O(xq, ..., xm;t) = {h(xq,...,2,) < t}. Bume o bavuimjama U-crarucruka
ce moxe nalin y kusu [47].

3a damminjy U-cTaTucTHKA HeJdereHepUcaHoCT JepuHumeMo Ha ciegehn

waunn (B. [77]).

Hedbununuja 1.3.2. 3a gamurujy U-cmamucmura {U,(t),t € [a,b]} ¢
jezepuma O( Xy, ..., X, ;t) u npeum npojexyujama ¢(s1;t) = gi(s1;t) Ha
X1 waoscemo da je Hedezenepucana akxo je dyuruuje ducnepsuja ag(t) =
E¢*(X1;t) jeonara nyau camo ma wpajesuma unmepsanra [a,b] u y najeue
KOHAYHO MHO20 MAMAKA U3 YHYMPAWIHOCTIU MO2 UHMEPEAAQ.

3a oBaksy damunnjy crarucruka Cunsepman ([95]) je mokaszao na Bazku
cnenehe Tepheme. Hexa je pactojame p,

1
pe(T,y) = Sup E(x(t) —y(t))|, v,y € D(~o0,00),

upu uemy je ¢ TexkuHcka GyHkimja JjedbuHucana Ha (—oo, 00).

Teopema 1.3.2 (CuaBepman (1983)) IIpemnocmasumo da je q(s) = q(1—s)

30 0 < s < % u Heka je v(t) = Ipemnocmasumo jows da easice caedehu

YCaoeu

(t)

1. q je neonadajyha u nenezamuena dynxyuja na [0, %],

2. v je pacmyhia na [0, 1] w lim, o+ v(t) = 0;

3. [(log+ )zdu(t) < oo.

O — o=

12
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Hexka je Y(x) = q(U(x)) 3a cearo x. Tada /n(U,(t)—U(t)) xonsepeupa crabo
Y py mempuyu wa D(—00,00) ka nexom uyenmpuparom Laycosom npouyecy
Koju je nenpexudan y ceum mavwkama nenpexudnocmu dynryuge U (t).

Y pany [93] Pejmrapt u 3ejiien ¢y nocMaTpasiu CIydajHU IPOIECce
Ialt) = VA(UL(H) — U, t € R, (1.11)

rae cy o3Hake ucre Kao y (1.10) u mokasamu TBpljeme aHAJIOTHO TBphemy
1.3.2.

1.4 Ocrane U-emnupujcke pyHKOHUje

Y oBOM MOTJIaB/bY HABOAMMO jorl Heke U-eMmnupujcke OYHKIHje Koje cy 300T
cBOjuUX cBojcTaBa monyT U-emmupujckux (yHKIMja pacrojese, MOTOIHE 3a
KOHCTPYKIIN]Y HeTapaMeTapCKUX TeCTOBA.

[IperniocTaBuMoO Jla TO3UTUBHA CJydajHa BejudnHa X uMa (QYyHKIH)y
pactosesne ' u JlanacoBy Tpancdopmalinjy

L(t) = E(e™) = /000 e dF (),

3a t 3a KoOje JlaTu MHTEerpasj koHpeprupa. Taja je emnupujcka Jlanaacosa
MParchopmayuja

n

L,(t) = 1 Ze_txi = /000 e dF,(z), (1.12)

=1

rae je F, emmupujcka (hbyHKIHja pacioaee.

Emnupujcka Jlamnacosa Tpancdopmaliuja nMa MHOTA, Jielia CBOjcTBa Mehy
Kojuma cy u cieneha xoja ce mory mahu y paay [20]. Ta cBojcrBa roBope
0 I'PaHUYHO] pacojieju eMuupujcke Jlammacoe Tpancdopmalyje u MOCTO-
JAHOCTH OIleHe.

Teopema 1.4.1. Ilpemnocmasumo da L(s) nocmoju na unmepsasy I =
[—0,00), 0 > 0. Axo je J C I 3ameopenu unmepsas mada 36 c6aKU NPUPoO-
dar 6poj k eascu

sug LW (s) — L®)(s)] = 0, n — oo s.5,
s€

2de cy L,(f)(s) u L™ (s) k-mu useodu emnupujeke Jlanaacose mpancgopma-
uuje, odnocro Jlanaacose mparchopmavuje, pedom.

13
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Teopema 1.4.2. Hexa je
W, 1 . k_—sX; k_—sX
k,n<3) :%;:1 Xje J —E(X e )

Tada axo 2s € [ 5
Win(s) = N(0,04(s)),
2de je
1

o2(s) = 5 L (25) — (L9(5)),

[Tpupoauo ce namehe onena Jlamtacose Tpancdopmaliuje Heke DyHKIH]je
cayuajanx Besnanua P( X, ..., X)), 1j.

Ln,(p(t):<_i) Z X1 Xom).
m/ iy < <im

kojy HasmwBamo U-emnupujexa Jlansacosa mparnchopmayuja cayuajne sesu-
yune (X1, ..., X;,). Ananorno ce nedunuiie V-emnupujcka yHKImIja.

YKOIWKO cjIydajHa BeIudnHa X HHje MO3UTUBHA, MPUPOIHO je MOCMa-
TPATU HheHYy eMIUPUJCKY KapaKTepUCTUIHy (DyHKIIHU]Y, OJHOCHO

o0

1 < ,
A1) == ”Xi:/ qp, 1.13
©n(t) nge e (r), (1.13)

o0

wTn 3a cayuajay sermanny OOX, .. X,,), meny U-emnupujesy wapaxmepuc-
muuHy PyHKYUY

1 .
Qpn@(t) = 7oy Z elt‘b(Xl,..,,Xm).

(m) 1< <im

Y pazay [27] cy nokasana ciaenehia Jena ¢BojcTBa eMIMPHjCKe KapakTep-
ucTudHe (byHKIHje.

Teopema 1.4.3. 3a ¢urcuparo T > 0 je

P{lim sup [@n(t) = (1) = 0} = L.

n—oo |t|<T

Teopema 1.4.4. Hexa je {Y,(t), t € R} cayuajuu npouec depunucan ca

Ya(t) = Vn(ea(t) — o).

14
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Tada 3a cearo t € [a,b], —0o < a < b < o0

2de je {Y(t), t € R} uenmpupar [aycos npoyec ca K08aPUJALUOHOM HYHKUU-
jom
K(t1,t2) = p(t1 +t2) — o(t1)p(ta).

Y awuteparypu ce He Mory Hahm pe3yaratu o caaboj KOHBepreH-
nuju  U-emnupujckux JlamnacoBux TpaHcdopMalija u KapaKTepUCTHY-
nux ¢ynknuja. Mehyrum Tecr-crarucTuke 3acnoBane Ha pasJsmim U-
eMITMPUjCKUX M TEOPUjCKUX (pyHKIMja ce Beoma 4decTo cBoje Ha U- craruc-
THKe WId V-CTAaTHCTUKe 1A ce O BUXOBUM ACUMOTOTCKHM CBOjCTBHMA 3a-
KJbydyje Ha OCHOBY Teopuje U-cTaTuCTHKA.

Nutyurusno ce ouekyje na caydajuu npouec UL (t) = /n(L, o (t)— L, (t)),
ako dyurunja ¢ 3a10Bo/baBA YCIOB A4 je 3a ¢Bako t jesrpo e tP(XiXm)
HeJIereHepUCcano, KOHBeprupa HEeKOM neHTpupanom [aycosom muporecy. [lo
TOT 3aK/by9YKa CMO JIONLIN jep €y Tajla CBe KOHAYHOIUMEH3UOHE PaCIojiesie
nponeca UE(t) acumnrorcku nopmamue (B. [53]).

15



Iloriaasipe 2

U-crarucruke n V-crarucruke
ca oIlelheHUM IIapaMeTpuMa

Beoma decto ce y TecT-cTaTHCTUKAMa jaB/bajy OIEHE HEKOr IapaMerpa,
OJIHOCHO CTaTHCTUKA 1), ce MOKe IPUKA3aTH y OOJUKY

Tu(A) = To(X1, ooy X3 A),
re je A olleHa MapaMeTpa A Ha OCHOBY y3opka Xi, ..., X,. Ilocmarpajmo
nomMohny byHKIIH]Y

To(y) = To( Xy, ooy X3 ).

Yromuko {7T,(y),y7 € TI'} mpencrama damunnjy U-crarncruka, Tajna
CTATUCTUKY Tn(S\) HaszuBaMo U-cmamucmuka ca 0UerHeruM Napamempom.
Anasiorsa je gedununuja V-cTaTUCTHKE ca ONEHHEHIM IapaMeTpoM. Y TeK-
CTY KOju cJieu ropopuhiemo o U-cTaTHCTHKAMa ca ONeHeHUM TapaMeTpuMa,
a YKOJIMKO HEKO CBOJCTBO He BaKdl 3a V-CTaTUCTHKe ca OleHmeHnM
napamMerpuma To hemo HarjiacuTu.

Y norytaBsby 1 jara je pacrnojena U-craructuka y 3aBUCHOCTH O] 0COOUHA,
IUXOBOT je3rpa. Y OBOM MOTJIAB/BY NeMO TMpPUKA3aTh pe3ysaTare W3 JInTepa-
Type KOoju HaMm oMoryhaBajy /a HaheMo TPaHUYHY PACHOJeNy 3a HeKe Kjace
U-cTatucTuka ca OlemeHnM TapaMeTpUMa.

[IpBu pesyiararu Ha oBy Temy jarupajy u3 1982. rojune kaja je Pan-
JUTeC y ¢BOM paJy [92] 1ao 10BoJbHE yCJIOBE Jia je TPAHUYIHA DACIOesa TecT-
CTaTUCTUKE Ca OLIECIHECHUM IIapMeTpOM HOPpMaJIHA.

Heka je {T,,(7),v€ I'} dbamunuja U-cratucruka ca jesrpom ¢ pena m u

O(v) = lim E\®(Xq,...., Xon; ).

n—oo
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Ilornasspe 2. U-craructuke u V-craTucTake ca OMeHmEHAM HapaMeTPHMa

Teopema 2.0.5. IIpemnocmasumo da je
V(A =X) =0,(1), n— . (2.1)

Jlawe, npemnocmasumo da nocmoju oxkoauna A, y oswauu K(N), u nosu-
muena koncmanma K1 maxea da 3a cearo v € K(N) u eepy ca yenmpom
y v noaynpeunura d y osnayu D(v,d) maxo da je D(v,d) C K(N\) u da cy
ucnyrwena caedeha dsa yerosa:

E( sup (X1, oy XosY) — (X1, o, Xy )|) < Kod; (2.2)
v €D(7,d)CK(N)

lim E( sup 10( X1, oy X V) — (X1 oy X3 7)?) = 0.
a0 yeD(y,d)CK(N)

Tada sasrcu
V(T,(X) = 0(A) = T,(\) + 0(\) B0, n— oco.
Caeneha Teopema je qupeKTHa mocjaeauna Teopeme 2.0.5.

Teopema 2.0.6. [Ipemnocmasumo da je dynxuyuja 0(y) dudepenyujabuara
y mauru vy = \ u da eancu ycaos (2.1). Ilpemnocmasumo da

Vi(Ta(A) = 0(N) 5 N (0, m?n}), (23)
2de je m1 > 0 ducnepsuja npee npojexyuje jesepa Y na X;.
Vroauko je
0
—0 =0 2.4
gl (24)
Tada sascu

Va(Tu(3) = 0(N) % N(0,m*?).

YKoauro je

O #0

V(T(A) = 6(A), A = A) % N,11(0,%), n— oo

(2.5)

mada je ucnyreHo
VAT, (3) = 0(0) 5 N(0,72),
2de je
7 =D"ED >0

b (120, 20
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Ilornasspe 2. U-craructuke u V-craTucTake ca OMeHmEHAM HapaMeTPHMa

Buaumo ma axo c¢y T,,(7y) 3a cBako dbukcupano v U-ctatucruke ca Heme-
reHepUCAaHUM je3rpoM, OHJa U oarorapajyha U-cratucrwka ca OIEmeHNM
mapaMeTpoM MMa HOPMAaJIHY PACHOeIy Ca HapaMeTpOM JIUCIeP3uje KOju ce
MozKe onpeanTu. OBaj pe3ysaTar je J0cTa 3HAYajaH jep HaM oMoryhyje 1a Ha-
hemo pacrogesy TecT-cTaTHCTUKA Y TeCTOBHMA CAIJIACHOCTH KOJI KOJUX Ce Te-
CTHPa CJI0XKEeHa XUIIOTe3a, Y KojuMa (pUTYPHIIe OIleHa HEITO3HATOT apaMeTpa
KakKo O ce IMOCTHUIJIO Ja TeCTOBU Oy/y cja000HU 01 IapaMeTapa pacio/ielie.
Jleo oBe Te3e cy ynpaBo TakBH TeCTOBH Tia he cBa HaBejeHa TBphema KacHUje
OUTH WIyCTPOBaHA IIPUMEPUMA.

Ajeepcon u Panjgrec ¢y y cBoM pajy [45] nokaszanu cienelin 3akoH Be-
JIMKUX OpojeBa 3a U-cTaTHCTHKE Ca OIEHIEHUM IIapaMeTPOM.

Teopema 2.0.7. IIpemnocmasumo da je E(P(X, ..., X;n; A)) < 00 u da noc-
moju okoauna mauke X K(\) maxsa da axo je D(A\,d) C K(\) cepa ca
UEHMPOM Y A noaynpevrura d 6asicy

lim E( sup [O(X1, oo, Xinsy) — &( X1, o, X A)|) = 0.
d=0  yeD(y,d)cK(N)

Ako cy 06u yeaosu ucnyrwenu mada sasce caedehe umnaurayuje:

AB A= T\ 500N

18



IlorsgaaBibe 3

AcuMmnTorcKka edpuKacHOCT
HeIllapaMeTapCcKnNX TeCcToBa

360p ajieKBATHOT TeCTa Y HEKO] KOHKPETHOj] CUTYAIUjH je jeJlaH OJ BaXKHUX
3a/IaTaKa CTATHCTHYApa. 3aTo je HEONXOTHO nepWHUCATH HeKe KPUTEPHUjyMe
Ha OCHOBY KOjuX hemo m3BpmuTHu nopeheme onrosapajyhux tectoBa. ¥y 0BOM
noryaB/by jAeduHucaheMo HeKe THUIIOBE ACHUMITOTCKE pelaTHuBHE eduKac-
HOCTH, U U3JI0KUTU OCHOBHA TBphema koja he mam 6utn norpebHa y Ja/beM
Tekcry. Buiie ce Moxke Hahu y kibusu Hukunruna (. [75]) u Cepdumnra (B.
[94]).

Heka je cryyajua Besmmuuna X nedunucana Ha mapamMeTapckoM IpOCTOPY
BepoBatHoha (2, A, F), 6 € © ca oarosapajyhiuM y30paukumM mpOCTOPOM.
Ozmaunmo ca X ™ npocr cayuajan ysopax. Hyorra n anTepHaTHBHA XHIIOTE32
y TecTupamy Cy

Hy:0€0,CO H :0€0,=06)\0,. (3.1)

Heka je {T),} Hm3 TecT crarmcruka Koje KOPHCTHMO y TecTHpamby. llper-
nocrapulieMo Ja je KpuTuaHa obsract 3a Tectupame obiuka W = {T,, > c},
rje je ¢ € R mo3utwBHa KoHcTaHTa. (Baj OOMWK KpUTUYHE OOJIACTU je
BepoBaTHO Hajuerrhie kopuinhenn o0auK. AHAJOIHO ce pa3sMaTpajy Ipyru
obJirI KpuTudHe 00JIacTH.

3a Tako meduHICcaHy KpUTHIHY 0bsacT QyHKIHja Mohu TecTa je

M(0) = Py{T, > c}.

Ba crako € (0,1) u 6 € O nedunneMO HU3 KOHCTAHTH ¢, = (3, 0)
TaKO JIa je UCITYHeHO

PAT, > c,} < B < Pp{T, > ¢} (3.2)
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Iornapmpe 3. AcmMnOrorcka e(pUKACHOCT HellapaMeTapCKHX TeCTOBA

Heka je a,(5,0) MUHUMATHA HUBO 3HAYAJHOCTH TECTA €A TECT CTATUCTUKOM
T, 3a xoju je M(0) > 3, u ueka je Nr(a,[3,0) muanmannu obum y30pKa 3a
koju he TecTt 3a ¢puKcUpaH HUBO 3HAYAJHOCTH TECTAa (v UMaTH MOh Tecra y
TauKu § He Mamy o1 [.

Bpatumo ce ocHoBHOj mocTaBinm npobjeMa. 3a JBe TecT cTaTuctuke 1),
n V, KojuMa TeCTHpaMo HYJATY XUnoTe3y Hy MpoTwB ucTe aaTepHATUBe, Je-
dbunucahemo penarusuy edukacuocr (V, y oguocy ua 1)) Kao 0JHOC MUHH-
MaJTHUX 00MMa y30pakKa MoTpeOHUX Ja ce JOCTUTrHe oJroBapajyha moh Tecra,
Tj.

evr(a, B,0) = Nr(a, 8,0)
N\/(OZ, 67 6)
YKoMuKO je peqaTuBHA eDUKACHOCT Mamba o 1 3aK/bydyjeMo Jla ako KO-
puctumo cratrucruky 1, Ouhe nam norpeban Mamu y30pak Jia JOCTHIHEMO
ojsroBapajyhy Moh ma je TecT 3aCHOBAaH HA OBOj CTATUCTUIM OOJbH HET'O TECT
3acHOBaH Ha TecT craructuru V,. MebhyruMm, uspadynasame ey je Beoma
KOMILUIHKOBaHO WJn HUje yommTe moryhe. C Apyre cTpaHe pa3IMKOBambe
aJITepHATHBA Koje HUCY OJIMCKe HHUje TOJUKO 3HAavajHO, Kao Hu mnopeheme
TECTOBA 33 BHCOKE HUBOE 3HAYAJHOCTH mju Majie mMohu. 3aro o KBajmuTeTy
TECTOBA 3aCHOBAHUM Ha MOMEHYTHM CTATUCTUKAMa 3aK/by4dyjeMO Ha OCHOBY
acnmmTorcke penarupre ebukacHoctn (APE). V 3aBucHocTn o Tora ga s
OCMaTPaMoO peJslaTHBHe e(UKACHOCTH 33 HUCKe HUBOE 3HAYAJHOCTH, BeJIUKE
Mohm mim OJIMCKe aJTepHATHBE Pa3InKyjeMo Tpu ocHOBHe Bpcre APE:

e baxanyposa APE:

€€’T<ﬁ’9) = EL%GV,T<047576)7 ﬁ € <07 1)7 6 € @17

o Xannc-Jlemanosa APE:

V(. 0) = lm evr(a, 5,0), a € (0,1), 0 €Oy

o [IuTmanoBa APE:

eﬁT(a,ﬁ) = 913]([910 evr(a,8,0), 0 <a<f <1, 600
Y cBa Tpu ciaydaja ce Mojpa3yMeBa Jia FpaHuIHA BpeaHocTn moctoju. Ilopesr
opux APE mocroje APE xoje ce mobujajy Kaj HeKa JIBa OI TPH IOCMA-
TpaHa mapamerpa Texe rpanudHuM spejgHocruma (Hepuodosa, Xedann-
rosa, Py6un-Cerypamanosa APE).

Y te3u hemo Bumie naxkme mocerutn baxamyposoj APE kao u Iut-
MaroBoj APE koje nMajy mocra cIMIHOCTH JIOKAJTHOT KapaKTepa.
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Iornapmpe 3. AcmMnOrorcka e(pUKACHOCT HellapaMeTapCKHX TeCTOBA

3.1 IImTmaHOBa acMMNOTOTCKa €(PHUKACHOCT

Yrorpeba [lurmanoBe edpukacHOCTH Kao Mepe KBAJUTETA TECTa JATUPa W3
1949. IluTMaHOBH pe3yJTAaTH U3 TOT MI€PHUOJIA CY YV BEJINKO] MEPH JIONPUHETN
pa3Bojy HemapaMeTapcke craTuctuke. OBa Mepa epUKACHOCTH ce Hajuernhe
KODUCTH KaJI je TPaHuYHA paciojesa Tect crarucruke nopmasina. Ciemeha
TeopeMa rOBOPH O TOME KaKO y3 HEKe JIOJATHE MPETIOCTABKE MOZKEMO O/ipe-
qutn [Tlurmanosy APE.

Teopema 3.1.1. Hexa je © = R' v Oy = (—00,06y). IIpemnocmasumo da
nus mecm cmamucmuka {T,} s3adosomasa caedehe ycaose:

1. Iocmoje dynryuje cpedrwe spednocmu i, (0) u dynryuje cmandapdnoe
odemynarea 0, (60) mako da je 3a 6 = 0y u 0, = 0y + \/Lﬁ, k>0

lim PQ{T”_—“"@ < z} — ®(z),z € R.

n—00 Jn(Q)

2. Iocmoju decru useod (i, (6y) > 0.

3.

i Hnl0n) oy oo(n) 1, lim o) _ .

n—oo M;L(QO) " n=oo O'n(eo) n—00 \/ﬁgn<8)

Hexa je T, dpyeu mus mecm cmamucmuka koju 3600606066 06€ YCAOSE
K00 KoJux cy acumnmomcke cpedrwe 8pedrocmuy U cmandapdna odemynatbe
dynryuje i, u 6,. Tada IIummanosa APE nocmoju 3a cee 0 < a < f < 1
u Movice ce uspanynamuy Kopuwheroem gopmyre

Q

T 11, (60) 57 (60) \ 2 _
6;7:(04,5, o) = nhjEO <m> = —. (3.3)

Heka je I(6p) wndopmarmona dyukuuja Purrepa. Y pamy [91] je

ITOKa3aHO J1a YKOJWKO BaxKe HEKHU JIOJATHU YCJIOBU IMOCTOJU TOPHba IPAHUIA

c2, HamMe BayKW

™\
no

C2

— < 1.

1(6o)
3aro ce upupoAHO yBOJU mOjaM ancoaymue Ilummarnose acumnmomcre
epuracHocmu Koja IpeicTaB/ba KOJTUIHAK ¥ TOPEO] HEjeTHAKOCTH.
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Iornapmpe 3. AcmMnOrorcka e(pUKACHOCT HellapaMeTapCKHX TeCTOBA

3.2 DbaxaagypoBa acmMnToTcKa e(prKacHOCT

Jla 6ucmo mpukasaam Teopeme Koje ce oanoce Ha ojnpehuame Baxaaypose
APE ygenthemo ciesehe o3nake. 3a cBako § € O, t € R u HU3 TeCT CTATH-
cruka {T,} o3Haunmo

Fo(t,0) = P{T,(X™) <t} u Gu(t) = Jnf {F,(t,0)}.

Tana je p-BpeaHocT TecTa
Lo(X™) =1 — G (T, (X™)).

Ako mocroju

1 1
lim —log L, = —5er(), 6 €6 (3.4)

n—oo 1
re je cr(0) dyukmnuja mapamerpa 6, onna ce cp(f) nazuBa baxamypos Tauan
naru6. Cueaeha reopema nam omoryhasa na ako Baxku (3.4) Baxaayposy
ARE uusosa recr crarucruka {1, } u {V,,} moxemo oapeuTn Kao KOJTHIHIK
BaxanypoBux naruba.

Teopema 3.2.1. IIpemnocmasumo da 3a wus mecm cmamucmura {1}
savicu (3.4) u da je cp(f) > 0 3a 6 € O©,. Tada je

2 log(a)

, a—0.
cr(6)

NT(a> 57 0) ~

Jloka3 oBe Teopeme Kao W JIOKA3U TeopeMa Koje CJiejie y OBOM IIOIJIaBJby
ce mory nalim y [75].

Teopema 3.2.2. IIpemnocmasumo da je 3a 0 € ©1

lim T}, 2 b(6),

n—oo

npu wemy je |b(0)| < oco. Jawe npemnocmasumo da je

li 1081 = Gn(t) _ —ft), tel, (3.5)

n—oo n

2de je I wnexu unmepsan wa xome je [ nenpexudna u {b(0), § € ©,} C I.
Tada sasrcu (3.4) u

cr(0) = 2f(b(0)).
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Iornapmpe 3. AcmMnOrorcka e(pUKACHOCT HellapaMeTapCKHX TeCTOBA

Oyukuuja [ u3 jegnakoctu (3.5) HasuBa ce PyHKyuja 8eAuUKUT 0dcmy-
narea.

Kako 6ucmo jrommm 1o npupojune jpedpununuje baxamgypose epukactnoctu
nedunucahemo Kynbak-JIajomeposo pacrojame uszmehy mase pacmogere.

’ 1 ﬂdp’ . P<<P,’
K(G,G):zK(Pg,PQ,):{ngdPG, b, axo je Py < Fy

00, hHayve.

[Tozuaro je na je Kysnbak-JlajbsiepoBo pacrojarbe HeHeraTHBHA BEJIUYUNHA
Ka0 W Jia je WJIEHTWYIKW jeJTHAKO HYJW aKO W caMO aKO ¢e Pajd O UCTUM
pacnogesnama. Osnagumo ca K (0, ©g) pactojame pactoene Py on damusuje
pactiogena {Fp,, 00 € Oy}, 1j. Heka je K(0,00) = infg co, K(0,6y). Baxu
cnegeha Teopema ParaBauapuja u Baxamgypa.

Teopema 3.2.3 (Baxanyp, Parapagapu 1970). 3a csaxo 0 € ©; je

1
lim —log L,(X™) > —K (6, 6,)

n—oo 1

ca seposammnohom Py jednarom 1.

Ykonuko 3a uu3 craructuka {7, } Baxn (3.4) xopurnihiemem oBe Teopeme
Jjiobujamo ropmy rpanuily baxasjayposor Haruba, Tj.

er(0) < 2K (0, Oy). (3.6)

Anconyraa Baxanyposa edukacHocT ce cajga UPUPOAHO JgedUHUIIE HA
cjaenehn HaYIWH:

er() = _orl0)

2K(0,0)

[ToMeHyTH KOJIWYHHUK HHUje yBeK jemHocTtaBHO ofapeantu. Ca apyre crpaHe,
0/ CYIITHHCKOT 3Ha4Yaja je UCIUTATH e(PUKACHOCT TecTa IMPOTUB OJUCKUX aJl-
TepHATHUBA I1a TaKO JI0Ja3aMO JI0 IojMa aokaane Bazadypose eduracrocmu

jiecbunucane ca
, cr (6
er = lim r(0)

0—0o QK(Q, @0) ’

YKOJIUKO je 3a HeKY aJTePHATUBHY PAIICIOJIENTy UCIYEEHO Jia je ep = 1
TAKBY PACHOJIETY 30BEMO AOKAAHO ONMUMAAHOM GAMEPHAMUSHOM PAcnode-
Aom 3a Har Hu3 rect crarucruka {1, }.

Crenn HexoMKO TBphema Koja HaM oMoryhasajy Ja ojpeanMo (pyHKI]y
f n3 Teopewme 3.2.2.

(3.7)

Oy € 8@0 (38)
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Iornapmpe 3. AcmMnOrorcka e(pUKACHOCT HellapaMeTapCKHX TeCTOBA

3.2.1 OppehuBame byHKIje BEJIUKUX OJICTyMaa

Heka je X peasina cayuajua BesmunHa ca pyHKImjom pacrnojeste F. Taga je
heHa MoMeHT-reHepaTopHa gynkuuja My (t) = Ee'X, 3a t € R (mox nper-
IIOCTABKOM JIa je OueKmBarbe KoHauno). Heka je p = infi>o Mx(t). Tama je
0<p<L

Teopema 3.2.4. Hexa je {X,} Hu3 mesasuchux u jednako pacnodeserus
cayvwajnux seauvuna. Tada je

Teopema 3.2.5. Hexa je {u,} wHus peaanuzr 6pojesa maxae da je
lim,, oo Uy, = u, |u| < 0o u P{X > u} > 0. Tada easrcu:

1
lim —log P{X; 4+ Xo+ -+ X,, > nu,} = —f(u), (3.10)

n—oo N,

2de je f dynxuyuja odpehena ycarosom

) —tu
e = gge Mx(t). (3.11)
Teopemy 3.2.5 je dopmymuncao u mokazao Heprnos 1952, romune (B. [18]).
Kako ce MHOTe TECT CTATHCTHKE MOTY MPEJCTABUTH Yy OOIMKY 30Upa He3a-
BUCHUX W jJeJIHAKO PacloOJe/beHUX CJYYajHUX BEJUYUHA, HECOB pe3yjarar je
HAIIAo MHpoky npumeny (mnp. B. [1], [34], [74], [88], [82], [97], [98]).
Axko npernocraBumo na je My (t) < oo y okoaunu Hyjae u EX; = 0 n
D(X,) = 0% > 0 passujamem dynknuja My (t) u e y MakaopeHos pe,

JI006mjaMo J1a je
2

Flu) = 2“72(1 +o(1)), u— 0. (3.12)

Cnenehe Teopeme ce oaHoce Ha oiapehuBame YHKIUje BEJTHKUX OICTY-
nama 3a U-crarucruke u V-crarucruxe. Pezyjiraru koje hemo npejcraBuru
1 KOju Cy BeoMa KopuimheHu y paoBUMa ayTopa Hajase ce y paay Hukuruna
u [Tonukaposa [79].

Teopema 3.2.6 (Hukwrun, Ilonukapos (1999)). Hexa je jesepo ® U-
cmamucmuke

Un:c;)_l Yoo e(X,,... X,,,)

1<i1 < <im<n

oeparunena pynruyuja wa [0, 1]™. Heka je noped moea E® =0 u & uma pane
1, mj.
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Iornapmpe 3. AcmMnOrorcka e(pUKACHOCT HellapaMeTapCKHX TeCTOBA

0% = E¢*(X1) > 0,

ede je ¢(s1) = E(P(Xq, ..., Xm)| X1 = s1) npojexuyuja jesepa ® na Xi. Tada
30 CEAKU HU3 PEANHUT Opojesa vy, Koju mescu HyAu Kad 1 — 00 je

1 > .
im — > = el = — .
lim =1In P{U, > &+ 7.} Z;b]g 9o (), (3.13)
]:
2de ped Ha decno] cmparu jednarkocmu KoHeep2upa 3a 00806H0 Maso € > 0.
Iloped moza, by = —1/(2m?*c?).

3a maJe BpenHocTH € pyHknuja f u3 reopeme 3.2.2 MOKe ce IpPeacTaBUTI
y 0DJIuKY

f(e) = 5353 e? + o(e?). (3.14)

Y cayuajy U-craructuka ca caabo gereHeprucaHnM je3rpoM BaxkKn cejgeha
Teopema.

Teopema 3.2.7 (Hukurun, [Torukapos 1999). Heka je jesepo ® oeparnuuena
dynruuja na [0,1)™ u nexa je Ao Hajmare N Koje 3ad060ma6a UHMELDAAHY
jednarumy

1

z(s1) = )\/q)*(31>$2)$(82)d82, (3.15)
0
00HOCHO N j€ NPOCTNG KAPAKMEPUCTIUNHAE 8PEOHOCTN, AUHEAPHOZ UHTNE2DANHOZ

onepamopa ca jeszpom ®* ca domernom L?[0,1] u wodomenom L?[0,1], 20e je
(I)*(Sl, SQ) = E((I)(Xl,XQ,Xm)|X1 = Sl,XQ = 82). Tada je

im ! >l = 3
%gn log P{T,, > ¢} che,

=2

npu wemy je ped ca decne cmpare u3pasa KOHGEP2eHMaH 36 0060HHO MAAO

e>0u
Ao

2= T m(im—1)

O6e Teopeme Bazke u 3a onrosapajyhe V-cratucruke. Baykuo je ucrahu na
cy jearpa & dyukuuje nedbunucane ua [0, 1]™ jep ce 6e3 ymamema ONIITOCTH
MOKe cMaTpaTH Ja je Mo/ NPeTIOCTaBKOM Ja Baxku Hy X ) mpoct caydajaH
y3opak u3 yaudopmue U0, 1] pactogese.

25



Iornapmpe 3. AcmMnOrorcka e(pUKACHOCT HellapaMeTapCKHX TeCTOBA

Hamomumenmo ga 3a U-craructuke u V-craTucTtuke panra peher on aBa,
Jio caja Hucy ojpehene yHKIMje BEIUKIX OJCTYIakbA.

[TocmaTpajmo cTaTUCTUKY

K, = sup }Un(va t)
teT

)

rae je {U,(t), t € T} davmmmja U-craructuka pega m ca HEHTPH-
paHHM, OIDAHHYEHHM, HeJereHepucaHuM jesrpoM P, a mapaMerapcKku CKyII
je T = [a1,b1] x --- X [ap,b,] C RP. IlpernocraBumo ga je dammnnja U-
crarucruka {U,(t)} Hemerenepucana, omHOCHO HeHa (yHKIHja aucnepsuje
02(t) = E(p*(X1,t)) je cTporo mosuTHBHA 3a CBAKO t U3 YHYTPaIIHOCTH

@
ckymna 1" ocuM y KOHAYHO MHOTO Tadaka. O3Ha4nMoO

02 = sup ai(t).
teT

Honmaruo mpermoctasumo jorr u aa dbavmimja {U,(t)} 3amoBossasa jomr
je/laH HOBU YCJIOB, TAKO3BAHH GUUEIUMEH3UOHU YCAOE MOHOMOHOCTIU 10
napamempy KOjH je MPHUPOTHO YOIIITEHE YCI0BA MOHOTOHOCTH 110 HAPAMETPY
martor y pany Hukuruna [77] y kome je mocmarpan caydaj p = 1.

Yrkoauro nocmoju wus nodeaa unmepsara T makas da je y usoposuma
nodeae Qynkuyuja ducnepsuje nosumusna u da 3a cearo k; = 0,.N — 1,
1=1,...,p sasicu

sup Un<t> S Un(tkl—i-h ceey tk;;—&-l) -+ An(N), (316)

P
te I [tr, tr;+1]
i=1

ede nus A, (N) koneepeupa ka Hysu O6p30, 00HOCHO NOCMOJU HU3 Ty KOJU
Koneepaupa ko Hyau xad N — o0 mako da je 6p3uHa Koneepzenyuje 0ama
caedehum uspazom

1
lim lim —log P{A,(N) > 7y} = —oc. (3.17)
N—o0on—00 71
kaotcemo da  damuauja {U,(t)} 3adosomasa suwedumensuony ycaos
MOHOTMOHOCTNY 1O NAPAMEMPY.
Y pany Hukuruna [77] je nokasana ciaeneha teopema.

Teopema 3.2.8 (Huxkurun (2010)). Hexa je {U,(t),t € [a,b] C R} damuruja
U-cmamucmura ca nedezenepucarum jesepuma P (- 1) koja cy oepanuvena u
UEHMPUPAHE 3G €8aKO0 T U 3000805064 YCAOE MOHOMOHOCTIU 1O NAPAMEMPY.
Tada je 3a € > 0 ucnyrveno

1
lim —log P{K, >¢} = — inf g4(e, 1), (3.18)
te

n—oo 1, [a,b]
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ede je gy(e,t) Pynruyuja deunucana ca gy(e, t) := — > bj(t)e?,. 3a dosonwro
j=2

MaAAO0 E 064G 2PAHUYHG epeduocm Ce Moofce npukraszamu Yy 06mmy

2

.= inf )= — 2 3.19
gk (€) téﬁ,b}g‘ﬁ(&?’ ) o2 +0(e%), e = 0, (3.19)

2de je o5 = sup o (t).
t€(a,b]
Y pajy ayropa [69] je moKazaHO yomIITee Kaja je mapaMeTapCKu CKYID
T BuIlle IUMEH3UOHAJIAH.

Teopema 3.2.9 (Mwromesuh, O6panosuh 2015). Heka je {U,(t),t € T}
pamuruja U-cmamucmura ca wedezenepucanum jesepuma P(-,t) xoja cy
02PGHUMEHA U UEHTMPUPAHA 34 C6AKO t u 3adosomasa suwedumensuory Yycnoe
Monomonocmu no napamempy. Tada je 3a € > 0 ucnyrveno

1
.1 S .
Jim —log P{K, > e} = — inf gy(e,t), (3.20)
ede je gy(e,t) Pynryuja dedpunucana ca gs(e,t) == — > b;(t)e?,. 3a dosonwro
j=2

MGAO € 0680, 2PAHUMHA BPEIHOCITL CE MONMCE NPUKA3AMU Y 00AUKY

82

gk () == égg(ﬁ(e,t) =550t O(e?), e = 0. (3.21)
0

2de je 0§ = supger o5 (t).

Hoxkaz. [lokazaliemo j1a Baxku HejeIHAKOCTH

—1

lim—log P{sup U, (t) > ¢} < gk (e) (3.22)
n teT
1

lim—log P{sup U,(t) < e} > gk (e). (3.23)
n teT

VY f0Ka3y Heje i HAKOCTH (3.22) KIbYUHY YJIOTY UTDajy BUIIEIUMEH3UOHE YCJIOB
MOHOTOHOCTH 110 ITapaMeTpy u cJejeha jgema.

Jlema 3.2.1. Hexa je U, U-cmamucmuka ca jesepom ®,,, |®,,| < M, xoje
je nedezenepucano u z > 0. Tada je

an
P{|U,| > 2} < 4e” 221z
20e je L = M(2m+3mm+ 3%)
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Hoxkas ose seme ce Moxke malin y [7]. Veeaumo osmaxy Tp = {t € T': o3(t) >
%g} Heka je T' moge/pen Tako Jja Baxku (3.16) u Heka je Ty HHU3 Takas Ja
Baxku (3.17). Taza je

N-1

P{supU,(t) > ¢} < Z e Z_: P{ sup U,(t) >¢}

teT P
k1=1 kl’zl te H [tki’tki+1]
=1

N-1 N-1

< e Z P{Un((tkﬁ-lv "'7tl€p+1>> > 5}

ki=1  kp=1

N B (3.24)
+ ) > P{ALN) > )

k1=1 kp=1

N—-1 N-1
< ZP{Un((tk1+17'“7tkp+l>> > 5}

ki=1  kp=1
+ (N —1)PP{A,(N) > 7n}.
300r 6p3uHe KOHBEPreHINje HU3a Ty Ka HYJIU APYTH CA0NpPaK je 3aHeMap/buB.
[Tocmarpajmo cymy

N-1

Z o z_: PLUW((fry 115 s thy1)) > €

ki=1  kp=1

MozkeMo je mojeuTH Ha JIBE CyMe, je/IHY 3a KOjy Cy YBOPOBH IOJEJE Y CKYITY
Ty u apyry 3a Kojy cy y ckyny 1. Ykonuko je (tp, 41, ..., tk,41) € Tp Taja
ce na cTatucTuKy Uy ((tk 41, .. tr,+1)) MOKE IPHMEHATH TeoPeMa 3a BeJIHKA
oJiCTylIaba 3a HejereHepucane U-cratucruke na je

1
E log P{Un((tkl+1, ...,tkarl)) > — Tn} = g(é‘ — TN, (tk1+17 ---,tkarl)) + 0(1)

< gx(e —71n) +0(1), n = oco.

3a cabupke 3a Koje (tg,41, ..., tk,+1) € T§ je

77.(57‘1']\7)2

P{U((tky15 s thyr1)) > € — T} < de mPed i)

Majopupajyhu uspas (3.24) xkopurhemem oBUX HejeJHAKOCTH JT00uja ce

—(6 — TN>2

"m2od + L(e — TN))
(3.25)

—1
lim — log P{sup U,,(t) > £} < min < — gx(e —Tn)

n—oo 1, teT
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Jla 6ucMo JOBpPHIMIN JOKA3WBaIbe HejeTHAKOCTH 3.22 MOTpeOHO je joIm Ja
HOKazkeMo na je byHKImja gx (+) HeIpeKuIHa.
Kopurnrhemem Teopeme 3.2.6 je 3a t € Ty

— ibj(t)gj, (3.26)

oJlake je 3a £1 > &5 3a Koje pef (3.26) KoHBeprupa

9K (€1) — gx(€2)] < sup | Zb — )| <ler— e > KlIbsllef
j=2

Pen ca jecne crpane KOHBeprupa Ia je HEIPEeKUIHOCT TOKa3aHa. Bparumo
ce caj Ha HejenHakoct (3.25). [ymrajyhu 1a N — oo mobujamo 1a je

—(e)?

T~ log Pup Us(8) > 2} < min (= 0 (6), g 27
0

n—oon

) = —gk (o).
(3.27)

[Tocaeama jeIHAKOCT BaKd 3a JOBOJBHO MaJio €. OBHM je IIPBH JI€0 TeopeMe
nokazan. Caga nokasyjemo mejeanaxocr (3.23). Jacno je na Baxwu

P{supU,(t) > e} > sup P{U,(t) > e} > P{U,(t) > €}, t € Tq.

te’l teTp

Omage je

lim —logP{supU (t) >e} > — inf g(e,t) = —gk(e).

n—oo teTy

[Torpe6Ho je jorr mokazaru ga Baxku (3.21).

52 o0 2 0
< inf ———— +sup bi(t)e¥| = —— + sup bi(t)e|.
9K ( ) teTh 2m20¢(t) teTs | ; k( ) ‘ 2m20(2) veTh | g k:( ) |
> inf f M.
IK ( ) tIEHTo 2m2 + t16n To Z bk o 2m2 2 tsélqpo ‘ kzzs bk (t)g |

Opnasne je
2 o0
€ k(.2
’gK(E) _ 2m2<7§’ < kz_g kuHS - O<€ )7 e — 0.

[Toznato je ma je yHKIHja BEJIUKUX OJCTyHama 3a craructuke Koi-
MOTOPOBJBEBOT THIA UCTA Y CIYYajy jeTHOCTPAHUX W IBOCTPAHUX CTATHCTHKA
(B. [75]) Te je OBHM [OKa3 3aBpIIECH. O
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3.2.2 OpapehuBame DBaxaaypoBe eduKacHOCTH 3a
MoCceObHYy KJIacy ajiITepHATHBA

Heka je G = {G(z,0), 0 € O} knaca asrepHaTuBa KOje 3a]0BOJbABAjy

caenehe ycnose perynapuoctu (B. [78])

1 . . og(z,0) 0G(z,9) .
. TI0CTOje MapPIUjAHI U3BOJU —1p7= U —p7=;

2. g(z,0) je ancoayTHO HempekuIHa DYHKIH]a TapaMerpa f ¢Kopo CBYIa

u g(z,0) > 0;
3. aG(m %) je alCcoIyTHO HelpeKmaHa (pyHKIHja 33 CKOpO cBako O € O,
BG M |9 , HUje NIEHTHYKH jeHAKO Hy/IH U
0G(x,0
sup sup ‘%‘ < M, (3.28)
. 0G(z,0) . O0G(z,0)
lim ———— = lim ———= = 0; 3.29
sa 00 e 00 ’ (3.29)
4. 3a CKOpPO CBaKo x € [a, b
0*G(x, 0*G(z,0)
D200 ‘9 0" T 000 ‘9 o (3:30)

Hamomenumo fga cy OBH yCAOBH 330BOJbEHH 3a Belimiy MO3HATHX ajrTepHa-
TUBHEX (DYHKIHja pacroee.
Heka cy h(z) u H(x) dyuknuje nedbunucane ca

dg(z,0)

0G(x,0
h(i[f) - ae ’9 =0’ ( )

H(z) = 50 |9:0.

Y paxy [78] cy nokasane cienelie Teopeme.

Teopema 3.2.10 (Hukwurtwun, [Mocen 2004). Hexa je U, U-cmamucmura
ca nedezenepucarum jesepom P(Xy, ..., X,,) u aasmepramusna @dynryuja
pacnodeae G(x,0) 3adosomasa npemzoduo Hasedene Ycaose pezysaprocmu.
Tada 3a by(0), epanuuny epednocm y seposammuohiu nod AAMEPHAMUCSHOM
TUNOMEIOM BANHCU

b

by (0) = m / (@)h(x)dz - 0+ o(6), 06— 0. (3.31)

a
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Teopema 3.2.11 (Hukurtwun, Ilocen 2004). Heka je U, U-cmamucmuka
ca caabo dezenepucarnum jeszpom P(Xy, ..., X,,), IHpemnocmasumo da ¢ha-
Musuja asmepramusa G 3adosomasa npemrodno HABEIEHE Ycaose pezy-
aaprocmu. Tada 3a by (), epanununy epednocm y eeposammoliu nod asmep-
HAMUBHOM TUNOTMESOM BAHCU

m(m — 1)

bU(Q) = 9

/(I)*(xla 29)ge(21,0)gs(1,0)dx1dzs - 6 + 0(6%), 6 — 0.

R2

(3.32)

3.3 IIpubamxna bBaxaaypoBa acmMnOTOTCKa
edukacHOCT

Beoma wecto pyuKIunjy Bestmkux ojcTynama Huje Moryhe ompemuru. 360T
TOra ce MHOTHM TECTOBH IOpe/ie Ha OCHOBY npubjnzkue baxamgypose eduka-
cHOCTH jAeduHUCAHEe Ha cjiegehn HaYMH.

[IpernioctaBuMo Ja 3a Hu3 Tect craructuka {7,} mocroju rpaHudHa
pacmoiesia, Tj. Ja MOCTOjU HeJerenepucana (ynkuuja pacnomgere F(t) Taksa
Ja je

lim P{T, <t} = F(t),

n—oo
rie je F(t) neka Heferenepucana dbyHkimja pacnogese. labe, OpeTIocTaBH-
MO Ja je
CLTt2
2
1 Ja 3a cBako f € ©1 mocToju rpaHMYHA BPeIHOCT y BepoBarHOhn P

tlim log(l — F(t)) = —

T,
lim —= = bp() > 0.
n—00 \/ﬁ
Tana je npubausicna peaamusna Bazadyposa eduracrocm (IIPBE) tecra
3aCHOBAHOI Ha HU3Y TecT cratucTuka {7,} y OIHOCY Ha TeCT 3aCHOBAH HA
HU3y TecT craructuka {V,,} 3a Koju Baxke WCTH yCIOBH,

ehy = L, (3.33)
Cy
rIe je
= arb(0) (3.34)

npubrusichu Baxadypos nazub cmamucmuxe T,,.
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Iornapmpe 3. AcmMnOrorcka e(pUKACHOCT HellapaMeTapCKHX TeCTOBA

[Ipumerumo 1a je, YKOJIUKO TECT CTATHCTUKA WMa HOPMAJTHY TDAHUIHY
pacrojiesly KoeuIujeHT ap PerunpoyHa BPEJIHOCT HheHe aCUMIITOTCKE JTUC-
nep3muje.

YKOJIUKO MOCMaTpamo OJIHCKe ajrepHaruBe (3a Majgo @) roBopuMo o
AOKAAHO] Npubaustcho] peaamusno] Bazxadyposoj eduracrnocmu. Jlokaana
[IPBE ce Beoma uecto nokiaana ca Ilurmanosom sokaanom APE a meperko
ce JIocTa jeJgHocraBHuje padyHa. JloBo/bHE ycji0BH ja OU JIONLIO JI0 MOKJIa-
nama gatu cy y pazy [105]. VeaoBe Huje yBex JIAKO MPOBEPUTH Ja Bazke aJiu
je MOoHeKaJ | TO jeIHOCTaBHHje Hero padyHame [Imrmanose siokanne APE ma
ce oHjia oHa oapelhyje uHaAUpPeKTHO, padyHameM JokaaHe IIPBE. 36or cBoje
jemnocrasroctu jokasina [IPBE je kopunthena y MHOrUM pajoBuMa (B. HIIp.
57, [52], [14], [65] ).
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Jpyru ngeo

TecTOBM 3aCHOBAHU HA
U-cTaTucrukamMa mn
V-cTraTucrukama
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IloriaasJipe 4

Kapakrepuszanuje pacmnojesia

Cranna morpara 3a MOhHHjUM W edWKACHWJUM TeCTOBHMAa JIOBeJIa je 10
IpOHAJIAZKEHHa BEJIMKOI Opoja KapakTepu3alinja pacioie/ia, Tj. 0cCoOOMHa KOju
nocejiyje camMo Heka bamMuiInja paciojesna. JemgaH oji Hajderihe MOMUEAHUX
npuMepa y JIUTepPaTypu je CBOJCTBO OJCYyCTBa Tamherha eKCIIOHEHIH]aJTHe
pacmojese oaHocHO ciaenehe TBpheme.

Teopema 4.0.1. Heka je F(x) nedezenepucana dynryuja pacnodese. Ilpem-
nocmasumo da F(x) sadosomasa caedehy Pynryuonanty jednauuny

1—F(x4+y) =(1-F(x)1-F(y)),

sa ceako x > 0 uy > 0. Tada je F(z) = 1—e™ >0, 2de je \ noaumuena
KOHCTNGHMA.

Hapenena kapakTepu3saliija je camo jejaH 0OJi MHOTOOPOjHWX IIpUMepa
KapakTepusanuja ekcrmoHennujaame pacmomene (B. [29], [84]). Ilopex
KapakTepu3allija eKCIOHeHIWjaIHe paclojiese y JUTEPATYPH Cce MOKe
Halii MHOIITBO TpHMepa KapaKTepu3alija W 3a HOPMAJIHY U YHU(DOPMHY
pacnomeny (8. [50], [29], [6], [4], [9]).

Krnacudwukanujy kapakrepusaluja HHUje JeJHOCTaABHO HaAMPaBUTH W
Moryhe je maroM mpobJeMy TPUCTYIWTH HA BUIle HadWHA. Hekwm Kpure-
PHjYMHU 3a TPYIHCAIbe KapaKTepu3allfja MOry OuTH (paMuauje paciojiesia
KOje ce KapaKTepHILy Kao U OCOOUHEe pacrofese Koje (hurypurry y Kapakrep-
nzarujama. [Ipukazahemo Heke TUIIOBe KapaKTepu3aliuja Koju cy Kopuiihenu
y PaJoBUMa ayTopa 3a KOHCTPYKIIU]Y TECTOBA CAlJIACHOCTHU Ca PACIO/IE/IOM U
TeCcTOBA CHUMeTDHje U JBe HOBe KapaKTepu3alifje CUMeTPIIHe PACIoiee.

OprunaaHu pe3yJTaTd OJIHOCE ce Ha HOBE KapaKTepH3allyje Pachojesa
CHUMETPUYHHUX OKO HyJe W MpuKa3aHu cy Teopemama 4.1.6 u 4.1.7.
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4.1 Kapakrepusamnuje pacmnojesjia 3acCHOBaHEe
Ha jeTHAKO pacrno/ie;beHUM CTaTUCTUKaMa

Y 0BOM 0/Ie/bKY HaBOJIMMO THII KapaKTepHu3alldja KOju je BeoMa IOro/IaH 3a
KOHCTPYKIIU]Y TECTOBA CArJIACHOCTH, jJ€P C€ TEeCT-CTATUCTUKE MOIY IIPABUTHU U
oremuBameM (PYyHKIMje pacio/e/ie mocMarpanor obeyexja U-eMIMpujcKuM u
V-emnupujckum dyHKIHjaMa pacioiesaMa, ajl u olemuBameM Jlammacose
TpancdopmMalyje U KapakTepucTuane (pyHKIHje IOCMAaTPaHor obesiexkja ca
oaroapajyhum U-emmupujckuM u V-eMIuprjckuM QyHKITjaMa.

Cnenehe kapakTepusamuje ce oJlHOCE Ha eKIOHEHIINJATHY PACIOIEITY.

Teopema 4.1.1 (Ilypu, Py6un 1970). Hexa cy X1 u Xy dee nesasuche
konuje cayuajne eesunune X ca dynkyujom eycmune f(x). Tada X wu

| X, — Xs| umajy uemy pacnodeay axo u camo axo je f(x) = Xe ™ 3a nexo
A>0.

Y HapegHuM KapakTepu3alujama (bUTYPHIILY CTATHCTHKE TOPeTKA.

Teopema 4.1.2 ([lecy 1971 ). Hexa je F(-) dynryuja pacnodese cayuajre
seaunune X. Hexa je X1, Xo,...X,, npocm cayuajan yszopax us pacnodene F
u W = min(Xy, ..., X,,). Axo je F(-) nedezenepucana dynruuja pacnodene,
onda 36 cearu npupodar, 6poj n, nW u X cy jednaro pacnodemene axo u camo
axo je F(x) =1—¢e, 3a x > 0, 20e je \ nexa nosumuena Koncmanma.

Teopema 4.1.3 (Munomesuh, O6pamosuh 2015). Hexa je Xi,...,X,
NPOCM CAYUAAH Y30PaK ANCOAYMHO HENPEKUOHUT CAYUGIHUL GEAUNUHG U
eycmuna f(x) ce mooce pazsumu y Makaopenos ped sa cearo x > 0 u Heka
je Xo CAYMAIHG BEAUNUNG HE3ABUCHA 00 Y30PKA KOJA UM UCTY pacnodeiy.
Hexa je k durcupanu 6poj maxas da je 1 < k < n. Axo sasicu

1

d
- x,tx, 4.1
n—k+1""° (kim) (4:1)

X(k—13m) +

onda X uma excnorenyujainy pacnodeay ¢ wekum A > 0.

O mocebHOTr 3Ha4aja he mam 6uTH KapakTepusanuja 3an = 2,k =2 u
n =3,k = 3. Taga ce jennakoct 4.1 cBoju Ha

2

X() + min(Xl, XQ)
XO + med(Xb XQ, Xd)

HlaX(Xl,X2> (42)
< max(X1, X, X3), (4.3)

rae med(-) o3magaBa MeamjaHy oaroapajyher unsa. Jlokasu teopema 4.1.2,
4.1.1 n 4.1.3 ce mory nwahu y pamosnma [22], [89], [68]. Cnernujanan ciaydaj
(4.3) je mokazan y paxy [83].
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4.1.1 KapakTepu3saluje CUMETPUYHUX PACIIOAesa

Y oBOM 0Jie/bKY HaBelheMo HEKOJMKO KapaKTepu3alnja paciojesna Koje Ccy
CUMETpUYHE OKO HyJe, Tj. 3a (DYHKIHU]Y paclojese ciaydajHe Beaudune X
BayKu

F(z)=1-F(-z), = € R.

Teopema 4.1.4 (Bapunrxayc, Xemse 1992). Hexa cy X u'Y neszasuche, jed-
HAKO pacnodemene, ANeoAymHo nenpexudne cayuajne seaudune ca GyHKyu-
jom pacnodese F. Tada je pacnodesa cayuajue seauuune X cumempuyuna
0KO HYAe aKO U camo ako cy caysajne seauvune | X| u |max(X,Y)| jednako
pacnodesmetie.

Hapenena kapakrtepuzanuja ce Moxke nahwu y [12]. V paxy [3] je mara
caeneha kapakrepusaruja.

Teopema 4.1.5 (Axcanynax 1992). IIpemnocmasumo da cy Xy, ..., Xj nesa-
BUCHE ANCOAYMHO HENPeKudHe jedaHKo Pacnodesene CAYMATHE GEAUMUHE Ca
dynryujom pacnodese F(x). Osnawumo Xip = min(Xy, ..., Xy) v Xy =
max(Xy, ..., Xg). Tada cy | X1k u | Xk jednaxo pacnodemene aro u camo
ako je pacnodena cayuajre sesunune X| CUMEMPUUHG 0KO HIYAE.

Osnaunmo ca Xy k-Ty CTATHCTHKY HOPeTKa MPOCTOT CIy4ajHOT Y30pPKa
X1, ..., X,. Taga Baxku cienehe Tpherbe.

Teopema 4.1.6 (O6pagosuh, Munomesuh 2015). Ipemnocmasumo da je
X1, ..., Xy, mpocm cayuajor Yy30par ancoAymHO HENPEeKuUOHUT CAYUGIHUL
seaununa ca dynxyujom pacnodese F(x) u k < 5. Tada cy cayuajne seau-
wure | Xy v | Xm-pi1)| jednaro pacnodemene aro u camo axo je pacnodena
cayuajne seaudune X1 CUMEMPUUHaG 0K0 HYAeE.

Joxas. Jejnaka pacuosesbenoct cayuajunx sejnanna | Xy | n | X g g1
ce MoOxKe npukasaru ciaegehom jemgmakorhy:

ZZ; <?) F(z)i(1 - Fz))" = ng: (?) F(—2Y(1— F(—2))"7.  (4.4)

lecHa cTpaHa jeTHAKOCTH je jeJIHaKa CYMU
n n s .
> ( A)F(—x)” i(1— F(—2)). (4.5)
, J
Jj=k

[Mocmarpajmo dyRKIUjy
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Kako 6ucMo ncnuTaad TokK oBe (pyHKIHje HaJUMO HheH TPBH U3BO/I.

r'(a) = nZ (?: i)aﬂ'*(l —a)" - nZ (nﬁ ;i 1>aj—1(1 it

j=k
n—1 n—1 n—1 n—1
=n Z < . >aj(1—a)"_j_1 —nz ( , )aj_l(l—a)”_j_1
J=k—1 J j=k J

B AUl O S
—n(k_l)a (1—a)" "

Kaxko je 1’(a) > 0 3a a € [0, 1] 3ak/byqyjemo 1a je Ha ToM uuTepBany r(a)
neomnagajyha gpynakimja.
[Tpumernmo j1a je uspas (4.4) nakon rpancdopmanuje (4.5) eKBUBaIeHTAH
ca
r(a) =r(), a=F(z), b=(1-F(-x)).

Kaxo je dyHknuja r(x) MOHOTOHA 3aKJBYUYjeMO Ja je a = b, OJJHOCHO
F(z)=1—- F(-x), (4.6)

IITO je U TpedaIo MOKA3aTH.
Ykosnuko Baxku (4.6) jennakocr (4.4) TpUBHjATHO BazKW 3a CBAKO T € R.

|

Teopema 4.1.7 (Munomesuh, O6panosuh 2015). IIpemnocmasumo da cy
X1, ..ty Xogr1 HE3ABUCHE ANCOAYMHO HENPEKUIHE JeOHAKO PAcnodensene CAYYa-
Jue seaunune ca Pynryujom pacnodese F(x). Tada je pacnodese ysopauxe
MEUJAHE CUMEMPUYHE OKO HYAE GKO U CAMO GKO je Pacnodend cCAYwajHe 6el-
yune X1 CuMempuwHa 0KO Hy.Ae.

Hoka3 je anasioran jokasy Tteopeme 4.1.6 ma heMo ra m3ocTaBuTH.
Creneha kapakrepusanuja ce moxke Hahm y pazxy [23].

Teopema 4.1.8 (/lonaru-Maprun, Conr, Jop 1994). Akxo cy X u Y nesas-
uche u jednaro pacnodemene cayuajue seauvune ca Gynruujom pacnodene F
mada cy cayuaue seauvune | X + Y| u | X — Y| jednaxo pacnodemene axo u
Camo aKo je cAyManG seauduna X CumMempuuna y o0Hocy Ha HYAY.

4.2 Kapakrepusanuje pacmnojesjia 3aCHOBaHE
Ha (pYHKIIMOHAJIHUM jeJHAYMHaAMAa

OBne he Outm peunm o (YHKIMOHAJHUM jeJHAYNHAMA KOjy 3a7[0BO/baBA
dyHKIHja paciojene Win HeKa IbeHa Tpancdopmainuja. JegaHa o Kapak-
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IlornaB/pe 4. Kapakrtepuszamnmje pacrojaena

Tepu3aliija OBOT THUIA je Beh HaBeJIeHO CBOjCTBO OJCYCTBa maMhema eKCIo-
HEeHIFjaJHe paciojeie,
Caenehe Tpu kapakTepusaiuje ce mory vahu y [29].

Teopema 4.2.1. Hexka je F' pynxuyuja pacnodese nenezamusne, nenpexuore
cayuagre seaunune X . Tada 3a x,y > 1 sasrcu caedeha jednarocm

1= F(zy) = (1= F))(1 = F(y))
axo u camo axo X uma Ilapemosy pacnodesy ca dynkuyujom pacnodene
Flx)=1—2"" 2>1,A>0. (4.7)

Teopema 4.2.2. Hexa je F' pynryuja pacnodese HenpexudHe cAyuajHe 6el-
wure X Koja je cumempuuna oko nyse. Tada caedeha jednarocm sasicu

1—F(z+vy) _ Flz+y)
(1—=F(z)(1-F(y) F(x)F(y)
aKo u camo axo X uma A02UCTUYKY Pacnodealy ca Gynryujom pacnodene

B 1
14 e

F(z) R, A >0. (4.8)

Hapenna kapakrepusanuja TOBOPH O KOHCTAaHTHOM OYeKHBAHOM IIpe-
OCTAJIOM 2KHWBOTHOM BEKY €KCIOHEHIHjATHO Paclojies/heHe CaydajHe BesH-
qHHE.

Teopema 4.2.3. Heka je dhynxuyuja pacnodene F nenezamusne, wenpexudne
cayuajne seaunune X . Tada easrcu caedeha jednarxocm

o0

/(1—F(y))dy:§(1—F(x)), x>0,A>0

€T
axo u camo axo je F(x) =1—e 2> 0.

Y cnepehum KapakTepusanmujama ce jaBibajy TpaHcdopMalmje pacioesie
IOIYT KapaKTepUCTUIHe (PYHKIMje U MOMEHT-TeHepaTopHe (DyHKIHje.

Teopema 4.2.4 (JIun, Xy 2007). Heka cy X1, Xo, X3 nezaguche u jednaro

pacnodemene caywaue seaunune ca Gynkyujom pacnodeae F, F(0) = % U

kapramepucmuunom Gynryujom ¢. IIpemnocmasumo da je dynryuja t>(t)
ancoaymuo unmezpabusna va R. Tada je F dynxuyuja pacnodese cayuajme

BEAUMUHE €A CMAHOAPIHOM AO02UCTMUYNKOM PACNOOEAOM OOHOCHO

1
F(z) = R
(@) == 7€
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IlornaB/pe 4. Kapakrtepuszamnmje pacrojaena

axo u camo axo je
d)(t) = (L +1)o(t), (4.9)

ede je @p)(t) xaprkamepucmuuna  Pynxuujae  ysopaure  medujane
med(Xl,XQ,Xg).

Jemmakocr (4.9) ce moxke wHTepuperupatu u Ha ciaenehu waunn. Heka
Xy je mezaBucHa oj y3opka X, Xo, X3 1 uMma wcty pacnojgenay rtajia je 4.9
€KBHUBAJICHTHO €&

X() = med(Xl, XQ, X3) + L,

re je L coydajHa BeITMUHHA Ca ca CTaHIapIHOM JlamriacoBoM pactoie oM ca
1

KapaKTepUCTHIHOM QyHKIHjom P(t) = T tE R. Tlopen ose Teopeme y
pany [59] ce moxke Hahim w yommTeme 3a y30padky MeujaHy y30pKa o0mMa
m > 3, Kao U CJAUYHA TBphema Koja KapaKTepHILy JIOTUCTUYKY PaCIOIeIy Y
KojuMa (pUTypHUITy eKCTpeMHe BPeIHOCTH Y30PKA.

Y paay [41] npejicraBibeHa je HOBA KapaKTepU3allfja eKCIOHEHIIHjaTHe
pacrmojiesie Ha OCHOBY CBOJCTBA Koje KapakTepuctudna byHKImja ¢(t) =

u(t) + iv(t) 3am0BOBABA.

Teopema 4.2.5 (Xense, Menuranuc 2002). Hexa nenezamusna cayuajua
seaununa X uma nenperxudno dugepervyujaburny dynxuyugy eycmune f mako
da nocmogu lim, o+ f(z) u f'(z) je unmeepabuana pynryuja. Tada je

o(t) — %tu(t) 0,

ako u camo X uma excnonenvyujasny E(0) pacnodeay.
Y pany [32] npeacraBibena je KapakTepu3anuja HOPMAJTHE PACIOEIe.

Teopema 4.2.6 (Tomt 1981). Hexka je X cayuajna 6eAUNUHE YU je MOMEHT -
eenepamopna dynryuja Mx (t). Tada X uma nopmaarny N(0,1) pacnodeny
aKo U Camo aKo

My (t)=t, t € R.

4.3 Kapakrepusamuje pacmnojeja 3acCHOBaHE
HA HE3aBHMCHOCTU CTATUCTUKA

Kapakrepuszamnuja KojoM 3all0YUBEMO OJIe/baK je/IHa je OJI IPBUX KapaKTe-
pH3AIMOHEX TeopeMa OBOI THIA W OMHOCH Ce Ha HOpMaJy pacrnojeny (B.

[13]).
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IlornaB/pe 4. Kapakrtepuszamnmje pacrojaena

Teopema 4.3.1 (Bepumraju 1941). Hexa cy X u Y wezasuche u jednaxo
pacnodenere caysajre seaunune u veka cy X +Y u X —Y wuezasuche cayua-
gre seaunune. Tada X u'Y umajy nopmasny pacnodeny.

JIykau je bopMmysmcao KapaKTepU3allMOHY TeOpeMy 3a TaMa pPacIoeTy
(B. [61]).

Teopema 4.3.2 (Jlykau 1955). Hexa cy X u Y dsee mesasucne nedeze-
HEpUcaHe U nodumusHe cayuajre seauvune. Cayuajne seauvurne U = X +Y
uV = X/Y mesasucne cy axo u camo axo cayuajue eeauvune X u'Y umajy
2ama pacnodene ¢ UCTIUM NAPAMEMPOM CKAAUPAIOG.

[IpumeTrrMo J1a ce y TeopeMH He IOCTaB/ba YCJIOB jeJlHaKe paciojie-
JHEHOCTH CJIyUajHuX Bestmuuna X u Y. MehyTum, npuImKoM npaB/bembha o1ro-
Bapajyhux TecT-CTaTUCTHKA Taj YCJIOB ce MpUpoaHO HaMmehe YKOIUKO ce paan
0 TECTUPAIbY XUIIOTE3€ HAa OCHOBY MPOCTOI CJYYAjHOI' Y30PKA.

Jomr jesHa KapakTepusalidja raMa paciojiesie OBOT THUIIA JIaTa je y PaJLy
[54].

Teopema 4.3.3 (Kowiapcku, 1967). Hexa cy X1, Xo u X3 nezasucue nos-

umusne cayyajre seauvune u Uy, Us

X U, — X1+ Xy
X+ Xy 7T X+ X+ X5

Uy

Hompeban u dosoman ycros da 6u cayuwajne GeauduHa Xj UMAAG 20MG
pacnodeay I'(pg, a), sa k =1,2,3, je da cy cayuajne seaunvune Uy u Uy nesa-
sucre ca bema pacnodesama B(py, pa) u B(pr + p2, p3), pedom.

KapakTepusanuja oBOr THIa 3a €KCIOHEHIIHjaJIHY Paclojeny MOyKe ce
mahu y paxy [28].

Teopema 4.3.4 (Puc 1958). Heka cy ancoaymmo wenpexudne cayuajHe
seaunune X u'Y mesasuche u jednaxo pacnodemene. Cayuajue 6eauMuHe
min{ X, Y} u | X = Y| cy nezasucre axo u camo axo X u'Y umajy dynryujy
pacnodese F(x) =1—e % x>0, X > 0.

4.4 Kapakrepusamuje pacrnojeja 3aCHOBaHE
Ha MOMeEHTHMa

Kapakrepuzanuje y dujum opmysianujama y4ecTByjy MOMEHTH pPaclojiesie

cy Beoma decte. Hapernrhemo Heke 01 HuX.

Kapaxrepusaiuja crernene pacnojesie Mpeko peKypeHTHe Be3e MOMeHATa
mata je y paay Tya u Jluna (B. [99]) caemehom Teopemom.
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Teopema 4.4.1 (Ty u Jlun 1989). Hexa cy Xi,...X, neszasucue jednaxo
PACNOOEHEHE CAYUATHE BEAUNUNE YUju Momenmu odzosapajyhux pedosa no-
cmoje. Tada easrcu

n\\ ! n+p\\!
EX2 . — 2( ) EX(ion
<T (7“)> (rn) (T +p) (T’ +p) (r+p;n+p)

s () -

ako u camo axo Xy uma cmeneny pacnodeay ¢ napamempom 1/p.

Crnenujanan ciaydaj oBe TeopeMme 3a n = 1, r = 1 u p = 1 cBonM ce Ha
kapakrepuzanujy yaudopmue U0, 1] pacromese ¢BojcTBOM
9 2
EXT — EX @) + 3= 0.
Teopema 4.4.2 (I[Tanaranacujy 1990). Hexa cy X; u Xy nezasucne u jedna-
Ko pacnodemene cayyajre seauvure. Baotcu nejednarocm

1
Cov(min(X7y, Xs), max(Xi, X)) < gDXh

ede ce jednaxocm docmuoice axo u camo ako X1 uma yrugpopmny Ula, bl
pacnodeny.

Hamomumemo ja je oBO KapakTepusalpja MpOuW3BOJbHE YHUMOPMHE
pacnogesie. Fbena dopmynanuja u moka3 ce mory wahu y [87]. Jom jenna
KapakTepHu3alifja y Kojoj (burypuiny Hejeanaxkoctu uaMmehy momenara craruc-
THKa TIOpeTka Moxke ce Halim y [86].

Teopema 4.4.3 (Ilanagaroc 1999). Hexa cy X1, Xo u X3 nezasucne u jeo-
nako pacnodenene cayuagre eesunune. Baoicu nejednarocm

6
Cov(min(Xl, XQ, Xg), maX(Xl, XQ, X3)) S —2DX1,
a

ede je a ~ 5.96941 jednucmeeno pewere jednauune tanh & = ¢ npu wemy

ce jednarocm docmugice ako u camo X uma CUHYC TUNEPOOAUYKY PAcnodesy
CG 2YCMUHOM

1 2
, | —p| <aocy| ———,
Y e (e

g(z,p,0) =

2de je A = /250 ~ 0.25089.

-2
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IlorsgiaBibe 5

TecTOBU carjiaCHOCTN

TecToBH carmacHOCTH 3ay3WMajy BeOMa BayKHO MECTO y HellapaMeTapcKoj
CTATUCTUIU U 3aTO Ce y MOC/e/IbUX HEKOJIMKO JEIEHUja Y JIMTEPATYPU MOXKe
nahu MHOrO MpuMepa TakBUX TecToBa. HajBuime je TecToBa CarJiacHOCTU Ca
eKCIOHeHIja oM, HopMaanoMm u [laperoBom pacnogenom. Jenam o pa-
3J10Ta 3a TO je BeJIMKa IIPUMEHa, a JPYIH je BeJHKH OpPoj KapaKTepu3alluja
MOMEHYTHUX PaCHojiesa Koje MOTY MOCHYKATH KAao OCHOBA 3a KOHCTPYKITH]Y
TeCcT-CTaTUCTUKA. [ecTOBW 3aCHOBAHU Ha KapaKTepHW3allhjaMa BeoMa Cy aK-
TyeJHN NOCJEJIbUX TOAMHA HIOD. y pazosuma [5], [2] u [55] mpemmoxkenn
Cy TECTOBHM 3aCHOBAHM Ha CBOJCTBY 00Cycmea Memopuje eKCIIOHEHIIN]aTHe
pacroeste, 10K ¢y pajgouMa [56], [44] npeozxKeHr TeCTOBH eKCIOHEHIIH]jaI-
HOCTHM 3aCHOBAHW HA KapaKTePH3AIUJU O KOHCMAHMHOM NPEOCMAAOM HCU-
B0MHOM BEKY.

Y TecroBUMa 3aCHOBAHUM HA j€JIHAKO PACIOIE/bEHUM CTATUCTUKAMA
npupojHo ce jamsbajy U-cratuctuke, 3aro je Teopuja U-craructuka 3a-
y3eJsia 3HAYajHO MecTO y o/ipehuBamy rpaHIYHE pacrojese TeCT-CTAaTHCTUKA.
[IpruMepn TakBUX TecTOBa €KCIIOHEHIMjAJTHOCTH MOTy ce Hahum y pagoBuMa
[80], [101], [102]. TecToBu HOPMATHOCTH OBOT THIIA MOTY ce Halid y pajoBuMa
[72], [104]. Oux recroBa caracHocT ca [TapeToBoM paciogesoMm 3acHOBAHUX
Ha KapaKTepH3alijaMa jeJHaKO PACIONe/beHHX CTaTHCTHKA HaBoauMo [103],
[49].

TecToBa caracHOCTH 3aCHOBAHUX Ha KapaKTepu3alujaMa He3aBUCHOCTH
HEeKWX CTaTUCTHKA HUje 6umio ce mo 2015. roaube kaja je y paay [11] npe-
JIOZKEHA jeJiHa KJIaca OBUX TECTOBA.

TecroBa 3acHOBaHIX Ha KapaKTepu3alijaMa Koje YK/bydyjy MOMEHTe UMa,
jocta y qureparypu. lIpBu Tect cariacHocTn ca yHUMOPMHOM PACIIOIEIOM
OBOI' THIA OUO je TMpe/jiokeH y pady [36] 3acHOBaH HA KapaTepu3aluju W3
pazna [87]. Tecr 3acHOBaH Ha KapakTepusanuju u3 pajaa [99] 6uo je npej-
Jaoxken y paay [70]. Mcrm ayropu npeyiozKuim €y TeCTOBe 3aCHOBAHE HA
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KapakTepu3aljaMa Koje caJpzke U MOMEHTe peKop/ia CAYYajHuX BeTUUNHe
(B. [71]).

Y nomenyTHM pPaJiOBHMa Kao Mepa KBajuTeTa Hajuernhe je kopuithena
BaxagypoBa acuMmnTorcka edHKacHOCT. JemaH OJ TVIABHUX pas3Jiora 3a TO
je MTo ce OHA MOYKe PAuYyHATH W KaJi FDAHUTHA PACHOJIeIa TeCT-CTATUCTUKE
HUje HOpMaJIHA.

Opramu3anmja oBor moraas/ba je ciaeiaeha. I[IpBo hemo mpencraBuru
HOBe TECTOBE CAIIACHOCTH (Ca eKCHOHeHIHjaJHOM DACIOEIOM) 3aCHOBAHE
Ha KapakTepHu3alldjaMa jeTHaKO pacloJe/beHUX CTATUCTHKA. 1u pe3y-
TATH Cy caJap:KaHu y paiay ayropa [66]. Crenelin pesynraru onHoce ce Ha
TECTOBE 3aCHOBAHE HA HE3ABHCHOCTU CTATHCTUKA Y30PKA (Ca eKCHOHEHIIHjal-
HOM DAaCIO/IeIOM) M TeCTOBE 3aCHOBaHE Ha (DYHKIMOHATHUM je[HAYMHAMA
KOjy 3aj0Bo/baBa (dyHKIMja pacrojene obenexja (ca [TaperoBom n joruc-
THYKOM pacroziesiom). HoBe TecrT-craTncTHKe MHTErpaJHOT THIA CY OPHUIH-
HAJHH pe3yJTaTa ayTopa JOK €y HOBe TecT-cTaTucTuke KoJIMOropossbeBOT
TUNA [peJcTaB/beHe y KoayTopckoMm pany [69]. Ha kpajy cy upemacra-
BJ/bEHU TECTOBU 3aCHOBAHU HA KapaKTepPU3aluju y K0joj PUIrypHIlly MOMEHTH
pacrojiesia ¥ KOju 3a PasJjiuKy OJ HPEeTXO[IHO HABEICHUX, UMAjy TIPOCTY HYJITY
XUITOTE3y OJIHOCHO Jia 0bejiexkje mMa HeKy, YHanpe/ gedpunucany (QpyHKImjy
pacnogesie Fy. Pesysiratu cy caap:xkanu y paay aytopa [99]. ¥V cBum mpej-
JIOJKEHHM TeCTOBHMA MOJpasyMeBaMoO Ja O0aIlyjeMo HYJITY XUTOTe3y VKO-
JINKO je BPEeIHOCT TeCT-CTATUCTHKE BeJIUKa. 3a CBaK! O] TecToBa Obuhe oapel)-
ena baxa/iypoBa acuMIToTCKa €(pUKACHOCT MPOTUB OJIMCKUX aJTPEHATUBA, U
YKOJIUKO je Moryhe, mahena kjaca JIOKQJHO ONTUMAJHUX aJTepPHATHBA 34
CBaKM OJT TIPEJICTaB/HeHNX TeCTOBA.

5.1 TecToBuU 3acHOBaAaHU Ha KapakKTepu3allu-
jaMa Ha OCHOBY jeaHAKO PacIode/beHUX
CTaTUCTUKA

Heka je X, Xy, ..., X,, mpoct ciaydajan y3opakx. Koucrpyucahemo tect ex-
CHOHEHITN]AJTHOCTY 3aCHOBAH HA KapaKTepu3aluju u3 TeopeMe 4.1.3 3a ciay4aj
KOju cMO ToceOHo n3aBojutn (4.3).

Tecr-craTucruke Koje npejiaxkemMo cy:

o0

I, = / (Ho(t) — Go(t))dEL(t), (5.1)

0

K, = sup |H,(t) — Gy (t)

t>0

: (5.2)
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liornasme 5. TecroBw cariacHOCTH

re cy

Gn(t) = % iiiil{)(} + med(X;, Xi, X;) < t},

i=1 j=1 k=1 I=1
1 n n n
Hy(t) = — D) Hmax(X;, X, X)) <t
=1 k=1 I=1

Hakon unrerpamnuje jgobujamo ja je
1
L=~ Z ({max(X;,, Xy, Xiy) < X}

— I{X;, + med(Xy,, Xy, X;,) < X, }).

129 139

[Ipumerumo na [, u K, He 3aBHCe 0/ napaMerpa ckajaupama A. To je jako
BayKHA OCOOWHA MPeIOYKeHNX TecT-CTATUCTHKA Koja Ham oMoryhasa ma Te-
CTUPAMO CJOXKEHY HYJITY XUIOTe3y.

Tecr-craTucruka [, aCHMIITOTCKHU j€ eKBUBAJIEHTHA V -CTATUCTHUIN CA CH-
MeTpHdHEM je3rpom (B. [53])

1
W(X1, Xo, X5, X, X5) = o > (Hmax(Xn,, Xny, Xr,) < Xoy}
) w(1:5)
— H{Xx, + med(Xr,, Xy, Xry) < Xry })-

Hbena npojekmnuja na X; ako Baxku Hj je

w(f)’) = (Q(X17X27X37X47X5)|X1 - S)
1
- g<P{max Xy, X3, X3) < X5} — P{s + med (X, Xs, X,) < X5}>
3
+ g(P{max 5, X, X4) < X5} — P{Xy + med(s, Xa, X)) < X5})
1
+ g(P{max(xg,)(4,)(5) < s} — P{Xy + med(X3, Xy, X;) < s}).

C 003upoM HaA TO Ja TECT-CTATHCTUKA HE 3aBUCH OJ TapamMerpa A MOZKEMO
Jia mpernocTaBuMo 1a je A = 1. Hakon uzpauyHaBama j1001jaMo

_ 1 2 —3s 9 —2s 1 s
P(s) = 20+56 s —|-26.

Jlako je moka3aTu ja je OUYeKHBaHA BPEJIHOCT MPOjeKInje HyIa a Ja 32 HeHy

JNUCTEP3U]y BayKh
29

= E(y*(X1)) = 12000°

44



liornasme 5. TecroBw cariacHOCTH

Ha ocHoBy oBor 3ak/myuyjemo nga je jesrpo ¥ memerenepucano. Kopuctehn
Teopemy 1.2.1 3a V-crarucruke ca HejiereHEpUCcaHUM je3rpoM JI00ujamMo Jia je

rpanmdHa pacnogesa mame recr-crarucruke nopmasma N (0, togs).

Jlema 5.1.1 (Mustomesuh 2015). 3a damy mecm-cmamucmuxky I, dynrkyuja
seaukux odcmynarea fr us meopeme 3.2.2 je anHasuMUYKa 36 0080HHO MAAO

e >0 u savicu 840
fi(e) = Esg +0(?), e = 0.

Hoxka3z. Jesrpo ¥ je orpanndeno, neHTpupano u neiaerenepucano. Cajga
MOXKE€MO TPUMEHUTU TeopeMy 3.2.6 0 BeJIUKHM OJCTyNambuMa 3a Hejere-
nepucane U-cratuctuke u j1obujaMo TBpheme Jjieme. 0

Caeneha nema aupekTHa je mocaeauna reopeme 3.2.10.

Jlema 5.1.2 (Musomesuhi 2015). 3a damy aamepramueny pacnodeay g(x; 0)
us pamusuje G xoja je depurucana y odenky 3.2.2 sascu

b(0) = 59/¢(x)h(x)dx +o(6), 6— 0.

@yukmnuja h(x) je oBme u y Tekcty Koju cieau nedunucana ca h(xr) =
64(,0).

Kynbax-JlajosiepoBo pacrojame ajiTepHATUBHUX PacIojeia ca TI'yCTH-
HoM ¢(z,0) m3 G on Kiaace eKCIOHEHIUjATHUX PACIOJesa ca TyCTHHOM
{de ™ >0}, je

K(0) = /1\r>1% /OOO Infg(x,0) /X exp(—Ax)]g(z,0) du. (5.3)

Y pazay ([82]) je mokazano na 3a mMaso 0 uzpasz (5.3) ce MoXKe MpUKa3aTH y
00JIUKY

2K (0) = (?hQ(x)exdx . (]Omh@)dxf) P06, (5.4)

Y nmameMm TekcTy onpeanheMo JokajgHy baxamaypoBy edukacHoCT HaAMIIX
TecTOBa 3a ciefielie alTepHATUBE:

e BejoyoBa pacmojiena ¢ ryCTHHOM

g(x,0) =" (14 0)2%, >0, 2 >0; (5.5)
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e MakexaMoBa pacIofiesia ¢ TYCTHHOM
g(x,0) = (1+0(1—e ")) exp(—x—0(e *—1+z)), 6 >0, z > 0; (5.6)

® 'aMa pacCliojesia C TYCTHHOM

330

g(x,0) = m

e *.0>0,x>0; (5.7)

e MelaBrHA EKCIOHEHIMjAJTHUX PACIOJesa ¢ HeraTMBHUM TeXKHHAMA
MEHT(S) (B. [48]) ¢ rycTuHOM

9(2,0) = (1+ 0)e=" — B9E5, 6 € (0, ﬁ}, 23>0, (58)

e pacroziesia guneape crome orkasa (JICO) ca rycruaom
9(2,0) = (1 4+ 02)e %% 0> 0,z > 0; (5.9)
e remepasucana excrnonennujanna pacunogena (I'E) ([73]) ca rycrunom
g(z,0) = =1L )14+ 2)° 0> 0,2 > 0; (5.10)
e npormmpena ekcrnorennujaaaa pacrnogena (ITE) ([30]) ca rycrurom

1+ 0z

e, 0>0,2>0. (5.11)

CaegehuM npuMepuma wmiycTpoBaheMo wn3padyHaBambe JIOKaJHe ba-
xa1ypoBe epUKaCOCTH.

ITpumep 5.1.1. Heka je anrepnaruBna pacrojesna Bejoyiosa ca rycrunom
(5.5). Ilpeu usBox mo 6 dyukuje rycrune y tauku 0§ = 0 je

h(z)=e"*+e "logx —e “xlogz.

Kopucrehu (5.4) nobujamo na je Kymn6ak-JIajoaeposo pactojarbe
2
K(0) = %92 +0(62), 6— 0.

Kopumhemewm Jjieme 5.1.2 gobujamo

by (0) = 56 / Y(z)(e ™ +e Tlogx —e “xlogz)dr + o(0)
0

3
= log (W)Q +0(6) ~ 0.1460 + 0(#), 6 — 0.

Cana moxkemo nckopuctuti TBpheme Jsieme 5.1.1 u (3.8) w gobutw na je
nokanna Baxagyposa edbukacnocr eg(l) = 0.746.
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Camano ce Mory no6utn u pesyiararu 3a anrepuaruse (5.6)-(5.10). Hou-
xoBe edUKaCHOCTU Cy npukasaHe y tabesu 5.1. M3yzerak je ajarepHaruna
(5.11) 3a kojy ce sema 5.1.2 w uzpa3z (5.4) we mory npumern. Craenehum
IIPUEMEPOM je MPUKA3aHO U3padyHaBame y TOM CIYYajy.

ITpumep 5.1.2. Tlocmarpajmo IIE anrepunaruBy ca ByHKIUjOM IyCTHHE
(5.11). Hben npsu uzBox mo 6 y Tauku 6 = 0 je

h(z) =—e " +e .

2

Nspasn fooo h(x)y(z)dx n fooo h?(x)e*dx — (fooo xh(:v)d:v) cy jeHakn
HyJn Ta HaM je morpebaH pa3soj dyukimja b;(0) 2K(60) mo mpsor wiana
pazju4uTor o HyJje. ['paHudHa BpeIHOCT craTucTuke [, Kajg n — 00y
BepoBatHohu br(6) je

b[(@) = P{maX(XQ,Xg,X4) < X5} - P{Xl + Hled(XQ,Xg,X4) < X5}

a i _6/9($’9)/G(ya 0)(1 —G(y,0))g(y,0) /g(z,e)dzdydx

62(168 + 3560 + 1616%) 7
_ — 42 6%), 6 — 0.
2304(1 + 0)° g6 Tol0). 0=

Hpocrpyko Kynbak-Jlajbaeposo pacrojame (5.3) anrepuaruse (5.11) kiace
eKIOHEeHINjaTHUX PacIojiesna je

(1+6)log(1 +20) — /0 Ei(—(1/0))

2K (0) =2 = 0"+ 0(6"), 6 —0

( ) (1 +(9)2 +0( )7 )
(5.12)
rae je Fi(z) = —ffz ule %du ekcnowenmmjasHu WHTerpas. lIpuMenom

aeme 5.1.1 u uzpasa (3.8) nobujamo na je okanna Baxaayposa edbukacHoCT
ep(I) = 0.481.

Moxkemo mpumeTnTn jga cy y tabean 5.1 cBe edpuKacHOCTH peIATUBHO BH-
coke ocuM y caydajy (5.9) u (5.11) Kojy cMO YBPCTHIIH KAO MPUMED KAKO Ce
MOZKe OJpeIUTH JoKaaHa Baxaayposa epuKacHOCT Kala ce He MOXKE MpH-
MeHuTH Jjema 95.1.2.

Casa hemo mcnmraTn acmMnTOTCKa CBOjCTBA CTAaTHCTHKE K, gare m3pa-
3oM (5.2). 3a dukcupano t > 0 uspaz H,(t) — G,(t) je V— crarucruka ca
jesarpom

— 1
=(X1, Xa X, Xat) = 1 D (Hmax(Xoy, Xy, X)) < )
T w(1:4)

X, 4 med(Xn,, Xy, Xn,) < t}).
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Tabena 5.1: Jlokanna baxamgyposa edpukacHOCT 3a T€CT-CTATUCTUKY [,

Aurr. Edukacuocr
Bejoyn 0.746
Maxkexam 0.772
lama 0.701
MEHT(3) 0.916
JICO 0.308
I'E 0.556
[IE 0.481

[Tpojexnuja oe pamuanje jesrapa Ha X; ako Baxku Hj je

g(SJt) = E(E<X17X27X37X47t>|X1 = S)

<P{max(X2, X3, Xy) < t} — P{s + med(Xs, X3, X4) < t})

W | =

+ 2 <P{max(s, X3, X4) < t} — P{Xs + med(s, X3, X1) < t})

—

= ZI{S < the 5T (—e® — 2™ 4 6 + 3e¥T + 3T — e5TH(9 — 65))

1
+ ZI{S > the 3 (=1 + 6e’ — 2e* — (3 — 6t)).

Jncnep3uje oBUX TPOjeKIHja Cy

9 _ 3 _ 3 9 _ 33 _ 3 _
Uf{(t):%e 6t_§e 5t_§e 4t_§e 3t+ﬁe zt_ﬁe t

['pacdbuk ose dbyuxnuje mpukasan #a caunu 5.1. [Iponanaszumo ma Baxku

o7 = sup oy (t) = 0.017. (5.13)
£>0
Cympemym ce gocruze 3a top = 1.892. Ca rpaduka 5.1 u (5.13) 3aksbyuy-
jemo na je dammiumja jesrapa =(X;, Xo, X3, X4, 1) memerenepucana, ma ce 3a
ojipehuBame (QyHKIMje BEJUKHUX OJICTYIaiba MOXKE KOPUCTUTHU TEOPeMa u3
pana [77]. Kopumthemewm Teopeme 1.3.2 Moxke ce nokazaru Ja V-emMnupujckn
npomec

Vi (Hy(t) = Gu(t)), £ 20,

konBeprupa ciaabo y D(0,00) Kajg n — 0o Ka meHTpupanom l'aycoBom mpo-
mecy v(t) umja xKoBapujarmmona (byHKIHja ce MOxkKe oapeauTn. Ha ocHOBY
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Ciuxa 5.1: T'paduk dynxnumje o%(t),

TOTa 3aK/BYUyjeMO Ja /nK, KOHBEprupa y paclojesu Ka CJIydajHO] BEJIH-
TUHE SUD;~q |V(t)| Tujy pacrmomesry He 3HAMO.

V rabesn 5.2 ¢y npuKazaHe KPUTHUHE BPEIHOCTU 33 TeCT-CTATHCTUKY K,
nodujerne Monre Kapao merogom ca 10000 nmonap/bama.

Tabena 5.2: Kpuruune BpeIHOCTH 3a TECT-CTATUCTUKY K,

n oa=01 a=00 a=0.025 o=0.01

10 0.49 0.56 0.62 0.70
20 0.33 0.39 0.43 0.48
30 0.26 0.30 0.34 0.38
40 0.23 0.26 0.29 0.31
20 0.20 0.23 0.25 0.28
100 0.14 0.16 0.17 0.19

JIema 5.1.3 (Musomesuh 2015). 3a cmamucmury K, dynruuja fri us meo-
peme 3.2.2 je anarumuura 36 08010 Mano € > 0, u eascu

fx(e) e2 +o(e?) ~ 1.84e® 4 o(c?), € — 0.

~ 320%

Hoxka3z. /la 6ucmo npuMmeHnaIn TeopeMy 3.2.8 mMoTpebHo je j1a MoKazKeMo
Jla CTATHCTHKA 33J0BOJbaBa YCJIOB MOHOTOHCTH IO mapamerpy. Heka cy
IBOPOBH mozesie uHTepasata [0,00) Tadke ty y = F‘l(ﬁ), kE=0,1,...N

N
Tana Baxku

sup  |Hy(t) — Gu(t)] < Hy(thy1) — Gultesr) + Golterr) — Gal(te).

tp <t<tpi1
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Heka je A, = G, (try1) — Gn(ty). [pumernmo aa je
Ap = (Fulti))? = (Fa(tr))?,
rie je F, emnupujcka (pyHKIHja pacuomese yzopka Xy, ..., X,. Tazga je
Ay < 2(Fu(tesr) — Fu(te))

Opatie 3aK/pydyjeMo Ja BayKu
P{nA, > 7} < P{n(Fn(tkH) ~Ey(ty) > g}

Y paxy [76] je mokaszaHO Ja ako ciaydajaHa BeauduHA S, UMa GHHOMHY

B(m %) pacIojeny OHJla BaxKu
P{S, > nt} < 4re sV, (5.14)

Kako cayuajua semmauna n(Fy,(tpy1) — F,(ty)) nva 6unomny B(n, +)

pacmojiesy g001jaMo Jia BaxKu

ntlog N
2

P{n(Fn(tkH) —F,(ty) > %} < gre

BaT = \/l(iﬁ JIOOMjaMo J1a je yCJIOB MOHOTOHOCTH TI0 TTApaMeTPy 3a/I0BOJbEH.
U

['pannvyna BpegHOCT Y BepoOBaTHONW TecT-cTaTUCTHUKe [, Kajg n — 00
Jiara je ciejehom jgeMom.

Jlema 5.1.4 (Musomesuh 2015). 3a damy aamepramusny pacnodeay g(x;0)
us G saorcu

bk _4esup\/ {(z;t)h(z)dz| + o(6), 6 — 0.
>0

Hoxkaz. Kopucrehu I'musenko-KantenunjeBy teopemy 3a V-crarucruke,
anasormy teopemu 1.3.1, (B. [37]) mobujamo

b (0) = sup | P{max(X>, X3, X4) < t} — P{X; + med(X,, X3, X4) < t}|

>0

(5.15)

t t—x

Zigg\G3(t,9) —6/9(%9)/G(y,9)(1 — G(y,0))g(y, 0)dydz|.
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Hexka je

t t—x

a(t,0) = G*(t,0) — 6/g(x,9) / G(y,0)(1 — G(y,0))g(y, 0)dydz. (5.16)

[Tocste pudpepennupara yHyTap MHTETpPaJa J00MjaMo 1A BaXKu

ap(t,0) = /h(x)(élf(x, t) + e (1 — 6e’ + 2e* + e*(3 — 6t))dw
0

:4/h(a:)§(x,t)dx.

0
Paszsujajyhu a(t, §) y Makmopenos pej u koputihemem (5.15) nobujamo TBp-
heme Jseme.
Cuiesie IpuMepH H3padyHaBamba JOKATHIX BaxaaypoBux e(pUKaCHOCTH 33
anrepuaruse (5.5) u (5.11), 70K Cy pe3yaTaTH 3a CBe IMPETXOJHO MOMEHYTe
aJITepHATUBE TpUKa3aHu y Tabean H.3.

ITpumep 5.1.3. Heka je anrepuarura pacuojesa Bejoyiosa ca dyHKITjoM
rycrure (5.5). Kopucrehu nemy 5.1.4 mobujamo
a(t,d) = 40/ E(z,t) (e +e “logx —e “xlogx)dr +o(f), 6 — 0.
0

I'padux dyuxmmje ap(t,0), je npuxazan na caunu 5.2. Cynpemym byHnknuje

0.30

0.25 /

020}
015l /
o10F |

005F
/

Cauka 5.2: I'padux dbynkuuje ay(t,0)
a(t,0) ce nocruzke y taukn t; ~ 1.761, ma je by (0) ~ 0.346 + o(6), 6 — 0.

Kopucrehn neme 5.1.3, 5.1.4 u uspa3 (3.8) mobujamo ma je jokanna Ba-
Xa,/IypoBa e(pUKACHOCT TeCT-CTaTUCTHKe K, mpudmxKHo jegHaka 0.258.
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ITpumep 5.1.4. Heka je anrepuarusaa pacnogena (5.11). Tazga je byuknuja
a(t,) uz (5.16)

3
4(1+6)
+ 8e'(1 4 6)(2 + t + 60 + 4t0 4 t20) — t(2 + 106 + 136?)
+ e*(—14 — 566 — 396> + ¢(6 + 186 + 116%)))

3

5(—@’325 + 8% — Teh —te ¥ + de 't + 3e7)0% + 0(6?).

a(t,0) = e 07 (— 2 — 80 — 96° — 26707 — 4t°6(1 + 20)

I'paduk ynxumje as(t), xoedunmjenrta y3 6% y HOpeTXOAHOM HU3pasy
nprukasaH je Ha rpaduky 5.3. Caua je

sup |a(t, )| = 0.2410% + o(6%), 6 — 0.

t>0

Hpocrpyko Kynbak-JIajosepoBo pacrojame garo je uzpasom (5.12). Ko-
pucrehu aeme 5.1.3, 5.1.4 n u3paz (3.8) mobujamo aa je noxarna Baxamyposa
edpukacHoct npudukno 0.213.

020
015} /
010 /

0.05

Cauxka 5.3: I'paduk dyxiuje as(t)

Mozxkemo npuMeTuTH Ja ¢y e(puKaCHOCTH Make Hero 3a TeCT HHTerPATHOT
tuna. MehytuMm y nopehemy ca IpyruM TeCTOBUMA WCTOT THIIA 3aCHOBAHUX
Ha KapakTepusanujama koju ce mory nahwm unp. y [101], pesyararu cy 3aj0-
BOJbaBajyhu.

Crenehom TeopemMom Cy npukaszaHe HEKe KJIace JJOKAJHO ONTUMAJHUX aJjl-
TEepHATHUBA.
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Tabena 5.3: Jlokanna baxamyposa edbukacHOCT TecT-cTaTrucTuke I,

AnrepnatuBa  EdukacHoct

Bejoyn 0.258
Maxkexam 0.370
Tamma 0.212
MEHT(3) 0.364
JICO 0.213
I'eE 0.298
[IE 0.213

Teopema 5.1.1 (Munomesuh 2015). Hexka je g(x;0) dynxuuja eyemumne us

G 3a kojy eastcu
o0

/e””hQ(x)dx < 00.
0
Tada cy, 3a mano 0 > 0, eycmune aamepramuse

g(x;0) =e "+ e "0(C1¢(x) + Di(x — 1)), x >0, C; >0, D; € R (5.17)
g(x;0) = e + e "0(Coé(w, ) + Do(x — 1)), >0, C >0, D €R,
(5.18)

2de je tog =~ 1.892, aokarrno onmumanne 3a mecm 3aCHOBAH HA CMAMUCTIUUL
I, u K,, pedom.

Hoxka3z. ¥Ysenumo nomohny dynkiujy

ho(z) = h(z) — (z — 1)e /h )sds, (5.19)

/f(x)ho(w)da: = [ &(z)h(z)de. (5.21)
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BaxamypoBa JlokaaHa epUKACHOCT TECTa 3aCHOBAHOT HA TeCT-CTATUCTUIN [,
je

4
2(br(6) _ 2 WHO) %)

e? = lim cr(0) = lim ———+~% = lim = lim ———————
0—0 2K (0) o—0 2K( -0 2K (0) 6—0 25072 K (6)

0)
2562 ( :fo¢(x)h(x)dx) "y o)

25 [Y?(z)e~*dx (QQ(Zfoeth(x)dx —( h(x)a:da:)2) + 0(92))

[ ?(x)e~*dx [ h3(z)e*dx

0 0
Ha ocnosy nejennakoctu Kommu-IlIpapua 3ak/mydyjemo 1a je e? = 1 ako u
camo axko je ho(z) = C1¢(x)e . Kama yBperumo nobujenn m3pas y (5.19)
mobujamo h(x). ['yerune us tBphema Teopeme umajy ucry dbyukuujy h(z),na
j€e OBHUM TIPBH /€0 J0Ka3a 3aBPIIEH.

ex = lim e (0) = lim —2f(bK<6)) == lim b%(&)
K70502K(0) 650 2K(6) 6-0 160 (o) 22K (6)
16¢*sup (}Of(x, t)h(:v)dx) +o(6?)
= lim —
0—0

16sup :fogzcc, t)e~rdax (92 z"oewfﬂ )dz — ( :foh(x)xdx)Q) + 0(92)>
sup (Z‘og(x, t)h(x)dm>2

sup (a0 wd ([ etia)ds = ([rioyeds)’)

t>0 0

sup (Jg(x,t)ho(x)dxf

t>0

79 & (z, t)e "du Th%(:p)erdx'
0 0
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Yeao jeqnakoctn y Kommu-IlIBapnBoB HejennakocTu, ex = 1 ce mocTmke
ako m caMo ako je ho(z) = C&(x,tg)e ™. Jlako ce nmokasdyje na dbamuanja

anreprarnia (5.18) 3a70BosbaBa OBaj yCJIOB. O

5.1.1 Ewmmnmmpmjcka Moh TecTa y ciry4dajy Majinx y30pakKa

Jla bucMo ucnuTam KBaJuTeT TecTa 3a y3opke oduma n = 20 u n = 50 upo-
THUB IIO3HATUX aJITEPpHATHUBa YIIOPpEAUJIN CMO UX Ca APYT'HM TECTOBUMa €KCIIO-
HEHIIUjATHOCTH KOju ce Mory Halim y pary [42]. Mohu TectoBa cy npukasane
v Taberama 5.4 u 5.5. O3nake y tabesiama cy mnpeysere u3 paja [42]. Ykparko
hemo omucaTu cBaku oJ TecToBa Koju cy ynopehenu. Hexka je Y7, ..., Y, HopMmu-
paH HOJIa3HH y30PaK, OJIHOCHO Y = ;—(—i Hanomumemo Jia je cBaKM 0J1 TECTOBA
3aCHOBAH Ha Pa3/JIMYUTHM CBOJCTBUMA €KCIIOHEHIIMjaJHE PacIojesie u Jia ce
JIETUMUYHO U 3001 TOTa Halm oBW TecTOBM Hajdernthe Oupajy 3a nopeheme ca
HOBUM TPeJIOYKEHNM TECTOBIMA.

Ernc u Ilynu cy 1986. roanne npeioKuin TeCT-CTATUCTUKY KOja je 3ac-

HOBAHA HA eMIMPH]CKO] KapakrepucTudnoj dyuxmuju (8. [25])

1 v 1
EP, = \/4871(—6 Yi —>.
n 2
Bapunrxayc u Xenze cy 2000. mpemyioxkunau cienehe Tect-cratuctuke 3a-
CHOBaH€ Ha KOHCTaAHTHOM IIPpEOCTaJIOM 2KHMBOTHOM BEKY eKCHOHeHHI/IjaﬂHO
pacrozesbere ciaydajae seanante (B. [38])

— 1 — 1 «
KS, =sup|— min(Y;, t) — — HY, <t ’,
t>gn; (Y5, ) n;{J }

n

CM, = /OOO (% jilmin(Yj,t) - %ZI{Yj < t})Qe‘tdt.

J=1

JI'Arocturo n Crusenc cy 1986. mpemioKuim TeCT-CTATUCTUKY HA OCHOBY
y30opadkux pasmaka (B. [21])

2 n
S, =2n— — Y.
n = ZJ Yi)
7=1
Oyxke n Koke cy 1984. rouHe TpelIoXKIIN TecT-cTaTucTuky (B [19])

CO,=n+) (1-Y))logY;.

J=1
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CraTuctuka w? je cramiapana cratuctuka Kpamepa n ¢on Museca, a KS
crapgapana craructuka Kosamoroposa m CMmupHOBa. AJiTepHAaTHBE 3a KOje
cy nmopehenn Tectosu cy: Bejoysnosa pacnogena (1), rama pacnogena I, jor-
HopMasHa pacnogena (LN), xanduopmanna pactnonena (HN), yaudopmua
pacnozesa Ha [0, 1] U, Yenosa pacnogena (C'H), pacnoesia JuHeapHe CTOTE
orkaza (LF), MmogudukoBana pacrojesa ekcTpeMunx ppeanoctu (EV).

[Togeb/panum cjioBEMaA Cy O3Ha4YeHe MONM HAIIUX TecToBa Koje cy Behe
o MOhI/I CBUX KOHKYPEHTCKHX TeCTOBa. MO}KG Ce NPpUMETUTH HU3BaHPEIHO
[IOHAIIAE CTATHCTUKe [,, JIOK ce cTarucTuka K, OJJINYHO IOKa3aJa 3a
y3opke oouma n = 20. C 063upoM Ha TO J1a CMO YCIEeTH /18 ONTHMHI3YjeMO KO
1 HOCTUTHEMO U3Y3e€THO OP30 pauyHambe IMPeIIOKEHNX TeCT-CTATUCTHKA Ipe-
MOPYUyjeMO Ta 33 TECTUPAHE eKCIIOHEHIUjAJTHOCTHA Y30PaKa MaJuX U CPE/I-
BUX 00HMa.

Hamovmumenmo 1a cy mohm tecrosa ompehene Moure Kapio meromom ca
N = 10000 nmonaB/pama u Jia je HUBO 3Ha4YajHOCTU TecTa v = 0.05.

Tabena 5.4: Ilponenar oadaveHUX HYJATUX XHUIIOTE3d 3a PA3JIHINTE TECTOBE
carnacHoct n = 20, a = 0.05

Anrepmatusa EP KS CM w?> KS S CO I K

W (L4) 36 35 35 34 28 35 37 46 32
T(2) 48 46 47 47 40 46 54 59 32
LN(O8) 25 28 27 33 30 24 33 9 6
HN 21 24 22 21 18 21 19 30 25
U 66 72 70 66 52 70 50 79 89
CH(0.5) 63 47 61 61 56 63 80 23 20
CH(10) 15 18 16 14 13 15 13 22 19
CH(15) 8 79 8 79 67 8 81 22 20
LF(2.0) 28 32 30 28 24 29 25 39 32
LF(4.0) 42 44 43 41 34 42 37 53 44
EV(05) 15 18 16 14 13 15 13 22 19
EV(15) 45 48 47 43 35 46 37 57 52
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Tabena 5.5: Ilponenar onbavyeHnX HYJITUX XUIOTE3a 33 PA3JIMIUTE TECTOBE
carnacuoctu n = 50, a = 0.05

Anrepratuse EP KS CM w? KS S CO I K
W(1.4) 8 71 77 75 64 79 82 82 62

I'(2) 91 8 90 90 8 90 96 94 72

LN(0.8) 45 62 60 76 71 47 66 14 7
HN o4 50 53 48 39 54 45 58 50
U 98 99 99 98 93 99 91 99 100
CH(0.5) 94 90 94 95 92 94 99 41 37
CH(1.0) 38 36 37 32 26 38 30 41 38
CH(1.5) 100 100 100 100 98 100 100 40 38
LF(2.0) 69 65 69 64 53 69 60 73 62
LF(4.0) 8 8 87 8 72 8 80 88 79
EV(0.5) 38 36 37 32 26 38 30 41 37
EV(1.5) 90 8 90 8 75 90 78 90 88

5.2 TectoBu 3acHOBaHM Ha KapakTepu3allu-
jaMa Ha OCHOBY HE€3aBUCHOCTH CTAaTUCTHUKA

Y oBOM TOIIaB/by heMO IPeJICTaBUTH CTATHCTHKE HHTerpajnor u Koi-
MOTOPOBJHEBOT THIIA 3aCHOBaHe HAa KapaKTepu3alluju u3 TeopeMe 4.3.4

L. / / (HE () — GE (. 4))dF () dF(y),

KE = sup |HE(ti,t2) — G5(th,12)],

n
t1,t2>0

rie cy

1
Go(ti ) = o Y Hmin(X;, X)) < #1,]X; — X;| < to},

(5)
2/ 1<i<j<n

1 . 1
HE(t,to) = x> Hmin(X,, X)) <t} 7o Y H1Xe — X <}

(2) 1<i<j<n <2) 1<k<i<n

U-evmupujcke BHUIIeIUMEH3UOHE PACIIOJIENe.
Cratuctuka [, je acCUMITOTCKH eKBHBaJIeHTHA U-CTaTHCTUIU ca CHMe-
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TpUIHUM je3rpoM (B. [53])

1 :
qjg(le X, X3, X4) = Z ZI{HHH(XM, Xﬂ'z) < X7T3}(I{‘X7T4 - Xﬂ's‘ < Xﬂ'G}
" m(4)
- I{|X7T1 - X7T2| < XTF6})

[IpBa mpojekmuja je3rpa Ha X O TPETHOCTABKOM JIa BaXKU HYJITa XUIIOTE3a
je

1
1 1
- §P{|5 — Xo| < X3, min(s, Xp) < Xy} + EP{|X3 — X5 < s}
1 1
- ZP{’X?) - X2| S S,miﬂ(Xg,XQ) S X4} + 6P{‘X4 - X2| S Xg}

1
— 1 P{IXs = Xo| < Xy min(Xy, X,) < 5}
1 ‘ 1 3 —2s 1

OueknBame POjeKInje je HyIa JOK je heHa TUCTeP3H)ja

7

2:E$X2:
ore = BWHX)T) = o

Ha OCHOBY d4era 3akJbydyjeMo Jla ce paju o U-craruecrunu ca Hejere-
HepUCaHUM je3rpoM. Kao m y mpeTXomHUM TOTJIaB/hUMAa, KOPHUITNemeM Teo-
peme 1.1.2 3ak/bydyjeMo fa je TpaHHYHa paciojiena CTATHCTHKE /nlS Hop-

mamna N(0, 425).
QyHKIKMja BEJIUKOT OJCTYINamba, MOTpedHA 3a pauyHame JiokKajine ba-
Xa/IypoBe acUMIITOTCKe edpuKacHoCcTU ojpehena je y ciaenehoj jremu.
Hamomumemo ma cy oBa Jiema, Kao B ocTase JeMe V KOjuMa HUje HaTJIalleH

ayTop, OPUTHHAJHHA Pe3YITATH JUCepTaIuje.

Jlema 5.2.1. Hexa je ¢ > 0. Qyuxuyuja eeauxoz odcmynarea u3 meopeme
3.2.2 anarumunka je 3a do80OHHO MAAO € U 6AHCU

77760

2
501 ¢ +o0(e%), e = 0.

fre(e) =

Cneneha nema HaM 1aje TpaHUYIHY BPETHOCT Y BEPOBATHONU CTATHCTUKE
I¢ kan n — oo.

o8
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Jlema 5.2.2. 3a damy aamepnamueny gynruujy eycmune g(x; 0) uz damui-
uje G depurucare y odenky 3.2.2 sascu

bre(6) ~ 40/¢5(x)h(m)dm -0+ 0(0), 0 — 0. (5.22)

IIpumep 5.2.1. 3a BejbynoBy pacuogeny je h(x) = e + e “logx —
e *xlogz u mBocrpyko Kynbak-JlajosmepoBo pacrojame je 2K(0) = %202 +
0(0%), 0 — 0. TTpumenom Jjeme 5.2.2 no6ujamo

1
bre () = 6<1 +2log 2 — 2log 3)8 + o(0), 6§ — 0.
Kopucrehu semy 5.2.1 nobujamo ga baxajaypos Harud
cre(0) = 22.060% + 0(6%), 0 — 0,

oJjtakJie jgobujamo Jia je jiokasna baxajyposa edbukacnoct npudinzkao 0.419.

Jlokanrne BaxanypoBe e(UKaCHOCTH 3a TECT-CTATUCTHKY I;f 3a aJITepHa-
tuse (5.5)-(5.11) u (5.9) npukaszaue cy y tabenu 5.6. Kako je mspas (5.22)
MJICHTUYKH jeJIHAK HYyJIH 3a ojpehuBame JIoKaJHOr baxajaypoBor Haruba me
MOYKEMO UCKOPUCTUTH JjieMy 5.2.2 Beh rpaHuyny BpeJHOCT y BepoBarTHOhH
b(0) pauynamo mo geduHHNUjH & 3aTUM I00UjeHH U3pa3 pasBujamo y Mak-
JIOPEHOB peJl 3aKJ/bYIHO ca KBAIPATHUM YJIAHOM.

Tabena 5.6: Jloxamna Baxaaypopa epuKacHOCT 3a TeCT-CTATHCTHKY IE

AnrepnatuBa  Edukacuoct

Bejoyn 0.419
Maxkexam 0.714
Tamma 0.701
MEHT(3) 0.542
JICO 0.535
I'E 0.680
[IE 0.536

Cajia hiemo ucnuraTu acumnrorcka csojersa crarucrtuke K&. 3a uk-
cupano t; > 0 u ty > 0 mspaz HE(t,ty) — GE(t1,12) je U-crarucruxa ca

29
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jesrpom

=5 (X1, Xo, X3, Xy, t1,19) = %I{min(Xl,Xz) <t HI{|X: — Xo| < to}
— {| X35 — X4| < tp})
+ %I{min(Xz, X3) <t HI{] X2 — X3| < o}
—{|X, — Xy| < t}).
[Ipojexnuja oe pbamuinje jesrpa wa X, ako Baxku Hj je
€ (s,t,t5) = B(28(X1, Xo, X3, X4, t1,11)| X1 = 5)

1

= EF){II'1111<)(27 S) S tl, ’Xg - 8| S tQ}
1

— §P{mln(X2, S) § tl) ’Xg - X4| S tQ}
1

+ §P{m1n(X2,X3) S tl, |X2 — Xg‘ S tg}

1
— 5P{Hllﬂ<X2,X3) S tla ‘S — X4| S tg}
1

= 5e_s_%l_b( —1+e® +e2(—e® +e){s > ty}

—e"I{s > ti}(e® — e + (=€ + ) {s >ty + 1a})).

ucuepsuje npojekimja 1o, yCJa0BOM Jia BaxKu HyJita xunoresa Hy cy

1
U?g(tl,@) — Eeff)tlf?)tg ((_1 + et1)2<_1 o €tl + etz + €2t2)1{t1 S t2}

+ (=14 e2)? (=14 et —ef2 + 2t > t2}>

['paduk je mpukazan Ha 5.4.
Hobujamo ja je

oz = sup oz(t,ty) ~ 02(0.452757,0.669169) ~ 0.02234,

t1,62>0

HAa OCHOBY 4Yera 3ak/bydyjeMo Ja je Hama damMuanja je3rapa
{Z8(X1, Xo, X3, Xy, t1,t2), t1 > 0,ty > 0} nemerenepucana. ['pannuna
pacnosiena crarucruke K¢ Hmje mosHaTa, aim ce Moyke MOKazaTH a
U-emniupujcku mporiec

Vs(tl,tg) = \/H(HS(tl,t2> — Gi(tl,t2)> , t1lo > 0
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Cmuka 5.4: Tpadux dbynknumje o2 (t1, t2),

cnabo komseprupa y D((0,00)?) kag n — 0o menrTpupaHoM LaycoBom
nomy vE(t,ta) (B. [93]). Tama mms tecr-cratnctuka /nK¢ womseprupa
Yy PACIOJENN Ka CJIYUajHO] BEJIMTHHH SUD,, 504,50 [V (t1,t2)| amu je oxpehu-
Balbe TauHe paclojese OBe CJIyYajHe BeJHIMHE jaKO KOMILIMKOBAHO Ia Ce
y IPaKCU KOpHCTe TabJuie KpUuTHYHUX BpeaHocTu jgobujene Monre-KapJio
CUMYyJIaljama.

Jla 6ucmo mpumMenuin TeopeMy 3.2.9 o pyHKIMJU BEJTUKUX OJICTYHAHA 38
oBaj Tun U-cTtaTucTHKa HOTPEOHO je Ja MOKaXKeMO Jla CTATHCTUKA Kf: 3a,10-
BO/bABA BHIIEIMMEH3MOHH YCJIOB MOHOTOHOCTH IO Hapamerpy. llomesumo

unrepsaie [0,00) i [0, 00] Ha N 1e0Ba Tako Ja Cy YBOPOBH y TOAETH 1) \ =
log s, k=1,2,i=1,..,N. Osnaunmo T} ; y = [tf}v,tﬁw] X [tf])\,,tﬁ)l’]v],

i,j =1,2,..., N 3a dbukcupano i, j
1 2 1 2
sup  [HE(tte) — GE(t, t)] < GE(E, vt ) — HEED, v 1) 4)
(tlth)eTi,j,N

1 2 1 2
+ HE (N t ) — HEERL 1),

J

C .
e A (N) = HE(+W (2) HEGFWD @)
n( )— n(tiJrl,N?thrl,N)_ n(ti,Nvtj,N>'
! (5) ne LN VAL N D e T AL RN BN
2/ 1<r<s
1 . 1) L0
< =5 > Hmin(X,, X0) € [1% 67 w1}
1<r<s

Heka je 7 Hu3 peajiHux OpojeBa Koju KoHBeprupa ra nyau. Oznadumo T; =
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[tﬂ,, tSF)LN]. Taga BaxKu:
P{Ay >1n} < P{ (i) Z Kmin(X,, X;) € T;} > 7n}
2/ 1<r<s
§P{ L 3 X, €T} ZTN}—FP{% 3 X, €T} ZTN}
(3) 5=, (5) 5=,

IN

P{”illésl{){r € Ti} ZTN}

n

_ P{ Y X, eTy= " > 1TN}.

r=1

[TpumeTnmo 7@ cy cBU caDUPIU HE3aBHCHE U jeJIHAKO paciiojiesbeHe Beprysm-
jeBe ciaydJajHe BeJMUYMHE TIa je UXOB 30up OWHOMHA CJyvajHa BeJIndrHa
1
B(”? N)
[Tpumemyjyhu nejegnakocr (5.14) u crasmpajyhu ga je 7v = (log N)
3a JIOBOJbHO BeJiuKO N j106mjamo

P{AN Z TN} S 6—(”—1)\/W'

1
2,

OBuM je ycj10B MOHOTOHOCTH 110 TapameTpy mokas3an. [Ipumenom teopeme
3.2.9 nobujamo ja Baxku ciiejiehe TBpheme.

Jlema 5.2.3 (Mwromesuh, O6pagosuh 2015). Hexa je ¢ > 0. Qyukuyuja
seaukuz odecmynarwa 3a mecm-cmamucmuky K¢ je anasumuura y nyau u
MODICE ce npedcmasumu iy 0bAuKyY:

fre(e) = 0.715¢ + o(e?), € — 0.
: £
Y cnenehoj siemu ogpenunhemo jiumec y Bepoparnohn recr-crarucruke K,
KaJI 1. — 0O IMOJ, MPETIOCTABKOM JIa BaykKi aJTepHATHBHA Xumore3a Hi.

Jlema 5.2.4 (Munomesuli, O6pamosuli 2015). IIpemnocmasumo da je an-
meprwamusha 2ycmuna g(x;0) koja npunada gamusuju G. Tada je epanuyna
epednocm y Py eeposammohu mecm-cmamucmure K& xad n — oo

bre(0) = 40 sup

t1,t2>0

/g vitr, to)h(x)dz| + 0(6), 0 — 0. (5.23)

Jloka3 ce u3zBoiau npumenom [imBenko-Kanresujese Jjieme 3a V' craruc-
tuke. O3Ha49MMO ca ag(ty, to, ) TPAHUYIHY BPEJHOCT Y BEPOBATHONM CTATHC-
tuxe HE(ty,ty) — GE(t1,t2) Kaa n — oo. Ilpumenom [usenko-Kanrenujese
TeopeMe 3a V-cTaTucTHKe ce no6uja dyrkmmja af(t1,ts,0). Tama je

ag(tl, to, 0) = a%(fl,tQ, 0)9 + O(Q), 0 — 0,
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Ipu YeMy ce a00mja J1a je
tl,tg, / X, tl,tz )d.ﬁlf
0

£
Pauyname siokasne Baxamypose edukacHOCTH CTATUCTHKE K, WIyCTPO-
Bahemo mpumepom.

IIpumep 5.2.2. Heka je anrepratrnBa MakexaMoBa pacmnojienia ca TYCTUHOM
(5.6). Tana je h(z) = —2e 2 42e~* —e *x. @yukuuja aj(t, s, 0) upukazana
je Ha rpaduky 5.5.

000s @
0.0
Qoo L

amn [ e

Cnuka 5.5: Ipaduk dynkimje ag(ty,t2,0) y cayaajy Makexamose pacroese

CynpemyM ce joctuze y Tadxu (t5€,13€) ~ (0.405,0.693) u npubauzxno
um3Hocu 0.00617. Ilpumenom jeme 5.2.3 mobujamo 1a je gokaana baxamgyposa
edukacHocT Tecta npudauKHO 0.375.

Jlokasine BaxajypoBe eduKacHOCTH 3a OCTaJie aJITePHATUBE IPUKa3aHe
cy y tabenu 5.7. Heke k/jace JIOKaJHO ONTUMATHUX AJTEPHATHBA 33 TECT-
craructuxe I n K¢ nare cy ciegehom Teopemom.

Teopema 5.2.1. Hexa je g(z;0) dynruuja eycmune us G 3a xojy asrcu

[e.e]

/eth(x)dac < 00.
0
Tada cy, 3a mano 0 > 0, 2ycmune armepnamuee

g(z;0) = e 4+ e 9(C 1 (z) + Dy(x — 1)), >0, C;, >0, D; € R (5.24)

g9(w;0) = €™ + e "0(Cot® (2, tro, ta) + Da(x — 1)), £ >0, C >0, Dy €R,
(5.25)
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Tabena 5.7: Jloxamna Baxanyposa edukacroct 3a Tect-cratnctnky K&

Aurr. Edukacuocr
Bejoyn 0.200
Maxkexam 0.375
lamma 0.131
MEHT(3) 0.334
JICO 0.235
I'E 0.315
[IE 0.235

ede je (ti0,t20) ~ (0.452757,0.669169), aokaano onmumasne 3a mecms-
cmamucemuxe 1€ u K&, pedom.

Hoka3 je anasioran jokasy Teopeme 5.1.1 ma hemo ra m3octaBuTH.

5.3 TecToBu 3acHOBaHM HAa KapaKTepu-
3amnmjaMa Ha OCHOBY (DYHKITMOHAJIHE
jeaHaunHe KOjy 3aa0BoJbaBa (YHKIHIjaA
pacmo/jeJsie

Y oBoM ose/bKy hemo npukazaTu TecToBe carjacuoctu ca llaperoBom u Jio-
THCTUYKOM PAcCIofeaoM. TecToBn carsacHocTu ca [lapeToBoM pacrojesiom
cy 3aCHOBaHU Ha KapakTepmsanuju llaperose pacnogesne u3 teopeme 4.2.1 a
TECTOBHU CAIVIACHOCTH Ca JIOTHCTHYKOM PACIOIEJIOM Cy 3aCHOBAHU HA OCHOBY
Kapakrepusanuje 4.2.2.

5.3.1 TectoBu carnacuoctu ca IlaperoBom pacnoje-
JIOM

Jla 6ucmo Tectupasiu cjaox)eny nyary xunoresy Hy ja je yzopak us [laperose
pacrozie e mpejIakeMo TeCT-CTATUCTHKE HHTerpaHOT n KoJIMOropoB/beBOT
THIIA KOje He 3aBUCe O] mapaMeTpa obJuKa A

. / / (HP (2, ) — GT(x,y))dF(2)dF,(y)

KP = Ssup |Hf(t1,t2) —GL)(tl,tg)l,

n
t1,t2>1
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re cy

1 1
H;’;(tl,tg) = @ Z 5 ZI{XZ'TF(U > tl}I{Xi,r(Q) > tQ}

1<i1<ie<n ~ 7(2)

n

1
Gzlj(tl, t2> = ﬁ ZI{XZ > tth},

i=1

. . 7) .
U-emnupujcke BurieauMen3none ¢yuknuje pacnojesne. Crarucruka [, je
ACHMIITOTCKH EeKBUBAJEHTHA U-CTATHCTHUIIN €& CHUMETPUYHUM je3rpoM (B.

[53])

\IJ (XlaX27X37X4 4‘ Z <I{Xﬂ'1 > X7T3}I{X7r2 > Xﬂ'4}
m(4)

X, > XMXM})
[IpBa mpojexiuja jesrpa Ha X MO/ IIPETIOCTABKOM JIa BaxKH HYJITa XUIIOTE3a
je
PP (s) = B(UP (X1, Xa, X3, X4)| X1 = 5) = %P{X3 > shP{Xy > X4}
4 %P{s > Xy P{X, > Xy} — iP{s > Xy X}

1 1
— Z_LP{XQ > X3X4} — §P{X2 > SXg}.
OuekmBame IpOjeKIlnje je Hysa J0K je HheHa IUCIeP3Hja

)
7t = B (X0)) = oo,

Ha OCHOBY dYera 3aK/bydyjeMO Jla je TPAHWYHA PACIoesa TeCT-CTaTUCTHKe

VnlI? wopmanna N (0, 25).
3a dukcupane t; > 1 u ty > 1 uspaz H' (ty,t2) — GF(t1, 1) je U-
CTATUCTHKA CA CHMETPUIHUM je3TPOM

— 1 1
:P(Xl, XQ, tl,tg) :§I{X1 > tl}I{XQ > tQ} + §I{X1 > tQ}I{XQ > tl}

1 1
—§I{X1 > tth} — §I{X2 > tltg}.

[Ipojeknuja je3rpa Ha X; YKOJUKO BayKu HYyJITa XUIOTE3a je

1
—+ —I{S > tl}

P(s) =B(EP (X, Xo:t1,t5)| X = s) = —
£ (s) (E" (X1, Xoit1, 12)| X1 = 5) oty o

‘l'—I{S > tg} — —I{S > tltg}
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Jncnep3muja oBe MpojeKIje je

—1 41ty —tg+ t1ts
422

1—1t +ty 4+ tits
422

I{tl < tg} + — I{tl > tz}

U%(tla t2) =

['pacdbuk ose dyHKIHje je MpuUKa3aH Ha CJAUNU 5.06.

Cinka 5.6: Tpaduk dbynxmmje o (i1, t2),

Jobujamo ja je

0p = sup op(ty,tz) = op(1.414,1.414) = 0.0625,

t1>1,t2>1

Ha OCHOBY Yera 3ak/pydyjemo Ja je dpamummja jesrapa {=7 (X, Y, t,ts), t; >
1,ty > 1} Heserenepucana.

[panuuna pacuogena crarucruke K Huje 103HaTa, ajid ce MOWKE
nokasaru ja U-eMIupujcku mporec

I/Z;(tl,tQ) = \/ﬁ (H;’L)(tl,t2> — Gﬁ(tl,tQ)) , t1tg > 1

cinabo xouseprupa y D((1,00)?) kag n — oo nenrpupanom [aycoBom 1oy
vP(t1,t2) (8. [93]). Tama mmz Tect-crarmeruka /nK! xomseprupa y
PACTIOIE/IN Ka CIIy9ajHO] BeIIIHHN SUDy, 50 1,50 |V (t1, 12)| amn je onpelhusame
TadHe PACIOeie OBe CAydajHe BeJIMInHe jJAKO KOMILIMKOBAHO T1a Ce Y TPAKCH
KOpHCTe TabJIuIe KPUTHIHUX BpeanocTn nooujene Monte-Kapio cumyau-
jama.

Jlako je mokazatu ja TecT-craTucTuka K 3aj0BOJbaBa  yCJIOB
MOHOTOHOCTH TI0 TlapameTrpy ma KopwuiihemeMm Teopema 3.2.6 u 3.2.9 modu-
jamo jia Baxku cjaejehe TBpheme.
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Jlema 5.3.1. Hexa je ¢ > 0. Qynruyuje sesuruxr odecmynarea u3 meopeme
3.2.2 sa mecm-cmamucmuxe 17 u K7 cy anasumuuke y nyau u moz2y ce
npedecmasumi y 00AuKY:

216 ,
frr () :Tg +o0(?), e = 0,

fxr(e) =26 + 0(e%), € — 0.

Cneneha JslemMa Jaje HaM TpaHWYHY BPEIHOCT Y BEPOBATHONMW TecT-
crarucruxa I7 u K7 kan n — oo ykoamko Baxe GJMCKe ajJTepHATHEBE.

Jlema 5.3.2. IIpemnocmasumo da je aamepramusna eycmuna g(z;0) xoja
npunada pamusuju G dedpunucanoj y odenmry 3.2.2. Tada cy epanuune aped-
nocmu y eeposammohu Py sa mecm-cmamucmuxd I7 u KP xad n — oo
pedom jednake

br(0) = 40/2/17) x;ty, ta)h(x)dx + o(6), 0 — 0,

brr(0) =20 sup

t1,t2>0

/5 (x;t1,ta)h(x)dx| 4+ 0(0), 6 — 0.

Jlenosu ema 5.3.1 u 5.3.2 xoju ce oanoce Ha cratucuky K npukazanu
cy y pauy [69].

Y paay [85] cmo mokazamu Ja ce apocrpyko Kysbak-JlajosrepoBo pacro-
jame Ojucke anrepHaruBe oj damuiauje llaperoBux pacmogena Moke
IPUKA3aTH Y OOJUKY

2K7(0) = 92(70x2h2(x)dx - (7h(m) 1nxd:c>2) +0(6%), 6 —0. (5.26)

Opabpasm MO ajaTepHATHBE KOje Ce BeOMa 9eCTO KOPHCTE KA0 aJTePHATHBE
[TapeToBoj pacrojesn a 3a Koje BazKi Jia ce CMalbUBameM rmapamerpa 6 mpu-
ommzkaBamo Oamn 1laperosoj pacnogenu. To cy:

e sior-BejOystoBa pacrosesna ca ryCTHHOM

gi(2:0) = (1 +60)2% """ 2>1, 60 €(0,1), (5.27)
® JIOT-TaMa PACHoJENa ¢a TYCTHHOM
20
go(z; 8,0) = me_x, x>10€(0,1), (5.28)
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a Jlej-llamnnaBenne anTepHaTuBa ca TYCTUHOM

1 0 1-41 1
gg(wae) _ ﬁ B o cos (Zz( m))7 r>1,0¢ (0, ;)7 (529)

HHBep3Ha 0eTa paciojena ca IYCTHHOM

1+6
)

ga(;0) = <1 — i)e, x>1,0¢€(0,1), (5.30)

e [laperoBa pacmomesa ca THAT napamerpoM (B. [63]) ca rycruroM

1+6

95(36;9) = m,

z>1,0€(0,1), (5.31)

e MmemraBrHA [lapeToBUX anTepHATHBA €A TYCTHHOM

1—-6 36
72 + W,l’ >1,0¢€ (O, 1). (532)

gz, 0) =

Pauyname jokanne baxamgypose edukacHocTun mirycrpoBahemo mpumMepoM.
Pesynratu 3a octajie ajaTepHATHBE NpHKazanu cy y tademu 5.8. Mozxkemo
IPUMETHTH 2 je TeCT HHTErPAJHOT THIIA J0CTa epbuKacat, mocebHo y caydajy
Jor-Bejoysiose anrepaaruse u [lapeTose pacmomgese ca TUIT apaMeTpOM JTOK
cy edukacHoCcTH TecTa KoJMOropoB/beBOI THIIA JIOCTA MAIbe.

Tabena 5.8: Jlokanua Baxamnyposa ebuxacuocr 3a tecr-cratuctuke I u K7

Anr. IV KP
g1 0.821 0.158
g2 0.788 0.174
g3 0.720 0.23
gs  0.777 0.181
g5 0.800 0.1875

ITpumep 5.3.1. Heka je anrepuaruBa nHpBep3Ha OeTa pacrojesa ca I'VCTH-
mom (5.30). Tazxa je

1 log(1-1

['pannuna BpejHoCT y BepoBarHOhm Tect-cTaTucruke I Kaj n — 0o je
1
brr(6) = 5(72 —9)0 + 0(6), 6 — 0.
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13 uspasza (5.26) u 1eme 5.3.1 mobujamo ga gokanna baxaayposa epuracuoct
craructuke I7 jennaxa 0.777.

['pannuny BpejHOCT y BepoBaTHOhM Tect-cratuctuke K kajg n — 00
pauynamo Tpaxkehu cynpemym dbyukimje ap(ty, s, §) nedunncane anaaorao
dbyakujn ag(ty, ta, 0). I'padbuk byuknuje a’p(ty, 2, 0) npukasan je Ha cunu
5.7.

Cmuka 5.7: I'paduk bdynkmmje ap(ti,t2,0) y ciaydajuy uxBep3He Oera
pacmoee

Cynpemym ce gocruzke y Tauxu (t57,127) ~ (1.447,1.447) u usnocu upu-
6mzkuo 0.0812. Kopucrehn uspas (5.26) u semy 5.3.1 gobujamo ja jokaiHa
Baxayposa edukacnoct crarncruxe K npubimkuo jeqnaxa 0.181.

[Iporus antepuatuse (5.32) UHTErPATHU TECT HHUje MOCTOjaH. 3a TECT-
craructuky K ce nobuja ma je nokamna Baxagyposa edpukacHoct

86 —4
€K79(/6) = —2B+1 .
g
Makcumasina epuracHocT ce moctuzxke 3a [ ~ 6.114 u u3HOCH TPUOINIKHO

0.292.
Heke Jloka/THO ONTUMAJTHE alTepHATHBE 3a TecT-cTatucTuke [7 u K7 nare
cy ciaemxehoMm TeopeMoM.

Teopema 5.3.1. Hexa je g(x;0) dynruuja eycmune us G 3a xojy easrcu

o0

/x2h2($)dx < 00.

1
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Tada cy, 3a manro 0 >0, eycmune armepramuee

1 1
g(z;0) = = + EG(Cle(:c) + Dy(logx —1)), >0, C; >0, D; € R
(5.33)
g(z;0) = e 4+ e7O(Co€T (2, 119, tao) + Do(logx — 1)), >0, C >0, Dy € R,
(5.34)

2de je (t1o, tao) = (1.414,1.414), sokaaro onmumaste 36 MeCM-CMAMUCTUKE
I” u K7, pedom.

Jloka3s je anaJsioran jokasy Teopeme 5.1.1 y3 HarmoMeny jia je cajia moMohHa,
dyHKIHIja

o0

logz — 1
ho(2) = h(z) — =22~ /h )sds.

1

5.3.2 TecT carslacCHOCTH ca JIOTUCTUYKOM PacCIoeJiOoM

3a Tectupame caoxeHe HysaTe xumnorese Hy ma je yszopak Xi,...,X, u3
JOTUCTHYKe pachojene ca dyHKIujoM pacnogesne (4.8) mpenmazxeMo TecT-
CTATUCTUKE WHTErpaHOr  KoaMOropoB/beBOT THIIA 3aCHOBAaHY Ha KapakTe-
pusanuju 4.2.2.

_ / / (HE(z,y) — GE(x, y))dFy(z)dFy(y)

KE = sup |HE(ty,t2) — GE(ty, t2)],

t1,t2€R

rjae cy

HE(t, 1) = > 3 Z KX, <ti+t{X , >t {X; , >t}

(3) Z1<12<13 ' (13

GE(ty,ty) = ) Z Z KX, > t+6{X , <t}{X; , <t}

Z1<12<Z3

[Ion mpeTmocTaBKOM J1a BaxKW HYJITa XHMOoTe3a Hy TecT-CTaTUCTHKE Lf u
KF ne 3aBuce oy mapaverpa ckKajupama A 11a Y Ja/buM U3padyHaBamuMa
MOZKEMO MPETHOCTaBUTH Jia je A = 1.
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Craructuxa [X je acumnTorckn exBupatentHa U-CTATHCTHIM Ca CHMe-
TpudHUM jesrpom (B. [53])

\IJE(Xla X27 X37 X47 X5) -

1
= (I{Xm < Xp, + Xo X, > XX, > Xo)
6

Xy > X, X X, < X M, < Xﬂ3}>.

[IpBa mpojeknuja je3rpa Ha X O TPETHOCTABKOM JIa BaXKU HYJITa XUIIOTE3a
je

PE(s) = B(UF (X1, Xo, X3, X4, X5)| X1 = 5)
_ éP{s < Xot X5, Xy > Xo, X5 > Xy}
- EP{Xz; < Xp + X3, 8 > Xo, X5 > X3}
. gp{x2 <S5+ X5, Xy > 5, X5 > Xs)
- %P{s > Xo + X3, Xy < Xo, X5 < X3}
- §P{X4 > Xy + X3, < Xo, X5 < X3}
— gP{Xz > 54 X3, Xy <5, X5 < X3}
OuekuBame IIpojeKxIyje je Hy/la a JUCIeP3uja
0%, = E(Y(X))?) ~ 4.146 - 107
Ha OCHOBY 4e€ra SaKJI)y‘IYjeMO a je I'paHu4YHa pacnoaesia TeCT-CTaTUCTHKE
VnIE wopmasma N(0,10.4 - 1074).

Ba duxcupane ti,ty € R crarucruka HE(t),ty) — GE(ty,ts) je U-
CTATUCTHKA €3 CUMETPUYHUM JEe3rPOM

—_ 1
\:l:(Xl, XQ, Xg, t1, tg) :§ Z (I{X“ <t + tQ}I{XZ2 > tl}I{Xlg’ > tg}
" 7(3)

—I{X“ >t + tQ}I{Xl2 < tl}I{ng < tz}) .
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[Ipojexmnmja jesrpa Ha X; ako Baxkum Hj je
-1+ et + et2 + et1tt2
3(1+etr)(1+ et2)(1 + etrtte)

el (14 e')
(14 ef1)(1 4 etrttz)

££(57t17t2> :E(EK(X17X27X37t17t2)|X1 - S) -

e2(1+ e')
— I{s > 11} —
3(1 + ef2)(1 + efrttz) s>t} 3

1+ etitt2
+ s>t +1t
3(1+ et)(1 + et2) fs>t+t}
spas 3a jaucuepsujy o je Ipesulle rjoMasan j1a ou ce npukaszao. ['paduk
0% je mpukasan Ha 5.8. CynpeMyM aucrep3uje je

I{S > tg}

Ciomka 5.8: Tpaduk dbyuknmje o%(ty, t2),

07 = sup oz~ 02(0.669169,0.669169) ~ 0.00945498.

t1,to€ER
Ha ocnoBy cynpemyma u rpaduka 3ak/bydyjeMo ja je dpaMuianja jesrapa
{Z£(X, t1,t2)), t1,t2 € R} Hemeremepucana u aa U-eMIIPHjCKO TOTHE
Vﬁ(tl, tg) = \/ﬁ (Hg(tl,tg) — Gﬁ(thtg)) , titg > 1

kompeprupa y D(—o00,00) xa mnentpupanom laycoBom mosmy v-(ti,ts) (s
[93]). Taga uus recr-craTucTUKa A/NK % KonBeprupa y pacrojesu Ka cyda-
JHOJ BEJIMHHHE SUDy, 4 [V5 (1, t2)]-

[Ipumenom Teopema 3.2.6 u 3.2.9 gobujamo jga Baxku cjaeiehe TBpheme.

Jlema 5.3.3. Hexa je ¢ > 0. Qynryuje sesuruxr odecmynarea u3 meopeme
3.2.2 sa mecm-cmamucmuxe 15 v K~ cy anasumuuxe y nyasu u moz2y ce
npedcmasumi y 00AUuKY:

fre(e) = 48.25¢% + o(e?), € — 0,
free(e) == 5.87e? + o(e?), € — 0.
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Cneneha nema HaM J1aje TPAHUYHY BPEIHOCT Y BEPOBATHONM HAIIIMX TECT-
CTaTUCTHUKa IO MPETIIOCTAaBKOM Ja BazKKU aJITEpHaTUBHa XHUIIOTE3a Hl-

Jlema 5.3.4. [Ipemnocmasumo da je asmepnamusna 2ycmuna g(x;0) xoja
npunada pamuruju G depurucarnoj y odenky 3.2.2. Tada cy eparuune eped-
nocmu y eeposammohiu Py mecm-cmamucmurka I5 v K xad n — oo

bic(0) = 56 / Y (x)h(z)dz + o(6), 0 — 0, (5.35)
bre(0) =30 sup ‘/5 x;ty, ta)h(x)dz| + o(0), 6 — 0. (5.36)
t1,t2€ER

Jenosu jiema 5.3.3 u 5.3.4 koju ce ognHOCe Ha cTarucuky K* npukazanu
cy y paxy [69].

3a JIOrUCTHYKY PaCIoIesy ce y JUTepaTypu He MOKe Hahm MHOTO TeCcToBa
CarJIaCHOCTH & CAMHMM THUM He IOCTOje CTaHIapHIHe aJITepHATHBE NPOTHB KO-
juX ce MepHu e(pbUKACHOCT TecTa. 3aTo €y aJTepHAaTuBe Koje hemo mocMaTpaTu:

® aJITepHaTHUBa TpaHCHaHI/Ije Ca I'VYCTHUHOM

e—(:l:—@)

gi(x,0) = m,

z€R, 0€(0,1), (5.37)

e renepasn3oBaHa JorucTudka pacnogena (I'JI) ca rycrunom

(14 0)e "

a0 0) = (e

reR, 6e(0,1). (5.38)

Y cayugajy Jorucrutke pacrnojesne Huje moryhe nahu amaanTtuyakm uspas
3a uadumym (5.3). 3aTo HEe MOKEMO U3BECTH H3pa3 3a ABOCTPYKO Kynbak-
Jaj6aeposo pacrojame camdan uspasy (5.26) 3a [laperoBy pacnomeny. 3ato
hiemo 3a cBaky ajarepuarTuBy nocebno ojapeuru undumym uspasa (5.3). Ipn
TOME KOPUCTHMO TEOPEMY O UMILIUIUTHUM (DYHKIHjaMa U YUILEHUILY J1a CY
anrepHarnBe Osmcke. 3a aarepHaruBy (5.37) mobujamo ga je JBOCTPYKO
Kyn6ax-JIajosepoBo pacrojame IMOCTHTHYTO 34 X;(G) = 1+ 0(f) u usHocu
npubzkno 0.330% +0(6?), nox je 3a anrepuarusy (5.38) jeanax npubIHKHO
0.82602 + 0(6%) 1 nocruxe ce 3a Ay (0) ~ 1 —0.350 + o(d), 6 — 0.

I'padux dyunkunje |aj,(t1,t2,0)| 32 anrepHaTuBy TpaHCIanuje IPHKA3AH
je Ha caunnm 5.9. CymepMyM amcoayTHe BpeIHOCTH (DYHKIHjE ce TOCTUKE Y
KoopauHaTHOM moveTKy u usznocu 0.0417. I'padux byukuuje |aj (1, t2,0)] 32
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reHepaIn30Bay JIOTHCTUYKY pacHojedy npukasan je ua caunu 5.10. Cympe-
MYM AIICOJIyTHE BPEJHOCTU (PYHKIIHjE Ce JOCTUZKE Y KOOPJAMHATHOM IMOYETKY
n u3Hocu 0.0577623. ¥ Tabenm 5.9 cy upukaszane JiokajgHe baxajypose
eduracnoctu 3a asrepuaruse (5.37) u (5.38).

Tabena 5.9: Jlokanna Baxamyposa edukacroct 3a Tecr-crarncruxe [5 n K~

Aurr. Irf Kf

@ 0.988 0.551
gy 0.845 0.430

Cauka 5.9: I'padux byukmmje |a(t1,t2,0)| 3a anrepHaTuBy Tpancaanuje

5.4 TecTtoBm 3acHOBAHM Ha KapakKTepu3allu-
jaMa Ha OCHOBY MOMeHaTa

Y 0BOM TOTJIAB/bY MPEJICTAB/HAMO TECTOBE CAIVIACHOCTH 3aCHOBaHE Ha KapakK-
Tepu3anuju yuupopMmue pacrtogene u3 teopeme 4.4.1 3a k = 1. Pesynraru
cy mpukazanu y paxy ayropa [99]. Heka cy Xi,..., X, He3aBUCHE U jeJTHAKO
pacuo/jie/beHe caydajHe BeJMYnHe ca HepeKuIHOM (DyHKIIIjoM pacuojiesie Fjy.
Be3 ymarmena OMIITOCTH MOYKEMO MPETIOCTABUTH Ja €€ Paju O yHUDOPM-
Hoj U[0,1] pacnomenn. YKOJIUKO KETUMO Jia TeCTHPAMO Ja je Y30pak u3
pactionesie Fy mpumennhemo Hamm TecT 32 yHHGOPMHY PACHOAEIY Ha TPaHC-
dbopmucan yzopak Fo(X7), Fo(Xs), ..., Fo(X,).
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4

Couka 5.10: I'paduk dbyukunje |a.(t1, t2, 0)| 3a reHepaIn30BaHy JOrHCTHIKY
paciosesy

Ha 6ucmo recrupann Hy na je F(x) = z, x € (0, 1) npegnazkemo ciaezeliy
KJIACy TeCT-CTATHCTHUKA.

m_ 1 5 2
T —(m11> Z (X(1),Xi1,---7xim n+1X(2),X7;1,...,Xim+1

11 < <imi1 5.39
; (5.39)

+(n—|—1)(n—|—2))

OBe craTHCTHKe Cy aCHMITOTCKH €KBHBaJIeHTHe ca U-cTarumcThKama ca CH-

METPUIHUM je3TrPOM

1 2
P (X1, .0, Xny1) = 1) Z X(21),Xﬂ,..‘,x,rm - n—_l_lX(z),Xl,...,Xm+1
" w(m+1)
2

T Dt

[TpBa mpojekimja jearpa @, (X7, .., X,n11) Ha X1 ako Baku Hy je

m—1
¢m(3) = E(‘Dm(Xl, --aXm+1)|Xm+1 = 3) = TE(X(l),s,Xl,...,Xm_l)
1 2
—F(X - —F(X
+— (X).x1.x0) e (X2),5.%1,..Xm)

s €10,1].

T rDm 2
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Jlako ce MoxKe TMOKazaTwu Ja Cy MpBe MPojeKInje UIeHTHIKN jeHaKe HYJIH.
3aTo ce, 3a pa3/IMKy OJ1 MPETXOAHO ITOCMATPAHUX CTATHCTUKA Y JINCEPTAIU)H,
paam o U-craTncTukama ca JereHepHCaHuM je3rpoM Koje, Kao MTO CMO MOTJIH
Jla BUAMMO y TOIJIaBby O U-cTaTucTuKaMa, UMajy Apyradnja acCHMITOTCKA
cBojcTBa 0J1 U- cTaTuCTHKA ca HeJleTeHepUCAaHUM je3rpoM. Ipyra mpojexiuja
jearpa O, (X1, .., Xpni1) Ha (X0, Xpnp1) aKO BazKé HYJITA XUIOTE3A je

¢:n($,t) = E((I)m(Xla ) Xm—i-l)‘Xm = SlaXm—H = t)

m—1 1

T Vb ——E(Xq . .
o] (X),s6.X1, Xn5) T o (X(1).5.X1, X 2)

1 2

—F(X — E(X 94

+ m + 1 ( (1)7t:X1:~~7X'm—2) n + 1 ( (2)7 7t7X17~-~7Xm—1)

2
+ s,t € [0, 1].

(n+1)(n+2)’

E(X(1)st.X1,Xms) = Hs < t}(sP{s < X(1),x1,. X5 }
+ E(X1),x1,0 X s H{X (1) X1 Xoms = SY))
+I{s > t}(tP{t < X(1)x1, X0 s}
+ E(X1)x1, 50 s H{X (1) X1 X5 = T}))

E(X(1),S,X1,...,Xm_2) = sP{s < X(l),Xl,...,Xm_g}
..... X8 > Xy X0, X0 0 })
E<X(1),t,X1,-~,Xm72> = tP{t < X(1)7X1,~~,Xm72}

+ E(X@),x1,. Xm_oH{t > X(1),x1,. Xmo )

B(X(2) 505150 1) = s <t} (tP{X1) xs,.. X0y >t}
+ 3P{X(1),X2,...,Xm_1 <5 < X(2), X2, Xom1
+ E(X(1)7X17.“7Xm711{8 < X(1)7X1 77777 X < t})
+ E(X2), %1, X HX @), 00X > 51
F+tP{X (1) x0 X << X(2) X0, X
+ E(X1)x1, xm < Xy x, Xm0 < 5})
+ E(X2), %1, Xm X @), X100 X1 > t})})
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Hakon pauynama mobujamo

2
L+ mP2+m)
= t™) +m(—2(1 — )™ (1 — )™+ 2(1 — t)mt))

Qb;n(sat):—m (—2+2(1—t)m+m2<_(1_8)m+1

4 ml{s <} (1 =)™ — (1= ™).

Bam=1um = 2 nobujajy ce cienehe npyre mpojekiuje jesrpa

s? 52 1
®3(s1,82) = = + = — max(sq, $2) + =, (5.40)
2 2 3
x 1 2 2 2y, L 2 2 42 1
®5(51, 52) :§I{s<t}(s —2t+t°—s )+§I{s>t}(t —2s+ 5" —t ) +6
Lo 1y 25 23
e R B )
+ 35 + 3 93 9
(5.41)

OuwnryieHo je 1a je apyra npojeKiinja PasjndauTa O Hy/1e. 3aT0 MOXKEeMO
3aK/BYUYHTHU JIa je Hallla KJaca CTaTUCTHKa Kjaaca U-cTaTHCTHKA ca cJaabo
JIeTeHEePUCAHUM je3TPOM.

Kopucrehu teopemy 1.1.4 mobujamMo 1a BazKu
d (m+1 > 9
nT"™ — < 5 ) Zz/i(TZ- - 1),
=1
rJle Cy V; COTICTBEHE BPEIHOCTH WHTErPAJHOT oneparopa S aeduHucaHor ca

1

S(t) = / b (5, 1) f(5)ds.

0

Hakse, Tpeba ja peruMo HHTErpaany jeHadnHy

vf(t) = / b (5, 1) £ (s)ds, (5.42)

1
y3 yeaos [ f(s)ds = 0.
0

Osnaunmo ca y(t) = f(f f(s)ds. Haxou mudepennnpama uspas (5.42)
mocTaje
(1—t)y™t

vy'(t) = —2m—+1y(t)a y(0) =0, y(1) =0.
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Ja 6HCMO pelTHIn OBaj TPAHUYHH HPO6GJIeM YBeIuMO cMeHy t = 1 — s u
A = vt Tazga nobmjamo jegHaunny

y'(s) + = Ay(s)s™ =0,95(0)=1,y(1) =1 (5.43)

Y Tekcry Koju ciaean mokaszahemo kako ce Moze pemutu (5.43) y ommrrem
cay4dajy. 3a m =1 u m = 2 oapeauheMo TauHy WU TPUOJINKHY BPEIHOCT
Hajsehe KapaKTepUCTHYHE BPETHOCTH (PENUIIPOYHE BPEJIHOCTH HAJMAE COTI-
CTBEHe BpesHOCTH) moTpebHy 3a oapehuBarbe jokasiHe Baxaypose edukac-
HOCTH TeCTa.

Ba m = 1 uspas (5.43) nocraje nozuarn 1ITypm-JIynBuaos rpanndnu
npobJeM

y'(t) + Ay(t) = 0, y(0) = 0, y(1) =0,

IIa ce eo creKkTap omeparopa S Moxke oapeautu. Jlobujamo ma cy KapakTep-
HCTHYHE BPEJIHOCTH (PelUIpPOYHe BPEJIHOCTH COTNCTBEHUX BPEIHOCTH) N\, =
k?72, k=1,2... na je riiaBHa KapaKTepUCTUUHA BPEJIHOCT \; = 7.

MurpecanTHo je ja Tecr-crarucruka Kpamepa u ¢pon Muzecosa craruc-
THKa MMa UCTO je3rpo Kao Hama cratuctuka T).. 36or rora he ome mmaru
CAMYIHA ACUMIITOTCKA CBOJCTBA.

Y cayuajy (5.41), m3pas (5.43) mocraje

2
y'(s) + 3A(s)s = 0, y(0) = 1, y(1) = 1.
Kopucrehu pesynarar u3 xmure [51] (2.162, crp.440) 3a a = 0, ¢ = O u
b # 0 nobujamo ma je pemere jeqHaunHe JnHeapHa Kombunarja becemoBux
dyHKIHja TpBE BpCTE

OJIL\D

y(s) = 257 f( n( )3\5)1“(%)01+Jé((§s)3\/X)F(§)Cz>7

pu 4yemy je

- (_1)k 920 +2k
) =2 )

v+k+1)

M3 rpaHnYHEX yCJI0Ba JJO0MjaMO CHCTEM

limy(s) =0 = C},
s—0

G

@\»—t
c:\»—‘

y(1) =0 =25\
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KOjI MMa pellierha YKOINKO je A\ Hys1a Becemose dyukimje J% ((%)%\/X) Ko-
pucrehu HymMepuduke mMeToze J100MjaMo 114 je riiaBHA KapaKTePUCTHIHA BPel-
Hoct \; = 28.4344.

Y omirreM cay4ajy, jga oOucMo ojgpeuan A 3a m > 1 Tpeba jia oJapeumMo
KaJia cyaefelin cucreM MMa, pellerba:

1\~ mt m T
() () e

m m+1

22\ )F 24+m

. Cy=0.
1—}—m)% 1+m) 2

m—+1

@O (14 ) o+ ) (-

3aro je npobiieMm ojpehuBama KapaKTepUCTUIHUX BPEIHOCTH A €KBUBa-
JieHTaH 1npobjemy ojpehubamwa Hysna Becesosux dbyukuuja J 1 (), Koju ce
m—+1
MOYKe PEIATH 3a CBaKo m > 1.

Y Tekcry Koju cjeam ojpeamhemo JiokajsHy baxaiypoBy edUKacHOCT
TEeCTOBa M YHOPEAUTH NX Ca HEKUM KOHKYPEHTCKHM TeCTOBHMA.

C ob3mpoMm Ha TO Ja je HyJATa XUIOTe3a MPocTa ABOCTpyKo Kynbak-
JlajomepoBo pacrojame Guncke anrepHatuse ca GbyHKIHjoM ryctaue gz, 6)

" 2K (0) = I(9)6* + 0(6%), 0 — 0, (5.44)

rie je I(g) € (0,00) madopmarmona dynkinuja Purrepa.
Konkypenrcku TectoBu cy

e tect Komoroposa u Cmupnosa

D,, = sup |F,(t) —t|; (5.45)
te(0,1)

e tect Anjepcona u Hapaunra

1
F.(t) — t)?
A? :/Mdt; (5.46)
0
e tect Kpamepa u dpon Muzeca

W2 = / (F,(t) —t)dt; (5.47)
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e tect @opruana u ['paHe 3aCHOBAH HA MAKCUMATHUM KOopesaiujama [26]

6 n
Q° = |Qn—1|:|EZ(2i—n—1)X(i)—1|; (5.48)

i=1

e tect Xamumora u [HTupaxare ([36])

Cn_<">_1 S h(Xi X, Xi, X)) (5.49)

4 A
1<j<k<l
re je
1
B(Xi, X, X X1) = 52 (36 = X,)? + (X = X0 + (X = X0)?
+ (X = X)) + (X — X0)* + (X — Xl)z)

- é((max(Xi, X;) — max(Xy, X)) (min(X;, X;) — min(X, X))

+ (max(X;, Xj) — max(Xj;, X;))(min(X;, X)) — min(X;, X))
+ (max(X;, X;) — max(X;, X;))(min(X;, X;) — min(X;, Xk))>.

AnrepHaTrnBe yHHMOPMHO] HPOTHB KojuX hemo ompenwTu JioKajaHe ba-
XaJIypoBe epUKACHOCTH CY:

e cTereHa pacnojiesa ca (pyHKIUjoOM I'YCTHHE

gi(z,0) = (0+ 1)z, 2 €(0,1), > 0; (5.50)

® Dacnogesia Ca I'YCTUHOM

go(z,0) =1+602x—1)z € (0,1), 6 > 0; (5.51)

e MelraBuHa yHUMOPMHE U CTEIIEHE PACIIOJE/Ie Ca I'YCTUHOM

g3(x,0) =1 — 0+ B02°~', x € (0,1); (5.52)

e 1pyra Jlej-llannmaBenne aaTepHaTHBa ca T'YCTHHOM

gs(z,0) =1 —Orsinze, v € (0,1) 0 € [0,7 ). (5.53)
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Mozke ce OKa3aTH Ja OBe aJlTepHATHBE 3310BOHABA]Y YCIOBE PErYIapHOCTH
necdunucane y ogae/bKy 3.2.2 .

3a Heke Oj KOHKYDEHTCKHX TeCTOBA Cy mHo3HaTe (DYKIHje BEJIUKHX
oJICTyTatba HeomxoHe 3a onpehusame jokanne Baxaaypose epUKaCHOCTH.
Oynknuje ce mory nahu y [75] u [31] 3a TectoBe (5.45)-(5.48)

fola) = —2a* + o(a?), a — 0,
fala) = —a+o(a?), a — 0,

fola) = —gCLQ +o0(a?), a — 0.

Y Tekcry Koju ciiegu hemo ojpenuTu (PYHKIH]Y BEJIUKHX OJACTyHAa 3a
Xamumoro-ITTupaxara Tecr-craructuky 5.49. Hamomumemo nga To y pajy
Xammmota u [Mupaxare Huje ypaheno.

[Ipumerumo ma je C, U-crarucruka ca jesrpom h(Xq, Xo, X3, Xy).

Huje Temko moxkasaru ga ce pajau o cabo jJerenepucanom je3rpy. Ilpo-
jekumja jesrpa Ha (X7, Xs) je

5182 + $351

h*(Sb 52) = E(h(Xl,XQ,X3,X4)|X1 =51, Xy = 82) = 6

min(sy, s3) 28182 S1s3

18 9 6

Jla 6ucmo npuMenmm TeopemMy 3.2.7 morpebno je jga HaheMo HajMame A Koja
3a/I0B0/baBa, MHTEIPAJIHY jeTHAUNHY

1 1

o(s) = A [ W (srsalsadss, [ alsa)ise =0,

0 0
O/THOCHO
1
n )\ /
1" (s1) = TR (s1), z(0) =z(1) =0, /x(sz)dSQ = 0.
0
[IpoHaiazuMo Ja je TpazkeHO A = \g = 7272, mna je dpyHKIHja BeJUKAX

oJICTyama 3a craructuky C),
fola) = —67%a + o(a), a — 0.

Cnenehum npumepom miaycrpoBahemo oapehuBame JokaaHe Baxmypose
edUKaCHOCTH 3a Hallle TecT-cTaTucTuke u Xamumoro-IlIupaxara Tecr.
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IIpumep 5.4.1. Heka je anTepHaTHBHA pacmojesna CTeleHa paclojeaa ca
rycrunoMm (5.50). Taza je

h(z) =1+ logz.

Jlako ce mokasyje jJa crerneHa pacio/esa 3aJ0B0JbaBa YCJI0BE PEryIapHOCTH
Jnedunucane y ojie/bKy 3.2.2 mna je

2K(0) =1-6*+0(0%). 0 — 0.

Kopumihemem Tteopeme 3.2.11 jobujamo j1a je T'paHHYHA BPEJTHOCT Y
BepoBarHohm TecT-ctatuctuke C), Kajg n — 00, HOJ IPETIOCTABKOM JIa Ce
pPaJyd O CTENeHOoj pacioiean OJIMCKO] YHUDOPMHO]
4.3
bo(0) = ————0+0(0), 0 — 0.
[Tpumenom Teopeme 3.2.7 jobujaMo jia je TpaykeHa JioKaJiHa baxajyposa
epUKaCHOCT

1
= 72m —— = 0.37.
ec = 72w o 0.37

Commano 3a recr-cratuctuke T u T2 noGujamo

2
le (0) = ﬁ@ + 0(6), 0 — O,

3-37
bT2(9) = T%e + 0(6),6 — 0.

Ha ocnoBy 4era 3ak/byuyjemo jia cy JiokaJHe baxajypoBe epuKacHOCTH

2
2
=7 — =0.73
€1 m 27 3
37

er: = 28.43 - 1906 0.81.

Jlokanrne Baxaaypose edpukacHOCTH 3a OcTaJie aITepHATHBE IIPUKA3aHe CY
y Tabesn 5.10. Buaumo j1a cy upejiyioyKeHn TeCTOBU JI0CTa BEJIUKUX eduKrac-
HOCTH, y TIopehemy ca KOHKYPEHTCKUM TeCTOBUMA.

[Ipeamoxkene TecToBe ymopeaunheMo W Kao TECTOBE CArJIACHOCTH Ca HOP-
MasanoM u KomujeBoM pacrogesoM NpoTHB ojroBapajyhux ajarepHaTHBa
Tpanciaamnuje. [lpukazaliemo Kako ce y oBOM ciydajy, Kaja €€ YMeCTO
myjare xunorese ja je X obesexje ca yuudopmuom U0, 1] pacnopesnom,
TecTupa HyJTa Xunoresa ja je X ca QyHKIHjoOM pacrojese Fy 3a Kojy
Bakn 0 < Fy(z) < 1 3a cBako x. Heka je amrepnarnsra (yHKIHja
pacnogesie F(z,0) = Fy(x — ), onrosapajyhia rycruna f(x,0) = fo(z — 0)
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Tabena 5.10: Jlokasna Baxamnyposa edurkacuoct

AnrepnatuBe A D T® @ C TO

7 040 054 0.81 0.14 0.37 0.73
9 05 075 0.95 0 0.66 0.98
95(3) 0.48 0.74 0.82 0.06 0.63 0.94
0 049 081 096 0 076 1

u h*(z) = fy(x,0). Ako je myrra xumnoresza tauna omga Fy(X) mva yun-
dbopmuy U[0, 1] pacogerny a anrepHaTuBHa BYHKIIHja pacojese Koja 0aro-
Bapa dyHKnuju pacrnogene Fy(x — 6) je
G(z,0) = P{Fy(X) <2} = P{X < F; ' (2)} = Fo(Fy ' (z) — 0), € (0,1).
Hakne, G(z,0) je (6nmucka) anrepuarusaa dbyHKIUja pacnojesie YHHDOPM-
Hoj dbyukuuju pacnogese. Ilpumernmo ja je G(x,0) = x. Taga ce Hae
TECTUPATHE MOZKE TIPEJICTABUTH Y OOJIUKY

H, : U[0,1] (6 = 0) mporus H; : G(z,0) (0 > 0).
['ycrura aarepHaTupe je

sy~ 260 B (@).0) _ folFy' () )
’ Ox fo(Fy (@) fo(Fy (@)

Tana je
h(z) = gy(x,0) =

oJTlakJie cjean ciaenehu HU3 je THAKOCTH

1 1 B FO 1 l‘ *(F (y)) .
/0 /0 h(x)h(y)oy, (z,y)dxdy = / / J(E 1 (2)) TolEr (y))qu(x,y)dxdy
o) 0o h )
- /_oo /_oo fg(u) f0< )¢m(F0<“)7FO(U))fo(u)fo(v)dudv
N /_ /_ W (u)h* (v)dp, (Fo(u), Fo(v))dudv.

Kako G(z,0) u G(z,0) umajy uctu nocad (0, 1) MOKEMO OJPEIUTH TBOCTPYKO
Kyunbak-/lajosiepoBo pacrojame y dyuknuju ox Punrepose wHMOOPMAIHOHE
dyHKIUje, OJIHOCHO BazKu

Y N F )y, [ R (u) o
1= [ wetate = [ G Vi = | G s
[,
— 00 fo(u) )
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ITpumep 5.4.2. ZKenumo ma TecTupamo HYITY XUIOTe3y [a obJIexkKje nMa
wopmasny N(0,1) pacnogeny ca dbyukuujom pacuogese F(x) u rycruHoM
f(z), nporus anrepuaruse na uma N (0, 1), rae je ouekusame 6 > 0. Onase

Jlobmjamo J1a je
1 22
h*(x) = re 7.

V2r

JIBocrpyko Kysbak-JIajosiepoBo pacrojame je

2K(0) =1-6*+0(0%), 6 — 0.

Tasa je rpannuna BpejHOCT y BeposarHohu crarucruxe T Kajg n — 00

b (0) = / B ()6 (F(2))dz - 0 + 0(0) ~ 0.0920 + o(8), 6 — 0,

— 00

omakie nobujamo ga je moxamaHa Baxamyposa epukacuoct 0.092 - 72 = 0.91.

Tabena 5.11: Jlokamna BaxanypoBa edUKacCHOCT TeCTOBa IPOTUB aJITepHa-
THUBa TPaHCJAI]je

Crar. Hopwmaana p. Komujesa p.

AZ 0.96 0.66
D, 0.64 0.81
Q; 0 0
C, 0.49 1
T} 0.91 0.76
K 0.87 0.72

aTtpecanTHO je mpuMmeTnTn jJa je Xammmo-llInpaxaTta JoKaJ HO ONTH-
MaaaH Tect 3a KomwujeBy pacmomeny. CienehoMm TeopeMoM jaTe Ccy HeKe
KJIace JIOKaJIHO ONTHMAIHUX aJTePHATHBA 33 CTATHCTHKY 1"

Teopema 5.4.1 (Munomesuh 2015). Hexka je g(x;0) dynruyuja eycmune us
damuauje G. Tada, 3a manro 0, armepramuse eycmune ca Gynryujom h(x)

h(z) = Cfom(x), z €[0,1], C >0,

ede fom(x) je concmeena Pynryuja xoja odeosapa npeoj concmeenoj epeo-
Hocmu unmezpaanoe onepamopa (5.42), ¢y A0KAAHO ONMUMGAHE GAMEPHA-
musee 3a mecm-cmamucmury 1.
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. 1 .
[Ipumemyjyhu oBy Teopemy 3a T,(L ) J00ujaMo Jla ¢y HeKe Kjace JIOKAJIHO
ONTUMAJHAX aJTEePHATHBA

gyi(z,0) =1+ 0cosmzx, x € [0,1],

3(2—6)0 1
9 2(z,0) = 39 1 — 0cos b € (0.1},
2 arctan 55

Ha comkama 5.11, 5.12 ¢y mpukasaHe Heke KJace JIOKAJIHO ONTUMATHUX aJl-
TepHATUBA 3a CTATUCTUKY T2

— 6=0.01

L 6=0.1
6=0.25

0.5

Cimmka 5.11: Jloka/no onrumasine ajrepHaTHBe §(2)1(, 0)

25

T

T T

2.0

T

-
(9]
T

— 6=0.01
6=0.1

T

-
o
T
a

0.5

LI S B S

Cimka 5.12: JIoka/Ho onTuMasine ajTepHaTHBE §(2)2(, 0)
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IlorsjiaB/be 6

TecToBU cumerpuje

Tectupame cBOjcTBA CUMETpPHje PacIojese OKO HyJe jOIll je jedaH oJ mpoo-
JieMa HelapameTapcke CTaTHCTUKe u Morao o0u ce jiecpunucaru Ha ciejehu
nauynn. Hexka je X, ..., X, npoct ciaydajan y3opak oOuMa n ca HENPEKUTHOM
dyukiujom pacrnojesne F. zZKenumo ja TectupaMo HYITY XUIOTE3Y

Hy: F(z)=1-F(—x), = €R, (6.1)

NPOTUB ajJTepHATHBE Jia je (PYHKIMja pacrojese MocMaTpaHor obdeserkja
G(z,0) 3a xojy jemnakoct (6.1) He Baxku ocum y cayuajy 6 = 0. Kuiacy
pacroesia 3a Koje Baxu (6.1) ozwaunhemo ca H. Y monorpaduju Hukuruna
([75]) npeacraBbene cy TecT-cTaruCTUKE KOjé Cy aHAJION CTAHJIAP/HUM TeCT-
cratucrukama Koamoroposa n CvupHoBa, Kpamepa n ¢pon Museca, Bor-
cona m JlapiuHra 3a TecTHpame CarJacHOCTH ca pacmogenom. llcmurana
Cy IbUXOBA AaCUMIITOTCKa CBOjcTBa M HaheHe (YHKIUje BEJIUKUX OJICTY-
nama norpebue 3a oiapehupame muxoBe baxaaypoBe edUKACHOCTH IIPO-
TUB aJTepHATHBA TpaHcaamuje. Y pajgosuma Bypha wm Hukuruua [16],
[17] cy upenioKeHH TECTOBH CHMETpHUje 3aCHOBAHH HA JHHEAPHO] KOMOH-
HAIMjU TECT-CTATUCTHKE 3HAKOBA 1 BUIKOKCOHOBE, 0mHOCHO Mae3onose TecT-
cratuctuke. Ogapebene cy muxose IluTmManose eduKacHOCTH NHPOTUB aJl-
TepHaTWBa TpaHcaanuje. Y pajay bapunrxayca m XeHzea cy MpeiOKeHH
tectoBu Kpamep-don Muzecosor u KoiMoropoBmbeBor Tua 3aCHOBAHUX Ha
KapakTepu3anuju u3 reopeme 4.1.4, nok je y paay Jlursunose ([60]) npen-
JIOXKEH TeCT WHTerpaJiHOT THIA Ha OCHOBY HWCTe Kapakrepu3armuje. Y 00a
pazna cy oapehene Baxaaypose epukacHOCTH TECTOBA.

BazkHo je nanomenyTu jia ce BaxaaypoBa eHUKacCHOCT TECTOBA CUMETPH]e
padyyHa Ha MaJjo JIpyradnju Ha4ddH o BaxaaypoBe e(dUKACHOCTH TECTOBA
CarIaCHOCTH. 3a pas3iuky o Hejeqnakoctd (3.6) MOxKe ce mokasaTu ja 3a
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Baxamypos maru6 nusa rect-craructuka {1, } u g(x,0) Baxku

cr(0) < 2inf{ 7log Mg(x,@)alx 0 g(x,0) € H}

- 9(z,0)
L - Mo 29(x,0) .
_zég( 0)log S0 (6.2)

Yroauko dyukmuja g(z, ) npunaga davuin G nedUHACAHO] ¥ OEBKY
3.2.2 oHya je jecHa crpaHa HejeAHAKOCTH (6.2) aCHMITOTCKN €KBHBAJEHTHA

ca 1
[ M 92
] 1 (g> )

r7e je

o0

o - [ e,

3aro je y OBOM ciydajy HpHUpPOIHO AeduHHCATH JOKAIHY bBaxamypoBy
ebUKACHOCT Ka0 KOJMYHUK JIeBe U JIeCHe cTpaHe HejegaHakocT (6.2)

0
e? = lim er(0)

09 i g(x,@)logwﬂdx

—00

(6.3)

z,0)+g(—,9)

Y 0BOM TOTJIaBJ/bY MpeJJIazkeMO HEKOJHKO HOBHUX TeCTOBA CHMETPH]e
3acHOBaHWX Ha U-emmupujckuMm dyHKNUjamMa pacnoiene. Ilouehemo ca
TeCcT-CTATUCTUKAMa UHTerpaanor u KoJMoropoB/beBor TUna 3aCHOBAHUX HA
kapakrepuzanuju w3 Teopeme 4.1.6. Hysry xunoresy ojbaiyjemo ako je
BPEJHOCT TecT-CcTaTucTuke Besnka. [Ipumennhemo xKapakrepusanujy 3a n =
2k, u mocMarpaTyu NeHTpaJIHe JIB€ CTATUCTHUKE IIOPeTKa, OJTHOCHO PACIOesa
obesexkja X je CHMETpHYHA aKO M CaMO aKo je

d
|X(k)7X17"'7X2k | = ’X(k+1)’X17"'7X2k | *

Heka je
I = / (Hy M () = G (8))dQn (1), (6.4)
0
rie cy
1
Hy®O(t) = 725 > HIXw.x, x| < 1,
(s) %
1
G}l’(k) (i) = 7oy Z I{‘X(k+1)7xi17"'xi2k| < t}’
(Qk’) Tog
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U-emmupujcke dbyHKIuje pacrnojene, (Q, eMnupujcka (QyHKIHja paciojese
y3opka | X1, ooy | Xl 8 Ty = { (i1, coyim) 1 1 <dy <idg < v+ < dpy <}

Haxkon wHTerpanuje nobujamo fa ce cratuctuka (6.4) MozKe IpeCcTaBUTH
y 00JTUKY

1 n
—Z Z I{lX(k)7Xi17---Xi2k’ < |Xi2k+1|}_I{|X(k+1),Xi1,---Xi2k| < |Xi2k+1|}'

(o)
2k) Iy dopgr=1

Paau 3HaTHO jeHOCTaBHUjEr padyHa BaykKHO je MOKa3aTh jJa OBaKO jiedu-
HUCAHA CTATUCTUKA He 3aBUCH 0J1 1300pa pactojieie u jJa 6e3 yMarmema OTIii-
TOCTH MOKEMO MPETIHOCTABUTH JIa Ce paju o y30pKy u3 yaudopmue U[—1, 1]
pacrozeJe.

Yeenithemo u JojlaTHy 1pernocraBKy ja je dynkuuja F' crporo pacryha
dbynxnmja. Taga men unseps F~! mocroju m Taxobe je pacryha dpynkmuja.
Heka je y = F(t). Tana je

;" :[ (HP(F () = GO(E (9)dQu(F (). (6.5)

_ 1 _
HyW(F(y)) = o > K X.x, x| < F7HY)}

2k) Iy
1 _ _

= (@) S H-F'(y) < Xpyxiyox, < F ')}
2k/ Ty
1 _ _

= m ZI{F H1-y) < X)Xy Xy, < I YY)}
2k/ Ty
1

= (T) Zl{l —y< F(X(k)inlw--XiQk) < y}
2k) Iy
1

) > {1 -y < F(X)g.r(x,)rixy,) <Y}
2k/ Ty,
1

= m 21{1 —y <Uw)vi,,Uiy, <Y}
2k) Toy

rie cy {U;} mesasucue caydajue seauanme ca yuudopmuom U0, 1] pacmoge-
JgoM. Kopucruiu cmo na ykoauko je F' byHknmja pacrozgesie ciaydajue Beu-
YUHE CUMeTPUYHE y OJHOCY Ha HYJy TaJia je 3a y > %

—F Y y)=F'(1—y).
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Crnmdno ce oKasyje 1a je

1
G,lf(k)(FA(y)) = m Zl{l —y< U(k+1)»Ui1v-"7Ui2k <y}

2k

BameHom mobujennx mzpasa 3a U-emmupujcke dynknuje y (6.5) Harme TBp-
heme je mokazano. Y Ja/beM TEKCTY MPETTOCTaB/HAMO 1A je HYJITa XUIOTe3a
Hater tecta ja cy Xi,...X, u3 U[—1, 1] pacnozee.

Tect craTucTuka Ll;(k je acCUMIITOTCKN eKBUBaJIeHTHa U-CTaTHCTUIH Ca
CHUMETPUYHHUM je3TPOM

1
(2/{3 + 1)' Z I{’X(k)’XW(il)"“’Xﬂ(igk)| < |X7T(i2k+1)|}

7(2k+1)

q)l,(k) <X17 ----X2k+1> =

- I{|X(k+1)7X7r('Ll)77X7'r(7,2k)| < |X7T(i2k+l) |}
qrja je npojekimja va X1, moj npernocraBkom Ja Baxu Hyu s € [—1,1]

¢" W (s) = B(@" (X1, .. Xop1)| X1 = 9)

1

- 2k +1 (P{|X(k)7X27---X2k+1| < |S’} - P{lX(k+1)7X2 _____ X2k+1’ < |S|})
2k

+ 1 <P{’X(k),s,...X2k‘ < Xokg]} = PUX k41)5,.0., %0 | < |X2k+1‘>-

[Ipumerumo Jia je pasz/imka y HPBOj 3arpa/u jejiHaka Hy/iu 300I KapaKTepu-
zaruje. Hakon pauyyHama jpyre jiBe BepoBaTHohe jgobujamo ia je

V) () = _(2k+1§22’€*1 (s> =1)F = (=1)*), s€e(-1,0)
(2k+1)22k—1 ((s* = 1)k - (‘Uk)v s € (0,1);
Jlaxo ce moxasyje ma je E(¢b® (X)) = 0. Jucnepsuja mpojexnuje je
U?L(k) = E(¢1’(k)(X1>2)

CVAl(k+ T2k +1) — 2T (2k + 3)(Val(k+1) —T(k + 3)))
N 24h=1((2k + 1)20(k + )T + 2k)

Kopucrehu reopemy 1.1.2 jnobujaMo jia je rpaHuyHa PACIO/ea CTATUCTHKE
VIt %) mopmamma N(0, (2k + 1)%02, ).

Heka je
KM®) = sup |HV® (1) — LB (1))

t>0

O3naunMo ca Kﬁ’(k)*(t) = HP (t) — G%k)(t)-
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3a cBako dukcupano t € (0,1) K}L’(k)*(t) je U-crarucruka ca jesrpom
EL(k)(le ...,ng,t) = I{|X(k):X1,--~X2k| < t} - I{|X(k+1)7X17--‘7X21€| < t}'
[IpBa npojeknuja Ha X; 10/ NPETIOCTABKOM Ja BaxKu H je

W (s, 1) = BEW|X, = s)
_ (Qk’“:ll)t(%fl(%)“( I < 1) +1{s > 1))

Y pany Axcanyraxa n Huknruna ([81]) mocmarpan je cayuaj k = 1. Ba k = 2
J100uja ce mpojexIuja

105 1) = %1{5 BB —1) 1+ ZI{S S — 1),

Hbena gucrepsuja je

9
P (1) = 1(1= ) — 1)

I'padur dpynknuje nucnepsuje 3a k = 2 npukazan je Ha caurnu 6.1. Cympe-
MyMm ce goctuxke y tadkm tg = 0.47 wm jeanak je 0.040. Ha ocHoBy
rpaduKa 3aKbyIyjemMo aa je davmmmja jesrapa {43 (- 1), ¢ € (0,1)} nenere-
Hepucana. Kopucrehu teopemy Cumiapepmana 1.3.2 3ak/bydyjeMo /1a KO-
1,(2)%
JMKO Baxku HyaTta xunoresa Hg onga npouec /nK, " (t) ciabo xousep-
rupa nenrpupanom Laycosom mponecy {93 (¢), t € (0,1)} mok crarmceTuka
VnKy® (t) KoHBeprupa y Pacojie/u caydajuoj sesudnnn sup, |£2 (t)| unja
je pacmojiesia Hermo3HaTa.
Jncmep3uja mpojeKIuje y ONITeM Caydajy je

2k —1\°
o1 (1) = (k . ) 2R 2(1 — (1 — )22 t € (0,1).

CyupemyM Jaucieps3nje mpojeKiije y OIIITeM CJIydajy je

) 2% — 1 2( 2%k — 7 — 1)2<712JE4\/k3_2{c)—7 o 1)%—1(1 + 712+(4\k/3_2f)—7)2k—2
A 202(4f; — 1)? '

[TocmaTrpajyhu dbynknujy aumcrnepsmje 3a cBako ¢duxcupano k € N, Ko-
puctehn Teopemy 1.3.2 moia3zuMo 0 3aKJbydKa J1a YKOJIUKO BaxKM HYJITA
xunore3a Hy omma mponec \/ﬁK}J(k)*(t) c1ab00 KOHBEpPrupa IEeHTPUPAHOM
Taycosom npouecy {x>®(t), t € (0,1)}, omnocno crarucruxa \/ﬁK,ll’(k) KOH-
Beprupa y pacruofesn ciyuajuoj seamuannm sup, |kb® ()],
Cneneha srema mam maje (pyHKIMje BEIUKUX OJICTYIAMA 38 TECT CTATHU-
1,(k) 1,(k)
cruke [, u K.
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0.03 -
0.02 -
0.01 -

Cnuxka 6.1: I'paduk pyaxmmje 0'5(17(2) (t)

Jlema 6.0.1 (Muwmomesuli, O6pamosuh 2015). 3a cmamucmurke "y

1,(k .
Ko™ o0 npemmnocmaskom da eaxcu Hy dyrnrxuuje sesurur odecmynaroa us
meopeme 3.2.2 nocmoju, aHaAUMUNKa je 3G 0080610 Mmano € > 0 u sastcu

1
frm(e) = g2 +o(e?), e = 0,
! 2(2k + 1)%02, 4,
1
frrm (&) = ==——¢e*+0(e?), € = 0.
K 8]?20?(1,(@

Joka3 cimenum 3 Teopema 3.2.6 m 3.2.9.

Jlema 6.0.2 (Muiomesuh, O6pajgosuh 2015). 3a damy aameprnamueny
pacnodeay g(x;0) uz G dedpunucare y odewky 3.2.2 epanuvne epedrocmu y

seposamnohu Py mecm-cmamucmuxa Iﬁ’(k) u K%’(k) cy
by (0) = (2k:+1)sup/¢1’(k)(2G(x,0)—1)h(:1:)dx-6’+0((9), 0 — 0. (6.6)

e o]

bro(0) = 2ksup| [ €4®(2G (x,0) — 1;t)h(x)dz| -6 + 0o(F), 6 — 0. (6.7)
teR

oxkaz. IIpBu jieo TeopeMe KOju ce OJHOCH HA MHTEI'PAJIHY CTATUCTUKY
nocaeua je rephema 3.2.10. JIpyru meo ce jokasyje kopumnihemeM 3aKOHA
BesTMKUX OpojeBa 3a U-craTucruke.

* P,
KO () = ay,0(0) = P{UX k)50, 0] < 1 = PUX et1), X0, X0 ] < £}

- <2kk)G(x, )k (1 — G(z,0))F — (2]5) G(=t,0)"(1 - G(~t,0))".
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Jame je
ay 1 (0) = — (2:) kG(t,0)*1(1 — G(t,0)" 1 (2G(t,0) — 1)(H(t) + H(~t))
_ (2:) KG(£, 01 (1 — G(t, 00/ (2G(2,0) — 1)
. ( / h(s)I{s < thds + / h(s)I{s < —t}ds)
_ ok (2:__ 11) Gt 0V (1 — G(t, 0))F1(2G(, 0) — 1)
. ( / h(s)I{s > t}ds — / h(s)I{s < —t}ds)

=2k / M (2G (s,0) — 1;2G(t,0) — 1)h(s)ds.

Pazsujajyhn dyukimjy a1 k) (0) y Makiaopenos pes go6ujamo Tephemme jeme.
U

Y nameMm TeKcTy ofpeaumhemo JioKadHe bBaxamgypose epUKACHOCTH Tpe-
JIOZKEHUX TECTOBA IIPOTUB aJTepPHATHUBA TpaHCJanmje duja je (yHKImja
pactogese G(z,0) = G(x — 0,0) u acumMeTpuIHUX ajTepHaTHBA A3aIMHH-
jepor Tuma ca rycrunom g(x,0) = 2g(x,0)G(0z,0) (B. [8]), m To Kax je
G(z,0) HopMasHa, Joructndka u Komnjesa pacmo/esa.

Y TabesaMa cy aJaTepHaTHBe ca apaMeTPOM TPAaHCJIAIMje O3HAUeHe ca
nHIeKcoM L a anrepHaTHBe A3aJMHH]jeBOr THIA ca umHIekcom A. Pesy-
TaTU KOJU CE€ OJIHOCE HA TECT-CTATHCTUKE Y%y K0P ce namase y Tabesin
6.1. Tenepasino roBopehm, TecToBHM Cy UPWIHNYHO e(pUKACHU, OCHM Yy
cnydajy Kommujese pacrnogene. Mehytum u y ToM cy4ajy, 3a aaTepHaTUBE
TpaHcalumje, ce MOCTUXKY epuKacHOCTH Behe Hero 3a Apyre TeCTOBe POy va-
Bane y qureparypu (B. [81]). 3a anrepmarupe AzanumuujeBor tuma edurac-
HOCTM HHUCMO HalLIu y jureparypu. MurpecanTHo je joir npumMeTuTu ja cy
MIPEI0OYKEeHN TeCTOBU MCTHUX eUKACHOCTH 3a aJTepHATUBY TPaHCJAIUje 32
HOPMAJIHY pactojeay n A3aJnHUjeBOr TUTIA.

Cneneha Teopema HaM J1aje HeKe KJiace JIOKAJHO ONTUMAJTHUX aJTepHA-
tupa 3a Tecr-crarucruxe " u Kp®.

Teopema 6.0.2 (Munomesuli, O6pagosuh 2015). Hexka je g(x;0) dynruyuja
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Tabena 6.1: Jlokanna BaxamgypoBa epuKacHOCT TeCTOBA ]}L’(k) u K}L’(k)

AT, L%v(l) ]%7(2) 171L7(3) 171L7(4) K%v(l) K}Lv(z) K#(S) K}Lv(‘l)
Ny 0977 0957 0.932 0911 0.764 0.810 0.804 0.794
Ny 0977 0.957 0.932 0911 0.764 0.810 0.804 0.794
L 0937 0981 0.989 0.98 0.750 0.865 0.885 0.889
L4 0962 0920 0.885 0.858 0.747 0.767 0.754 0.741
Cr 0.358 0.497 0.587 0.649 0.376 0.570 0.662 0.716

2ycmune u3 G 3a K0jy axcu

[ hx)
/ g(x,O)dx < 0.

—0o0

Tada cy, 3a mano 6 >0, eycmune armepramuee

g(x;0) = g(x,0) + C'i/}l’(k)(x), CeR, g(z,0) e H (6.8)

g(x;0) = g(x,0) + C&"W(z, 1), C € R, g(x,0) € A, (6.9)
2

K1.(k)
ONMUMAANRE 30 MECTM-CMAMUCTNUKE [%’(k) U K}L’(k).
h(z)—Qh(—:c)

2de je tog mauka y xojoj ducnepsuje o (t) docmuoice makcumym, L0KANHO

Hoxaz. Heka je ho(z) =
g(z,0) € H. Tazna je

LT R ) S B T
4/ MEAVI _/g(%O)d '

—0o0 —00

nomohna ¢yuknuja m Heka je

Kopucrehin menapuocr dyukmmje jesrpa ¢ nobujamo na Baxu ciemehu
HU3 JeTHaKOCTH

[ e V@h@de =3 [ #B@h)z -5 [ 6B @h(-o)is
:% / gbl’(k)(sc)h(:c)dx—i—% / " P (z)h(z)dr  (6.10)

_ / M) (@) () de.
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Ha mctn maumn ce mokasyje aa je

/ 1) (3. o () dr — / 20 (2, () da (6.11)

3a goxkaany bBaxaaypoBy eduracHocT TecTa Lll’(k)

ci(0) (Tmemme

& 01n(g)-02 (h(2)—h(-))? 10
f 0 f (¥ ®)(x))2g(x,0)dx

BazKH

B
6117(;@) h

(J o0 m@

- <1

o0

i (Iod f (ph(k 2g(x,0)dx

—00

VesoB jepnakoctu y npumMerenoj Komu-IIIBapin HejejHakocT ce MOCTHKE
YKOTHKO je 3a neko C' € R

ho() _ 1,(k)
NZEX) Co ¥ (x)v/ g(x,0),
OJHOCHO YKOJIMKO je
ho(x) = C¢" P (z)g(x,0). (6.12)

Kaxko 3a anrepraruse (6.8) Baxku (6.12) TBpljeme mpsor jJena Teopeme je
JIOKa3aHo.

¢k (0)
e = T

sup ([ 090z )mf

_ teR — < 1
I g v dl’ﬁg}gof L0 (2, 1))2g(x, O)dz

13 ycioBa jeanakoctu y upuMmemeno] Komu-ITIBapi, nejegnaxoctu ciean
TBpheme Teopeme. 0

Cnenehe e TecT-cTaTnCTHKE KOje TPeJIazkeMO Cy 3aCHOBAHE HA, KapaK-
Tepu3anuju u3 teopeme 4.1.7.
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Hexka cy
10 = [0 - G20 )R, (613
teR
rae cy
1
Hz’(k)@) - ( n ) Z I{_X(k‘i'l)’Xn""Xi%H <t}
2k+1 Tok+1
1
2,(k _
G20)(1) = D) D { X x X, <t
2k+1 Tok+1

U-emmupujcke dbyHKIHje pacrnoiee.
Hakon wunTerpamnmje aobujamo ga ce cratuctuka (6.13) Moxe mpej-
CTaBUTHU Y OOJIMKY

1 n
Y Z Z I{X(k—i-l),Xil,‘..Xi%H > _Xi2k+2}_I{X(k—i-l),Xil,...Xizk < Xi2k+2}-

n(zkz‘l) okt fok+2=1

*) ce TToKa3yje Jia Toj, mpeT-

Ha wctm Hauwe Kao M 3a CTaTUCTUKY Lll’
MOCTAaBKOM JIa BayKU HYJITA XUIIOTe3a CHMeTpHje, U TecT-CTaTUCTHUKe [’ M g
K2®) e sapnce O/ TPETIOCTaB/beHe PACHoIee.

Tect cratucruka 2" jeé acCUMMIITOTCKU eKBUBaJIeHTHa U-CTaTHCTUIH Ca

CUMETPUYHHUM je3rPOM

1
@2’(k)(X1, ....X2k+2) - | Z I{X(k“l‘l)vxﬂ(il)7"'7X7T(i2k+1) > _Xﬂ(i2k+2)}

(2k + 2)! rloiez)

- I{X(kJrl)vXﬂ'(il)7"'aX7r(i2k+1) < Xﬂ'(i2k+2)}

guja je mpojekimja Ha X7, MO MPETIocTaBKoM Ja Baxu Hyu s € [—1,1]

¢*®)(s) = B(@*® (X1, .. Xops2)| X1 = 3)

1
T2k +2 (P{X(k“)’x“l’"'vx%ﬂ > =5} = P{X(k41) X5 Xar1 < 5}>
2k+1
+ 12 <P{X(k’+1),s,...,X2k+1 > —Xopyo} — P{X(b41),5,.. Xop1 < X2k+2}>«

(6.15)
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Osnaunmo ca Y j-Ty CTaTHCTHKY HOpeTKa y y30pKY Xo, ..., Xopt1. Tama

je
¢2’(k)(s) _ 2k+1
2k + 2
+ P{Yey1 < 8, Yiy1 > —Xopyo} — P{s < Y, Vi < Xopio}

— P{Y; <5 <Yiq1,8 < Xopgo} — P{Yir1 < 8,Y51 < X2k+2}>-
(6.16)

(P{S <Y,Y. > —X2k+2} + P{Yk <s< Yk+1, s > —X2k+2}

Hakon pauynama mobuja ce ma je mpojekimja

1 k
¢2’(k)(5) (2 N 1) 92k+1 Z ( > s

Bak=1wuk =2 ce nobuja

¢ = §<3 ~ )

@ = (15 - 1052 + 35%).

48

Ioxasyje 1a je E¢>*) (X)) = 0 3a cpako k > 1, kao u j1a je aucmepsuja
MPOjeKITHje MO3UTUBAHA.

Bakmyuyjemo ga je jesrpo ®>(*) meneremepumcano ma ce mpUMEHOM
Xeduarose TeopeMe 00HMja Ja je 3a CBAKO k TIpaHUYHA PACIOIEe/Ia
TeCT-CTATUCTHKE HOPMAaJIHA Ca OYeKHBameM HyJIa W JIUCIEP3WjoM Koja je
IpruKa3aHa Ha rpacduky 6.2.

- e
0.74 -

0.72 B
0.70 B
0.68 B

0.66 - ° °

2 4 6 8 10 12 14

(k)

. 2,
Cauka 6.2: AcuMmTOTCKa AMCHEP3Uja CTATUCTHKE I,

Hexka je

K2® = sup |H>® (1) — G2P)(1)].
teR
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Tana je 3a cBako dbukcupano t € [—1,1] KZ’(k)*(t) = Hﬁ’(k)(t) — Gi’(k)(t)
U-craTncTtuka ca jeasrpom

EQ’(k) (Xh ceey X2k+1; t) = I{X(k+1),X17---7X2k+l > _t} - I{X(k+1)7X1,---X2k+1 < t}'

[Ipojexmmja jesrpa na X moj mpernocTaBkoM Ja Baxu Hy u s € [—1,1] je

527(@(8? t) = P{X(k+1)7S7X2---X2k+1 > _t} - P{X(k+1),S,X2---X2k+1 < t}'
Pauynamem oaropapajyhux Beposaruoha mgobuja ce

20 (5. ) = (if) (1 — ¢2)ko % (1{5 >t — s < —t}).

Jncmep3uja mpojekImje y onIeT™M Caydajy je

0% s (t) = (2:) 27— ) (1 = O)I{t > 0} + (1 + 1)I{t < 0}).

Maxkcumywm gucnepsuje ce jgoctuxke 3a t = 0 u jegHak je

2k\ 2
0‘?{2’(1“) = (k) 2*4](:'

Kopucrehu ncre aprymente Kao u 3a TeCT-CTATHCTHKY K,ll’(k) 3aKJbydyjeMo
J1a \/EKZ’(k)*(t) KOHBEpPrupa IeHTPUpPAHOM [aycoBoMm Ipornecy a Ja CTaTuc-
THKA \/ﬁKﬁ’(k) KOpBeprupa CAy4YajHOj BEIUINHHA Y]y je PaCIoeay Terrko
OJIPpEJIUTH, 11a TaOJIUIE KPUTUIHUX BPEJIHOCTH ce Mory jpooutu Momnrte KapJio
METOJIOM.

3a onpehusame JokagHe Baxaaypose edpUKACHOCTH KOPUCTHMO cjaesehe
JileMe.

2,(k 2,(k

Jlema 6.0.3. 3a emamucmure 2% u K2% noo NPEMNOCMAGKOM 06 8ANHCU
Hy dpynruuja sesurxur odemynaroa us meopeme 3.2.2 nocmoju, GHGAUMUYKS
je 3a 0060mH0 Mmano € > 0 u sascu

1

2 2
e®+o0(e%), e = 0,
(2k + 2)20?2“)

frm(e) = 9

2 2
(€)= e 4o(e”), e = 0.
fK2 (k)( ) 2(2]{4_1)20_?(27(}6) ( )

Jloka3 cmenmm m3 TeopeMa 3.2.6 m 3.2.9.
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Jlema 6.0.4. 3a damy aamepnamueny pacnodeay g(x;0) uz G epanuyne
epednocmu y eeposamnoliu Py mecm-cmamucmura 1% 4 K2H®) ¢y

bz (0) = (2k +2) /1/)2’(’“)(2G(x,0)—1)h(a;)dx-0—|—0(02), 0 — 0. (6.17)

bK2,<k)(9):(2k—|—1)sup|/52’(k)(2G(x,0)—1;t)h(x)dx|~Q+O(02), 0 — 0.
t

(6.18)

Jloka3 je anajoran joka3y Jieme 6.0.2.
27
Y Tabesim 6.2 ce HAIa3e JoKaHe Baxaaypose edpbukacHocTH TecTona Iy,
2,(k .
n K20, [IpumehyjeMo @ cy TeCTOBU YIOPEIMBHU Ca MPETXOIHUM, Kao U JIa
cy ebukacuuju y ciaydajy Kommujee pacmosmee.
Ha uwcru nauyun kao y ciydajy reopeme 6.0.2 Moxke ce JloKazaru Ja cy
. . 2,(k 2,(k
HEeKe KJace HAjIOBOJbHUJUX aJTepPHATUBA 33 TEeCT-CTATUCTHKE In( ) u Kn( )

(k)

jgare caeaehoM TeopemMoM.

Teopema 6.0.3. Hexa je g(x;0) dynruuja eycmune usd G 3a xojy asrcu

o0

h*(x)
/ g(x,O)dx < 00.

—0o0
Tada cy, 3a mano 0 > 0, 2ycmune armepramuse

g(x;0) = g(x,0) + CzDQ’(k)(x), CeR, g(x,0) e H (6.19)

g(x;0) = g(x,0) + C’§2’(k)(x,0), CeR, g(x,0) e H (6.20)

2,(k) 2,(k)
AOKAAHO onmumanne 3a mecm-cmamucmuxe Ip u K7, pedom.

[Tornas/pe 3aBpIIaBamMo jOII jeTHUM TeCTOM CHMeTpPHje KOJU je 3aCHOBaH
Ha KapakTepusanuju n3 teopeme 4.1.8. IIpemraxkemMo TeCcT-CTaTUCTUKY

S.= [ (R - RO@)aE )

oo

rJe cy

1
RI(t) = @ZI{PQ — X <},
i

1
RO (1) = — S HIX+ X < )
1,3
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Tabena 6.2: Jlokanna BaxamgypoBa epuKacHOCT TeCTOBA ]TQL’(k) u Ki’(k)

Anrepuarupa  [20 23 20 20 2 k)

N 0.906 0.873 0.849 0.838 0.637
Ny 0.906 0.873 0.949 0.831 0.405
Ly 0.988 0972 0.957 0945 0.75
L4 0.853 0.815 0.790 0.772 0.584
CrL 0.709 0.764 0.800 0.818 0.811

V-emnupujcke dyrkuuje pacrnofene, a F*(t) dbyukiuja pacnogene 36upa
JIBE jeJITHAKO pacliojie/beHe CIydajHe BeJHInHe ca pYHKIIjoM pactojenie F u
F*(t) omrosapajyha emmupujcka dyuxmuja. Hakon unrerpanuje mobujamo

1
Sn=— > HIX - X| < Xo+ X0} — H{IX + Xj] < Xo + X}

i7j7a7b

Moxe ce Jlako TOKa3aTH Ja YKOJIUKO BaxKW HYJITA XUIOTe3a CUMETPHje OKO
HyJIe pacrojesa CTATHCTHKe S, He 3aBUCH OJ pacrojese. 3aTo MOYKEMO
IPEeTTIIOCTABUTH Jla YKOJIUKO Baxkn Hy y3opak je w3 yuudopmue U[—1,1]
pacmozeste. [Ipumerumo ga je S, V,-cTrarucTuka ca CHMETPHIHHM je3TPOM

1
(I)(X17X27X37X4) 4 ZI{‘XM - X7r2| < X7T3 + XM}
w(4)

—{| X + Xo| < X0y + X, b

[IpBa npojeknuja jesrpa na X; ako BaxKu H, je WJIEHTUYKH jeHAKA HYJIa,
noK je npyra Ha (X7, X3) jeanaxa

S(s+2)t —l<s<t<ls+t<0;
) Ss(2-1), —“l<s<t<ls+t>0;
b(s,t) = —5({t+2)s, 1>s>t>—-1,s+1t<0;
L2=s)t, 1>s>t>-1s+t>0;
JacHo je 7a ;pyra mpojeKnHja pasyinduTa OJ HyJIe Ta je je3rpo caabo Ie-
reHEepPUCAHO.
Ja 6ucMo Halwu rpaHUYHY PACLOELy UCKopucTuhieMo penpeseHraiujy
V-crarucruka ca CHMeTPUYHHM je3rpom npeko U-cratuctuka (B. [53]).

Haunwme, Bazku
m
—m
V= E n ( ) nk»
=1

99



Hormasme 6. TecroBu cumerpuje

re cy

1
Uk =7 Y. Pui(Xip, . X5),

[y
k) 1<ij<-<ip<n

m!
q)m7k($1,...,l‘k) = Z ﬁ@(l‘?l,,wzk)
vi+vp=m 1 k:

ujzl

Y HameMm ciaydajy je

1
Sn=— > (X, Xy, Xiy, X))

19

1<ii<n
1
+ ﬁ Z (4®(X117X11?X117X ) +4®(X’i27X’i27Xi27Xi1)
1<i1<ia<n
+6D(Xi,, Xiy, Xip, Xi,))
1
+— S 12Xy, X, Xiy, XG,)
1<i1<i2<i3<n

+ (X, Xiy, Xiy, Xiy) + P( Xy, Xiy, Xy, Xiy))

139

119 129 139

1
+— > 24D(X;,, Xiy, Xiyy Xi,)-

1<i1<i2<i3<i4<n

AKO MOMHOXKHMO CTATHCTUKY €A T M MOCMATPAMO T'DAHUYHY BPETHOCT KAl
n TexKu ODeCKOHATHOCTH J00MjaMO Ja MpBa JIBa cabUpKa TeyKe HYJIU. 3aTo je
I'PAHUYHA PACIIOJIE]Ia CTATUCTUKE NS,

o0

(4> ZVz( F—1)+ ; E(®43(Xy, X, X3)) (6.21)

2) 4
=1

rae cy {1;} concreene BpegmocTH HETerpasHor oneparopa J @ L2[—1,1] —
L*[—1,1] nedunucanor ca

J(z(t)) = / 1 %x(w(s,t)dt.

Ykomuko Baxu H)

E(®4,3(X17X27X3>> = 12(E(®(X17X17X27X3> + E((I)(X17X27X27X3)
+ E(®(X1, X2, X3, X3))

1
- 12-3-6<P{X2 4 Xy >0} — P{2X)] < X, +X3})
—2.
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Cana hemo mahm comcTBeHe BPeIHOCTH OIEPaTOpa, Tj. BPEIHOCTH U 33

KOje BayKh
1

va(s) = J(z(t)) = / So()(s, tydt. (6.22)

-1
Kopucrehu ocobune je3rpa Moxke ce oKa3aTn ja Cy CBe COlcTBeHe (DyHKIIje
nernaprae. Pa3Boj comncrBene dyukimje y Pypujeon pen je

w(t) = er(t)ar, (6.23)

k=1

rie cy ex(s) = \/5811} kms opronopmupane dpyHKIHjE.
Kana omeparop J jmejerByje Ha dbyHKIM]y © gaTy u3pasom (6.23) umamo
ma je jemnaummua (6.22) eKBUBATEHTHA Ca

j(z ager(t)) = uZel(s)al. (6.24)
k=1 I=1

Jlesa crpana je menapua ¢gyuxuuja uz L?[—1,1] na je Moxkemo passutu y
®ypujeos peji, OHOCHO

Cxkastapuno hemMo HOMHOXKUTH NMPETXOIHY jeTHAKOCT ca €; U J00HjaMOo

/_ RO axex(t))er(s) s = /_ (> T (ex(1))er(s) 5 ds

k=1
00 1 1 1 0
= Z ak’/ / qb(t, s)ek(t)el(s)zdtds = Z lekak = bl.
k=1 -1/ k=1

re je koedurujeHT
1,1 1
Jik = / / o(t, s)ek(t)el(s)zdtds.
—1J-1

Hakon mspauynapama 1061jaMo

(=DFH .
Jip = { 6If”r2 kAL

’ o2z, k=1
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[IpnmernMo ma yKoIMKO 3aMeHHMO k = [y u3pas 3a J;; 3a k # | mobujamo
JYILUIO Makby BPEIHOCT Hero mrro je J;;. W3 uspasza (6.24) npousmiaszu

Z Z ale,kel =V Z CL[(E[(S).
I=1 k=1 1=1
UzjennagaBajyhu xoedunujenrte y3 dyHkiuje e; 100HjaMo CUCTEM
Z apJi i = vay.
k=1
Jame je
> (_1)k+l 1 (_1)1 1
va; = a + a; = C+ ar,
: ;; “6mkl  6m22 ' 6r2 6mAR
r7e je
oD
= ay.
Ok
k=1
13 nperxomuor jobujamo
(v— 1 ) (—1)f
6722 6mw2l
NJIN €KBUBAJIEHTHO
(—1)! 1 1 1

-1
[ = 67r2l20(y B 67T2l2) 6722y — 10

Cymupajyhu J1eBy u JecHy CTpaHy HPeTXOJHE jeIHAKOCTH 10 [ g00ujamo

> 1 1 cot\/%
¢= C; 6m22y —1 C<§ B 26 )

OBa jeanaumna ce Moxe pemutu Hymepudku. Hajsehe pememe jej-
naunne je v = 0.0404938. 3aro je ryiaBHA KapaKTePUCTUYHA BPEIHOCT
HEOIIXO/IHA 3a pavdyHame (QPYHKIMje BEJUKHUX ojcTynama Ay = 24.6952.
[IpumeTnmo jorrr f1a je Tpar omepaTropa J

TR STV S EE
= ’“”“_kzl 3k272 372 6 18’

Caia MOYKEeMO TPAHUTHY PACIIONETy CTATUCTHKE NS, MPUKA3ATHA Y JApyTradu-
jeM OBJIMKY, OJTHOCHO BarKu
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Hormasme 6. TecroBu cumerpuje

5SSt emd) - () St

i=1
Kopucrehu teopemy 3.2.7 nobujamo ja Baxku ciaejeha Jjiema.

Jlema 6.0.5. 3a cmamucmuxy S, nod npemnocmaskom da eaxcu H,
Pyrryuja sesuruxr odcmynarea us meopeme 3.2.2 nocmoju, GHAGAUMUNKG je
3a dosonro mano € > 0 u 6asrcu

fs(€) = 2.058 + o(c2), e — 0.

Kopuctehin Teopemy 3.2.11 nobumjamo [ga je TpaHUYHA BPETHOCT Y
BepoBaTraohu Py crarucruke .S,.

Jlema 6.0.6. 3a damy aamepnamueny pacnodeay g(x;0) uz damuruje G
depunucane y odewry 3.2.2 epanununa epednocm y seposammohu Py mecm
cmamucmuke S, je

bs(6) = 6 / 6(1, 22) g0 (1, 0)go (21, 0)dzrdas - 62 + o(6%), 0 — 0.  (6.25)
R2

Y tabenu 6.3 cy mpuka3zaHe JoKaJdHe bBaxaaypose eUKACHOCTH CTATUC-
THKe S, YKOJIHKO je aJTepHATHBHA PACIOIe]a HOPMAaJHA Ca MapaMeTpOM
Jiokarje, nopmasina A3sanumnujeBor tTwma u KomwujeBa pacrojesna  ca
TapaMeTpoM TPaHCATIT]e.

Tabena 6.3: Jlokanna BaxaaypoBa epukacHOCT T€CT-CTaTHCTUKE S,

Anr. N N4 C
0.858 0.858 0.834
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IlorjaaBsipe 7

TecTOoBU ca oneleHUM
nmapaMeTpuMa

3a TecTupame CarJacHOCTH ¢a (DAMITHjOM PACIIOIea KOja 3aBUCH OJ1 HEelo3-
HATUX IapaMeTapa, JaKo je BayKHO MPEJJIOKUTH TeCT-CTATHCTUKY KOja YKO-
JIMKO BakKH HYJITa XHUIOTEe3a, He 3aBHUCH OJ lapameTrapa paclojee. 3aTo
y TeCT-CTATHCTUKAMa BEOMa YeCcTO (PUTYPHINY OIleHe HEIMO3HATHX IapaM-
erapa. Heku o1 mpumepa TakBHX TECTOBa MOIY ce BUETH uU3Mehy ocrasior
y pagosuma [92], [64], [65], [52]. Mu hemo mpemoKuTH HEKOJHKO HOBHX
TECTOBA CAIVIACHOCTH €& €KCIIOHEIHMAjJIHOM PAaCIOeJI0M OBOI THIa. lect-
cTaTUCTHKe he 6uTu KoHCcTpyucane Kopumihemem U-emrupujckux Jlammaco-
BHUX TpaHchopaMigja Kao u U-eMIUPHjCKUX MOMEHATa pacioelie.

7.1 TecroBu 3acHoBaHm Ha JlanjgacoBum
TpaHcdopMalmjamMa pacioaeia

Mo can cmo Beh BuUJeIM HEKOJMKO IPHUCTYHA 33 KOHCTPYKIU]Y TeCcT-
CTaTUCTHKA. Y3 HaBejeHe IOCTOjU jOIT MHOTO TMpHCTyna Mmehy Kojuma je
n oHaj Koju kopuctu Jlammacoe Tpancdopmarmje. Mory ce mahu muOrHM
pajoBu Ha oBy TeMy. Hapemrhiemo Heke oJ1 HUX.

Bapunrxayc u Xense [10] cy KOHCTpUCAIN TeCT-CTATUCTUKE HA OCHOBY
judepennujasne jejHadune kojy Jlaminacopa Tpancdopmalija €KCIIOHEHIU-
jaame pacrogene 3amgoBosbaBa. Comdan TecT 3a PejamjeBy pacmomeny mpe-
noeH je y panay Meunranuca u Manonymyca [64], a 3a rama pacnogesy y
pany Xensea, Mennranuca u Ebnepa [40]

Tect 3acHoBan Ha nopehemy emnupujcke u Teopujcke JlammacoBe TpaHc-
dopmaliuje KOHCTPYyUCAH je 3a eKCIOHEHIMjaJiHy W unHBep3ny [aycoBy
pacnozeny y pagosuma [38] u [39], pemom.
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IlornaBme 7. lecToBum ca onemeHNM MapaMeTPHMa

3a TecTUpame carJacHOCTH Ca paclojenaMa Yuju HOcad je YUTaB CKYII
peannux OpojeBa, ymecto emnupujcke Jlamnacose rpancdopmaluje, 3a KOH-
CTPYKIIMjy TecToBa KopuiiheHe cy eMIUPHUjCKe KapaKTepucrudne pyHKIHje
(B. mmp. [41], [35]).

Y 0BOM 07Ie/bKY 3a TeCTHpamhe CJI0KeHe HyJITe XUIOTe3e J1a je y30paK u3
Heke phaMuImje paciojena nprukazaheMo TecToBe 3aCHOBaHe Ha KapaKTepH-
3arjaMa jeHaKO PacIo/Ie/beHIX CTaTUCTUKA O0JIMKa

wl(Xl, 7Xm) i (.UQ(XI, -~-7Xm)7

rjie Cy Wy U Wo JINHEAPHE KOMOMHAILUjE eJIeMEeHATa Y30PKa U IhUXOBUX CTATHU-
cTHKa moperka. Pe3ynraru cy meo KoayTtopekor paga ca M. ObpagoBuhem u
npuka3anu cy Ha KoHpepennuju PROBASTAT 2015 y Cvmonerunnama. 3a
TecTUpame CJI0XKeHe Hy/ITe XumoTe3e Hy 7a je y30pak W3 eKCIIOHEeHITHjaJTHe
pacrioziesie IpetazkemMo cienehy dpamMuanjy TecT-cTaTuCTUKA!

n

= [ - 1) s san a1

rae je X y3opadka cpeawHa, a > () MO3UTUBHA KOHCTAHTA &

L(k) [ ] Z Z e_twk 7(ig)rs Tr(zm)) k» — 1 2
nm

11 <. <l (M)

U-emuupujcke Jlamiacose Tpancdopmalnuje CTaTuCTuKa Wy 1 Wa.
Hanmomumemo na ce 10 caga y JuTeparypu He MOrTy Hahum mnpumepn
OBAaKBHUX TECT-CTaTUCTUKA.
Kako 6ucmo onpenunn rpaHHYHy PacHoieIy TecT-CTaTUCTHKE .J, 4, TOJ
HIPETIOCTABKOM JIa BaXKU HYJITa XUIoTe3a nmocMarpahemo nomohny byHKIINjy

u 1 1
T (i) = = (
nal#) nlml “<Z;Zm WZ: ap+wi (X, Xz‘ﬁm) ap+wa(Xi 5 Xi )
rie je 4 = \~! mapamerap cpeJme BPeIHOCTH. 33 CBAaKO (puKcHpano > 0
Jro(p) je U-cTaruermka wWmja pacmojieia He 3aBHCH O . 3aTO MOZKEMO
npernocTaBuTh Jga je = 1.. Cumerpuuno jesrpo U-crarucruke J; (1) je

1 1
O(Xy, . Xy a) = — ( _ S )
(X1 @) m!% aX + (XKoo X ) aX +wo(Xmps s X )

Y caydajy j1a ce paju O HeJlereHepHuCcaHoM je3rpy MOYKeMO NPUMEHHTH Teo-
pemy 1.1.2 3a U-cTtatucTuke u 100UTH /13 je TPAHUYHA PACIIOETY CTATUCTUKE
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IlornaBme 7. lecToBum ca onemeHNM MapaMeTPHMa

VvnJ; (1) nopmamaa N'(0,m*03), 1ae je 0§ mucmep3uja IpojexIje jesrpa Ha
X]_ IIOJ, IIPETIIOCTAaBKOM [Jda BazKKW HYJITa XHUIIOTE3a.
[TosnaTo je /a 3a rpaHUYHY PacIofiesy y30padke CpeIuHe BarKu

V(X = p) 5 N0, 12).

Onapae 3akspydyjemo ja cy yciaosu (2.4) w3 teopeme 2.0.6 ucnymeHu u
3aK/BYUyjeMo Jia ce Tpamuune pacrojene craructuka \/nJy (p) w \/ndy,
nokaanajy. Kako pacnonena \/nJ, , He 3aBACH 0 mapameTpa A = u~ ' 1006u-

jaMo J1a je TpaHWUYHA PACIONENa CTATUCTUKE /n.J, , HopmaaHa N (0, m?03).

7.1.1 IIpubam>kua jokastHa Baxaayposa n IlurmanoBa
acuMIITOTCKa e(PUKAaCHOCT TECTOBa

Jlema 7.1.1 (Muaomesuh, O6pamosuh 2015). 3a damy aamepramueny
pacnodeay ca Pyrxyujom eyemune g(x;0) xoja npunada damuruju G easrcu
da je eparuvna epedrnocm y eeposammohu mecm-cmamucmure J, , ¥ad n —
o0 JedHAKG

b(h) = m/ooow(x)h(x)dx -0+0(6), 0 — 0.

Joxka3z. Vckopucruhemo mo3Har pes3y/aTaT Ja y30padKa CpeauHa CKOPO
CHI'YPHO KOHBEPI'HDa Ka HeHOj OYeKHBAHO] BpeJHOCTH f4(f) U mpuMeHuTH 3a-
KOH BesIKHX GpojeBa 3a U-cTaTuCTHKe Ca ONEHEeHNM napaMerpuma (B. Teo-
pemy 2.0.7).

3ak/bydyjeMo [1a ce FPAHMYHA BPEJTHOCT Y BEpOBATHONM TECT-CTATHCTUKE
Jn,q K& N — 0O MOKJANA ca TPAHIIHOM BPEIHOCTH ¥ BepoBaTHOLW momohne
bynkmaje J; (p(f)). C obsupom Ha TO Ja je MO IPETIOCTaBKOM Jla BayKi
HyJITa xunoresa (6 = 0) Tect craTucTHKa CJI060IHA O] BPEJIHOCTH TTApAMeTpa
Cpeliibe BpemHOCTH, MoXKeMo mpernocrasuty fa je p(0) = 1. dobujamo na
BayKu

b(0) = Eo(P(Xi, ..., X))

:u(H)/ (le( ! - 1 )dGl(xl,G)...dGm(xgﬁ).

L1y ey Tn) G+ WX, ey Ty)
Rm
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IlornaBme 7. lecToBum ca onemeHNM MapaMeTPHMa

[TpBu u3Bo dyukimje b(0) mo 6 y wynu je
5(0)

:M,(O)R[ (a+w1(a:11,...,xm) _a—l—wg(a:ll,...,xm))dGl(zl’ 0)..-dGom(wm, 0)

0 1 1
* %/ <a+w1(x1,...,a:m) B a+w2(m1,...,xm)>dG1(x179)"'dGm(xm’0) 0=0

Rm

[IpBu cabupaxk je jeamak Hyau 360r Kapaxkrtepusanuje. Ha jgpyru cabupak
npuMemyjeMo Teopemy 3.2.10 u mobujamo

bp(0) = m/h(:v)w r)dx

Paszsujamem b(0) y MakIopeHOB peji JT0Ka3 je 3aBpIileH. O
[IpeTmocTaBuMoO 112 je ajJTepHaTHBHA Xunoresa Hi : 6, = \/iﬁ, 0> 0.
Kako cy dyukuuje o3,(0) u b(0) nenpexkunne mo 6 u o3 (6) > 0 3akmyy-

jemo 1a je jesrpo VU HejereHepHCaHO W TIOJ MPETIOCTABKOM Ja Baxkm M,

OJIHOCHO I'paHMYHA pacuojese crarucruke J, , je nopmasnna. IIpm Tome ko-

puctumo Teopemy 2.0.6. ITpernocrasumo jorr ga je b(6) > 0. 3axsbyuayjemo

na cy yesaoBu Teopeme 3.1.1 ucnymenn. Ha ocnoBy Tora je [lutmanos naru®

b/(0)2

242"

Cp = (72)
C/im4HO, HA OCHOBY I'DAHWYHE PACIOEe MO/ HYJITOM XUIOTE30M HAJIA3ZUMO
Jia je koedurujeHT a u3 jgedununmje npudanzkuor baxaayposor narnba 3.34
jennax (02)7! na je

b/<0)292

2,2
meoy,

Ha ocnoBy uspasa 3a Jjokaiane narube (7.2) u (7.3) 3ak/pydyjemo jga ce
JokasHe penarusae [lurmanose n baxaypose edpukacHOCTH TIOK/IATIA]Y.

Y TekcTy Koju cjieju npejcraBuhemMo Tpu (pamMumiinje TecT-cTaTUCTUKA 3a-
CHOBaHe peJioM Ha KapakKTepu3alldjaMa eKCIOoHeHIrjaaHe pactojesne 4.1.2 n
4.1.1.

1 1
JP S— ).
n Zgw ZZ) aX + 2min(X;, , X; ) aX + X,
1
4 (& xR
11<12 m(2) 2 1
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IlornaBme 7. lecToBum ca onemeHNM MapaMeTPHMa

. o Dx Px
IIpojexnuje jesrpa U-crarucruxa J, , u J, » Ha X; 001 IPETIOCTaBKOM

n,a’ ,a

Ja Baxku Hy cy

1 1

D D R
—E(®P (X, Xo)| X =8) = ——— + —e"Fi(—
P(s) (P7(X1, Xo)| X1 =) 2(a—|—s)+26 i(—a)
1 a a a
——— (24 ae¥*TT(0, =) — 2e25sI(0, =
—|—2(a+28>6 < + ae (,2) e s(,2)

— /¥ (0, 5 + 5) + 2e3S0(0, 5 + 5)),
VP (s) =B(®7 (X1, Xo)| X, = 5) = __t + 1eam(—a)

2(a+s) 2

— ¢ (¥ Ei(—a) + Ei(a) - Ei(a+ s)),

rae ¢y Bi(z) = [7u e "du Excnonennujamnu unrerpan u I'(a,z) =
[t te7dt mexommrerna Tama dynkumja.

Mozke ce moKasaTH 1a cy je3rpa IHeHTpHpaHa W HeJereHephucaHa 3a CBaKO
a > 0.

V3umajyhu oBo y 003up u LperxojiHa pa3Marparmba, Moxkemo Hahu
rpanmuaHe pacnogene cratuctuka J2, u J? 3a caxo a > 0.

YropeauhemMo oBe TECTOBE ca TECTOBUMA WHTEI'PAJIHOT THTIA 3aCHOBAHUM
Ha UCTUM Kapakrepu3anujama. KOHKYpPEHTCKe TeCT-CTaTHCTHKE YMECTO pas-
Jgmke U-emnupujckux JlammacoBux TpancdopMmalmja paciojese cajpke pa-

3juke U-emiupujckux pyHKIMja paciojelie,
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IlornaBme 7. lecToBum ca onemeHNM MapaMeTPHMa

rje cy
F,(t) = %ZI{XZ» <t}
G (t) = é; H2min(X;, X;) < ¢},
H,(1) = égjl{m X <1,

U-evmupujcke dyuaKIMje pacrnojesia. Ha ucTh HaYWH Kao Y HPETXOIHUM
MOTJIaB/bUMa MOZKe ce MOKa3aT! Ja Cy OBe TeCT-CTATUCTHUKE eKBUBAaJEHTHE
U-ctatucTukaMa ca HeJereHePUCAHUM je3rpuMa, ma heMo Taj MOCTyHnakK Ha
OBOM MECTY W30CTaBUTH.

Tecrose hemo ynopenntu 3a anrepuaruse (5.5), (5.6), (5.7) u (5.9).

Tabesa 7.1: Tpubauxua APE (JP  IP)

n,a’ n

a 1 2 5
Bejoyn  1.11 1.21 1.27
ramMa 1.09 1.08 1.03
Makexam 1.11 1.44 1.76
JICO 1.33 2.05 3.12

Tabena 7.2: Tpubamxna APE (JP . I7)

n,a’n

a 1 2 5)
Bejoyn  1.03 1.06 1.07
rama 1.04 1 0.96
Maxkexam 1 1.11 1.2
JICO 1.32 1.68 2.06

Ha rpadunuma 7.1-7.4 je npukazana 3asucuoct naruda C, 0J1 mapamerpa
a. Panm mopebema, 3a cBaky ajrepHaTuUBY, IpPUKa3aHu Cy HarubOum 3a obe
cTaTUCTHKE. YKOJHWKO je Harub crarucTuke Behum Tajga je Taj Ttect edurac-
Huju. Moxkemo mpumeruTn ga y caydajy Mekexam u JICO anrepraTube Tect
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Cnuxka 7.1: [Ipubnuzkan naru6d 3a Bejoyn anrepratube

Ca
0.55 |
0.50 -
0.45
o
JP
P S S S S U B
2 4 6 8 10

Cimka 7.2: [Ipubnunrkan narud 3a rama ajTepHATHBE

3acHoBal Ha [lypu-Pybun je yBek eduracuuju, 10K y cJIydajy rama ajarep-
HATHBE je TecT 3acHOoBaH Ha lecyoBoj KapakTepu3anuju eUKACHH]U, OCUM
3a Mame BPEIHOCTH MapaMerpa a. ¥ ciaydajy Bejoynose anTtepHaTuBe TecT
3acioBan Ha llypu-Pybun kapakrepusanuju je edukacHuju 3a BpPEJIHOCTH
mapaMerpa a Mambe oJ1 3.5.
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0.06

0.04

0.02

Crnuka 7.3: [Ipubauxan narub 3a Makexam ajarepHaTHuBe

Ca

Comka 7.4: [lpubnunzkan naru6 3a JICO anrepunaruse

7.2 TecroBu 3acHoBaHum Ha U-eMIIMPUjCKUM
MOMEHTHUMA

Y 0BOM 07IeJbKY, Ka0 jeJaH O/l OPUTHHAIHUX De3yATara Jucepraruje, mpe/i-
JIayKeMO [IBa TeCTa eKCIOHEHIM]aJHOCTH Ha OCHOBY Hallle KapaKTepHU3alllje
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4133an=2k=2un=3k=3.

1 1 1
T2 = s (min(Xi, X;) + - X + - X; — max(X;, Xj))
0% & A
1 1 1 1
Tm»(3) = v Z <med(XZa vaXk) + ng + 5 j + ng
(2) " i<i<k

— max(Xi,Xj,Xk)>.

[TpumernMo HpBO Ja YKOIMKO BayKé HYJITA XHUIIOTe3a eKCIIOHEHITHjaJl-
HOCTH IPe/IJIOYKEHE TeCT-CTATUCTUKE He 3aBUCE O] TapaMeTpa CKaJIupama A.
3aT0 YKOIMKO TPazKUMO TPAHHYHY PACIOIENY TeCT-CTATUCTHKA /1Ty, (2) 1
V1T, (3) MOXKEMO Oe3 yMarbera OIIITOCTH HPETIOCTABATH Ja je [i = % =1
Habe, mpumeTuMo na cratucture 1, o u 1), 3 MOKEMO IPEeJCTaBATH y 00-
JIUKY

T = Xin . C’ll) ; (min(X,, X;) + % i+ %Xj — max(X;, X;))
- £ T (7.49)
T = — - 3 (med(Xi,X»,Xk) Ly
’ Xn @) i<j<k ’ 3
x4+ 1x —max(x, X, Xk)> Y N (7.5)
3Xit3 i X, % In

CraTucruke T;L,(z) nl ;7(3) cy U-crarucruke. Fbuxosa jesrpa cy pejgom
. 1 1
T(Xl,XQ) = Hlln(Xl,Xg) + §X1 + §X2 - maX(Xl,Xg)

1
T(X7, X5, X3) = med(Xy, X, X;) + §X1
1 1
+ §X2 T §X3 — max(Xy, Xo, X3).

[IpBe mpojeknuje je3rpa OBUX CTATHCTHUKA, IIOJ MPETIIOCTABKOM Ja BayKh
HYJITa XUIOTE3a Cy

1 1
va(s) = Emin(Xy, s) + Sy Emax(Xs,s) = 5(4675 +5—3)

2 2
2
v3(s) = Emed(Xo, X3, s) + g + 3 Emax(X,, X3, s)
1
= 6(96*28 —24e”° — 45 +13).

112
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OueknBara MpojeKImja cy Hyla a IHUXOBE JTHUCIep3uje CY PeoM

7 = Bu3) = 15, (7.
7 = Bui(X) = & (7.7

[Ipumenom Teopeme 1.1.2 3ak/pydyjeMo 1a €y TpaHUYHE PacIojerre
nomohnnx crarucruxka /n1y o u /nT o nopmamme N(0, 3) 1 N(0, 5).
Kako X,, = u, mpuMeroM teopeme CIIYIKOD 3aK/bydyjeMo Ja ce TpaHHdHe

pacrofesie CTaTuCTHKA /1T, (2) 1 /1Ty, (3) TOKJIAIIA]Y €& PACIOLETAMA OArO-
Bapajyhux moMOhHHUX CTATUCTHUKA.

Tecrose hemo ynopemurn xopuihemwem pejiaruie [lurmanose edukac-
HOCTH, OJJHOCHO Tpub/nzKHe JiokaaHe Baxanypose edukacHocTH, Koje cy 3a
OBe TeCT-CTATUCTUKE TOKJIATA]y.

Hamomena: Ha osom mecmy wopucmuau cmo meopemy Cayuroz koja
ce 00cHOCU HA NPOU3B0JE HU308A CAYWAJHUL BEAUNUHA. YKOAUKO 34 HUS06E
cayuajnux eeauvuna {A,} u {B,} saorcu

d
A, A, n — oo,

B, 5b, n — o,

2de je b Koncmanma, mada

A, B, A Ab, n — oo.

[IpeTmiocTaBUMO J1a TeCTHPaMbe €KCIOHEIWjaJTHOCTH IIPUKa3yjeMo y 00-
JIUKY

Hy:0=0 Hlielz%, 0> 0.
n

Yeeaumo ciaeneche oznaxe.

va(s,0) = Ep(Tao( X1, Xo)| X1 = s),
v3(s,0) = Ep(T3(X1, Xo, X3)| X1 = 3),
05(0) = D(v2(X1,0)),
03(0) = D(v3(X1,6))
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Kako cy dynkmuje 02(0) u 02(0) menpexuane mo 6 u o5(0) > 0 m

02(0) > 0, (ma ocnoBy (7.6)) zak/byuyjemo na cy jesrpa Yo u Y3 Heje-
reHePUCAHa ¥ MO/, TPETIOCTABKOM J1a Bayku Hi, OJHOCHO rpaHUYHE PACIIOZEIe
crarucTuka /n1,, 2y 1 /nTh, 3) cy Hopmanne. Tecrose hemo ynopeljusaru
IPOTUB alTepHaTuBa 3a Koje je py (0) > 0. 360r HempeknaHOCTH PyHKIHjE
pr, (0),3a k = 1,2 3ak/pydyjeMo Ja ¢y U ocTaian yciaoBu Teopeme 3.1.1 mc-
nymwenu. Ha ocnoBy Tora je Ilurmanos naru0d

~ py, (0)?
Cp = —]CQO']% .

Nectum  pe3oHOBameM Kao 3a TeCT-CTAaTUCTHKE 3acHoBane Ha U-
emrupujckum Jlamracopum TpancdopmalrjamMa 3aksbydyjeMo jga je ba-
XaIypoB Harub

1, (0)°0°
ko?
3aTo ce JoKa/lHe pelaTHBHE ACHMITOTCKe Baxamzypose edbHKACHOCTH TOK/Ia-
najy ca lluTmMaHOBIM JIOKAJIHUM aCHMITOTCKUM e(DHKACHOCTHMA.
Ynopeaufiemo tect-crarncruke (7.4) ca TecT-CTATHCTHKAMA WHTETDATHOT
THIAa 3aCHOBaHe Ha eMIIMPHUjCKUM (DYHKIIjaMa paclojese OJHOCHO ca

cp =

Mo (1max(Xs,, Xi,) < X, )

n 129
nt £—
01,0004

_ I{Xi1 + min(X;,, Xy,) < XZ-4}>;
I, = = Z ({max Xiy, Xig, Xiy) < Xig}

(S

— X, + med(Xp, Xy, X;,) < X}

Cratuctuka [, je mera/bHO mpoydaBaHa y Ofe/bKy 5.1, a acHMOTOTCKa
ceojcrBa cratuctuke M ce ma cimuam mawwmn usBose ma hemo mssobhema
M30CTABUTH U HABECTH CAMO Pe3y/ITare Heomxo/iHe 3a ojpehuBame peaTuBHe
eUKACHOCTH.

IIpBa mpojexnumja jesrpa ®M ma X, mox mpermocTaBkoM fa Baxku Hy je

Ha OCHOBY Kora j00MjaMo jia je TpaHMuYHa paclojena rTecT-craructuke [M

nopmanaa N (0, 135) 3a rpaHUYHY BPEIHOCT TECT-CTATUCTHKE Y BepoBaTHONH
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Py xam n — oo 3a anrepuatuBe ¢(r,0) Koje 3aJ0BOBABAjY YCJIOBE PEry-
JIAPHOCTYU BaXKu

b (0) = 4/000 M (s)h(s).

Caji UMaMo cBe IITO HaM je moTpeOHO ja ojapeaumo [luTmanose narube u
pesaTuBHY e(pUKACHOCT CTATHCTHKA TpOoTUB anrepuarusa (5.5),(5.7), (5.6) u
(5.9). Pesyararu cy npukasanu y tabesu 7.3. Unrpecantuo je na ce recr 1), o
OKa3a0 Kao eduKacHuju oJ ojrosapajyher zacuoBanor Ha U-eMIupujcKuM
dyHKIIMjaMa pacrojesie 3a CBe MOCMATPaHe aJITepPHATHRE.

Tabena 7.3: Tpubmuxua APE (T,,o, IM u T, 3, I,,)

CTaT. (Tn,27 Iy) (Tn,37 In)

Bejoyur 1.169 0.980
rama 1.147 0.722
Makexam 1.600 1.214
JICO 3.600 2.818

7.3 Mohu tecTtoBa 3a MaJjie oOnMe y30pKa

Y rabenama 7.4 u 7.5 npukazane cy MOhU Te€CTOBA MPEJJIOKEHUX HA OCHOBY
U-emnupujckux Jlammacosux Tpancdopmaija u Ha ocHOBY U-eMIHPHjCKAX
MoMeHaTa u ynopehene ca tecrom wunTerpasHor tuma (5.1).  Mowxemo
IPUMETHTH Ja Cy 3a Maje oOMMe y30paKa TecTOBH 3acHOBaHH Ha Jlammaco-
BUM TpaHcdopMmaliujama jgocta 60/bu 0J1 oJroBapajynhnx 3aCHOBaAaHUX Ha MO-
MEHTHMa, TITO Ce He JelaBa y aCUMITOTCKOM CJIydajy.
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Tabena 7.4: Ilponenar oadaveHUx HYJATHUX XHIOTE3d 33 PA3JIHIUTE TECTOBE
carnacuoctu n = 20, a = 0.05

Anr.  JDU P2 PSPl gP2 gPE Ty Ty L M
W(l4) 47 48 50 49 50 49 34 35 45 46
r2) 70 67 67 65 64 62 54 52 61 59
HN 24 26 30 20 31 31 17 18 24 30
U 51 61 71 73 77 79 30 30 66 79
0.5) 17 20 22 21 23 22 13 13 17 23
CH(1.0) 17 19 23 21 23 22 13 13 28 22
(15) 17 19 22 21 23 23 13 13 17 22

LF(2.0) 31 35 40 38 40 41 22 22 32 39
LF(4.0) 44 49 o0 02 56 56 31 30 47 33
5) 18 20 22 21 23 23 13 13 18 22
5) 40 46 95 93 57 58 27 26 48 57

Tabena 7.5: Ilponenar ombadeHUX HYJITUX XHIIOTE3a 3a PA3JIHIUTE TECTOBE
caryacaoct n = 50, a = 0.05

Anr.  JPU gP2 PS5 Pl gP2 gPs Ty T, [, IM
W(l4) 82 87 8 8 89 88 54 55 83 82
r'(2) 97 98 97 97 97 96 83 83 96 94
HN 41 53 60 53 62 66 19 18 49 58
U 80 92 98 98 99 99 31 31 96 100
(0.5) 28 37 45 40 46 49 14 14 33 37
CH(1.0) 27 38 44 41 46 48 14 15 33 38
(1.5) 28 38 45 40 47 50 14 13 32 38

LF(2.0) 56 70 76 72 7 80 25 26 66 62
LF(4.0) 75 86 91 89 92 93 35 35 & 79
EW(0.5) 28 38 44 41 47 50 14 13 33 37
EW(1.5) 70 82 90 88 92 94 30 29 82 88
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IlorjgaaBibe 8§

IIlpumena y ananusn
BpeMEHCKUX cepuja

Y oBOM TOTJIaB/by TIpUKa3zaheMo MPUMEHY HEKUX OJI TPUKA3aHUX TECTOBA 3a
IpOBepY KOPEKTHOCTU MOjiesia Y aHAJIM3U BPEMEHCKHX Cepuja.

8.1 IIpoBepa KOpeKTHOCTH MOjeJjia TPpajama

Hanpenak 4oewancTBa y TpoOTeK/ie JIBe JeleHuje OCTAaBUO je Tpar u Ha
HAYUuH TproBaimba cByJa y cBery. Hajsehm yruiaj Ha npomMeHe TpPros-
amba WMao je pa3B0j padyHapcTBa. J3HA4YAjHO MoBehame MOhUM padyHapa
omoryhmiio je jila ce TpaHCakKIMje CaKylljbajy HE caMO Ha JIHEBHOM HHUBOY.
Hanwme, ymecTo Gesrerkema IeHe BPeIHOCHUX MalMpa uian pobe (1 ocramux
FherOBHX CBOjCTaBa) HAjBUINE J(BA IyTa JHEBHO (Ha OTBapamby W 3aTBapamy
Gepse) omoryheno je CHHXPOHO YyBarbe IMOJATAKA, OJHOCHO TPAHCAKIAje CY
ce OeslexkKuyie y peasHOM BpeMeHY. DWIo je HYKHO TPOMEHUTH MPUCTYI U Y
aHAJIM3U TAKBUX I10J]aTaKa jep MOJEJN BPEMEHCKUX Cepuja KOjuMa Ce ONUCH-
BaJI0 HEKO oleserkje, MPeTIOCTAB/bATHN Cy Ja CY BPEMEHCKH TPEHYIH y KO-
juMa ce jieraBajy npoMeHe UCTUX, eKBUJIUCTAHTHU. JeJaH o mpodemMa Ono
jé M Taj mITO YaK HU HPOCEYHa YUIeCTAJOCT 10 jeIMHUIU BpeMeHa Huje Omia
KOHCTaHTa. YKOJUKO 61 ce o1abpao Maju MHTEPBAJ MOCTOjasa je DojazaH
Jla ce TI0jaBe MHTEPBAJU y KOjuMa HeMa TpaHcakiuja. C Jpyre cTpane ako
je Taj MHTepBaJ BeJUKU OHJA OU JOILIO [0 BEJUKOr T'yOUTKa MHGpOpMaIK]ja
mTo OM ce OJpa3mjo Ha KBAaJUTET Mojesaa. 300T CBUX OBHX HEJIOCTATAKA
MPETXOTHOT MOJIeJIa TOJaBHJIH Cy C€ CTOXACTHYKH MOJETH 33 MOJETUpAThe
BpeMena u3Mely TpaHcakiuja. AyTOperpecHuBHEH YCJIOBHH MOJEH TPAajarba
(ACD) cy npBu myT 6usn mpeyioxkenn of crpane Muria u Pacena (B. [24])
faln 3a MOJe/IUparbe HEIPABUJIHO PACIO/e/heHUX (DUHAHCUJCKUX TPaHCAK-
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IlornaB/pe 8. Ilpumena y aHa/in3m BpeMEHCKHX CepHja

nuja. O Taga mpuBIade MaxKiby MHOTHX HCTPaXKUBada U IHUXOBA MIPUMEHA
je cee Beha u Beha.

Y mamem tekcry onmcahemo neke AC'D monene.

OcuosBuu mojam y AC'D monenupaiby je mpajaree. Ilon Ttpajamem 1mo-
JIpazyMeBaMoO HHTepBaJ u3Mely ase Tpancaknuje. IIpupogno je ma ce Tpa-
jame MOJIeTMpa HeHEeraTUBHOM CJIYUajHOM BEJTHIHHOM.

Osnaunmo ca X; = T; — T;_1, ¢ = 1,2..., AyXuHy 1-TO HWHTEPBaJIA.
ACD(p, q) MOIEJIOM Ce TIPeTIOCTaB/ba /1 je
Xi = ey,

rie je {&;} HU3 HE3ABUCHUX W jeJHAKO DPACIOJE/HEHUX CJIYUYajHUX BEIHIHHA
ca MO3UTMBHUM HOCAYEM KOje HCIyHhaBamy yCJaoB Hopmupanoctu F(eg;) = 1.
YcoBHA Tpajama 1; Cy ONHCaHa jeJHAUNHOM

p q
Yy =w+ Z o Xi—j+ Z Bivi-j,
=1 j=1

IJie Cy p U ¢ HEHEraTUBHU NPHUPOJIHU OpPOjeBH KOjU O3HAYABAjY PeJl MOJENIA,
JOK Cy j U [3; TIO3UTHBHE KOHCTAHTE TaKBe Ja MOJEJ 3a/0B0/baBa yCIOBE
crarmonapruocTu. Heomnxoman ycioB 3a To je ja je cyMa KoeduidjeHaTa Moj-
ena Mama of 1.

[Ipsu npemgnoxenn AC'D momen nmogpasyMeBao je 1a Cy CIydajHe Besu-
4qnuHe €; ca ekcrnoHeHnujaaaoM & (1) pacrmomesioM u Ha3WBa Ce eKCNOHEeHUYU-
jaanu aymopezpecusnu modea mpajarwa EACD(p,q). Tlopen mera, y uc-
ToM pajay (B. [24]) je Guo mpeiokeH W MOJEJ y KOJUMa CJIydajHe BesIH-
qune €; umajy Bejoyrnosy pacmogeny WACD(p, q). Kacuuje cy 6unn npes-
JIOZKEHHM MOJIEJIN Y KOJUMa CJIydajHe BeJIMYUHE €; UMajy TeHEPAJIN30BaHy raMa
pacnomeny (B. [62]) nwim Byposy pacnoneny (. [33]).

Baxkna erama y Mojie/ioBaiby je mpoBepa KOPEKTHOCTH Mojesa. llopen
TeCcTOBAa KOPEeJTUCAHOCTU pe3ujyasa Koju ce Mory Hahm y JuTepaTypu HOBH
OPUCTYI TOJpasyMeBa M IMPOBEPY CArJIACHOCTH pe3uayasa ca MPeTIocTa-
B/BEHOM pacmojesioM, HIp. y cayudajy FACD(p,q) Momena ca eKCIOHEHIH-
JAJTHOM pPaCIOIESIOM.

[Mocebny mnaximy nocsermhemo EFACD(1,1) momeny. IlpermocraBnmo
JTaKJIe J1a je HaIll MoJes 3aJaT jeTHaInHaMa;

Xi = 51%

8.1
Vi=w+aX; 1+ B, 1=1,2,.. (8:)

YKoIHMKO je Bpemencka cepuja {X;} caabo cranmonapHa OHIA FheHA JHC-
nep3uja Mopa OMTH KOHA4YHA W OYEKUBAIH€ KOHCTAHTHO. Y3uMmajyhu y o63up
IPETIOCTABKY MOJesa JI00ujaMo Ja je
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e = E(Xy) = ﬁl_ﬁl
o2 = D(X,) = pa(l— (a1 + B1)?)

= 2 2 )
1 —2a7 — 81 — 20154
Ha OCHOBY 4era 3akKJbydyjeMo JIa MOpa Ja BayKH

0< g+ 5
2&% +ﬁ% +20¢1ﬁ1 < 1.

Ha comyan nayumn MOry ce A00UTH MOTpeOHU YCJA0BH ¢1abe CTAIMOHAPHOCTH
3a FAC D wmonen Beher pena.

YKOJUKO ¢y MO3HATH MapaMeTpH Mojiela MPOrHO3y MOXKeMO BPIITUTH Ha
caudaH HaYWH Kao Koja ARM A mozesna. YKOJIMKO TO HEje CJIy4aj MOTPeOHO
je napamerpe onenuru. To pajumo kopucrehu meros ycjioBHe MakCuMaJiHe
BEPOOCTOJHOCTH.

OsraunMo ca € BEeKTOp CBUX HEMO3HATHX TMapaMerapa y MOJEIy, T; =
(21, ..., x;)' BEKTOD peajn30BAHUX BPETHOCTH BPEMEHCKE CepHje 0 TPeHYTKa
t u meka je m = max(p,q). Tama yHKIH]Y BEPOIOCTOJHOCTH MOMKEMO
IPUKA3aTH Y OOJIUKY

f(@n]0) = f(@m]0) - f(@mia[Xm, 0) - f(2n[xn-1,0).

C 003mpoM Ha TO 1A je m ODWYHO 3aHEMAapJHPUBO Y OTHOCY HA BEJIHIHHY
cepuje Ha OCHOBY KOje BPIIIMMO OIEeHY HEIO3HATHX IMapamMeTrapa MOKeMO 3aHe-
maputu yrunaj byuxnuje f(x,,|0) Ha BpegHocT QyHKIHje BEPOIOCTOJHOCTH
f(z,]0) a onene mapamerapa 6 cy one Koje MaKCHMU3UPajy GyHKIU]Y

L(0) = H f(i|xi-10),

i=m+1

WA, €KBUBAJEHTHO, &JIU JIOCTa MOTO/IHKje 32 Pajl, (DYyHKIIN]Y

1(0) = log L(0). (8.2)
3 nocraBke mojena je
Flads,0) = ¢
T;|Xi-1, = ——c ¥
R

Y ToM caydajy je m3pa3 8.2 eKBUBAJICHTAH Ca
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Omnene nobujene Ha oBaj HAUMH HA3UBa]y ce QM LE ouene keazu memodom
MAKCUMAANHE BEPOCOCTNOTHOCTNU.
Ouemena aypalmja je Taaa

~

v =W+ ari_ + 31/31—1

a pe3uIyaJn Moaesa cy
X

Ei = —=.

(0
YKOJIMKO je Hallla IPeTIOoCTaBKa O MOJIe/ly KOPeKTHa OHJa he ce oneme-
HU pesuayasn {&;} MOHAIIATH KA0 HU3 HE3ABUCHUX CJIYYaJHUX BETUIHHA
ca ekcrnonenrmjasnom E(1) pacmogenoM. JemaH o HaYMHA /14 Ce HCIHUTA
HEKOPEJIUCAHOCT pe3ujyalia je mpuMena Jbyur-Bokcosor Tecta. 3a mposepy
CarJIaCHOCTH pe3uyaia ca eKCIHOHEeHIHjaJTHOM pacIlogeoM IIpe i TaKeMo,

~

HOpe/| CTaHAPAHUX TeCTOBA U TECTOBE OLUCAHE Y IIPETXOAHUM IIOIJIAB/bUMA.
Y nmasbeMm TeKcTy ynopejamheMo MOhu TecTOBa YKOJUKO je aJTepHATHBHA
pactogesa rama miau BejoysoBa pacrogena. IIpe Tora nariamaBamo 1a
Mmojiest 8.1 Tpeba Jia 3a/10BO/baBa yYCJIOBE PEryJIApHOCTH KOjH Cy TJIOMA3HU U
koje nefiemo nasomuru (B. [58]). 3a oapehjuBame mohu Tecrosa Kopuctuliemo
caenehn anropuram (B. [96]), Koju ce ocsiama Ha TapaMeTapcKk Oy TCTPEIL.

1. Ha ocnoBy nonasue cepuje Xy, ..., X,, QM LE merogom 100ujy ce onene
0" menosmarux mapamerapa AC'D Mozena, OueHe pesujyaln MOJeIa 1
Ha OCHOBY FHUX JIOOMje BPEJJHOCT TecT crtaTuctuke 1.

2. Tenmepumry ce €7, €5, ..., €, ca pacnogesoM F{ 1 Ha OCHOBY IbUX KOHCTDY-
UIIy OIleleHe BpeJHOCTH ejeMeHaTa cepuje X7, X5, ..., X kopucrehn
oIleHe mapameTrapa J00njeHe y IPeTX0IHOM KOPaKy. 3a MoYeTHe BPei-
HOCTH CepHje 3a reHepHcare ce ogabepy spegnoctu Xj = X' =+ =

Xip—l—l = ws :¢i1 == ¢iq+1 :Xn

3. Otiene ce mapameTpu Mojesa 6 U oleHe pe3u/Iyan Ha OCHOBY KOjUX ce
padyHa BpeTHOCT TecT cTaTuctuke 71,.

4. TlonoBe ce kopanu 2-4 B myra u Ha ocHOBY Tora oapean (1 — «)-tu
KBAHTHUJI PACIojiesie TeCT CTATUCTUKE . Y KOJIHMKO je BpeanocT 1 Marba
0/l § IPUXBATA Ce HYJITA XUIOTE3A.

5. Tlonome ce xopamu 1-5 N myra m MOh TecTa OIeHH y/IeJ0M O/J10aUeHnX
XUIIOTE3a.

Hanomumemo 7@ je OBO aJjiropuTtaM KOju ce Hajuenihe KOPUCTU Yy OBUM
CUTyalmjama.
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Ucnurahemo KBaauTeT jeTHOT O/ HAIHAX TECTOBA (Jf ), onpehyjyhu em-
nupujeky eeauduny mecma (ymaeo ondadeHUX HYJITHX XHIOTe3a IMOJ| MpeT-
HOCTABKOM Jla Baxku oHa) u Moh Tecta (ca N = 1000 monaB/barba).

lenepucahemo EACD(1,1) cepujy obuma n = 300 ca napamerpuma ¢ =
(0.3,0.2,0.4), e je w = 0.3, « = 0.2 u § = 0.4 . Ilocrynak hemo moHoBATH
ca mapamerpuma mozena 6 = (0.3,0.2,0.2).

Tecrupahemo nHyaTy XuUnoresy ja cy pe3ujiyann £y, ..., , U3 €KCIIOHEHIU-
jamre £(1) pacnomesne mpoTHB ajTepHATHBE Ha ce paju o rama ['(a,b) mpu
geMy 300T ycjioBa Mojiejia MOpa OUTH a = b, U IPOTUB aJITepHATHBE Jia Ce
paau o Bejoyinosoj V(A 1).

Konkypentcku tectoBu cy Koamoropos-Cymupnos tect D, Kpamep-
don MuszecoB Tect w,, TECT 3acHOBAH Ha DUHMUJEBOM HHJEKCY Ca TeCT-
CTAaTUCTUKOM

1 2
I 1 — _ - 4 .
Gn =1 Gn n— 1(2n an]X(])),

TECT EKCHOHEHIUjaJHOCTH 3aCHOBAH Ha EMIHPUJCKO] KapaKTepUCTUYHO]
byHKIIjH, OJHOCHO HeHOM peasHOM (S,(t)) n mMarmHaproMm jeny (c,(t))
ca TeCT-CTaTUCTUKOM

o0

W, = / (50 (t) — e ()20t dt.

—0o0

Tabena 8.1: Ewmmwupujcka BermumHa W Mol TecToBa 3a Mojen ca 6 =
(0.3,0.2,0.4)

Teer E£(1) T(1.2,1.2) T(1.5,1.5) V(L.1) V(1.2)

D,  0.056 0.496 0.995 0.376  0.917
w,  0.041 0.581 0.999 0.488  0.965
G, 0.065 0.663 0.998 0.620  0.985
Wyha 0.055 0.662 1 0.542  0.981
Jf’a 0.056 0.735 1 0.580 0.976

[enepaJsino rosopehu BuamMO Jla ce HAIl TECT MOKa3a0 Kao HajMOhHUju
3a TECTHpaFe CArJaCHOCTH pe3ujyasa NMPOTHB raMa aJTepHaTHBe, 0K je
y ciaydajy Bejoynose anrepuarue jegan o1 Bojehux. lcTo Tako MOzKeMO
OPUMETHTH Jla ce TOpeJaK TecTOBAa HUje MPOMEHHO HAKOH ITO CMO MAJo
N3MEHUIN TOJIa3He TTapaMeTpe MoJea.
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Tabena 8.2: Ewmmnwupujcka Besmumua um Moh TectoBa 3a Mojen ca 6 =

(0.3,0.2,0.2)

Teer &(1) I(1.2,12) T(1.5,1.5) V(1.1) V(1.2)

D,  0.043 0.509 0.990 0.407  0.906
wy,  0.050 0.575 0.997 0.455 0.961
GI 0.048 0.695 0.997 0.642  0.988
Wyha 0.058 0.651 1 0.550  0.982
JZ;G 0.045 0.759 1 0.593 0978

8.2 Jlereknuja IUKJINYIHE KOMIIOHEHTE Bpe€-
MEHCKe cepuje

OTKpuBame NUKINYHE KOMIIOHEHTE BaKaH je KOPAaK y aHAIN3U BPEMEHCKUX
cepuja. Y OBOM 0/ieJbKy HpHUKazaheMo Kako ce HeKH O] MPUKA3aHUX TeCTOBA
MOT'Y KOPUCTHATH Y T€ CBPXE.

Heka je {X;, t € N} cranuoHapHa BpeMeHCKa CepHja ca OYeKHBAFHEM [l
1 KOBapHjamuoHoM GhYHKIUjoM K 3a KOjy BazKh

Z |K(h)| < 0.

h=—00

Tana mocroju crekTpajiHa TycTHHA BpeMeHcke cepuje {X;, t € N} nedun-

HncCaHa Ca
)

Z K(k)e ™ w e [-m, 7.

=—0Q

1

flw)=o-

JG,ZLHa OJI OlleHa CIIeKTpaJiHe I'YCTUHE Ha OCHOBY IIPBUX 7 YJIaHOBa BPEMEHCKE

cepuje je nepuodoepam nedunncan 3a Pypujeoe (pexBennuje w; = %,
j=—lln=1)/2],...[n/2] ca
LS K(k)e e 3zaj #0;
T(w:) = 2 Lalkl<n ’ ! 8.3
() { 7= Xn, nHadJe, (8:3)
re je
n—|k|

R(E) =+ 3 (Keagig = Xo) (Keg — Ko

t=1
[Tokasyje ce 1a je u3pas (8.3) eKBUBaJEHTAH ca

27m ‘ Z X eilm
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[IpermoctaBumo 1a je Bpemencka cepuja { X, } medunucana ca

(p—1)/2

Xy =p+ Z Ay, cos

k=1

2kt 2kt
T + By, sin T

+ Ap (1) + Z,, (8.4)

npn uemy je Az =0 yKkoimKo je p Henapat 6poj a {Z;} je Taycos Gesm nrym
ca qucuepsujom o2, 2Kemmo ga TecTupaMo HY/ITY XHIOTE3Y /12 HOCMaTPaHa
cepmja HeMa Ce30HCKY KOMIIOHEHTY, OIHOCHO

Y kmwusn [ejsuca n Bpoksena [15] nokazan je ciaenehu pesyiarar.

Teopema 8.2.1. Hexa je X; cmayuonapra spemencka cepuja deunucana
ca (8.4). Tada cy cayuajne seauvune

7
I(w
Y; = —Zgzl o) g9 g1,
re 4 (wr)
- o n—1
2de je q = [T]’ PAcnodesene Kao CMamucmuke nopemsa YHUPopmHe

U[0, 1] pacnodese aro u camo axo je {X;} Laycos beau wym.

ITpumep 8.2.1. Ilocmampajmo epemencky cepujy
ot
X; = sin 577 + Z;, t = 1...100.

2Keaumo da mecmupamo da je Xy Laycos beau wym. Yrxoauro je mo maumo

oHoa i
_ Dict L (wi)
YVe=S=Sm—7 K
> it I(wi)
cy emamucmuke nopemka yrugopmne U0, 1] pacnodeae. 3amo fiemo npu-

menumu mecmose Tt u T2 (5.39). Jobujamo p-epednocmu mecma 0.032 u
0.029 u 3axpY4yjeMO 06 UUKAUYHA KOMNOHEHMA NOCMOJU.

= 1..,48,

Ha ocnoBy oBor nmpumepa BHIMMO Jia je HAIl TECT CArJIACHOCTH €A yHH-
GOPMHOM PaCIOAETIOM YCIEITHO AeTeKTOBAO MUKJINYUHY KOMIOHEHTY TeHep-
WCaHe cepuje.
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3akKJby4aK

Y amcepranuju je mpeI0yKeHO TPUHAECT TEeCTOBA CArJIaCHOCTU KOJU Ce MOTY
moAeNnTH y ape Tpymne. [IpBy 4YmHe TeCTOBW carjacHOCTH 3aCHOBaHW Ha
U-cratuctukama u V-craructukama. 1ecTOBU €y KOHCTPYHUCAHU KOPWIII-
hemeM KapakTepusallja Ha OCHOBY jeTHAKO DPACIO/Ie/beHUX CTATHCTHUKA,
HAa OCHOBY HE3aBUCHOCTH CTATHCTUKA, MOMEHATa CTATHUCTUKA U Kaparep-
n3amMja pacrojesia Ha OCHOBY (DYHKIMOHAJHUX jeJHAYNHA KOje 3a0BOJ-
jaBa dyHKIMja pacrnojgeae. Y NPEIJIOKEHUM CTATUCTHKAMA Ce jaBasbajy
U-emnupujcke dyuknuje pacrogene u U-eMIUPUjCKH MOMEHTH pacliojielie.
Jpyry rpyny 4UWHe TECTOBHU CarJlacHOCTH 3acHOBaHU Ha U-craTHcTHKama u
V-crarucrukama ca OlEHeHUM llapaMerpuMa Ha OCHOBY KapakTepus3aluja
JE/IHAKO PaCIoie/heHUX CTATUCTUKA KOje cy JjinHeapHe (hyHKIHje ejgeMeHaTa
y30paKa M FHerOBUX CTATUCTHKA MOPETKa. ¥ MPEJJIOKEHUM TEeCTOBUMA Ce
jaBpajy U-emmupujcku MoMeHTH Kao u U-emnupujcke Jlaniaacose Tpancdop-
Manmje. llopea TecToBa carlacHOCTH y pajy je MPeIoKeHO W MeT TeCTOBa
cUMeTpHje.

3a cBe mpeI0KeHe TecT-CTaTucTrKe ¢y Hal)ene rpanudne pacrojesne. 3a
weHo ojpehuBame Kopuithena cy cBojcTBa U-crartuctuka u V-craTucruka
KOja Cy HaBeJeHa Yy MPBOM /[IeJIy JTUCEpTAaIlnje.

[IpBa rpyna mpemIoKeHHX TecToBa je ymopehwBaHa ca CTaHIAPIHUM
TeCTOBUMA CarJIACHOCTH, KA0 W Ca HOBUJUM TECTOBUMA KOjU Cy OWIH Mpe/-
JIOZKEHH y IIOCJIe/IFbUX HEKOJIMKO TojnHa. [J1aBHU Kpurepujym 3a nopebherme
je owna mokanna BaxamypoBa acummrorcka edukacuoct. 3a oapehuBarbe
ucTe KopuiheHe Cy TeopeMe O BEJUKHM OJACTYMAamUMa 3a Heke KJace U-
CTATUCTUKA ¥ ofroapajyhmx damuiauja U-cratuctuka. Popmynmcana je
1 J0Ka3aHa HOBA TeopeMa O (PYHKIHUJU BEJTHKUX OJCTYIAMha YHjU 3HAYA]
[POU3NJIA3M U3 YUbEHUIE Ja ce mwome ozpehyje pyHKIMja BeJMKUX OJICTY-
ama 3a MHUPOKY KJACy TeCT-CTaTHCTUKA. HeKu oJ1 mpe/jIoKeHUuX TeCTOBa
cy ynopehenn m 3a y3opka maanx obuma ojpehuBameM eMrnupucjke Mohmn
TecToBa KopuiihemeM Monte Kapio meroza.

Ha xpajy aucepramnuje je mpuKa3aHa U IpUMeHa MPEJJIOKEHUX TECTOBA Y
aHaJIM3U BPEMEHCKUX Cepuja.
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IlornaB/pe 8. Ilpumena y aHa/in3m BpeMEHCKHX CepHja

[IpaBmu npa/ber WCTpakKuBama cy OpojHH a MeDhy mHMa ce U3aBaja
HpoHa/axkeme MYHKIMje BeJITUKUX OJ/ICTyama 3a U-cTaTucTike ca OlemheHnM
nmapaMeTpuMa ca HeJlereHepUCAHNM N C1abo JlereHepUCaHuM je3rpoM. Y KO-
JINKO Ce TO OCTBAapu peliumjaa OM ce BesjuKa Kjaca npobjeMa y HelapaM-
eTapCcKOj CTATUCTHUIH. JOII jeaH OJ WHTPECAHTHUX Ta/bUX ITpaBara Mc-
TpaskKMBarba je MpoHaJazKebe FpaHuIHe PacIoese JereHepucane CTAaTUCTHKE
KosmoroposibeBor Tumna u ojrosppajyhe pyHkIimje BeJTMKUX OJCTYAHA.
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Bojana Musomesuh pobema je 15.2.1989. y IlanueBy rae je 3aBpiimia oc-
noeay Koy " Ucumgopa Cekyauh” u ocHoBHY My3uuky mikosy ”Joan Ban-
nyp”. IlkonoBame je HacTtaBuia y Maremaruukoj rumuasuju y Beorpamy
KOjy je 3aBpmmia Kao BYKoBall. ToKOM INKOJOBama je OCBOjUJIA BHIIIE
Harpalda Ha peHy6ﬂI/I‘{KI/IM 1 CaBE3HUM TaKMHYCIbUIMa H3 MaTEMaTHKE H
dusnke. OcHosHe cryauje Ha MaremaTndkom BaKyaTeTy, CMEp CTATHCTHKA,
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muia ca npocedHoM oreHoM 10.0 Kao cryneHT renepanuje. Macrtep cryauje
je 3appmmia 2012. ca mctoM mpocedHoM oreHoM. lcTe roaube je ymucasa
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nogarHy HactaBy o 2008. roamue g0 2011. roamne.
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Npwnor 1.

U3jaBa o0 ayTopcTBY

MNoTnucaHmn-a BojaHa Munouwiesuh
6poj ynuca 2007/2012
UsjaBrbyjem

Aa je AOKTopCKa AucepTauuja nof Hacnosom
AcnnTOTCKa CBOjCTBA HENapamMeTapcKknx TecToea 3acHoBaHux Ha U-ctatuctukama un V-

cTaTUCTMKaMa ca HefereHepucaHum u cnabo agereHepucaHum jearpom

e pesynTaT COMNCTBEHOr UCTPaXXUBAYKOr paja,

e [a npeanoxeHa guceprauuja y LUenvHN H1 y Jenosuma Huje 6una npegnoxeHa
3a pobujake Buno koje gunnomMe npema CTYAWjCKAM Mporpamuma Apyrx
BWUCOKOLLKOSICKMX YCTaHOBA,

e [a cy pesynTaTi KOPeKTHO HaBeaeHuN 1

e [a HWCaM Kplumo/nma ayTopcka npaBa WM KOPUCTUO WHTENeKTyarnHy CBOjUHY
Apyrux nuua.

MoTtnnc AOKTOpaHaa

Y Beorpagy, 22.1.2016.
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Mpunor 2.

U3jaBa 0 MICTOBETHOCTU LWUTaMMaHe U eNIeKTPOHCKe
Bep3nje AOKTOPCKOr paaa

Vme n npesume aytopa bojaHa Munowiesuh

Bpoj ynuca 2007/2012

Ctyaujcku nporpam MaTemaTtuka - BepoBaTtHoha 1 cTaTucTuUka

Hacnos paga AcuNTOTCKa CBOjCTBa HENAPAMETAPCKMX TECTOBA 3aCHOBAHMX Ha
U-ctatuctukama n V-ctatuctmkama ca HegereHepucaHum U crnabo aereHepucaHum

JE3rpom

MeHTOp npod. ap MNaene MnageHosuh

MNotnucadn bBojaHa Munowesuh

u3jaerbyjemM ga je WTamnaHa Bep3uja MOr JOKTOPCKOr paja MCTOBETHA eneKTPOHCKO)
BEp3Mju Kojy caM npefao/na 3a objaBrbuBawe Ha noptany  AurntanHor
peno3sutopujyma YHuBep3uTeTa y beorpagy.

[osBosbaBam ga ce obGjaBe MOjuM NUYHWM NMogaun Be3aHu 3a Oobujare akagemMcKor
3Bara JOKTOpa Hayka, Kao LUTO Cy UMe 1 npesnmMme, roguHa u Mecto poherwa u gaTym
onbpaHe paga.

OBM nUYHM nojaum Mory ce 006jaBUTM Ha MPEXHWM CTpaHuuama JAurutanHe
6ubnunoTeke, y eNeKTPOHCKOM KaTanory u y nybnukauujama YHusepsuteta y beorpagy.

MoTtnuc pokropaHaa

Y beorpaay, 22.1.2016.
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Npwunor 3.

UsjaBa o kopuwihekwy

Oenawhyjem YHusepauteTcky Gubnuoteky ,Csetosap Mapkosuh® ga y [Jurutantu
penosnTopujyM YHuBepsuteTa y Beorpagy yHece Mojy AOKTOPCKY AucepTauujy nog
HaCnoBOM:

LACUNTOTCKa CBOjCTBa HENapaMeTapcKMX TecToBa 3acHOBaHUX Ha U-cTatucTvkama v
V-cTaTucTMKama ca HeJereHepucaHum 1 cnabo gereHepucaHum jesrpom”

Koja je Moje ayTopcKo Aeno.

OuncepTaumjy ca cBUM Npunosuma npegao/na cam y enekTpoHcKom ¢ropmMaTy norogHomM
3a TpajHO apxuBUpame.

Mojy AOKTOpCKY AucepTauujy noxpaweHy y [vrntanHu penosmtopujyMm YHuBepsuTeTa
y Beorpaay Mory Aa KopucTe CBU Koju nowuTyjy oapeabe cagpxaHe y oaabpaHom Tuny
nuueHue KpeatnsHe 3ajegHuue (Creative Commons) 3a kojy cam ce ofny4uno/na.

1. AyTopcTBo
2. AyTOPCTBO - HEKOMEpPLMjanHo
@ AyTOpCTBO — HEKOMEpLUjanHo — 6e3 npepaje
4. AyTOpCTBO — HEKOMEpPLWjanHo — AenuT NoA UCTUM yCroBumMa
5. Aytopcteo — 6e3 npepage
6. AyTOpCcTBO — AENWTU NOA UCTUM yCrnoBuma

(Monvmo fa 3aokpyxute camo jedHy oA LWecT noHyfeHux nuueHun, kpaTak onuc
NUEHUM AaT je Ha nonefuHn nucta).

MoTnuc goKkropaHaa

Y Beorpagy, 22.1.2016

W Hru e Altayati




1. AytopcTBo - [losBorbaBarte yMHOXasarwe, AUCTpubyuujy U jaBHO caoniwitaBame
Aena, v npepaje, ako ce Hasee ume aytopa Ha HauunH ogpefeH og cTpaHe aytopa
wnu fasaoua nNuUeHUe, Yak u y komepuujanHe cepxe. OBo je HajcnobogHuja of cBux
nvueHum.

2. AyTopcTBO — HekomepuumjanHo. [lo3sorbaBaTte yMHOXaBarwe, AucTpubyLmjy v jaBHo
caonwiTasawe fena, WU npepajge, ako ce HaBeae uMe ayTopa Ha HauvH ogpefeH oa
CTpaHe ayTopa unu gasaoua nuueHue. OBa nuvueHUa He [403B0OrbaBa KOMepuwjanHy
ynoTtpeby gena.

3. AyTopcTBO - HekomepuujanHo — 6e3 npepage. [lossorbaeate yMHOXaBarE,
AMCTPMBYLM]Yy W jaBHO caonwTaeawe pfena, 6e3 npomeHa, npeobnukosBarka Wnn
ynotpebe gena y CBOM [eny, ako ce HaseAe vMe aytopa Ha HauuH opapeReHn o
CcTpaHe aytopa unu fasaoua nuueHue. Opa nuueHUa He 403BOSbaBa KoMepuunjanHy
ynotpeby gena. Y ofHoOCy Ha cBe ocTane NuLeHLe, OBOM MULEHLOM Ce orpaHudasa
Hajsehu oBum NpaBa kopullherwa gena.

4. AyTOpCTBO - HEKOMepuujanHo — AennuTu nog UCTUM ycnosuma. [ozsorbasare
yMHOXaBawe, AucTpubyLmjy v jaBHO cacnuiTapare fena, v npepajge, ako ce Haeeae
nme aytopa Ha HayuH ogpefeH of cTpaHe ayTopa wnu gasaoua NuMUeHLEe U ako ce
npepaga guctpnbyupa no4 UCTOM MNM crivdHOM nuueHuom. Oea nuueHua He
A03B0OSbaBa KoMepuujanHy ynotpeby aena v npepaga.

5. AytopctBo — 6e3 npepape. [o3BorbaBarte yMHOXaBake, ANCTPUbyumr)y U jaBHO
caoniwTasame Aena, 6e3 npomeHa, npeobnukoBara nnm ynotpebe aena y cBom geny,
aKko ce Haeefe UMe ayTopa Ha HauuH ogpeheH o cTpaHe ayTopa vink gaBaoua
nnyeHue. Osa nuueHua 4o3Bosrbaea komepumjandy ynotpedy gena.

6. AyTopcTBO - pJenutu noh4 UCTUM  ycrioBuma. [lo3BorbaBate YMHOXaBaH-e,
AvcTpnbyumjy 1 jaBHO caonwiTaBawe Aena, u npepage, ako ce HaBeae uMe aytopa Ha
HauvH ofapefeH of cTpaHe aytopa wnu fAasBaoua IuUEHLIe M ako ce npepaja
avcTtpubyupa nog MCTOM WM ciiMyHom rvueHuom. OBa nuueHUua Lo3Borbasa
KomepuujanHy ynoTpeby Aena v npepaga. CnudHa je codTBepcKMM NuLeHLama,
OAHOCHO NULEHLaMa OTBOPEHOT KoAa.
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