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Spectral properties of operator matrices on Banach spaces

CnexrpanHe ocoOuHe MaTpuLa oneparopa Ha banaxoBuM npocropuma

HOPEIVIEJ JOKTOPCKE JUCEPTALMUJE:

JlokTOpCcKa aucepraiyja je HamucaHa Ha 126 crTpaHa, Ha CHIJICCKOM jE3HKY,
JATHHUYHUM THCMOM. TEKCT aucepraiyje je MmojesbeH y 6 moriaBiba, H ayTop
je HaBeo ykymHO 61 mmrar. Ha mouerky mucepTanyje natu Cy: yBOJHA ped
ayropa, KJby4Ha JTOKyMEHTaIlMjcka HMH(pOpMalmja Ha CPICKOM U CHITICCKOM
J€3UKy, KpaTak pe3uMe paja Ha CPIICKOM Je3HKY, CapiKaj paja, U CaXeTak Ha
CPIICKOM U €HIJIECKOM Je3MKy. 3aTUM CJIeAW TEKCT JecepTaiuje Koju je
noJieJbeH y cieieha moryiassba v MOTIOTIIABIbA:
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6.1 Mcropujcku mperiien

Ha camom kpajy te3e, nata je OmbOnmorpaduja xopuinheHa MPHIMKOM TNHCamba
te3e. HakoH Tora je HaBeneHa Ouorpaduja KaHIUIATa, Ca CIIHUCKOM KOH(EpeHIIHja
Ha KOjUMa je y4ecTBOBAO, Ka0 M CIIMCAK pPajgoBa KaHAMJATa KOjH CY y BE3W ca
JOKTOPCKOM JIUCEPTALH]OM.

Doctoral dissertation is written with 126 pages in total, in English language,
using Latin letter. Text of the dissertation is divided into 6 chapters, and the
author has cited 61 references in total. At the beginning of the dissertation the
author provides the following content: a word from the author, key word
documentation in Serbian and English language, short summary in Serbian
language, table of contents, and abstract in Serbian and English language. The
latter is followed by the text of the dissertation which is divided into the
following sections and subsections:

1 Introduction
1.1 Notation and main tasks
1.2 Preliminaries
1.3 Historical background
2 Casen=2
2.1 Invertible completions of Mc
2.1.1 Separable Hilbert space setting
2.1.2 Non-separable Hilbert space setting
2.2 Various completions of Mc
2.2.1 Fredholm completions of Mc
2.2.2 Weyl completions of Mc
2.2.3 Browder completions of Mc
2.2.4 Right and left Fredholm completions of Mc
2.2.5 Right and left completions of Mc
3Casen=3
3.1 Separable Hilbert space setting
3.2 Non-separable Hilbert space setting
4 General case n >3
4.1 Invertible completions of Tn? (A)
4.2 Weylness of Tn? (A)
4.2.1 Separability case
4.2.2 Nonseparable spaces
4.3 Fredholmness of Tyd (A)
4.3.1 Separability case
4.3.2 Nonseparable spaces
5 Filling in holes problem
5.1Casen=2
5.2Casen=3
5.3 General case n >3
5.3.1 The Weyl spectrum
5.3.2 The Fredholm spectrum




5.3.3 The spectrum
6 Block operator matrices that are not upper triangular
6.1 Historical overview

At the end of the thesis, there is a bibliography used during the writing process.
Afterwards, there is a biography of the candidate with a list of conferences in
which he participated in, as well as a list of papers of the candidate that are
connected with this doctoral dissertation.

\Y BPEJHOBAIGE NOJEAUMHUX JEJOBA JOKTOPCKE IJUCEPTAIIMJE:

Hucepranuja cajpu CBE HEONMXOJHE eleMeHTe ojapeheHe BakehuMm mpaBUIIHULIUIMA,
HCIPABHO j€ CTPYKTyHMpaHa U UMa jacaH HauWH U3Jiarama.

Komucuja cmarpa na je HacJiOB JIOKTOPCKE aucepranuje (popMyiaucaH MPEenU3HO U
HEJIBOCMHCIICHO, U JIa JaCHO yKa3yje Ha pa3MarpaHy npoOJeMaTuKy.

JIoKTOpCKYy aucepTanujy YMHH 6 TOTJIaBJha, KOja MMajy JOTHYaH clieq U JA00po cy
CHCTEMaTH30BaHa.

Y yBOAHOM, Hpeéom no21aemy, nata Cy yBOJHA pa3MaTpama M TPEACTABIEEHH CY
KJbYYHU KOHIIENTH aucepranuje. Hajmpe je yBeneHa cranmapaHa HoTaiudja koja he ce
KOPHUCTUTH TOKOM pajaa. 3aTuM Cy JedUHHCAHU TOJMOBHM KOjU IPEACTaBJhajy TJIaBHU
NmpeaMeT HCTpaKUBamba ayTopa OBe aucepranmje. HakoH Tora, mpencraBjbeHa Cy H
IJIaBHA THTamka KojuMa ce 0aBHO ayTop aucepTamnuje. Y APYroM IMOTHOTIIABIbY
JTUCEepTaIyje HaBeJCHAa Cy yBOJHA TBphewma (YHKIHMOHAIHE aHalu3e Koja cy J00po
Mo3HAaTa y JINTePaTypH.

VY tpehem moTnoriaBsby MPBOT MOIJIaB/ba JaT je KpaTak HCTOPHUJCKH OCBPT Ha OBY
npo0eMaTrKy, ca akIeHTUMa Ha 00JIaCTH HayKe y KOjuMa M3ydaBaHa IpoOliemMaTruka
Haja3y MIKUPOKe MPUMEHE.

Komucuja 3axmwyuyje 0a cy ysoone oopeonuye, momusayuja u OONPUHOCU A0eKBAMHO
Odepunucanu, Kao u 0a je Kpamax UCMOPUjCKU OC8PM 0am JIOSUYHUM PedoCiedoM, Ca
akyeHmuma Ha HajoumHuje paooge uzyuasawe npobremamuxe Koju nocmoje y
qumepamypu.

Y Apyrom morJiaB/by KaHAMJAT IpeAcCTaB/ba HEKE IO3HATE pe3yiTare 3a MaTpulle
omnepaTtopa ¢opmara 2X2. Kanaunat ce Hajipe ocBphe Ha KIACMUYHY MHBEPTUOMIHOCT
ropme TPOYraoHe Marpuie omeparopa ¢opmara 2X2 (mornoriasibe 2.1), u ngaje
noTpeOHe M JI0BOJbHE YCIIOBE 32 HEHO KoMIuleTHpamwe. [Iputom, Hajupe ce mocmaTpa
cllyyaj KaJa Cy HpOCTOpPM Ha 4Mjoj AMPEKTHO] CYMH MaTpulla oIlepaTropa Jeiyje
cenapabuiau (ogespak 2.1.1), a 3aTuM ce mocMmarpa ciydaj Kaua TH TPOCTOPH HE
MOpajy UMaTH ocoOuHy cernapadbuiHocTu (oaespak 2.1.2). V oba oBa ojesbka Hajpe ce
HaBOJIe TJIaBHE TEOpeMe Koje ce THUy KapakTepu3alldje MHBEPTUOWIHOCTH MaTpHule
oneparopa gopmara 2X2, a 3aTUM ce Kao IMOCIeAulle U3BOJIe TBphema Koja ce THUY
npobsema neprypOanyje cnekrpa. Y moTmornasjby 2.2 1aT je OCBPT Ha pa3He BpcTe




WHBEPTUOMITHOCTH oTmiepaTopa Koje ce cpehy y DpeaxoiaMoBOj TEOPUjH U TEOPHUjH
YONIITEHUX HHBEp3a. PecrnekTuBHO, KaHaugar ce ©OaBu  Dpenxoim  —
unBepTuOmwIHOIIhy (omesbak 2.2.1), Bejn — wunBepruOwnnomhy (ogesbak 2.2.2),
bpaynep — wunBeptuOmnnomhy (omespak 2.2.3), mecHoM u seBom Dpenxoim —
unBepTHOMWIHOIINY (omespak 2.2.4), JIeCHOM M JIeBOM HHBepTHOMIHOIINY (OaehaK
2.2.5). Haunn u3narama y OBOM IOTIIOTIABJbY j€ UCTH Ka0 M Y MIPETXOAHOM: KaHIUIaT
HAjIIpe HABOJM pe3yjiTaTe O KapaKTepu3allljd WHBEPTUOMIHOCTH MATpHIE OllepaTopa
TMMEH3Wje 2, a 3aTHM Kao TOCIEeAMIle T00Mja pe3yliTaTe KOju ce THIy Ieprypoaruje
CIIeKTpA.

Komucuja nosumusno oyerwyje nociasme 2 noceéeheno cneKmpaimum c8ojcmeuma
mMampuye onepamopa gopmama 2X2.

VY noraae/by 3 KaHAMJAT HABOAM HEKE IMO3HATE, &M W OPUTHHAIHE, pe3ylTaTe 3a
MaTpuie omeparopa ¢opmara 3x3. OkapakTepucaHa je KiIacHyHa WHBEPTHUOMIIHOCT
TOpHE TPOYraoHe MaTpHIle oneparopa hopmara 3X3, U JaTH Cy MOTPEOHU U TOBOJHHU
YCIIOBH 32 H-CHO KOMITIeTHpame. Kao u y MpeTxoHoj II1aBu, KaHAXUIAT MIPBO IMOCMaTpa
clydaj Kajga Cy TpPOCTOpPH Ha YHjO] NUPEKTHO] CYMH MaTpHIla orepartopa Aeiyje
cenapabmiau (moTmoriasibe 3.1), a 3aTUM ce mocMarpa Ciydaj Kaga TH IPOCTOPH He
Mopajy Outu cenapabwinu (motmoriaBibe 3.2). Y 00a oBa MOTIOTIIAB/ha HAJIIpe ce
HaBOJIe TEOpPEME KOje ce THUY KapaKTepu3allije HHBEpTHOMIHOCTH MaTpHUlle orepaTopa
dopmata 3x3, a 3aTUM ce Kao IOCIEAWIIE HW3BOJE TBpHema KOja KOMEHTApHIILY
nepTypoaruje crekTpa.

Komucuja nozumusno oyeryje nociasme 3 noceeheno cnekmpaiHum c8ojcmeuma
mampuye onepamopa gpopmama 3% 3.

YeTBpPTO MOIJaB/be Pajia je II1aBHO MOTJIaBJbe. Y OBOM IOTJIaBJbY KaHIUAAT HABOIHU
pe3yiTare KOju Cy UCKJbYYHBO HETOB OPUTMHAIHH JONpPUHOC Hayiu. CBU pe3ynTaTu
JIaTH Cy y BPJIO OIIIITEM CIIy4ajy, Tj. 32 TOPEHE TPOYraoHe MaTpHIle onepaTtopa popmara
nxn, rae je N 6uio Koju mpupoaan Opoj Behu ox 2. PesynraTu Koju cy HaBEJEHU THIY
Ce Kako KIIACHYHE WHBEPTUOMIHOCTH, TaKO M OIIITHjUX THUIIOBA WHBEPTUOMIHOCTH
Koju ce u3ydarajy y ®penxonmoBoj teopuju. Kanaumat Hajupe HaBOIW pe3ysiTare 3a
KJIACHYHY MHBEPTUOMIIHOCT TOPH-E TPOYraoHe MaTpuiie oreparopa gopmara NXN, u To
je caapxaj motmnorniaBba 4.1. Kao u nmo caa, mpBo ce yBoie TBphema Koja najy
noTpeOHEe U JTIOBOJbHE YCJIIOBE MHBEPTHOMIIHOCTH, & 3aTUM C€ Kao IMOCIICIAMIIC M3BOJIC
pesyntatu 3a mpoOinem mneprypbamnmje crnektpa. OcuMm KiacuyHe ,,000cTpane”
WHBEPTUOMIIHOCTH, HABOJEC C€ W pE3yITaTH 3a JIEBYy W JIGCHY WHBEPTHOMIHOCT
MoOMeHyTe Kiace warpuna omnepatopa. Crenehe, mnornormasme 4.2, 0aBu ce
u3yuaBameM Bejn — nnBeptubunHoctu. OHO je MmojesbeHo Ha JBa Jena: ojesbak 4.2.1'y
KOjeM Cce TMpeTIoCTaB/ba cenapabuIHOCT MPOCTOpa Ha KOojuMa Jienyje MaTpHila
omepaTtopa, U ojJieJbak 4.2.2 y KojeM ce cenapaOHIHOCT He IpeTrnoctaBiba. [locnenme
notrnornaBbe 4.3 0aBu ce PpenxonM — HHBEPTHOWIHOLINY, W pE3ylITaTd OBOT
MOTIOIIaB/ha Cy TMOCHEIUIla pe3ylaTaTa MPeTXOJHOT ToTnoriaBka. My oBoMm
MOTIOIJIaBJbY TPBO CE€ HaBOAE pe3ylTaTH KOju BaXe TOJ MPETIOCTABKOM
cemapaOMIIHOCTH, a 3aTMM Cc€ TH pe3ylaTaTH YOIINTaBajy H30CTaBJbajyhu




cemapabmiHoct (Buaetu ojesbke 4.3.1 1 4.3.2, pecrnieKTUBHO).

Komucuja nosumusno oyerwyje nociasme 4 noceeheno cnekmpannum ceojcmeuma
mampuye onepamopa hopmama NXN, y Kojem Cy U3NOHCEHU OPUSUHATIHU CAMOCTNATIHU
pe3ynimamu Kanouodama.

VY morJaBiby 5 KaHAUIAT ce 0aBU PEIIaBAEM jeTHOT MPAKTUYHOT MPoOiieMa Be3aHOT
3a mMaTpuie oneparopa. To je T3B. mpoOiieM MOIymaBama pylna Koju je 10 caxa Ouo
pelieH y HEKHM CHENMjalHUM CJy4ajeBuMa, a KaHJuIaT Ta pelaBa 3a CiIydaj
KBaJIpaTHUX MaTpulla oIeparopa NpPOU3BOJbHUX JAMMEH3Hja. OpraHusanuja OBOT
noriasJsba je cieaeha. ¥V nornornasmby 5.1 kaHAWIAT IpeaCTaB/ba TAUHO PEIIEHE OBOT
npobsieMa 3a TOpHkEe TPOYraoHe MaTpuile omeparopa dopmara 2X2, U TO je pe3yarar
KOJju je Omo mo3HaT y nuTeparypu. Y cieaehem moTnornasiby 5.2 ce peliaBa OBaj
npobiem 3a Matpuie omneparopa ¢opmara 3X3, m TO je Takohe TO3HATH pPEe3yJITar.
Hajzan, y moTnornassby 5.3 kaHauagaT mpelcTaB/ba CBOJE OpPUTHMHAIHE pe3yJiTare Ha
OBY TEMY, U pelllaBa 0Baj Mpo0JIeM 3a MaTpUIle BEJIMKUX IMMEH3H]a U TO 3a pa3HE BPCTE
cnekrpa. CriekTpu Koju ce u3ydaBajy cy Bejnos, ®peaxonmoB u obuyaH crekrap, u
pe3yATaTH BE3aHU 3a BUX CAAPXKaHHU Cy peaoMm y oxesbumma 5.3.1, 5.3.2 u 5.3.3. VY
CBaKOM O] MPETXOJHHUX OJeJbaka Majy ce JBa THIA pe3yaTara Ha TeMy: OHH KOjH
MIPETIOCTaBJbajy CenapadMIHOCT, U OHU KOjU Baxke Oe3 cernapabuiIHOCTH.

Komucuja nosumusno oyervyje nocnasme 5 noceelieno pewasary npodiema nonyrasa
pyna 3a 2opre mpoy2aoue mampuye onepamopa gopmama NXN, a y Kojem cy
U3TIOHCEHU OPULUHATHU CAMOCMATHU pe3YImamu KaHouoama.

IMoraasJsbe 6 je KpaTak OCBPT Ha MaTpPHIIE ONEpATOPa KOje HUCY TOpH-E Tpoyraone, seh
MMajy HEKy JApyry OJIOK — MaTpU4YHy CTPYKTYpy. Y OBOM TOTJIaBJbY j€ JAaT UCTOPH]CKHU
nperie]] HajBAKHUJUX pe3yiTara JPYTHX ayTopa 3a JBa THIa MaTpHIla Ooreparopa
bopmaTa 2%X2 Koje HUCY TOpH-e TpoyraoHe (motmoriasibe 6.1).

Komucuja nozumueno oyemwyje nocnasmwe 6 noceeheno mampuyama onepamopa xoje
HUCY 20ptbe Mpoy2aoHe.

Komucuja nosumueno ouemyje cee oenose odoxkmopcke mese kanouoama Huxone
Capajnuje, kao u HauuK Ha Koju Cy pe3yaimamu oucepmayuje NPUKA3anu u mymayeHu.

Dissertation contains all the required elements determined by the valid books of
regulations, and it is well structured with clear way of presentation.

The committee regards that the title of the dissertation is formulated precisely and
unambiguously, and that it clearly reflects the topic considered.

Doctoral dissertation is constituted of 6 chapters which are given with logical order and
are well systematized.

Introductory, first chapter, contains introductory guidelines, and some key concepts of




the dissertation are presented. Firstly, some standard notation that will be used
throughout the thesis is introduced. Then, the author defines the main objects of his
interest. Afterwards, the main questions to be considered are presented. In the second
section introductory statements of functional analysis that are well known in the
literature are presented.

In the third section of the first chapter there is a short historical background on this
topic, with accents on areas of science in which this topic finds broad usage.

The committee concludes that basic markers, motivation and contributions are
adequately defined, and that the short historical background is with logical structure,
with accents on the most important papers of this topic that exist in the literature.

In the second chapter the candidate presents some known results for operator matrices
of the form 2x2. Candidate first examines the usual invertibility of upper triangular
operator matrix of the form 2x2 (section 2.1) and provides necessary and sufficient
conditions for their completion. Thereat, the case where spaces on which direct sum an
operator matrix acts are separable is studied first, and afterwards the case when those
spaces need not be separable is studied. In both of these sections, the author first gives
the main theorems which deal with characterizations of invertibility of operator
matrices of the form 2x2, and after that some consequences which deal with
perturbation of the spectrum are given. In section 2.2 the author gives insight to various
types of operator-invertibility that are studied in Fredholm theory and theory of
generalized inverses. Respectively, the candidate is occupied with Fredholm-
invertibility (subsection 2.2.1), Weyl-invertibility (subsection 2.2.2), Browder-
invertibility (subsection 2.2.3), right and left Fredholm-invertibility (subsection 2.2.4),
and right and left invertibility (subsection 2.2.5). Presentation in this subsection is the
same as in the previous one: the candidate first lists results dealing with
characterization of invertibility of operator matrices having dimension 2, and then as
consequences he gets results dealing with perturbation of the spectrum.

The committee gives a positive opinion of chapter 2 dealing with spectral properties of
operator matrices of the form 2x2.

In the third chapter the author states some known and original results for operator
matrices of the form 3x3. The usual invertibility of such matrices is characterized, and
some necessary and sufficient conditions for their completion are given. Just as in the
previous chapter, the candidate first examines the case when an operator matrix acts on
a direct sum of separable spaces (section 3.1), and after that he observes the case when
separability is not needed (section 3.2). In both of these sections theorems dealing with
characterizations of invertibility of operator matrices of the form 3x3 are stated first,
and those results then yield statements related to the perturbation of the spectrum.

The committee gives a positive opinion of chapter 3 dealing with spectral properties of
operator matrices of the form 3x3.




Fourth chapter of the thesis is the main chapter. In this chapter the candidate states the
results which are primarily his original scientific contribution. All results in this chapter
are given in a rather general case, that is for upper triangular operator matrices of the
form nxn, where n is an arbitrary natural number greater then 2. Results in question
deal with the usual invertibility, but with some more general types of invertibility that
are studied in Fredholm theory as well. Candidate first states results for classical
invertibility of upper triangular operator matrix of the form nxn, and it is contained in
section 4.1. Just as before, theorems dealing with necessary and sufficient conditions
for invertibility are stated first, and then results dealing with perturbation of the
spectrum follow. Beside results dealing with classical two-sided invertibility, results
devoted to one-side invertibility are also given. Next section 4.2 is devoted to studying
Weyl-invertibility. It is divided into two parts: subsection 4.2.1, which utilizes the
assumption of separability of underlying spaces, and subsection 4.2.2 which does not
utilize such assumption. Last section 4.3 examines Fredholm-invertibility, and results
of this section are direct consequences of results from the preceding section. In this
section results assuming separability are stated first again, and then those results are
generalized to the ones not assuming separability.

The committee gives a positive opinion of chapter 4 dealing with spectral properties of
operator matrices of the form nxn, which contains original individual scientific results
of the candidate.

In chapter 5 the candidate examines one practical problem related to operator matrices.
The problem in question is the so called “Filling in holes problem” which has been
solved so far only in some special cases, and the candidate solves him for the general
case of operator matrices having arbitrary large dimension. Organization of this chapter
is the following. In section 5.1 the candidate presents correct solution of this problem
for upper triangular operator matrices of the form 2x2, and this is the result that was
known in the literature already. In next subsection 5.2 this problem is solved for
operator matrices of the form 3x 3, and this is the result that was known in the literature
as well. Finally, in section 5.3, the candidate presents his original results on this topic,
and successfully solves this problem for matrices of large dimensions presenting results
for various kind of spectra. Spectra that are studied are Weyl, Fredholm, and the usual
spectrum, and results devoted to those spectra are summarized in subsections 5.3.1,
5.3.2, 5.3.3, respectively. In each of the previous subsections two types of results are
presented: those that assume separability, and those that do not assume it.

The committee gives a positive opinion of chapter 5 devoted to the solution of the
Filling in holes problem for operator matrices of the form nxn, which contains original
individual scientific results of the candidate.

Chapter 6 is a brief review to operator matrices that are not upper triangular but take
some other block matrix structure instead. In this chapter there is a historical insight of
the most important results of other authors for two types of operator matrices of the
form 2x2 that are not upper triangular (section 6.1).




The committee gives a positive opinion of chapter 6 devoted to operator matrices that
are not upper triangular.

The committee gives a positive opinion for all parts of the doctoral thesis by the
candidate Nikola Sarajlija, as well as for the way of presentation and interpretation of
the results in the thesis.

VI CIIUCAK HAYYHUX U CTPYUHHUX PATOBA KOJU CY OBJABJBEHHU NJIN
INPUXBAREHU 3A OBJAB/BUBAIBE HA OCHOBY PE3YJITATA HCTPAXKUBAIbBA
Y OKBUPY PAJIA HA TOKTOPCKOJ JUCEPTAILINJN:

o Sarajlija Nikola, Fredholmness and Weylness of operator matrices,
Filomat 36:8 (2022), 2507-2518 (M22)

« Sarajlija Nikola, Perturbing the spectrum of operator Tr(A), Revista de
la Real Academia de Ciencias Exactas, Fisicas y Naturales. Serie A.
Matematicas (RACSAM), 117 (2023) no. 1, Paper No. 10, 12pp.
(M21a)




Vi

3AK/bYUYIIUM OJHOCHO PE3YJITATH HCTPAJKUBAIbA:

Pesyntatu um pompuHOCH OBE IOKTOPCKE IHCEPTALMje TUYY CE KJIace TOpHe
TPOYraoHUX MaTpHIla OTIepaTopa, U UMajy 3a IUJb MPOIIUPEHE HEKUX pe3yaTara
Koju Bake 3a marpuile (opmara 2X2 Ha marpuie Gopmara Nxn, rae je n
MPOU3BOJBAH MPHUPOIHU Opoj. Jucepramnuja uMa BUIe pe3yiaTara U JOTPHHOCA,
KOJU Ce MOT'Y OTHcaTH Ha cieachu HauuH:

Benuka Behuna pesynrara koju cy nobujeHu 3a marpuiie Gopmara 2X2 Mory ce
JNOOUTH TaKo LITO C€ Hajupe AOKaXy ONIITHUJU Pe3yNITaTH 3a Marpuile Gopmara
NXnN, oJaKiie ce y3uMameM N=2 Kao CIeNHjaiad CIy4aj OHJIa J00Hjajy MO3HATH
pesynTatu. Y AucepTaluju je MpruKa3aH Ha4MH Ha KOJU ce 100Mjajy TH OMIITHjU
pe3ynTaTH, ¥ WIIyCTPOBAHO € J1a C€ Y3UMAameM CIIEHUjaTHOT cliydaja N=2 3aucta
nobujajy mo3HaTH pesyaratd. [loMeHyT HayuH 3a J00Hjame OMIITHJUX
pe3ynrata Oazupa ce Ha JeKOMIO3UIMju baHaxoBux mpocropa y TepMHUHHMA
jesrpa W CIIMKe elleMeHaTa ca TJIaBHE JWjaroHajie MaTpHIe OIepaTropa, H
JIETaJbHO j€ OIMHUCaH y JUCepTaIju.

Jlocamammsy pe3ynTatd JOOMjaHH 3a TOPHE TPOyraoHe MaTpHile oreparopa
MoJipa3yMeBalii Cy Kopullheme cenapaOMIHOCTH Kao jake MPETIOCTaBKe Koja
ce Mopajla HAaMETHYTH Ha TPOCTOpe Ha KOjuMa JIelyje MaTpHia omeparopa. ¥
JMCEpTaIUjH je TPHKa3aH aNTepHATHBAaH HAYWH 3a JOOMjarhe MCTUX pe3yirara
KOjH HE KOPHCTH MPETHOCTaBKY O cenapadmiHocTu. [IpemHoct HOBOT MeToaa y
OJIHOCY Ha CTapu jecTe Ta IITO je HOBM METOJl MPUMEHHB U Ha MaTpulle
omeparopa Kojeé MOTy OWTH TPOM3BOJHHO BEIIMKE JMMEH3Hje, NIOK je CTapu
MeToJ1 GYHKITMOHAIAH JeIMHO 32 MAaTPHUIIE ONlepaTopa Maaux TUMEH3Hja.

Meron yranama banaxoBor nmpocropa y baHaxoB mpocTop Koju je IpHKazaH y
pedepennu [18] uma mpUPOAHO MPOIIUPEHE W Ha TOPHE TPOYraoOHE MaTPHIIE
omeparopa koje cy nuMmensuje Behe ox 2. OBa unmeHHUIIA HHUje O cana Omiia
MO3HATa y JIUTEpaTypH, a KaHIUAT Jy j€ JaCHO MPUKA3a0 y AUCEPTALIH]H.
[lo3Hatu mpobnem cHeKTpajdHe Teopuje omepaTopa MO3HAT MOJ HAa3UBOM
npo0ieM MomylmaBa pyrna o0 caja je Ouo pellaBaH HCKJbYYMBO 3a MaTpHIle
omnepatopa ¢opmara 2x2. Y mqucepranyju je MOKa3aHO Ja C€ O peliermha OBOT
mpobiema Moke JohM Ha TMNpUpOJaH HAYMH U3 Pa3HUX pe3yirara
WHBEPTUOUITHOCTU KOJU Cy MPHUKA3aHU y OBOj JUCEpPTAlMjU, IITO 3HAYU Ja
KaHIUAAT Kao TOCIEeNUIly THUX pe3ylraTa 100Mja pelieleé OBOI 3HAuajHOT
npoOrieMa 1 3a MaTpHUlle orepaTopa MPOU3BOJFHO BEIHKE AUMEH3H]E.

Results and contributions of this thesis are associated to the class of upper
triangular operator matrices and have as their goal generalizing some results that
hold for operator matrices of the form 2x2 to matrices of the form nxn, where n
can be arbitrarily large natural number. Dissertation has several results and
contributions, which can be described as follows.

Many results that are proved for operator matrices of the form 2x2 can be
obtained in a manner that one proves general results for operator matrices of the
form nxn, and then take n=2 as a special case. In this dissertation the correct




method for obtaining such results is shown, and it is illustrated that the special
choice n=2 truly produces results that were already known. This method for
obtaining more general results is based on a decomposition of Banach spaces in
terms of kernel and range of elements placed on the main diagonal of an
operator matrix and is described in detail in the dissertation.

Results for upper triangular operator matrices that are obtained so far utilize
separability as a strong assumption that must be assumed for spaces on which an
operator matrix acts. In the dissertation a different approach is shown for
obtaining same results that does not utilize separability. The Advantage of this
approach is that it is applicable to operator matrices of an arbitrary dimension,
while the previous approach was functional for operator matrices having small
dimension solely.

Method of Banach space embeddings which is shown in [18] has a natural
extension to upper triangular operator matrices of dimension greater than 2.
This fact has not been exploited in the literature yet, and the candidate has made
its clear application in the thesis.

Well known problem in spectral theory of operator matrices known as filling in
holes problem has been solved for operator matrices of the form 2x2 solely. In
the dissertation it is presented that the solution of this problem naturally follows
from various invertibility results that are included in the dissertation, which
means that the candidate as a consequence of those results gets a solution of this
important problem for operator matrices of an arbitrary large dimension.




VIII OHEHA HAYMNHA ITPUKA3A U TYMAYEIHA PE3YJITATA HCTPA’KUBAIBA

[Mpuka3z cBUX pe3yiaTara HCTpaXHBama je JOOpO OpraHM30BaH MO TEMAaTCKUM
LeJIMHAMa, ¥ HaBEJICH je JIOTHYKUM penocienom. Popmynamuja pesynraTa je npernu3ta
U jacHa. Tymademe pesynrara je KOPEKTHO NPHKA3aHO, Ca OCBPTOM U Ha IOCIIEAUIIe
KOje M3 TJIaBHUX pe3yaTaTa clieJie.

Tekct mucepranuje je mpoBepeH y copTBepy 3a JAeTeKInjy miardjapusma IThenticate y
bubmmorern  enmaprmana 3a Marematuky u  Wubopmaruky Ilpupogro —
MatemaTakor gakynrera y Hoom Camy, W kao pesynarar aHanm3e JoOHjeHA je
BpeAHOCT pesynryjyher unnekca ciuuHoct 49%. Ha ocHOBY pesynrara mposepe,
Komucuja je xoncratoBana na je Hajsehu oOum momymapHocTH (TIpBa TpU HaBeICHA
npeKianama) TeKCcTa AucepTalije 100MjeH ca HaydHUM paJioBrMa KaHauaaTa. Paau ce
0 I1Ba 00jaBJbCHA pajia | J(Ba pajia MOCTaBJbeHa Ha maThopmy arXiv. ¥ Tum pamoBuma
kaagunat Huxoma Capajnuja je jeauHU ayTop, a caMd PaJoBH CaJApXKe pe3yJiTare
mucepranuje. Y HEITO MamkeM 00uMy co(dTBEp je yOouuo MpeKianame ca JeTOBUMA
TeKCTa JApyrux ayropa (dopmymanuje HEKHX nAedUHUNM]A, JEeMa, TeopeMa M
MOCIeInIa) TP YeMy je y JMCepTalliji YBEK HaBeJeHa ojroBapajyha pedepenia.
Tako cy, Ha mpuMep, Yy YBOJIHOM TOTJIaBJby KopuiiheHe nepunuimje us paia [12], a'y
OCTQJINM JISJIOBUMA ayToOp Ce€ MO3WBa Ha TMocTojehe pe3ynrare Ipyrux ayropa Koju Cy
MPENM3HO HaBEIECHW Y3 TMOIITOBAaKkE CBHUX MpaBHWJa IUTHpama. llpumepa pamu, y
JIPYroM TOTJIaBJby, ayTOp KOPHUCTH M I[UTHPA pe3yirare u3 o0jaBJbeHUX pamoBa [16],
[25], [12]. V maTreMaTHYKMM TEKCTOBHMA j¢ HEOMXOIHO IMPEIM3HO PErpOayKOBAaTH
npeTxoHo nobujene pesynrare. C 003upoM 1a je y AucCepTaluju YBEK HaBEICH HU3BOD
UTUPAHOT pe3yiTaTa, y OBOM CIIy4ajy HE TOCTOje €eMeHTH ruiardjapusma. OcraTtak
MpeKJIanama OJJHOCH Ce Ha mojeauHe onmTe kopumhene ¢pase. Ctora ce 3akibydyje na
j€ MOKTOpCKa aucepTalfja OpUrHHAIHO ayTopcko neno kanaunata Hukone Capajuje.
Ca M3BemrajeM 0 OAYAapHOCTH YIIO3HATH Cy CBU WIAHOBU KOMHUCH]E.

Ha ocnosy nasedenoe, Komucuja je Oonena no3umueHy OueHy 3a HA4YUH NPUKA3A U
mymauerba pe3yimama, ca 3aKwbYUKOM 0d je OOKMOpPCKA Oucepmayuja OpucuHaino
aymopcko oeno kanouoama Huxone Capajnuje.

Presentation of all results of the research is well organized thematically, and it is given
with logical order. Formulation of the results is precise and clear. Interpretation of the
results is correctly presented, with a review of consequences that follow from main
results.

Text of the dissertation has been checked by the plagiarism detection software
iThenticate at the library of the Department for Mathematics and Informatics at Faculty
of Natural Sciences, Novi Sad, and as a result of the comparison analysis a similarity
index of 49% was obtained. Based on the results of this analysis, the committee has
determined that the largest amount of similarity (the first three overlaps) is with
scientific articles of the candidate. The Articles in question are two published articles
and other two that can be found at platform arXiv. In these articles candidate Nikola
Sarajlija is the only author, and the former contain results from the dissertation. The
software has also spotted some minor overlaps with parts of the text of other authors




(formulation of some definitions, lemmas, theorems and consequences), but in
dissertation these parts are always with an appropriate bibliography reference. For
example, in the introductory chapter definitions from article [12] are used, and in other
parts of the dissertation the author summons known results of other authors that are
precisely listed respecting all the rules of citations. For example, the author utilizes and
cites results from published papers [16], [25], [12]. In mathematical texts it is necessary
to precisely reproduce already known results. Since in the dissertation there is always a
reference of a cited result, there are no elements of plagiarism in this case. The rest of
the overlaps are with some generally used phrases. Therefore, it is concluded that the
dissertation is an original individual work of the candidate Nikola Sarajlija. All
members of the committee are familiar with the Similarity report results.

Based on the previous paragraphs, the committee gives a positive opinion for the
presentation and interpretation of the results, with the conclusion that the dissertation
is the original individual work of the candidate Nikola Sarajlija.




IX KOHAYHA OLHEHA JOKTOPCKE JUCEPTALINJE:

e Jla 51 je mucepTanyja HalMcaHa y CKJIaay ca 00pas3lioKemheM HaBEACHUM Y MPHUjaBU TeMe?

JHucepranuja je y MOTIYHOCTH HAMKCaHA y CKJIATy ca 00Opa3iokKemeM HABEICHUM Y
MIpHUjaBU TEME.

e Isthe dissertation written with respect to the guidelines stated in the dissertation application?

Dissertation is completely written with the guidelines stated in the dissertation
application.

o Jla nu qucepraidja cajpiKu CBe OUTHE eeMeHTe?

HucepTtanuja y TOTIYHOCTH CaJIpKHU CBE IOTpeOHE eneMenTe. Jlat je Bpiio mpenusan
YBOJ y TEOPHjCKE KOHIIENTE KOJU Cc€ KOpUCTe KacHHje y pany. OpraHuzainuja
MorjaBjba je jacHa W JiormuHa. HaumH um3narama je jacaH U KoHKpeTaH. Crmcak
oubmuorpadckux pedepeHnn cBeoun 0 J00POM MO3HaBaWky 00JIaCTH, U KBATUTETHO
j€ cacTaBJbeH.

e Does the dissertation contain all the vital elements?

Dissertation definitely contains all the vital elements. A very precise introduction to
theoretical concepts to be used is provided. The organization of the chapters is clear
and logical. The interpretation is clear and concrete. List of bibliography references
witnesses a well knowledge of this topic, and is well written.

o [lo yemy je qucepranyja OpUrdHaIaH AOMPUHOC HAYIH?

JloxTtopcka mucepranmja kKanaugata Hukome Capajnuje mpenctaBiba OpUTHHATIaH
HAyYHH paJ ca BHWIIE TEOPHJCKHMX HAYYHHX JONPHUHOCA. [JIaBHU JOTPHHOCH
JHCcepTalije jecy YOIITaBamke 0 cala Mmocrojehux pesyirata Tako Ja Baxe ca
cnabujuM TPETIOCTaBKaMa W y HAjIIUPpUM MOTYhUM OKpyKemHMa. YOIITeHkha Koja
Cy NpHKa3aHa y JHUCEPTAIMjH MOTY CE CBPCTaTH Y JBE KaTeropHje O] MOJjeIHAKOT
3Hayaja:

eVYomuTema pe3yaTaTa Be3aHHX 3a TOpHE TPOYraoHe MaTpulle oleparopa
dbopmara 2X2 u 3X3 Ha rOpmE TPOyraoHe MaTpulle oneparopa gopmara nxn,
rze je N mpousBoJbaH Opoj Behu ox 2.

eYommTema pe3yaTara BE3aHHX 3a TOPHE TPOYraoHe MaTpulle Omeparopa
dopmara 2x2 u 3X3 KOjU MPETIOCTaBJbajy cenapaOUIHOCT oAroBapajyhux
MpocTopa 10 pe3ylitaTa 3a MaTpulle omepaTopa HCTOr ¢dopmara KOju HeE
MIPETIOCTaBIbajy CENapadMIHOCT TOMEHYTUX MPOCTOPA.

OpuruHaIHM JOTPUHOCH AMCEpTAIMje KOjU ce UCTUYY MOTY Ce ONucaTH Ha cieaehu
HauYMH:

1) Tloka3aHo je Aa je MeTOA CBOheHma Ha KOHTPAAUKIMjy HPHUKa3aH y
oubmuorpadckum pedepennama [54], [55] BammmaH u y oOHHUM
XunbepToBUM MPOCTOPUMA KOjU HE MOPajy OUTH cernapaOuiIHU.

2) IlokazaHo je 5ma Merox yramama baHaxoBHX NpoCTOpa YBEIEH Yy




oubmmorpadekoj pedepenir [12] uma HpUPOAHO MPOIIMPEHE ca
Kjace Marpuia omneparopa Qopmara 2X2 Ha KJIacy Marpuia
omepartopa ¢opmara NXN, rae je N npupoaan 6poj Behu ox 2.

3) TlokasaHo je la MHOTH JOCAJallibU PE3YATATH O] paHHje TO3HATH Y
JUTEpATYpH 3a FOpHE TPOYraoHe MaTpulle ormeparopa dopmara 2X2
MOTy J1a ce JOOHjy Kao CIlenyjajaH CIy4aj ONMIITHjUX UCTPAKUBAbA.

e By what means the dissertation can be considered as an original contribution to science?

Doctoral dissertation by the candidate Nikola Sarajlija represents an original scientific
work with several theoretic scientific contributions. Main contributions of the
dissertation are generalizing known results so that they hold with weaker assumptions
and in the most general settings. Generalizations that are shown in the dissertation can
be separated into two categories of equal importance:

e Generalizations of results for upper triangular operator matrices having form
2x2 and 3x3 to upper triangular operator matrices having form nxn, where n is
an arbitrary number greater than 2.

e Generalizations of results for upper triangular operator matrices having form
2x2 and 3x3 which utilize separability of appropriate spaces, to the results for
matrices of the same form which do not assume separability.

Original contributions of the dissertation which point out can be described in the
following way:

1) It is shown that method of reduction to absurdity presented in bibliographical
references [54], [55] stays valid in Hilbert spaces that do not assume
separability.

2) It is shown that method of Banach space embeddings introduced in
bibliographical reference [12] has a natural extension from the class of operator
matrices having form 2x2 to the class of operator matrices having form nxn,
where n is a natural number greater than 2.

3) It is shown that many of existing results for upper triangular operator
matrices having form 2x2 that are known so far in the literature can be derived
as a special case of more general research.




o Koju cy HeocTamy qucepTanyje U Kakas je ’bUXOB YTUIIA] Ha Pe3yNTaT HCTpaKuBamba?
Jucepranuja HeMa HeJOCTaTaKa.
e What are the oversights of the dissertation and what is their impact to the result of the research?

Dissertation does not have oversights.

X  NPEJUIOT:

Ha ocHOBY HaBeJileHOT, KOMHUCH]a MTPEAJIAXKE:

Ja ce JOoKTopcka aucepranuja kanaupata Hukone Capajnuje mnoa Ha3suBOM
,,CIIeKTpaiHe 0COOMHE MaTpuIla oreparopa Ha baHaxoBUM mpocToprMa’ NPUXBATH, U
A2 ce KAHAWAATY 0/100pu oA0paHa ucTe.

Taking into consideration the findings of this evaluation report, the committee
recommends that the dissertation entitled ,,Spectral properties of operator matrices on
Banach spaces* written by candidate Nikola Sarajlija is to be accepted and the
candidate allowed to proceed with its defense.

Mecro u narym: Hosu Can, Jby6ssana, Hum / Novi Sad, Ljubljana, Nis, 18. 4. 2023.
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