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IMPUPOJHO-MATEMATHUYKU ®AKYJITET

MN3BEHITAJ O OHEHU JOKTOPCKE JTUCEPTAIINJE

I nHogAIM O KOMUCHIN

1. [laty™Mm u opraH Koju je UMEHOBAaO KOMHUCH]Y

20. jyu 2013. ronune, HacraBHo-Hayuno Behe [Ipuponno-marematudkor daxkynrera y
Hosom Cany

2. CacraB KOMHCHje Ca Ha3HAKOM WMEHa M MPE3MMEHA CBAKOT WiaHa, 3Bamba, HA3WBa YK€ HAyYHE
o0JacTH 3a Kojy je u3abpaH y 3Bame, JaTyma n3dopa y 3Bame U Ha3uB (PaKkyiTeTa, yCTAHOBE Y K0jOj
j€ WiaH KOMHCH]E 3aII0CIICH:

—_—

ap Mapko HenesskoB, penoBHH mpodecop, AHamm3a U BepoBaTHOha,
01.07.2005., Yuusepsurer y HoBom Cany IlpuponHo maremMaTwdku (axymiTer,
IpeICeTHUK

2. Axkanemuk ap Cresan IIununosuh, penosau npodecop, AHanusa u BepoBaTtHoha,
25.02.1988., Yuusepsurer y Hosom Cany [lpupogno maremaTwuku (akyiTer,
MEHTOP

3. np Henag Teodanos, penosau npocdecop, Ananuza u Bepoatnoha, 01.10.2010.,
VYuusepsutetr y HoBom Cany Ilpupoano MmatemMaTndku GpaxkyiaTeT, YiaH

4. np Hywmanka [lepummh, penoBHu npodecop, AHanu3a U BepoBaTHOha,
01.01.2013., Yuusep3urer y HoBom Cany IlpuponHo maremaTudku (axyiTer,
YJlaH

5. np Jlyuhu Pogmno, pemoBuu mpodecop, 01.11.1981., Vausepsurer y Topuny,
YJlaH

11 NOJAIM O KAHANJATY

1. Vwme, mMe jemHOT pOINTEIhA, TIPE3UME:

Bojan Pucre IIpanrocku,

2. Jlatym poljema, OMIITHHA, TpiKaBa:




29.07.1984, [Ipunen, Pemryonmka MakenoHuja

3. Ha3uB ¢akynrera, Ha3uB CTYAUJCKOT MpOorpama JIUIIOMCKHX aKaJIeMCKUX CTyAHja — MacTep |
CTCUCHH CTPYYHH HA3UB

OcHogHe crynuje: YHuep3uret CB. Kupun u Meromuj, [IpupoaHo - MaTeMaTH4KH
dakynrer - Cxonje, Makenonwuja,

CTYAM]CKH IIPOTpaM: TEOpHjCcKa MaTeMaTHKa, 3Bambe: TUINIOMUPAHU MaTeMaTHyap

Macrep cryauje: Yuausepsurer Cs. Kupuin u Mertoauj, [IpupoaHo - MaTeMaTHuku
¢axynter - Ckorje, Makenonuja,

CTYIWjCKH TIPOTpaM: TEOPHjCKa MaTEeMaTHKa, 3Bafhe: MarucTap MaTeMaTHYKHX HayKa

4. TonmuHa ynmca Ha JOKTOPCKE CTyAHje M HA3UB CTYAUjCKOT IIpOTrpaMa JOKTOPCKHUX CTyIrja

2011. Hamomena: Kanaumar mpujaBibyje TeMy Ha OCHOBY OJOpPamEHOT MarucTapcKoT
pana.

5. Has3us ¢axynTera, Ha3UB MaruCTapcKe Te3e, HayyHa o0IacT U 1aTyM ofOpaHe:

Vuusepsuter CB. Kupun u Meronuj, Ilpuponno - marematnuku ¢akynret - Ckomje,
Makenonuja,

JuctpubynroHe rpaHHYHE BPEJHOCTH aHATUTUYKKAX (QyHKIH]ja y n-IUMEeH3H]ja

Teopujcka MaTtematuka, 06.11.2010. rogune

6. HayuHna 00acT U3 Koje je CTeYeHO aKaJeMCKO 3Baibe MarucTpa Hayka:

Maremartuka

III HACJIOB JOKTOPCKE JUCEPTALINUJE:
KonBouy1ija v TOKaJIM3aIHjCKU ONEPATOPH y YATPATUCTPUOYITMOHUM IIPOCTOPUMA

Convolution and Localozation Operators in Ultradistribution Spaces

IV TIPEIJIEJ JOKTOPCKE JUCEPTALINJE:
Hagectr kparak caapskaj ca Ha3HaKoM Opoja cTpaHa, IOrJIaBJba, CIMKA, IIeMa, TpaUKOHa U CII.

JIoKTOpCKa aucepTanydja je HamuMcaHa Ha €HIJieckoM jesuky. Mwma ix+141 crpany u
CaJipKM yBOJHE HANlOMEHEe, 5 TmorjaBika, OmbOmmorpadujy ca 60 Oumbmmorpadckux
JenuHUIIA, UHICKC, KpaTKy Onorpadujy u KJbyuHy TOKyMEHTAlUjCKy HH(pOpMALH]y.

Doctoral dissertation is written in English language. It consists of ix+141 pages and
contains preliminaries, 5 chapters, bibliography with 60 references, index, short
biography and key words documentation.




\4 BPEJHOBAIE NOJEJAWMHUX JEJOBA TOKTOPCKE JUCEPTAIIUJE:

JucepTanyja capKu yBOJ U NIET Moriassba: 1. mpumnpeme, 2. Jlanmacosa
Tpanchopmalja y mpocTopuMa yaTpagucTpuoOyIrja, 3. KOHBOJIYIH]a
yintpaguctpulynuja, 4. nceynoaudepeHIujaaIHy onepaTropyu 6eCKOHaYHOT pesia y
MIPOCTOpUMA TEMIIEPUPAHKUX YITPATUCTpuOyIHja, 5. anTu-Buk-oBa u Bajimosa
KBaHTHU3aIMja y IPOCTOPUMA yIATPaAUCTpUOyLHja.

VY yBony je AaTa MOTHBAIlMja U HABEJCHU Cy PE3YJITaTH UCTpaxuBama. Takohe je
HaBEJICH M KpaTak IMperJjiel caapxkaja TucepTamuje.

VY mpBOM IOTJIaBJbY /AT j€ MPETIIe] U HaBeIeHa Cy IPBEHCTBEHO TOIOJIONIKA CBOjCTBA
OCHOBHUX IpocTopa (yHKIMja U yITPaAUCTPUOYyIHja KOju he ce KOPUCTUTH y HACTaBKY.

JlanmacoBa TpancdopManyja yntpaguctpudyuuja bepauHroBor Tuma je mpoydaBaHa o]l
CTpaHe JpyTruX HaAyYHHKa, JOK CIIy4aj yATpaaucTpudyuuja PymujeoBor Trma npeTxomaHo
HHj€ CHCTEeMAaTCKH Mpoy4aBaH. J[pyro mormnassse qucepranuje je mocBeheHo npoyyaBamy
OBe IpobJIemMaTuke, a MoceOHO Cy aHATM3UPaHH MMOTPEOHU M JOBOJHHH YCIIOBH J1a O1
aHaMTHUYKa YHKIM]ja CyOeKCIIOHEHIMjaTHOT pacTa Ouna JlannacoBa Tpancdopmaiiyja
HEKe yJITpaaucTpuOynuje. AyTop Jiaje OpUurHHaIHE pe3yirare Koju he outn o0jaBbeHH y
YIaHKy [46] U3 ciucKa JuTeparype.

Tpeha rnasa je nocBehena koHBosyIMjU. OpUTHHAIHU PE3yJITaTH €3 JOOUjEHHU Y
capaJmu ca MEHTOPOM | 00jaBJbeHH Y pany [43] u3 ciimcka muteparype. [louesmm ox
Jlopana I1IBapua, koju je nerHUCA0 KOHBOIYIU]Y TUCTPUOYIIHja MHOTH ayTOPH Cy
MpoyYaBaii MPoOJIeM KOHBOIYIIH]€E, JaBaM alTePHATUBHE JIe(UHHUIIN]E U TOKa3UBAIN
eKBUBAJICHIIN]Y pa3IMIUTUX npucTymna ca [lIBaproBom nepunnnmjom. Konsomymuja
yITpaguCTprOyIHja je y Cllydajy yATpaaucTpuOyIrja bepIMHroBOTr THIIA je TIpoyJYaBaHa
npe ABaJieceTak rofHa. Y cTBapu, oAronapajyhe nqeguHuIMje U IPUCTYIIH Y TEOPUjU
IUCTpUOYIIMja MOTY Ce IPEHETH Ha ynTpanuctpudymuje bepnuarosor tumna. [Ipu Tome
Cy JIOKa3H 3a €KBHBAJICHIIH]Y KOMIUIMKOBAHH]H yCJIe]] TOTIOJOUIKHX CBOjCTaBa
onrosapajyhux npocropa ynrpanuctpudywiga. Y Tpehoj riiaBu qucepTanuje KaHauaaT
npoyuyasa ynrpaguctpuOynuje Pymujeosor tuna. Y3 aedununmjy Koja je aHaJorsa
[IIBap1i0BOj, HABOJE CE joUT YeTHPH JePUHHIIM]E U JJOKa3yje IHXOBa EKBUBAJICHIIH]a.
[ToceOHO, MpoyyaBaH je TPEH30PCKH MPOU3BOJ CIIEHU(PUIHNX JTOKATHO KOHBEKCHUX
MIPOCTOpA U JTOKa3aH je pe3yiTaT Koju he ce KOPUCTUTH y METOM TOTJIaBIbY.

YeTBpTO MOTTIABIBE j€ HAj3HAUAJHHUJH JI0 AUCEpTaIje. Y BeMy KaHIuIaT HaBOIU
OpHMT'HHAJIHE pe3yiTaTe y BE3H ca jeIHOM KJIACOM IceyAoAn(epeHIINjaTHIX OnepaTopa.
[Toce6HO, H3TT0KEH j€ OTepaTOPCKU padyH ca CHMOOJIMMa TaKBHX onepaTopa. Y OKBUDPY
OPHUTHHAIHOT MPHUCTyNa Moryhe je aHaau3upaTé JIOKAIN3alHjCKe OnepaTrope, Mo3HaTe
Kao aHTH-BHK onepaTopu 1 BUXOBY Be3y ca BajmoBoM KBaHTH3aIMjoM 3a cuMOoIIe
ri100aHOT TUIA KOjU MpUIaaajy yBeaeHoj kiacu [llyounosux oneparopa. Oarosapajyhu
(YHKIIMOHATTHA OKBUD 33 UCTPAKUBAHE UNHE MMPOCTOPH TEMIIEPHUPAHIX
yarpanuctpudymja bepaunrosor u PymujeoBor tuna. Pesynratu oBor moriasssa cy
o0jaBibeHHU y paay [48] U3 crimcka muTeparype.




[Tero mormnassbe je mocBeheHo KOHBOIYIIUjH ca ["ayCOBCKUM j€3TpOM Y IWJbY MPOIIHUPEHA
neuHuIje anTH-BUK-0Be KBaHTH3alIM]€ U, TOCIEIUYHO aHTH-BUK-0BUX omeparopa, Ha
cuMOo0JIe KOJU HUCY HY)KHO TeMIIepupaHe yarpaauctpuoynuje. [Ipu Tome ce kopucrte
pesynratu gobujeHu y npyrom u tpehem mornapipy, y Be3u ca JlammacoBom
TpaHnchopMaIyjoM U KOHBOIYLIHjOM yiTpaauctpulyirja bepaunrosor u Pymujeosor
tuna. Hayunu pe3yaratu oBor jena ¢y JoOHjeHH Y capaibyi ca MEHTOPOM U 00jaBJbeHU
Kao pykonwuc [47] u3 cnucka Jureparype.

Pesynratu qucepranuje cy AyOoku u TemkH. Jloka3u cy Jyradyku U MperjeaHo
Hancanu. KanaunaT nokasyje Beoma J00po Mo3HaBame PELIEHTHUX HAyYHUX pe3yiraTa
13 00J1aCTH HETOBOT HAYYHOT UCTPaKUBambha CIIPOBENICHOT Y TUCEPTAIUjH.

Doctoral dissertation consists of the introduction and five chapters: Ch 1- preliminaries,
Ch 2- Laplace Transform in Spaces of Ultradistributions, Ch 3- Convolution of
Ultradistributions, Ch 4-Pseudodifferential Operators of Infnite Order in Spaces of
Tempered Ultradistributions, Ch 5-Anti-Wick and Weyl Quantization on
Ultradistribution Spaces.

Introduction contains motivation for the research and results of research. Is also includes
a short review of the content of the thesis.

Chapter 1 contains a review and topological properties of basic spaces of functions and
ultra-distributions which will be used in the sequel.

Laplace transform for Beurling type ultra-distributions were studied by other authors
while the case of Roumieu ultra-distributions was not systematically studied up to now.
Second chapter of the thesis is devoted to the analysis of necessary and sufficient
conditions for an analytic function with the sub-exponential growth to be the Laplace
transform of an ultra-distribution. The author presents his original results which will be
published in paper [46] from bibliography.

The third chapter is devoted to the convolution. Original results are obtained in
collaboration with the mentor and published in paper [43] from bibliography. Starting
with Laurent Schwartz, who gave a definition for convolution of distributions, many
other authors addressed the problem and gave alternative definitions of convolution and
proved their equivalence with the Schwartz's one. The convolution of ultra-distributions
was already addressed in the Beurling case two decades ago. In fact, the analogous
definitions that appear in the distributional setting, with appropriate changes, also apply
in Beurling ultra-distribution. The proof for their equivalence is more difficult because of
the topological properties of the spaces under consideration. In the second chapter of the
thesis the author studies the convolution of Roumieu ultra-distributions. Besides the
analogous form of the Schwartz's definition, the author gives four other equivalent
definitions. For this purpose he studies the tensor products of specific locally convex
spaces. This result is needed in the fifth chapter.




The fourth chapter is the most important part of the dissertation. In this chapter the
author presents his original class of pseudo-differential operators. He gives an operational
calculus with the symbols of such operators. In the frame of his original concept he
analyzes localization operators called Anti-Wick operators and their connection to the
Weyl quantization, in particular for symbols belonging to the introduced global symbol
class of Shubin type operators. The functional frame in which the candidate studies this
connection is the spaces of tempered ultra-distribution of Beurling and Roumieu type.
Results of this chapter are published in [48] from bibliography.

The fifth chapter is devoted to the convolution with the Gaussian kernel with the aim of
extension of the definition of Anti-Wick quantization (and Anti-Wick operators) for
symbols which are not necessarily tempered ultra-distributions. The original results of
sections 2 and 3 related to the Laplace transform and the convolution in both classes of
Beurling andRoumieu ultra-distributions are used in the proofs. This last part of the thesis
contains original results obtained in collaboration with the mentor and published as a
manuscript in [47] from bibliography.

Results of the thesis are deep and difficult. The proofs are long and well presented. The
author shows very good knowledge of recent scientific results devoted to the fields of his
interest in this thesis.

VI CIIMCAK HAYYHHUX U CTPYYHUX PAJJOBA KOJU CY OBJABJBEHHU NJIN
INPUXBAREHU 3A OBJAB/BUBAILE HA OCHOBY PE3YJTATA HCTPAXKUBAIbBA Y
OKBUPY PAJJA HA JOKTOPCKOJ JMCEPTAIINJHN

1. Stevan Pilipovic, Bojan Prangoski. Equivalence of several definitions of
convolution of Roumieu ultradistributions, o6jaBseen online, DOI
10.1007/s00605-013-0503-4, Monatshefte fur Math (M22)

2. Bojan Prangoski. Laplace Transform in Spaces of Ultradistributions,
npuxsahen 3a mrramiry, 02. XII 2012. Filomat (M22)

3.Bojan Prangoski. Pseudodifferential operators of infinite order in spaces of

tempered ultradistributions, y mrammu, Journal of Pseudo-Differential Operators and
Applications, DOI 10.1007/s11868-013-0075-z

4.Stevan Pilipovic, Bojan Prangoski. Anti-Wick and Weyl quantization on
ultradistribution spaces, na recenziji.




VII  3AK/bYYIIX OJHOCHO PE3YJITATH HCTPAKUBABA

OpuriHAJIHA PE3YJITaTH CE MOTY TOJCIUTH y YSTUPH IPyIie, a CBaK0j MOHA0CO0 je mocBeheHa jeaHa riaBa
Jucepranyje. Y IpBy TPYIy Clajiajy pe3yiTaTH KOjH Ce OJJHOCE Ha €KBHBAICHIM]Y PasHUX IeQHHULIM]aA
KOHBOJIyLIMje Yy TIpocTopuma yiarpaaucTpuOyuuja PymujeoBor Tmma. J[lpyra rpyma oOyxBara
Kapakrepusauujy JlamnmacoBe TpaHchopMalyje ynTpagucTpuOynuja. 3aTuM, KaHIUIAT je pa3BHO
orepatopcku (CUMOONIMYKH) padyH Kiace MecynoAudepeHIyjianux orepaTopa OecCKOHadyHOT pena H,
KOHA4YHO, KopucTeh OpUIMHAJHE pe3yiiTare NPETXOJHUX IJaBa, KaHAWAAT Naje BHXOBY NPHMEHY Ha
KapakTepu3alnjy HoBe Kirace AHTH-Buk onepartopa.

VIII OHEHA HAYUHA ITPUKA3A U TYMAUYEBA PE3YJIITATA HCTPAJXKUBAIBA

Komucuja no3uTHBHO Olebyje HauMH TPHKa3a U TyMauermhe pe3yiTaTa HCTPaKHBakba.

IX KOHAYHA OIIEHA JOKTOPCKE JUCEPTAIIMJE:

Jucepranyja je HanrcaHa y CKJIaay ca o0pasiiokemeM HaBeJASHNM y NIPHjaBU TeMe

U cazip>ku cBe OuTHe eneMente. Jlucepraryja npencraBjba OpUruHaiaH JONPUHOC HAYIH ITO Ce OrJieNa y
YUCHUIM 1 CaJpKU pe3yiTaTe KOju cy 00jaBmeHU WM puxBahenn 3a 00jaBibUBambEe y TPH Hay4YHa
gaconwca oJ kojux cy n8a Ha SCI muctu. [Topen Tora, jomr jenaH HaydHH paj KOJH CAAPKU Pe3ylITaTe U3
IUcepTanyje je Ha pereHs3uju. KOHKpeTHO, OpUTHHAIIHYU pe3yTaTh Ce OJHOCE Ha €KBUBAICHITH]Y PA3HUX
IeUHALNja KOHBOIYIHjE Y IPOCTOpUMa YIITpaaucTpuOyrja PyMmujeoBor Trma, kKapakTepu3amyjy
JlamacoBe TpaHcdopMmanuje ynTpaaucTpuOyIuja, onepaTopeku (CMMOOIMYKK) padyH Kiace
necynoaudepeHiyjTaHux oneparopa OeCKOHaYHOT pefa U KapaKTepHu3annjy HoBe Kiace AHTH-Buk
omneparopa. /lucepranyuja HeMa HeocTaTaKa.

X MNPEJJIOT:

Ha ocHOBY yKymHe OlLieHE AucepTalyje, KOMHCH]ja ca 3aJ0BOJFCTBOM MpEIaXe Ma ce JOKTOPCKa
JUcepTaliija MPUXBaTH, a KAaHIUAATy 0100pu o10paHa

1np Mapko HenesskoB, pegoBHE mIpodecop,
Yuusepsuretr y HoBom Cany, [IM®, npencenanx

Axanemuk np Crean [Tununosuh, penoBau npodecop,
Vuusepsuter y Hosom Cany, [IM®, mentop

1np Henan Teodanos, pemoBan podecop,
Yuusepsuretr y HoBom Cany, [IM®, unan

np Hymanka [lepumuh, penouu mpodecop,
Yuusep3utetr y HoBom Cany, [IM®, unan

np Jlynhu Ponuno, penosuu npodecop,
Yuusepsurer y Topuny, wiaH
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