YHUBEP3UTET Y BEOI'PALY
MamuHckn pakyJjarer

BERY JOKTOPCKUX CTYIUJA

Ipeamer: Pedepar o ypahenoj noxropckoj mucepranuju kanaunata Japka M. PagojeBuha,
MacCT.WHX.OpT.HayKa, CTyaeHTa JJOKTOPCKHX CTyIuja

Onnykom 0poj 825/2 om 02.06.2022 roawnHe, IMEHOBaHU cMO 3a WwiaHoBe Komwcuje 3a mperues,
OLIeHY M 010paHy AOKTOpcKe auceprauyje kanaunata lapka M. PanojeBuha noj HacinoBoM

»CTa0MJIHOCT MOCeOHMX KJIaca MEXaHHYKHUX CHCTeMa HeleJor M IeJior peaa ca
KallllbeheM HA KOHAYHOM BPeMEeHCKOM HHTepBaJy“

[Tocne mpernena nmocraBibeHe Jluceprammje w Apyrux mnparehmx maTepujana M pasroBopa ca
Kannunarom, Komucuja je caunnnna cnenehn

PEGEPAT

1. YBOJ

1.1. XpoHoaorvja ogo0paBama U U3pajie AUcepTaluje

Kanmgunar /lapko M. PamojeBuh, MacT.MHX.Opr.HayKa, YIHCAO j€ MPBY TOAMHY JOKTOPCKHX
crynuja Ha MammHacKkoM (akynrety YHuBep3ureta y beorpany mxomncke 2012/2013 rogune.
Kanaunaty je onoOpeHo MUpoBame cTaTyca CTyAeHTa Ha JJOKTOPCKUM CcTyaxjaMa y Tpajamy O ABa
cemectpa y mkosickoj 2013/14 romunu (Op.pemema 9/10589 om 27.11.2015. roaune), u y
mkosnckoj roguan 2020/21 (pememe 9/17098 ox 30.09.2021.roguHe), OAHOCHO OJ00PEHO MY je U
IPOy’KEHmhE CTaTyca CTyAEeHTa Ha JIOKTOPCKUM CTyAMjaMa y Tpajamy O]l IBa CEMECTpa y LIKOJICKO]
2021/22 rogunu (pememe 9/17012 ox 30.09.2021 roaune).

Kangunar je mogHeo 3axTeB 3a 000peme Teme JOKTOpcke aucepranuje Opoj 1853/1 on
18.10.2021 ronune Ha Karenpu 3a Mmexanuky MammHckor (akynrera YHuBep3urera y beorpany.
Kanaunar je 3a MmeHTopa npeanoxuo ap Muxauna Jlazapesuha, pegosHor npodecopa MamuHckor
¢dakynrera y beorpany. Ha ocHoBy carmacuoctu Kateape 3a mexanuky Opoj 1853/2 o 26.10.2021
roguHe, HacraBHo-HayuHo Behe MammHckor dakynrera y beorpaay moneno je 18.11.2021 roaune
Onnyky Opoj 1853/3 ox 18.11.2021 o wmeHoBamy Komucuje 3a olneHy mOA0OHOCTH TeMe M
KaHAWgaTa 3a W3pagy JOKTOPCKE IHCepTalije W HaydHe 3aCHOBAHOCTH TeMe JOKTOPCKE
JHCepTaIyje y cacTaBy:

— nap Muxauno JlazapeBuh, pemoBHu mpodecop (MeHTOp), MammHCKH (daKynTer,

VYuusepaurer y beorpany,

— np Ilerap Mannuh, nouent, MamuHcku dakynrer, YHuBep3uTeT y beorpamy

— np Cperen CrojanoBuh, pemoBHu mpodecop,Texnonomku ¢akynrer y Jleckosiy,
YuuBepsurer y Humry.



Behe HayuyHux oOmacTu TeXHHUKMX Hayka YHuBep3ureTa y beorpamy moneno je Ommyky
O0poj 61206-5126/2-21 ox 19.01.2022 roamHE KOjOM ce Jaje carylaCHOCT Ha TMPEAJior Teme
JIOKTOpCKe mucepTanyje kanaunata [lapka PamojeBuha, MmacT.mHX.Opr.HayKa., IO/ HACIIOBOM:

»CTa0MJIHOCT MOCeOHUX KJIaca MEXaHMYKHUX CHCTEMAa HeleJIOT | 1eJI0T pe/ia ca KallllbelheM Ha
KOHAYHOM BPEeMEHCKOM MHTepBaJy *

Ha ocHoBy obaBemrema peroBHor mpod. ap Muxamna Jlazapesuha nma je xamgumat Jlapko M.
PanojeBuh, MacT.nHK.OpT.HayKa, 3aBPIINO JOKTOPCKY JAWUCEPTAIH]jy MO HACIOBOM: ,,CTaOMIHOCT
Noce0HNX KJIaca MeXaHMYKHX CHCTeMa HeleJOor W LeJOI pela ca KallllhbelheM Ha KOHAYHOM
BpeMeHCKOM HHTepBay “ u npemiora Karenpe 3a mexanuky 0poj 825/1 ox 26.05.2022 ronune,
HacraBno-nayuno Behe MammHckor ¢akynrera y beorpany je Ha cemamnuu onpxanoj 02.06.2022
roguHe aoneno Omnyky Opoj 825/2 kojom ce mMeHyjy unaHoBu Kowmwcuje 3a mperiesi, OoleHy u
oJ0paHy TOKTOPCKE AUCEepTalllje y cacTaBy:

— np Muxamno JlasapeBuh, pemoBHM mpodecop (MeHTOp), MammHCKH ~(aKynTeT,

YHusepsurer y beorpany,
— np Ilerap Mannuh, nouent, MamuHcku dakynrer, YHuBep3uTeT y beorpamy

— 1p Cperen CrojanoBuh, penoBHu npodecop,Texnomomkn ¢dakynrer y Jleckosiy,
VYuuepsurer y Humry.

1.2. HayyHa o0iacT gucepTraimje

JlokTopcka amcepTandja IMoj HAcIOBOM , CTA0OMJIHOCT MOCEOHMX KJIaca MeXaHMYKHX
CHCTeMa HeleJolI M LeJOoI peAa ca KalllkbekheM HAa KOHAYHOM BPEMEHCKOM HMHTepBady “
npunaga ooJacTy TEXHUYKHX HayKa - MAIIMHCTBO, YXK0j HAYYHO] 00iacT - MexaHuKa, 3a Kojy je
Mammacku ¢dakynrer YHuBep3uteta y beorpamy matudyan. Menrop ap Muxauno Jlazapesuh je
penosHu npodecop Ha Karenpu 3a mexanuky MammHckor ¢akyinrera YHuBepsutera y beorpany.
Kao ayrop mwnu koayrop a0 cana je myonukoBao 33pana va SCI nuctu.

1.3. Buorpadcku moaany 0 KaHIUAATY

Kanmgunar, lapko M. PanojeBuh je pohen je y beorpany, onmruna CaBcku Benam, 10. 11. 1976.
rogune. OcHOBHY KONy ,,Panoje Jlomanouh, Ha HoBom Beorpamy, 3aBpmmo je 1991. rogune a
JeBery rumHasmjy ,,Muxamno IlerpoBuh Amac” ma HoBom beorpamy 1995. rogune. Jumnomupao
je Ha dakynTery opraHu3alMOHHX Hayka y beorpamy, 2002. romuHe a Ha UCTOM (hakynTeTy je
3aBpiiro u mactep cryauje 2008. roauHe ca mpocevyHoM oeHoM 9,86.

Jloktopcke cryauje je ymucao mkoyncke 2012/2013 rogune Ha MamuHCKOM (akyiTeTy,
VYuusep3urera y beorpany, rae je moyioxkuo cBe ucrnure npensuhene [lmanom u Ilporpamom
ycaBpmiaBama ca npocedHoM omeHoM 9,50.'ommne 2016 006jaBno je cBOj MpBM HAyYHH paj Ha
koHpepennuju Chinese Control and Decision Conference CCDC 2016, Yinchuan y Kunu. Y
nepuony on 2016. mo 2021. rogmHe 00jaBMO je jeJaHaHECT HAYYHHX pajoBa Ha goMahum u
WHOCTpaHUM KOH(pepeHIIMjaMa 0JTHOCHO YaCcONMCHMA.

Y ¢cBo0joj pamHOj kapujepu usMely ocTaysior 0aBHO CE WHKCHECPUHTOM, TPOjEeKTOBAmHEM,
aHAJIM30M M ONTHUMM3ALMjOM NPOM3BOAHUX JHMHHUjAa U MPOLECHE ONpeMe Y HHAYCTPUjU, U3paJOM
MoJiella ONTHMH3AllMje OINEepaTUBHE IpPHUIpPEMe MPOU3BOJHE, OPraHU3alUjoM OJpXKaBamba H
yIpaB/batkbeM TEXHUYHM CHUCTEMOM OOjeKTa KOjU YKJbydyje MpOLECHE, XUAPO U TEPMOTEXHHUUKE
cucteme. Takohe OMO je KOOpPAMHATOP HA MPOjEKTy M3pajie MU MMIUIEMEHTAIUje alUIMKaTHBHUX/
coTBEepcKUX cucTeMa Kpo3 (ha3HO yBoheme HOBHX pellierha Kao U M3pPaJoM, UMIUIEMEHTAIHjOM U
pa3BOjeM KOHTAKT LIEHTapa.



TokoMm cBor mkoyoBama M NMPO(GECHOHATHOT ycaBpllaBama Noxahao M 3aBpIINO BEIHKU
0poj mpodecuonanuux kypcera: MCSA Microsoft, AutoCAD, Windows Server 2003, ISA Server,
SQL, Visual Basic, Primavera Project Planner, Monte Carlo, LaTeX, QuarkXPress, [IpoakTuBHO
Boheme mpomaje Moduli I i II. Hcro Tako 3aBpmmo je m 0oOyke W3 BEINITHHA TPE3CHTAIH]e,
KOMYHHKaIuje, Boema 1 TEXHHUKA MPOJaje.

Oncnyxuo je penoBad BojHH pok 2003. roguHe. TeYHO TOBOPH CHIJIECKH jE3UK.

2. OIIMC JMCEPTALIMJE

2.1. Caaprxaj gucepranuje

JlokTopcka aucepranuja kangunata Jlapka M. PapojeBuha, MacT.MHXK.Opr.Hayka, IOJ
HacioBoM “CTa0MJIHOCT NOCEOHHX KJIACAa MEXAaHHYKHX CHCTEMAa HelesJaor W IeJIor peaa ca
KAlllbelheM Ha KOHAYHOM BPEMEHCKOM HHTEpBaIy® je MokyMeHT (opmara A4, mramman
JEIHOCTpaHO, HANMCaH Ha CPICKOM je3uKy, hupuiamuHuM nucMoM. Hammcana je Ha ykymHo 86
HyMepucaHux cTpaHa ykipyuyjyhm Ilpumore wu Jlureparypy koja campxku 135 pedepennn.
NnyctpoBaHa je ca 7 ciavka u caapxu 267 HyMEpHCaHUX H3pa3a.

JlokTopcka nucepranyja caapxku cieneha [ormaeba:

1. VYBox;

2 CTa6I/IJ'IHOCT BPEMCHCKH KOHTUHYAJIHUX CUCTEMA Ca KallllbE€HEM HEUIECJIOT p€aa Ha KOHAYHOM
BPEMEHCKOM MHTEPBAILY;

3. Hexa nurama cTaOMIIHOCTH MOCEOHMX KJlaca MEXaHMYKUX CUCTeMa: (DpaKIMOHH MPUCTYTI;

4. PoOycHa cTaOMIHOCT HA KOHAYHOM BPEMEHCKOM WHTEPBAIy HEYTPAHOT CHCTEMa HElEeIor
pera 0 < < a <1 ca BpeMEHCKH IPOMEHJBUBUM KalllCHBUMA U HEU3BECHOCTAMA,

5. CraOWIHOCT Ha KOHaYHOM BpPEMEHCKOM MHTEpBaly HEYTPaJHOI BHUIIEWIAHOI CHUCTEMA
Herenor pena 0<y <1< f<a <2 ca BpeMEHCKH IPOMEHJbUBUM KallllCHUMa;

6. 3axJpydak M HAYYHU JOTPHHOCH JHCEPTAIlH]e;
OcuM HaBeneHOT, MOKTOpPCKA JMCEpTaldja CaJApKd pPEe3UME Ha CPIICKOM M CHIJIECKOM je3HKY,
canpxkaj, Oworpadmjy ayropa, M3jaBy o ayrtopctBy, M3jaBy O HCTOBETHOCTH INTaMIIaHE U

€JIEKTPOHCKE Bep3Hje JOKTOPCKOT pajaa u M3jaBy o kopumhemy.

2.2. Kparak npuka3s moje [MHaYHKX IIOrJIaB/ba

IIp6o noznasme, NOpes yBOIHHUX pa3MaTpama Koja ce OJHOCE Ha CUCTEME Ca KallkEeHmheM, IIe ce
Jlaje OCHOBHA IOCTaBKa MpolieMa, 0COOMHE M CIeU(UYHOCTH pa3MaTpaHuMX Kiaca CUCTeMa ca
nosuiuja Mmoryhe IMHaMHUYKe aHaIM3e, IPUKa3aH je y HACTaBKy KpaTak Iperiel] Mo MOorJiaB/buMa.
Taxohe, Ha Kpajy JaT je W CeNEeKTUBAH M XPOHOJOMIKH MPeTie]] JOCAAIIBIX pe3yiITaTta Ha ToJby
u3y4yaBama MPAKTUYHE CTAOWJIIHOCTH W CTaOMJIHOCTH BPEMEHCKH KOHTHHYAJHHX CHCTEMa IIeJoT
pena Ha KOHAYHOM BPEMEHCKOM HHTEpBally.

/lpyeo noenaeme, ouNmbEe YBOTHHM pa3MarpamHMa Koja Ce OJHOCE TUHAMHUYKE CHCTEME KOjU
MOJICJIOBAHN M YTIPaBJbaHU NPUMEHOM padyHa HeleJor peja. 3aTUM ce Jaje COJMIHAa OCHOBa
padyHa Helesnor peaa koju he 6uTu of 3Havaja 3a UCIUTHBAaKE CTAOMIHOCTU MEXaHUYKHX CHCTEMa
HEIleJIor pefa. Y HAacTaBKy je JaT Ha CEJeKTHBAH W XPOHOJIOIIKM HA4YMH Iperie]] A0calalllbux
pe3yiTaTta Ha MoJby M3yuyaBama CTAOMIHOCTH CHCTEMa HELEeJor pefa ca KallllelheM Ha KOHAYHOM
BPEMEHCKOM MHTepBaiy. Takole, moceOHa makmha y OBOM IOIIaBJbY j€ MOCBeheHa XPOHOJIOIIKOM
nperjieay JOCaJallllbuX pe3ylTaTa Ha I0Jby H3ydyaBamba CTAaOMJIHOCTH HEYTpaJHUX CHCTeMa
HEIIEJIOT peJia ca KalllkbelheM Ha KOHAYHOM BPEMEHCKOM MHTEpBally.



Tpehe nocnasme mocBeheHO je OPUTMHATIHUM pPE3yJTaTUMa KOjU C€ OJHOCE Ha HEJhaIyHOBCKY
CTAOMJIHOCT Tj. CTAOMJIHOCT Ha KOHAYHOM BPEMEHCKOM HHTEpPBANly ITOCEOHMX Kllaca MEXaHHYKHX
crcTeMa MPUMEHOM padyHa HeIeJor pesia a KOju ce MOTy MPHUKa3aTh Kao OAroBapajyhu HeyTpaTHH
CHCTEMH HELeJIOT pefa M IEeJIoT pela ca KalulmbemeM. [IpBu MEeXaHWYKH CHCTEM KOjH je IPOyJYaBaH
JecTe JbY/ICKO TeNlo Yy 3aJaTKy OallaHCHpama y CardTalHO] PaBHU KOjH CE€ MOXKE MOJEIIOBATH Kao
oaroBapajyhu OMOMEXaHWYKH CHCTEM JaT y BHIy MHBEP3HOT KJaTHA. 3a FHETOBY CTaOWIHM3aLujy
OKO HECTaOWITHOT TOJI0YkKaja BEPTUKAIHOT PAaBHOTEKE NPUMEHECHO je yNpaBihbakbe HELENOr pena
tuna [IJI/[2 xoje ykJbydyje M UYHUCTO BPEMEHCKO KalllbeHhe, T j€ Yy HACTaBKy HCIHTaHA
CTaOMITHOCT Ha BPEMEHCKOM WHTEpBAITy OAroBapajyher 3aTBOpeHOr HEYTPaTHOT CHCTEMa HEEeIoT
pena ca BpEMEHCKUM KallllbemheM. Takohe, McrmuTaHa je CTaOMIHOCT Ha KOHAaYHOM BPEMEHCKOM
MHTEpBaITy oJroBapajyher 3aTBOpeHOr HEYTPAIHOT CHCTEMa aJd caja MEeJor pela ca BPEeMEHCKUM
KallmheHEeM.

CropoBeneHa je ajeKBaTHAa aHal M3a CTAaOMIHOCTH HWHBEP3HOT KIIaTHA Yy 3amaTKy OalaHCHpamba
JbYJICKOT TeJla y CaruTaiiHOj paBHH MeToaoM Jl-pa3narama. 3a UCTIMTUBAKE CTAOMIHOCTH CHCTEMa

y3€T je ¥ pa3MaTpaH yTHUIaj napaMeTapa (K »-Ka ﬂ) Ha CTaOWJIHOCT CHCTEMa TJe Cy MpeocTaln

nmapaMeTpu yHarpen OWiM 3aJaTH W TO3HaTH (mojadame K, , HEUENW pell y Kao M BPEMEHCKO

Kammbemwe 7 ). OarosapajyhnM HyMepHIKUM CUMYyJalljaMa JiaTa je MOTBpJA MPETXOIHE TEOPH]jCKe
aHanmu3e. Ha kpajy mormaBiba pa3MaTpaHa je Takohe cTaOMITHOCT Ha KOHAYHOM BPEMEHCKOM
MHTEPBAITY jOII jeTHOI MEXaHWYKOT MPUTYLTHOT CHCTEMa Ca KalllleHheM HEIEeNIoT peJla 3aCHOBAHOT
Ha Scot-Blair-oBoM Mojely I/ je NPUMEHEH BHUCKOENACTUYHU MaTepHjal KOju HUMa 3a IUJb
CMambCHEe HeXKEJPHUX BUOpALMja y 1aTOM CUCTEMY.

Yemepmo noznasme 0aBU ce pellaBameM MpodiemMa poOycHe CTAaOWIHOCTH Ha KOHAYHOM
BPEMEHCKOM MHTEpBay [aTor IMoceOHe Kirace HEeyTPAIHOT CHCTeMa Herenor peqa 0< f<a <1 ca
BPEMEHCKU IPOMEHJBMBUM KallllbelbUMa. Y TIPBOM ey IOIVIaBjba, HMCIHMTHUBAaHA je poOycHa
CTAaOMJIHOCT Ha KOHAYHOM BPEMEHCKOM HHTEpBAlly HEYTPAJIHOI CHUCTEMa Helelor pejaa ca
BPEMEHCKU IPOMEHJPUBHM KalllleHhUMa M HeW3BecHoUhy Ie Cy JOBOJBHU YCJIOBH CTAOWIIHOCTH
n0OWjeHn TNPUMEHOM TIeHepaiu3oBaHe ['poHBanoBe HejeaHaKOCTH. Takohe, HCTpaxuBama Cy
HACTaBJbEHA y LIMJBbY pelllaBarba pOOyCHE CTAOMIIHOCTH Ha KOHAYHOM BPEMEHCKOM MHTEpBAITy 1aTOT
HEYTpaJHOT CHCTEMa Ca BPEMEHCKU MPOMEHJPHBHUM KalllFbeHheM HELENOr pefia ca HEeIHMHEapHUM
HECHTYpPHOCTHMA Tlapamerapa u meprypOamujama. Ha kpajy matu cy u onroBapajyhu HymMepuuku
pUMepH Koju MOTBPl)yjy HCIPaBHOCT MPEI0KEHOT MPHUCTYTIA.

Y nemom nocnasmy nobujeHH cy M NMpHKa3aHU OPIMIMHAJIHU Pe3YylITaTH KOjU c€ OJHOCH Ha
npoOeMaTHKy pellaBama MUTamba CTAOMIHOCTH Ha KOHAYHOM BPEMEHCKOM HMHTEpBAy 3a jeJaH
HEYTpaJHU BUILEWIAHM CHUCTEM Helesor pera 0<y<I<f<a<2ca BpeMEHCKH NPOMEHJbUBUM

KalllkbemuMa. Y HACTaBKy, JOOHMjEHHM Cy HOBH KpPUTEPHUjyMH CTAOMJIHOCTH Ha KOHAYHOM
BPEMEHCKOM HMHTEPBAJTy OaTOI HEYTPAIHOT BUIICWIAHOT CHCTEMa HEIEeJOr pela ca BPEMEHCKH
NPOMEHJPMBUM KalllbemiMa. Ha kpajy, Ha jeJHOM MaXXJbHBO 0Ja0paHOM HYMEPUYKOM HpUMEpy
noTBpleHa je HCIPaBHOCT M 3HAa4a] MPETXOIHO U3BEACHUX TEOPH)jCKUX pPe3ynTaTa.

JIOKTOpCcKa Te3a ce 3aBpllaBa Ca wlecmum Hno2iagmbeM KOje CaipKH 3aKjbydKe M HaydHe
JIONPUHOCE AUCepTalyje.

3. OHEHA JMCEPTAIINJE

3.1. CaBpeMeHOCT M OPUTHHATHOCT

JlokTtopcka aucepranuja moj HacioBoM *“ CTAOMIIHOCT MOCEOHUX KJIAca MeXaHHYKHX
CHCTeMa HeleJOoI M LeJOI peAa ca KalllkbekheM HAa KOHAYHOM BPEMEHCKOM HMHTepBady “



kanaupata Jlapka M. PanojeBuha, MacT.MHXK.Opr.Hayka, IpeAcTaB/ba HAcCTaBaK AaKTyeJIHOT
UCTpa)KMBama y 00JIACTH CTAOMIIHOCTH Ha KOHAYHOM BPEMEHCKOM MHTEpBaly Kao U cTabmin3alje
MEXaHMYKHX CHCTEMa Ca KallleHheM KOjH CY MOJICIIOBAaHH W MPHKA3aHU Kao oAroBapajyha ximaca
HEYTPaJHUX CHCTEMa LENIOT/HEIeNor pela ca KallibemeM. VcTpaknBama y OOJIaCTH pellaBama
MUTamka CTAOMITHOCTH HEYTPATHUX CHCTEMa HEIeIIOT/IIEeTIOT peia ca KallllekheM Cy BeoMa 3HavajHa
n aktyenHa. [lpwimkoM Monenupama OJHOCHO CTaOWIM3alje WUCTHX y CHHTE3M aJeKBAaTHOT
yhpaBjbamka JaTHX CHCTEMa IPHMEHEHA je CaBpeMEHa MaTeMaTHdKa TeopHja HEeLeNor pena
(ppakmmonu pauyH), Koja ©Ma cBe Behy MprMeHy y HayIM M TEXHHUIIN Y TOCIEIHIX Map JeIeHuja.

[lpn ¢opmuparmy MaTeMaTHYKOT MoJejia JaTOr TPHUTYIIHOT CHUCTeMa HeIleJor pena
ucKopHuIIheH je BHCKOENACTUYHM MaTepHjal KOjH je MojaeloBaH kao Scot-Blair- momen nemenor
pena y3 ajiekKBaTHY IpUMEHY padyHa HeleJor pena. Hamme, KOpucTr ce YHBbEHUIA 12 IPUMEHOM
¢pakunoHMX (HEUeNHWX) oOlepaTopa HWMaMoO BHIIE CTENeHH cioboxe y ¢asum mobujama
oaroBapajyher Mojena WIM ONMCUBAmE CIIOKEHHUjer IMOHallama JaTor JUHAMHUYKOT CHCTEMa,
OJTHOCHO MaTtepujaja.

Crabunuzanyja pa3MaTpaHMM MEXaHMYKUM CHCTEMHMMa je pelllaBaHa IPUMEHOM
oaroBapajyher ynpasibama ca KalllbelheM MPH YeMy yIpaBibambe CapXH oAropapajyhe wiaHoBe
HEIIEeJIOr pefla M Kao TaKBO MpeJCTaB/ba aKTyellaH MpoOJieM Y CaBpPEMEHO] JITepaTypu, U LITO je
yIpaBo jeiHa O UCTPAKUBAUYKUX 00JIaCTH OBE Te3€.

OpurvHaJHU OPUCTYN 3a pellaBamke 3aJaTka CTaOMIHOCTH Ha KOHAYHOM BPEMEHCKOM
UHTEpBaly pa3MaTpaHuX JTUHAMUYKHUX (MEXaHHYKHX) CUCTEMa HEIIEeJIoT pe/ia ca KallllemheM orea
ce y noOujamy HOBUX KpUTEPHjyMa CTa0MIIHOCTU a KOjH Cy JOOHjeHH MPUMEHOM TeHepallu30BaHe
I’'poHBaOBE HEj€AHAKOCTU U HEroBe NMPOIIUpeHe GpopMe.

VY OKBHpPY JOKTOPCKE TUCEpTalHje MPUMEHEHH Cy CaBPEMEHH HCTPaXMBAYKHU IMOCTYIIN U
y3 KopHuinheme HajHOBHjUX COPTBEPCKHUX pellleha 33 HyMEpHUIKe CUMYyJIalyje.

OpuruHaHOCT NOOWjEHUX pe3ysiTaTa y OKBHPY JMCEpTaldje MOTBPhYjy pajoBH KOjU CY
MyOJIMKOBaHM M CAOMIITEHH Ha MelyHapoIHUM HAyYHHM CKYIIOBHMA WIH 00jaBJbEHH Yy CBETCKOM
YJaCOIHNCY.

3.2. OcBpT Ha pedepeHTHY U KopuinheHy JuTeparypy

Tokom m3paze TOKTOpCKe nucepTanydje KopuheHn ¢y peepeHTHH U aKTyeITHH JIUTePaTypHU
U3BOPU U3 PEJIEBAaHTHUX 00JACTH U TO IIPE CBETa paJioBU M3 HAyYHHMX YacoIKca U ca MeyHapoaHuX
KoH(pepeHuja, kao U oaronapajyha Monorpagcka nuteparypa. [Ipernenom nutupaHe autepaTtype
y YBOAHOM Jeiy JucepTauuje 3akibydyje ce na je kanaunat lapko PanojeBuh nao akryenmHu
npukas nocrojehe u pedepentHe nutepatype. Jlat je cesekTuBaH Mperjel peJeBaHTHUX pe3yiTaTa
u3 o0sacTM Ha TMOJbY M3y4yaBamka IMPAKTUUHE CTAOMIHOCTH U CTAaOMJIIHOCTH BPEMEHCKH
KOHTHHYaJHHX CHUCTEMa IeJIOl peJa Ha KOHAauHOM BpPEMEHCKOM HHTepBanly. Takobe, nmat je
CEeJICKTMBAaH M XPOHOJIOIIKM HAuuH Mperie] JA0CaJallllbuX pe3yliTaTa Ha IO0Jby H3ydyaBamba
CTaOMJIHOCTH Ha KOHAaYHOM BPEMEHCKOM MHTEpBaly CHCTEMa HELEJOr pela ca KallmbewmeM. Ha
Kpajy, noceOHa naxma je rnocseheHa XpoHOJIOIIKOM Mperjeny JocaJalllbhX pe3yiraTa Ha MOJby
u3yyaBama CTaOWJIIHOCTM HAa KOHAYHOM BPEMEHCKOM HHTEpBally HEYyTpPaJHUX CHCTEMa Heleaor
pena ca KallmbemheM.

O axryenHocTn KopumheHe TUTepaType IOBOPH M YHMIbEHHMIA Aa je BehrHa HaBeJCHUX
pagoBa MyOJMKOBaHA KOjH CE OJHOCE Ha CUCTEME HELEJIOr pesa y MPEeTXOMHHX JeceT roiuHa, a
NPEOCTaM paJoBU y MPETXOJHHX IETHAGCT TOJMHA, TJE C€ MOpe] pajoBa M3 BPXYHCKUX
MehyHapoaHUX wYacommca, aHANIM3UPAaHM Cy W pPajgoBU oOjaBjbeHM Ha BojehuM CBeTCKHM
KoH(epeHIjama.



3.3. Onwc ¥ aaeKBaTHOCT NPUMCHEHUX HAYIYHUX METOa

Pesynratn mpukazaHu y OBOj JOKTOPCKO] AWCEpPTAalMju TOOMjEHHM Cy TpPUMEHOM cienehmx
Hay9YHHX MeTOJa (TeopHja) J0OpO MO3HATUX HAYYHO] U CTPYYHO] jaBHOCTH:

— Teopwuja pauyHa Hememnor peaa

— Mertoje TeopHjCKOT NCITUTHBAKA U aHAIN3E MOCEOHNX KIlaca CHCTEMA Ca KalllhEHEM.
— Meroae aHAaTUTUYKE MEXaHUKE

— Meroge cuHTe3€ KOHTUHYAJTHOT YIpaBJhakha Ha KOHAYHOM BPEMEHCKOM HHTEPBAITY

— Meroae xoMIIapaTUBHE aHAIIN3E

KOj€ Cy TOKOM HCTpaKMBarmba MPUMEHHCHE Ha aJIcKBaTaH HAYVH.

3.4. IIpuMEeHBEUBOCT OCTBAPEHUX pPE3yIITaTa

JloOujeHun pe3ynTaTtu y OKBUPY JOKTOPCKE AHMCEPTAIje MOpea HaAyYHE BPETHOCTH MMaAjy U
NPaKTUYHYy TPUMEHY Yy pellaBamy 3aJaTka cTaOWiIn3amuje 1aToM KJIacOM MEXaHHYKHX CHCTEMa.
®opMupaHn HOBU KPUTEPHjYMH CTAOMITHOCTH 32 HEYTPAJIHE CUCTEME HEIETIOT pefia ca KallibemheM,
uMajyhn y BUAY BUXOB CTETEH OMIITOCTH, C€ MOTY TNPUMEHUTH 32 WCIHTHUBAIE CTaOMITHOCTH
IpYTUX IWHAMUYKHAX CHCTEMa y3 He3HaTHy MOoAuW(UKAIMjy HCTUX. Takohe, mprkazaHa merona
aHaIIM3e CTAOMIIHOCTH Ce MOYKE MPOIIMPHUTH U HA UCIHUTHBAbE JTUHAMUYKOT ITOHANIamha Ha KOHAYHOM
BPEMEHCKOM HMHTEPBAJy WM IIUpPE KJIace MTUHAMUYKHX CHCTEMa JIMHEAPHHUX/HEIMHEAPHUX CHCTEMa
HETIEJIOT/IIeTIOT peJia ca YUCTHM BPEMEHCKUM KalllFhCHEM.

3.5. Onena JOCTUTHYTHX CIIOCOOHOCTH KaHAMAATA 38 CAMOCTAIHHI HAy4YHHU paa

Kanmunar Jlapko PanojeBuh (koju je TokoM cTynuja OWO 3amociieH) je TOKOM Hu3paje
JIOKTOPCKE JHCepTalyje IMoKa3ao Ja je caMoCTallaH y MOCTaBJbakby, NPEIO3HABaby U PELIaBamby
HAayYHO-MCTPA)KUBAYKUX 3a/laTaka Kao W Jia YCHELIHO BiaJa HayYHO-UCTPAKUBAYKHM METOAaMA.
Pe3ynraTu noKTOpCcKe Iucepranyje AoKa3 Cy CIHOCOOHOCTH KaHIHMJAaTa 3a CaMOCTAHH HAY4YHO-
ucTpaxxuBadku paj. Kpos pan Ha nucepranuju KaHIUIAT je CTeKao MoTpeOHa 3Hama 3a MpeTpary u
0J1abup pedepeHTHe TUTEpaType, Kao U 3a MHCakhe HAyYHUX PajioBa, IITO je TOTBpheHo OpojHuM
ayTOPCKUM U KOAYTOPCKUM PaJIoBUMA.

4. OCTBAPEHU HAYYHMU JOIMPUHOC

4.1. Ilpuka3 oCTBapEHUX HAYYHHUX JOIPHUHOCA

Haj3nauajHuju Hay4YHH JOTNPHHOC KaHIHIATa CacToju ce y (opMupamy HOBHX KpHUTEpHjyMa
CTa0MIHOCTH Ha KOHAYHOM BpPEMEHCKOM MHTEpBally 3a onaroBapajyhy Kiacy HEyTpalIHUX
MEXaHMYKHAX CHCTEMa HEIEeJIOT/IeNOT pe/ia ca YHCTUM BPEMEHCKHM Kallll€HheM M TPHUKa3aH je y
TIOTJIaBJbMIMA TPH JO TIET.

Ananmm3a cTabWIHOCTH Ha KOHAYHOM BPEMEHCKOM MHTEPBAJY jeHOT HEYTPATHOT BUILICWIAHOT
cucreM Herenor peaa 0<y <1< f<a <2 ca BpeMEHCKH MPOMEHJFUBUM KaIlllECHIMa Y3 T00Hjambe
HOBUX KpUTEpHUjyMa CTAOMIIHOCTH j€ CIPOBEJCHA y IIETOM IOIJIaB/by IITO IPECTaB/ba OPUIMHAIHU
Hay4Hu jponpunoc. [Ipu ToMe nirycTpoBaHa je CynepuOpHOCT U OMIITOCT 10OUjE€HOI KpUTepujymMa y
ollHOCy Ha oxaroBapajyhe mo3Hate KpuTepujyme cradunHoctd. lloceOHO cy pasmaTpaHu
JEHOCTaBHUJU jEIHOWIAHM W JBOWIAHM HEYTPAIIHM MEXaHMYKA CHCTEMH HENEeJOor pelaa ca
KalllhelheM M NpUKa3aHu cy y TpeheM mnornasspy. KoMruteran moctymak u meroBa Bepudukamuja
cy npukazanu y pany [1], omespak 4.3 Bepudukamuja Hayunux mompunoca), y yacommcy Filomat
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kareropuje ~ M22, gocTymaH Ha  JMHKY  https://journal.pmf.ni.ac.rs/filomat/index.php/
filomat/article/view/18114 Ha xome je KaHAWIAT MPBU ayTOp W jeIWHU JOKTOpaHia. Yacomuc He
Jaje Ha yBHJI jaBHOCTH oaMax Beh ca 3akammemeM MPUOIMKHO O jelHe TOIUHE, alHh Ce 3aTO y
npwiIory pedepata 1aje paj ca 3ariaBjbeM Jacoruca U Opoja y KoMe je 00jaBIbeH.

dopmupame HOBUX KpHUTEpUjymMa poOycHe CTaOMIHOCTH Ha KOHAYHOM BPEMEHCKOM
MHTEpBAy KOjU Cy IO HPBHU IMYyT JOOMjEHH 3a ATy KJacy HEYTPAIHOI CHCTeMa HELeJor pena
0<fB<a<l ca BpeMEHCKM IPOMEHJbUBUM KallmewmuMa. IIpBo je wucnuTuBaHa poOycHa
CTa0MIHOCT Ha KOHAYHOM BpPEMEHCKOM WHTEpPBAIYy HEYTPATHOI CHUCTEMa HeleJor pena ca
BPEMEHCKH NPOMEHJPMBHUM KaIll-EhbHMa W HEM3BECHOIINY Tl Cy MOBOJFHH YCJIOBH CTaOMITHOCTH
NI00MjeHN PUMEHOM TeHepaiam3oBaHe [ 'poHBasioBe HejeqHakocTH. OBaj IONPHHOC MPHUKa3aH je y
YEeTBPTOM TIOTJIaBJbY JOKTOPCKE aucepranuje. MelyHapoaHo je HaydHO Bepu(pHUKOBaH y pamy [2]
(omespak 4.3 Bepudukanuja HaydHHX JTOTPHHOCA), Kateropuje M24.

Takohe, uctpaxuBama cy Omna mocseheHa m mpobmematui poOycHe CTaOMIIHOCTH Ha
KOHAYHOM BPEMEHCKOM WHTEPBAIy HEYTPATHOT CHCTEMA Ca BPEMEHCKH MTPOMECHJbUBUM KaIlIFEHEM
HELeJIOT pejla ca HEeJIMHEApHUM HECUTYpHOCTHMa mapamerapa M neprypOauujama. OBaj HaydyHH
JOTIPHHOC TIPUKa3aH je Y YETBPTOM IOTJIAaBJbY JIOKTOPCKE TUCEpTaldje U HaAyYHO BEepU(PUKOBAH Y
pany [3] (omemak 4.3 Bepudukaiyja HayqHUX TOMPUHOCA), KaTeropuje M33.

4.2. KpuTHuka agajimsa pe3yarara HCTpaKUBambha

Ha ocHOBy mperiiena peneBaHTHE Hay4dHE JIMTEpaType U carjiefaBama noctojehux periema
u3 o0lacTH OBE JOKTOPCKE AWCEpTalyje, KOMHUCHja KOHCTaTyje Ja Cy IpHUKa3aHH pe3yiTaTH
UCTpaXMBamba HOBH, M3Yy3€THO 3HAYajHU U HAYYHO yTeMeJbeHH. McTOBpeMeHo, Ha OCHOBY yBHIA Y
3ajaTe LUJbEBE HCTPAXHMBAaKba M pPE3ylTare TMpeACTaB/beHE Y JOKTOPCKO] IHCEpTalujH,
KOHCTaTYjeMO J1a Cy Mpy>KeHU OJrOBOPH Ha CBA pelieBaHTHA MHUTamka U Ja Cy PEIIeHU MpoOIeMu ca
KOjHMa ce KaHIHUIAT CyCPEO Y TOKY HCTPaKUBamba.

Pa3BujeHn HOBHM KpHUTEpHjyMH CTaOWIIHOCTH WMajy 3HA4ajHy NPUMEHHUBOCT y OOJIACTH
pemaBama mpodiieMa CTaOMITHOCTH W cTaOmin3alyje pa3MaTpaHe Kiace TUHAMUYKH CJIOKEHH)HX
HEYTpPaJHUX CHCTEMa HELENIOT pefia ca KallkhemheM y3 npaTehy agekBaTHy copTBEpPCKY MOAPIIKY.

4.3. Bepudukayja Hay4HuX JOOPHHOCA

Hayunun nompuHocH mpeAMeTHE JAOKTOpPCKe aucepranuje cy BepHudukoBanu cieaehum
paroBuMa:

Kareropuja M20:

1. D. M. Radojevi¢, M. P. Lazarevi¢, Further results on finite-time stability of neutral
nonlinear multi-term fractional order time-varying delay systems, Filomat 36:5 (2022),
1775-1787, https://doi.org/10.2298/FIL.2205775R (IF=0.848) (ISSN: 2406-0933 On line;
0354-5180 Print) (kaTeropuja M22)

2. Lazarevi¢ P.M., D. M. Radojevi¢, S. Pisl, G. Maione, Robust finite-time stability of
uncertain neutral nonhomogeneous fractional-order systems with time-varying delays,
Theoretical and Applied Mechanics, Serbia, 2020. Vol.47 (2020) Issue 2, 241-255.
http://elib.mi.sanu.ac.rs/files/journals/tam/91/tamn91p241-255.pdf (kareropuja M24)

Kareropuja M30:

3. Lazarevi¢ P.M., D. Radojevi¢, G. Maione, S. Pisl, Finite-time stability of neutral fractional-
order time varying delay systems with nonlinear parameter uncertainties and perturbations,
8th International Congress of Serbian Society of Mechanics Kragujevac, ISBN 978-86-
909973-8-1 Serbia, June 28-30, 2021, pp.652-661. (kaTeropuja M33)



5. 3BAK/bYYAK U IPEILJIOI’

Ha ocHOBy jneTasbHOT Tiperiesia U aHaim3e JOKTOpcKe aucepranuje, Komucuja 3a mperiesn,
OIICHY W 0JI0paHy JIOKTOPCKE JMCepTallfje KOHCTATYje JIa je JIOKTOPCKa JArcepTalnja Mo Ha3uBOM

»CTa0MJIHOCT MOCeOHMX KJIaca MEXaHWYKHUX CHCTeMa HeleJor M IeJior peaa ca

KallllbeheM HA KOHAYHOM BPeMEeHCKOM HHTepBaJy*
kanaugata [lapka PanojeBuha, mact.mmxk.opr.Hayka, ypaleHa mpema CBUM CTaHapAuMa y
Hay4YHO-UCTPaXXMBAYKOM pajy, Kao U Ja UCIyHaBa CBE YCJIOBe IpeaBuleHe 3aKOHOM O BHCOKOM
oOpazoBamy U 1a je y ckinany ca Ctaryrom u [IpaBUIHHKOM O JOKTOPCKUM CTyaujaMa MalmHcKor
¢dakynrera YHuBepsutera y beorpagy. Ha ocHOBy pesydrata u 3akibyyaka IpHKa3aHUX Y
JIOKTOpCKO] aucepramuju, Kommcuja KoHcratyje na je kauaupar Jlapko PanojeBuh,
MacCT.WHX.OpPT.HayKa, YCIIEIIHO 3aBPIIMO JOKTOPCKY AWCEPTAlMjy y CKIaay ca TpeaBul)eHuM
NPeMETOM W TIOCTaBJBCHUM IMJbEBHMA HCTpaKuBama. KaHAnWmar je A0Imao 10 OpUTHHAIHUX
HAYYHHX pe3yiTaTa KOju Cy YCHEITHO U BepH(PHUKOBAHH.

Komucuja 3a oneHy u ondpaHy AOKTOpPCKE IUCEpTaldje 3aKjbyduia je Ja JIOKTOpCKa
aucepTalyja noj Ha3uBoM ,,CTaOMIHOCT MOCEOHMX K/Iaca MeXaHMYKHX CHCTeMa HeleJor
[eJIOT pelia ca KallllbelheM Ha KOHAYHOM BPEeMEHCKOM HHTEPBaJIy* peCTaBiba OPUTMHAJIAH
U BpeJaH Hay4yHH paj ca HayyHUM JONpPHUHOCHMA y 00JacTH MAIMHCTBA, y’Ka HaydHa oOJacT
Mexanuka. Crora Komucuja mpemnaxe HacraBHo-nayunom Behy Mammuackor dakynrera y
beorpany na Pedepar mpuxsatu, qucepTalyjy cTaBU Ha yBMJ jJaBHOCTH U ymyTH PedepaT Ha
KOHAa4YHO ycBajame Behy HayuHux o0acTi TeXHUUKHUX Hayka YHHBep3uTera y beorpany, a ia ce
HakoH Tora Kaumuaar Jlapko PanojeBuh, MacT.mHx.opr.Hayka, MO30Be Ha jaBHY OAOpaHy
JUCepTalyje.

VY Beorpany, 14.06. 2022. rox.

YJIAHOBU KOMUCHJE

np Muxawuno Jlazapesuh, pe1oBHu npodecop, MEHTOP
VYuusepsurer y beorpany, MamuHcku dakynrer
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Further Results on Finite-Time Stability of Neutral Nonlinear
Multi-Term Fractional Order Time-Varying Delay Systems

Darko Radojevié?, Mihailo P. Lazarevié?

?Faculty of Mechanical Engineering, University of Belgrade, Kraljice Marije 16,11120 Belgrade 35

Abstract. In this paper, the finite-time stability for nonlinear neutral multi-term fractional order systems
with time-varying input and state delays is investigated. By use of the generalized Gronwall inequality
and extended form of the generalized Gronwall inequality, new sufficient conditions for finite-time stability
of such systems are obtained. Finally, numerical examples are given to illustrate the effectiveness and
applicability of the proposed theoretical results.

1. Introduction

In this contribution, we consider system stability in the non-Lyapunov sense-finite-time stability (FTS)
because the boundedness properties of system responses are very important from the engineering point
of view, [1]. In the past decades, there has been a growing research interest in the field of stability and
stabilization of time-delay systems which often leads to poor performance or even instability, [2-4]. Also, in
the past four decades, applications of fractional (non-integer) calculus have attracted increasing attention
of experts worldwide since they provide an excellent tool in modeling the complex dynamics, (for the
description of memory and hereditary properties of various materials and processes), [5,6] and a lot of
significant contributions have been made in non-integer (fractional) order control theory, [7,8]. In recent
decades, stability problems of the non-integer time-delay systems (NITDS) have extensively been studied by
using methods of the (generalized) Gronwall inequality, linear matrix inequalities, the Lyapunov method,
the Holder inequality, the comparison principles, [9-13].

Here, we are interested in FTS where FTS analysis of NITDS is initially investigated and presented in
[14,15] using (generalized) Gronwall inequality. In this context, several researchers have investigated FTS
of NITDS, and presented their results, see [9,10,16-20].

Particularly, some authors have devoted attention to stability and control issues of the neutral TDS
(NTDS) integer and fractional order [21-30]. Integer order NTDS in mechanical problems were presented
in [21,22]; the stability chart of an elastic beam was obtained in [21] and the problem of ship rolling with
control based on values of delayed acceleration was considered in [22]. Also, in [23] the delayed acceleration
feedback control has been applied for chatter suppression in turning machines. The human self-balancing
models have been modeled as integer order neutral TDS due to stabilizing time-delayed feedback control
which depends on position, velocity and acceleration [24-26]. Moreover, the generalized Scot-Blair model
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has been studied [27], which can be modeled as neutral NITDS where a viscoelastic material is used as
damping in vibration systems, on the assumption that the damping is proportional to a fractional rder
derivative of the displacement variable with the non-integer order of derivative 0 < a < 1.

Recently, a few results have been obtained for the neutral NITDS with different fractional orders, [31].
In [32] authors studied FTS of linear neutral NITDS by using the method of steps. Also, in [33] FTS analysis
of homogeneous NITDS with nonlinear perturbation based on generalized Bellman-Gronwall inequality
have been investigated. In [34] the authors obtained sufficient conditions for FTS of the neutral NITDS
two-term fractional order 0 < p < A < 1 with Lipschitz nonlinearities using the method of steps and the
more generalized Gronwall inequality. Additionally, in [35] authors considered FTS of generalized neutral
NITDS with fractional orders 0 < § < a < 1. Also, we have obtained a new criterion which is related to
robust FTIS of uncertain neutral nonhomogeneous NITDS 0 < < @ < 1 with time-varying input and state
delay, [36]. In the meantime, the FTS of a class multiterm nonlinear fractional system with multistate time
delay and 0 < a3 <1 < a; <2 have been studied in [37,38].

Based on the above motivations and discussions, first time in this paper we shall address the FTS
problem of nonlinear neutral NITDS with time-varying input and state delay and multi-term fractional
order 0 < ¥y <1 < B < a < 2 using the generalized Gronwall inequality and extended form of the
generalized Gronwall inequality. The main contributions and features of this paper can be stated as follows.

(1) There are a few works of FTS for multi-term fractional order nonlinear systems. It is more essential
to study the FTS of NITDS with damping behavior and time delay effects. Thus, a novel generalized
neutral NITDS with three different fractional orders 0 < y <1 < < a < 2 with time-varying input
and state delays is studied, where for the first time we consider a case of multi-term neutral NITDS
which includes delay terms CD’? x(t — N1 (D)), "Dtyx(t — Tyn2(t)) at the same time, 0 <y <1 <f<a <2

(2) Three novel criteria of FTS of neutral NITDS with multi-term fractional order 0 < y <1 <f<a <2
with time-varying input and state delays are obtained by use of the generalized Gronwall inequality
and extended form of the generalized Gronwall inequality.

(3) There are delay terms in the obtained novel FTS criteria of neutral NITDS with multi-term different
fractional orders. Therefore, the proposed criteria in this paper are more general.

(4) Two numerical examples are presented to illustrate the correctness of the obtained results.

The rest of the paper is arranged as follows. Some basic concepts with properties of fractional calculus
and problem descriptions are presented in Section 2. In Section 3, sufficient conditions ensuring the FTS of
neutral NITDS are obtained and new criteria for FTS of NITDS with multi-term fractional order 0 < y <
1 < B < a < 2 are given. In Section 4, two examples are provided to illustrate the validity of the obtained
results. In Section 5, some conclusions are drawn.

2. Preliminaries and problem description

2.1. Preliminaries

In this subsection, some basic notations and definitions including the definition of Caputo fractional
derivative are given. In this paper, the norm [|(-)|| will denote any vector norm, i.e. [|(-)ll1, [I(-)ll2, or [I(-)lle OF
the corresponding matrix norm induced by the equivalent vector norm, i.e. 1—, =2, or co—norm, respectively.
Throughtout this paper, SD¢f(t) or ,D? f(t) denote Caputo’s derivative of fractional order a with the lower
limit a for function f(-), ffLDt’“ f(t) or ,If f(t) denote an integral of order & with the lower limit a for function

fC).
Definition 2.1. The gamma function I'(-) known as Euler’s gamma function is defined as
T'(a) = fe_tt“_l dt, T(@+1)=al(a), acC (1)
0
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where C is the set of complex numbers. The Caputo fractional derivative is defined for a function f(-) : [a,b] — C
that belongs to the space of absolutely continuous functions:

f(t) € AC"[a,b] = {f(t) : A" f(B)/dt" "}, neN

Definition 2.2. The Caputo fractional derivative of order o, a € C, Re(a) > 0, for any function f(t) € AC"[a,b] is
defined as [39]:

t
o JE =9 f(s)ds, a# Ny, n=[Re(@]+1, neN,

OB A @
FO(t) = ddj;t), a =mneNj.

Definition 2.3. Let f(t) be a continuous function on [a, b] The Riemann—Liouville (RL) fractional integral of order
ais [39]:

RLDraf(t) = JI9f(t) = ﬁ f (t—s)*'f(s)ds, telab], aeC, t>0Re(@)>0. (3)

Definition 2.4. The Mittag-Leffler function with one parameter is given as [39]:

(o)

Eu(z) = Z /T(ka +1) where a>0,z¢€C (4)
k=0

and the two-parameter Mittag-Leffler function is presented as

00

Enp(z) = sz/r(ka +pB) where a>0,>0,z€C. (5)
k=0

Remark 2.1. When =1 we have E1(z) = E(2), especially E1(z) = ¢

The following lemmas are introduced and help prove our main stability criterion.

t
Lemma 2.1. [35] Assume x(t) € C'([0, +0), R), %(t) > 0and a > 0. Then, f ((t—s)*"1/T(av)) x(s) ds is monotonically
0
increasing with respect to t.

Lemma 2.2. [39]

-1
olf (CD“x(t) =x(t) - Z —x(k)(O n-1<a<mn, t>0. (6)
k=0

Here, when 1 < a < 2, it follows
of¥ (“DEx() = x(t) - x(0) — £'(0), > 0. -

Lemma 2.3. Leta > f>0,n-1<f <nand x(t) € AC"[a,b]. Then

of¢ (‘Dfx(1) = oI} Px(t) - Y x®(0). (8)

Z tk+0¢*ﬁ
HT(a-p+k+1)
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Proof: From the definition 2.2, we have

DPx(t) = o, PeDix(t). 9)

Applying fractional operator ([ and taking into account the commutative property of RL integral, we
obtain

o[ Dhe(t) = ool PDpx(t) = oI} (oL Dix(t)). (10)
Actually from Lemma 2.2 we note that

v #x0(0)

oIIDPx(b) = x(t) - kz:;‘ X (11)
Then, we have
3 k(0
o ky
oI2DEx(t) = o0 7* (x(t) Z T 1))]
. - tx®(0
= o' Px(t) = oI ﬁ[ T +(1;] = (12)
k=0
k+a—p
= () — ®(0).
ofy “x() ;; fa—prkrn. O
The proof is complete.
Property 2.2. Assumethat 0 <y <1 <a <2. Then
o e ae x(0)- t*77
off (Dyx) =ol30) - o oy 02 o

Property 2.3. Assume that 0 < 8 < a < 2. Then

R R I 1) A )
ol; ( Dox(t)) =ol; "x(t) Ta-p+1) T(a-p+ 2)’ t>0. (14)

Lemma 2.4. [40] (generalized Gronwall inequality) Suppose x(t), a(t) are nonnegative and local integrable on
0 <t <T T < +oo0and g(t) is a nonnegative, nondecreasing continuous function defined on 0 < t < T,
g(t) < M = const, @ > 0 with

t
x(t) < a(t) + g(t) f(t —5)%x(s)ds (15)
0
on this interval. Then
x(t) <a(t) + f[z (g(li)(l;l( )))n( —s5)"g(s)|ds, 0<t<T. (16)

Corollary 2.4. Under the hypothesis of Lemma 2.4, let a(t) be a nondecreasing function on [0, T]. Then it holds:
x(t) < a(t)En(g(H)T(a)t?) (17)

where E,(z) is the one-parameter Mittag-Leffler function 4.
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Lemma 2.5. (extended form of the generalized Gronwall inequality), [41] Suppose non-integer orders a > 0, > 0,
a(t) is a nonnegative function locally integrable on [0, T], g1(t) and g,(t) are nonnegative, nondecreasing, continuous
functions defined on [0,T); gi1(t) < N1, g2(t) < Np, (N1, N2 = const). Suppose x(t) is nonnegative and locally
integrable on [0, T) with

t t
x(t) <a(t) + g1(t) f(t —5)* x(s)ds + g2(t) f(t —s)flx(s)ds, tel0,T). (18)
0 0
Then,
T o L 14(2) RN
x(t) <a(t) + f s [g()] ; T((7 = D + kp) (t—ys) F=las)ds, te[0,T) (19)

0 n
where g(t) = g1(t) + go(t) and Ck = n(n = 1)(n = 2) -+~ (n — k + 1) /k..
Corollary 2.5. Under the hypothesis of Lemma 2.5, let a(t) be a nondecreasing function on [0, T). Then
x() < a(t)Ec[g() (C@)t* +TB)¥F)], « = min(a,p) (20)

2.2. Problem description

Consider the following neutral multi-term fractional order system with time-varying input and state
delay with nonlinear perturbation and disturbance, presented by the following equation:

DIx(t) = Agx(t) + Arx(t — To(1)) + An, DEX(E = T, (8)) + An, DY X(E = Ty (£)+

21
+ Bou(t) + Biu(t — 7,(t)) + f(t, x(t)) + Cw(t.) @
with associated continuous functions of initial state and input (control):
x(t) = Wi(f), t € [-Tum, 0], X'(1) = @x(t), t € [-Tum, 0], u(t) = Wy(t), t € [-Tum, 0] (22)

where 7,(t) is the time varying state delay, Txn(,)(t) is the neutral time varying delay, 7,(f) is the time varying
input delay and they are continuous functions satisfying (13):

0< Tx(t) <t 0Z TxM(t) <1ty Vie]= [to, to + T], treR, T>0,

0 < 7,(t) < Tupm- (23)

For the sake of simplicity T,n(t) = Txn, (£) = Tan, (f), of system (21) is assumed in this contribution, where
Tem, Txn and T,y are constants; T,,, is defined to be max(t,u, Txn) and £ is the initial time of observation
of the system. CD?, CDf , CD? denote Caputo fractional derivatives of order o, f, 7, 0 < y <1 <f <a < 2;
x(t) € R" is the state vector and u(t) € R™ is the control input; Ao, A1, An,, Bo, B1 and C are constant matrices
with appropriate dimensions; w(t) € R" is the disturbance vector, which has the upper bound as follows:
llw®Il < Nw, Nw = const > 0Vt € J. Wi(t) € C([—Tym,0],R") is the initial function of x(t) with the norm
IWille = sup_,go IWx(O)ll, and @x(t) € C([~Txm, 0], R") is the initial function of x'(t) = dx(t)/dt with the
norm [[psllc = Sup_, g llpx (Ol

Here, it is assumed that the nonlinear perturbation f : [0, T] X R” X R" — R" is Lipschitz continuous on
[0, T] and there exists a continuous function /(t) such that

I1f(E, x(EDI < L)Xl (24)

for any ¥t € [0, T] and f(t,0) = (0,0)’. Before proceeding further, the definitions of FTS will be given for
nonhomogeneous system (21) with associated initial functions (22).
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Definition 2.5. [9,42]: The fractional neutral time-delay system given by nonhomogeneous state equation (21)
satisfying initial conditions (22) is finite-time stable w.r.t. {6, €, u, Mo, to, J, 1(-)II}, 6 < € if and only if:

p < 6/ ”‘pu”C < Mo,

u@llc <., Ve ],} =IOl <e, Vie] o

where p = max {||Wllc, llpllc} and 6, €, 1m0, nu are positive constants.

Definition 2.6. [9,42]: The fractional neutral time-delay system given by nonhomogeneous state equation (21),
(u(t — t,(t)) = 0) satisfying initial conditions (22) is finite-time stable w.r.t. {0, &, Ny, to, I Il}, 6 < € if and only if:

p<96, lu@l<n, Vie]=l|x@tl<e Vte], (26)
where p = max {|[Wllc, lpllc} and 6, €, n., no are positive constants.

Definition 2.7. [9,40]: The fractional neutral time-delay system given by homogeneous state equation (21), (u(t —
7,(t)) = 0, u(t) = 0) satisfying initial conditions (22) is finite-time stable w.r.t. {5, €, o, J1I(-)II}, 6 < € if and only if:

p<o Vte]=|x®l<e Vte] (27)

where p = max {||W¥|lc, llpllc} and 6, € are positive constants.

3. Main Results

In this section, using generalized Gronwall inequality including an extended form, new criteria for FTS
of NITDS are derived.

Theorem 3.1. The nonhomogeneous nonlinear neutral multi-term fractional order time varying delay system (21)
satisfying initial conditions (22) is finite-time stable w.r.t. {6, €, M, Mo, to, J, I(-)Il}, & < e if the following condition
holds:

an1|t|f1_ﬁ anlltla_ﬁ+1 an2|t|a_7 — —
1+t + + + +|-E[g()(T(a — )P + T(a — ») " ) Eu(uy %)+
=) oD Tamyeny| POOTe A e et
u ta Ta u t— U @ w ta
Noult®| No1Ty Nt — Tuml Nowlt| - f, vie s,

IMNa+1) T(a+1) T'(a+1) I'a+1) 6

where: || Aoll = ao, |A1ll = a1, [|AN, | = an,, [IAN, | = an,, [1Boll = bo, lIBall = by, lIClI = ¢,

sup (ao +I(t)) = po, a1 =1, Wz = o+ 1,
te[0,T] (29)

Nou = boflu/@ Now = an/éz No1 = blﬂo/5, Mu = blnu/é-

Proof: Following the property of the non-integer order 0 < y <1 < < @ < 2 and applying the fractional
integral I on the system (21), we have

off (“DEx(t) — An,“Dix(t — Tan, (1)) = An, D) X(t = Tan, (1)) =

30
= olf (Aox(t) + Arx(t — T4(t)) + Bou(t) + Byu(t — 7u(1)) + f(t, x(1)) + Cuw(t)) 0

Using Lemma 2.2 and Lemma 2.3, we can obtain solution for (30) in the form of the equivalent Volterra
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integral equation, where ty = 0 as:

a=y

Ta—y+1) I

t
x(t) = Y3(0) + 192(0) — Any Ys(~Tun) — > f (F =97 Anyx(s = Tan(s) ds—

Yr(—Tom)- 7P Px(=Tum)- 1271
“Ta-p+n N T@-p+2) T@-p

f(t s) P 1Ale(s— TN (S)) ds+ (31)

’ ﬁ Of (t=9)"" [Aox(s) + Arx(t = To(5)) + Bou(s) + Bru(s = 7u(s)) + f(t,x(s)) + Cuw(s)] ds

Now, using the norm ||(-)|| on equation (30), we can obtain an estimate of the solution

L R N e
e

fl(t T THIANIx(s = T ()l ds + AN I 12 (= T Ta—-p+1)"

F(a )

|t|“ p+1 (32)

Ta-p+2)

+ AN, [l (=Tom)l 1 ) fl(i‘—S)l‘“‘ﬁ‘1 AN, [Hlx(s = Tan(s))l ds+
0

+ fl(t - s)|"“1 [Aox(s) + A1x(t — T+(5)) + Bou(s) + Byu(s — t,(s)) + f(s, x(s)) + Cw(s)] ds
Also, we can obtain:

[[Aox(s) + Arx(t = Tx(5)) + Bou(s) + Byu(s — Tu(s)) + £(5,x(s)) + Cw(s)|| <

< ag Xl + aq [Ix(t = T (Ol + bo [[a(®)ll + by [[ult — T + cllw (O + || f(E, x(E)I] <
< (ao + I(t)) llx()Il + a1 |Ix(t = T(E)I + bo llu(®)l| + b1 [[u(t — T, ()] + c|lw(t)]| =

= o @I + pa [Ix(t = T (D) + bo [[a(@)]| + b1 [[a(t — T, ()] + c [[w(H)]].

Lety(t) = sup |[Ix(0)ll, [18]. For V¢* € [0, t] the following conditions satisfy
O€[~Tum,t]

(33)

(e =) < v s swp [ <o)< v (34)

€[t—Tum,t]
Applying this inequality, expression (32) can be rewritten as follows:

|t|a p+1 ]
( ~p+2)

el el
Ta—y+1)  Ta-p+1)| e

It +

IX(OI < [lihxllc [1 +

a—p-1 _ o\|a— 1
F(oc ﬂ fl(t s)| y(s)ds+ )flt S)¥V 7 y(s) ds+ (35)

+ o f (=9 [0 + )y(e) + bo @] + by s = (o)l + o) ds
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In view of the [lu(s)|| < 1, conditions for |[w(s)|| < 1, one may rewrite the above inequality as

a.. |HEr a. |Hap Ha—p+1
IXBIF < llxlle [1 4 el lf ol

Fl@-y+1) * a—ﬁ+1)] * ligxlle [ltl (—52)

a—p-1 ayl
F(a ﬁ fl(t s)| y(s)ds+ )fl s)| (s)ds+

- bl bimotl, il (36)
r( ) f'“‘s)' YOS T Tard) T TarD)
) f |t = 5)*7] Ilu(s — Tum)ll ds,
or
an2|t|a_y an1|t|a_ﬁ |t|a p+l
X < e [1 + e - 1)] +lpslic [m w]
—s)[* P y(s)ds * T =) fl t—s)* 7 y(s) ds+ 37)
a—1 bo Nu [t b 7o TzM CNw [t blnu It — Tuml
r( ) f'“ MV E+ T Y Tax) " Ta+D T T@xD)
For VO € [0, t] we have
IO < lglc |1+ 2l @O ] T O
IlNa-y+1) TI(a-p+1) IFNa-p+2)
0
m _ o\|a—p-1 n2 _ o\e—y-1
T f (0= ) ds + Of (0 - )" y(s) ds+ -

N bonu161*  bimoTi w0 b1y |6 — Tuml®
T )fl(e MY+ oy Y Tar D) T e+ D) T@+1)

t
Taking into account that the nonnegative function y(t) is increasing, then functions f ls|* 7 1y(t — s) ds.

0
t t

Is|* P 1y(t — s)ds, [ |s|* Ty(t — s) ds, are increasing with respect to t > 0,
y Y g p
0 0

Lemma 3.1. Therefore,a >0,a—f>0,a —y >0, 0% <%, ga-B < pa=B ga-y < -y, it follows

0 ¢
flsl“’y(@—s)dssflsl“’y(t—s)ds, w=@-la-p-1la-y-1) (39)
0 0
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ie.

Ay £ ay, |t P |Hep
IOl < p:llc [1 e e 1)] +lpalc [|t| w]

fl(t s)| P~ 1y(s)ds+ - fl(t s)|*7Y 1y(s)ds+ (40)

ﬁ)

a—1 Onu [£]* blUO TﬁM CNw [£]* blnu [t = Tuml|®
T )fl(t M YO A+ o T T Tar) T TarD T T@rl)

Also, we get

y(t) = sup IIx(Q)IISmaX{ sup |lx(O)ll, sup le(9)ll}s

O€[~Tam,t] 0€[~Txm,0] 0€[0,t]

an2|t|a_y an1|t|a_ﬁ n1|t|a p+1
Smax{||¢x||c, Il [1+ e g Fllpdc W+ F e |+
t—g)| Pl sds+ th‘—s‘)‘V1 s) ds+

o ﬁ)fw )y =97 o)

[.1_ a— 1 bOT]u [t bl’?OTgm anltla blnu It — Tuml® _

" T f —IT YO A T F Tar ) T TarD) T Tl [ (41)

0
— 1l L S i TP [ ' i
Prlle |1 )/+1) Ta—p+1y| " Pxle —g+2)| "
t

a anz a—y—
o — ﬁ)f|<t—s| (o) ds + (a_y)ofw—sn 1 y(s) dt

L _ et bomultl® D1t Tay  cmold® byt — Tuml®
T f E= YO ds+ o Y Tar D) " T+ T Ta@xl)
0

Now, we introduce e(t) which is a nondecreasing function on Jo = [0, T]

() = Wl [1+ 2 Oy [ S 2
O =lsle 11+ 55 Y ra—pe | T IPle [+ 5 =g “2)
From Lemma 2.5 we obtain:
y(t) < e(t) Ex [g(t)(T(a = P + T(a = )" 7)] +
bonult®  binoT Wl b It = Tuml® (43)
+#—Zf|(t—s)|“_1y(s)ds+ o1 It 170 Ty cn It 11 | Tuml
I'(a) Ta+1) T(a+1) T(a+1) Ia+1)
0

_ _ anl _ An2 s _ _ .

where g(t) = g1(t) + g2(t), g1 = T@-p) 92= @) and x = min(a —y, a — B). Now, applying Lemma 2.4, we
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() < y(t) < e(ME [gO(T (@ = P + Tla = y))]| Ealus £+
bo MNu [£1* by o TzM by Nu [t — Tuml® CMw [t

F(a + 1) F(a + l) ]"(a + ]) r(a + 1) =
Ay, |t Ay, |ffe-p+1 A, fiio-
<o 1+|t|+1"(a—ﬁ+1) Ta-p+2) TL(a-y+1) ] (44)

Ec[gO(T(@ = Pt + T(a = )t )| Ealps £+

+ bo Nu [t + by o TgM + by Nu [t = Tuml® CNw [t
INa+1) T(a+1) I'a+1) Ta+1)

Finally, using the basic condition of Theorem 3.1, we can obtain the required FIS condition:
Ix(Bll <&, Vte]. (45)
From Theorem 3.1, we obtain the following result.
Theorem 3.2. The homogeneous system given by (21), when u(t) = 0, u(t—7,) = 0Vt € Jo without perturbations and

disturbance f(t, x(t)) = 0, w(t) = 0satisfying function of the initial state (22) is finite-time stable w.r.t. {5, €, Jo, ||(-)II},
0 < ¢, if the following condition is satisfied:

anl |t|l¥—ﬁ + aTll It|a_ﬁ+‘l + an2|t|0(—}/
IlNa-pg+1) T(a-p+2) Tl@a-y+1)

Ex [g()(Ta = B + T(a = )t 7)| Eaux #9) < % vt € Jo.

[1 + |t +
(46)

Proof: The proof immediately follows from the proof of previous Theorem 3.1.
Theorem 3.3. The nonhomogeneous nonlinear neutral two-term fractional order time varying delay system without
term AleD’f X(t — Txn, (), (i.e An, = 0) given by (47) with satisfying function of the initial state (22) is finite-time

stable w.r.t. {5, &,1u, 1m0, to, J, I(-)Il}, 6 < &, if the following condition is satisfied, (48):

D x(t) = Aox(t) + Arx(t = To(D)) + An, DI X(t = Tr—r,y, () +

(47)
+ Bou(t) + By u(t — 7,(f)) + f(t, x(t)) + Cw(t)
PP L P | S - PR e I
Ta-y+1)| “\Ta=y) "T@/ "7 . us)

Mou |t|a 701 T(;M Now |t|a nlult - TuM|a <

£ vt
Ta+D) T@+l) TasD) ' Tazn 5 '€l

where k¥ = min(a -y, a).

Proof: Similar to the proof of Theorem 3.1 with applying only the extended form of generalized Gronwall
inequality we get the proposed result (48) of Theorem 3.3.

Remark. The system (47) can be reduced to [37], ((9) for case n =1, tn, = 0, An, = B1 =0,C = 0) and
[38], (1) assuming that 7y, = 0, An, = B1 =0,C =0, f = 0. It is easily check that obtained criteria (29), (48)
are more general.
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4. Numerical examples
In this section, to demonstrate the effectiveness of the previously obtained FTS results, a nonhomoge-
neous nonlinear NITDS with disturbance (49) is considered. Here all notation [|(- )|| means the co— norm of

a matrix or a vector.

Example 4.1. Consider the nonlinear neutral NITDS (21) with time-varying input and state delay and multi-term
non-integer order 0 <y <1< f<a <2

‘DY x(t) = Aox(t) + Aix(t — 1(F)) + ANchfx(t — TN, (1) + ANZCDfx(t — T, 1)+

(49)
+ Bou(t) + By u(t — 7,(t)) + f(t, x(t)) + Cw(t)
where
-02 0 -02 0.1 03 0 03 =02
AO_[—O.l 0.3]' Al‘[ 0 —0.1]' ANl‘[—o.os o.z]' ANZ_[O.AL 0.1]'
where (50)

N R e

and tp = 0,a =15 =11,y =05 17 =1, =01, Tany; = Tan, = Tonv = 0.1, Ty = 0.1, with associated
functions: P, = [0.050.05]7; t € [-0.1,0]; ¢(t) = [0.070.07], ¥, = 0.05. The task is to analyze the FTS with
respect to {6 = 0.08, ¢ = 50, 1, = 1}. From the initial functions and given state equation, we have: ||xllc =

hax lYx(Bllee = 0.05, llpxllc = 0.07, p = max{|[{llc, llpllc} = 0.07 < 6 = 0.08, [|Aoll = 04, [lA1]l = 0.3,

AN, | = 0.3, [lAN, |l = 0.5, ||Boll = 0.5, |IC|| = 0.5, I(¥) = 0.01, n, = 1.01, 13, = 1, 1o = 0.06. Applying the condition
of Theorem 3.1, we can obtain the estimated time of the FTS T, ~ 0.8s.

Example 4.2. Consider the following homogeneous neutral NITDS with time-varying state delays multi-term non-
integer order 0 < y <1< f<a <2

‘D x(t) = Aox(t) + Arx(t — T,(1) + AleDfx(t = Tany (B) + AN, DY X(E = Ty, (1)) (51)

where

02 0 01 -03 03 0 0 01
AO_[O 0.2]' Al‘[o.z 0.1]' ANI_[OB 0.2]' ANZ_[—O.Z 0.2] (52)

and o = 175, = 1.5,y = 0.75, 17, = 0.15, Ty = 0.15 Ty, = Tan, = Tanv = 0.15, with associated functions:
Y, = [0.030.03]7, t € [-0.15, 0], ¢x(t) = [0.050.05]". Also, from the initial functions and given state equation, we
calculate: ||Ycllc = 0.03, [locllc = 0.05, p = max{[|cllc, llecllc} = 0.05 < 6 = 0.06. It is obviosly that ||Aoll = 0.2,
lA1ll = 0.4, [|An, Il = 0.5, ||An, |l = 0.4. If we take 6 = 0.06 and ¢ = 100 then condition (48) of Theorem 3.2 holds for
T, ~ 0.328 5 so we can get the estimated time of the FTS.

5. Conclusions

In this paper, FIS analysis for a class of (non)homogeneous nonlinear neutral multi-term fractional
order systems 0 < y < 1 < f < a < 2 with time-varying input and state delays has been investigated. By
use of the extended form of generalized Gronwall inequality, new criteria for the FTS have been developed.
Sufficient conditions for FTS for this class of neutral NITDS have been proposed. Finally, two numerical
examples have been provided to illustrate the effectiveness and the benefit of the proposed novel stability
criterion of FTS.
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