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HOPETJIEJ JOKTOPCKE JUCEPTAIIUJE:

JlokTopcka nucepranMja MMa YKymHO 155 cTpaHuma W mojesbeHa je y TpHW IoryaBiba. lIpBa riaBa c
HacnoBoM [Ipocmopu yonwmenux ¢ynxyuja (20 cTpaHWIa TEKCTa) je €KCIO3UTOpPaH M CAAPXKH Mperiesn
OCHOBHHUX II0jMOBa ¥ NO3HATHX pe3yJTaTa TeOpHja PasHUX MPOCTOPa JACTSPMHHHCTHYKUX M CTOXACTHUKHX
yOImmuTeHNX QyHKIHja.

Hpyra rinaBa ¢ HacioBoM Yonwmenu cmoxacmuuku npoyecu (54 cTpaHuIia TEKCTa, OpPraHH30BaHO y 6
CEeKIMja) Cap’KH OPUTHHAIHE PE3YyNTaTe HCTPaXHMBamba KOJH Cy BE3aHU 3a caMy CTPYKTYPY YOHIITEHHX
CTOXacTUUKUX Ipoleca. [locMaTpaHe cy aBe Kjlace YONIITEHHUX CTOXAaCTHUKUX IIpolleca ca BpPeAHOCTHUMA Y
XunbepToBoM MpocTopy. 3a MPBY KJacy Cy M3BEAEHE CTPYKTYpHE TEOpeMe y BUAY XaocC €KCIaH3uje 00JIHKa

%m, XEl,C')ES:, e cy fij 0Gjs¥H JIETEPMUHUCTHYKE
T

yonuTeHe (QyHKIHje, Hd- (d =3 je oproroHaiHa 0a3za mpocropa Oenor mryma, a € (ie¥) je

opToHOpMHpaHa 0aza XWIOSPTOBOI IPOCTOPa KOjU MpENCTaBJba KOJOMEH IIpoleca D 3 IpYyry Kiacy

mporieca je nobujeHa HHTErpaHa penpe3eHTanuja y BUIY

rae cy

1;- G:l%@ KJIACUYHHU CIYYajHU MPOIECH, Md TeKUHCKE (YHKIMjEe KOje NCPHUHHUIILY HPOCTOP

K{M p}, a < | '>H CKaNapHH Tpou3Bon y XmwibeproBoM mpoctopy H. YBemenu cy mojmoBu Bukosor
MIPOM3BO/Ia YOIIIITEHNX CTOXAaCTHUKMX Mporeca, kao 1 KoroMOOOBCKe €KCTEH3Hje NMpOCOTpa YONIITEHHX
CTOXAaCTHYKHX Mpolleca, U MPUKa3aHe Cy HUXOBE IIaBHE KapakTepucTuke. C IHJbEeM Jla Ce UCKaXy Pa3IuKe
y KOHLENTY YONIITEHHX CTOXaCTHYKHX Ipolieca JAe(QUHHCAHUX MPEKO pPasHHUX YyCJIOBa HENPEKHIHOCTH,
OpojHM TIpUMEpH Cy JaTd, a IoCMaTpaHa je © CcToxacThdyka AudepeHIdjaliHa jeJAHAuYnHA

VK DP=FXAD , TIe je Y YOILITeH CTOXAaCTHYKU IPOIEC KOjH MMa BPEIHOCT Yy TAa4KH Y CMHCITY
JlojamjeBuya.

Tpeha rnaBa ¢ HacioBoM [lpumene na cuneyiapue cmoxacmuuke napyujaine ougepenyujanne jeonavune
(56 crpanmIa TekcTa, OPraHMU30BAHO y 3 CEKIMje) CaApKH OPUTHHAIHE pe3yJTare UCTPaKHBamba KOjH CY
roceeheHn pelaBamy JHMHEAPHOT eNUITHYHOT J{HpuxyieoBor mpobiemMa ca CTOXaCTHYKUM KOoe(HIIHjeHTHMa
U CTOXaCTHYKMM pyOHHM yciioBuma. [locmaTpana je jeaHaunHa o00ImKa

EKEGDHED PIEE, LS =5, X<l =

r7ie je onepaTop L CTPUKTHO €MTUNTHYAH AT y AUBE

—

PTEHTHOM OOJIMKY

& E = —_— _—

——

MHoXeme YOIIITeHUX Mpolleca je MOJEIHpaHO BUKOBHM NIpoM3BOJOM KOjU ce O3HaudaBa ca O, a camu
nporiecu (eremMeHTH Matpuile A u Bektopa b, € u d, kao u py6GHu ycnoB ¢ u dyukumje f, h) cy mocmarpanu
kao eneMeHTH KoJIoMOOOBCKE €KCTeH3Hje MpOcoTpa YONLITEHUX CTOXAaCTHYKHUX mporeca. Jlokazana je
er3UCTEHIINja U jeIMHCTBEHOCT pellerma JupuxiieoBor npobiaeMa, Kao ¥ HENPEKUIHA 3aBHCHOCT Pellemha O
pyOHHX yclioBa M Koe(HIIHjeHaTa eUITHYHOT qudepeHnrjarHor oneparopa. Ha kpajy tpehe rmase nara je
u npumena Oypujeose TpaHcHopMalKje Ha pellaBambe CTOXACTHYKE XeIMXOJLOBE jeIHAUMHE

D LEEEDG= x|

JlokTopcka aucepTanyja caipXd W CBe OCTaje NpeaBul)eHE elieMEHTe: YBOJHY ped, pe3uMe, HHJAEKC
mojmMoBa, bubnumorpadceke pedepenie, onorpadujy KaHaUAaTa U KIbYYHY TOKYMEHTAIN]CKY HHPOPMAITH]Y.




SUMMARY OF THE DOCTORAL DISSERTATION:

The dissertation consists of 155 pages organized in three chapters. The first chapter entitled Generalized
function spaces (20 pages) is expository and contains an overview of fundamental notions and known results
of deterministic and stochastic generalized functions theory.

The second chapter with title Generalized Stochastic Processes (54 pages, organized in 6 sections) contains
original research results related to the very structure of generalized stochastic processes. Two classes of
Hilbert space valued generalized stochastic processes are considered. For the first class, structure theorems in

oo >

terms of a chaos expansion are obtained in form of (@m xel, o=t

[ETFEN
where fij 0.j=s¥) are deterministic generalized functions, Hd- @3 is the orthogonal base of the

white noise space, and § (ie¥) is the orthonormal base of the Hilbert space representing the codomain of
the process ® . For the second class of processes an integral representation is derived in form of

1? —E12<9 are classical stochastic processes, My are the weight functions defining the space

K{M p}, and < | '>H the inner product in the Hilbert space H. The notions of the Wick product and the
Colombeau extension of generalized stochastic process spaces are introduced, and their main characteristics
are presented. In order to emphasize the differences in the concept of generalized random processes defined
by various types of continuity, numerous examples are provided, and the stochastic differential equation

WV P=F A s considered, where y is a generalized random process having a point value at X =0
in sense of Lojasiewicz.

The third chapter entitled Applications to singular stochastic partial differential equations (56 pages,
organized in 3 sections) contains original research results related to solving a linear elliptic Dirichlet problem
with stochastic coefficients and stochastic boundary data. The equation

LLGDFED PG, LS —fsa), X<l =

is considered, where the operator L is strictly elliptic and given in divergence form

— ——— = —_— —_— —=- —_—

The multiplication of generalized processes is modeled by the Wick product denoted as ¢, while the
processes themselves are considered as elements of the Colombeau extension of generalized stochastic
process spaces. Existence and uniqueness of the solution of the Dirichlet problem are proved; the solution is
also proved to continuously depend on the boundary data and on the coefficients of the elliptic differential
operator. At the end of chapter 3 an application of the Fourier transformation is presented to solving the

P | -
stochastic Helmholtz equation —— < - EEE2DI—==, X<l o=
a P 3

The dissertation contains all other elements foreseen: an introduction, conclusion, index, references, CV of
the candidate end key words documentation.
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BPEJJHOBAIGE INOJEANHUX JEJIOBA JOKTOPCKE JUCEPTALIUJE:

Hucepranyja y meinwHM, Ka0 U HCHH TI0jeANHAYHN JEJIOBH MIMajy AOOPO CHCTEMAaTH30BaHY CTPYKTYPY U
IUIaH nu3narawma. KaHauaaT je mokasao He caMO MaTeMaTHuKy NMPEmH3HOCT y pamy, Bel M BHCOK CTEHeH
KPEaTUBHOCTH M JIEN CTWJI IHCama. YBOIHU EKCIIO3HTOPHH JE0 IHUcepTaluje je A0O0po OpraHH30BaH,
CaJp>KH CBE peJIeBaHTHE AC(QHUHHILMjE H TeopeMe IMoTpeOHe 3a pa3yMeBambe JaJbuX JeJIoBa H3jarama. Jpyra
u Tpeha rTmaBa mucepramuje caipKe OCOOWTO KBAaJMTETHE pe3yiTaTe HCTPaXHBama KOjU TPHIAIA]y
aKTyeJTHHM TOKOBHMa Hayke. M3narame pesirara je jacHO M MPEIHU3HO OPraHU30BaHO Y JIOTHYKE LeNuHe. Y
JIPYyToj TJIaBH je AaT KOMIUIETaH UCTOPH]CKH IIperiie]l TEOpHje YOIIITEHNX CTOXaCTUYKUX Mpolieca U lbUXOBE
kinacudukanuje. [Ipodiemarika HCTpakuBama je jacHO (opmynucaHa M MoTuBucaHa. Camu pe3yiTaTu
UCTpaXkMBamba (TeopeMe O perpe3eHTanuju npoueca, BukoB nponsson, Konomboosa anredpa) cy mperusHo
W3JIOKEHH, Ha BHCOKOM TEOPH]CKOM HHBOY, Y3 WIyCTpalujy npeko OpojHux mpumepa. Tpeha riaBa
Jqucepranyje Takohe caapku mpenusHy Qopmyranujy LUbeBa NPUMEHE Ha CTOXAacTHYKE jeJHAaYMHE ca
CHHTyJIapuTeTHMa. Jlate cy caBpeMeHe MOTHBAIMje 3a pellaBambe CTOXacTHYKOT JIMpHXiieoBOr mpobieMa
Koje ce Hajaze y oOmactuma (u3nke, MaTeMaThke (QUHAHCHja W MeaunmuHe. llocTymak pemaBamba
JupuxieoBor mpodiemMa je jacHO U TIPEeI3HO U3JI0XKEH, a J]aTa je KOMIUICTHA aHaIn3a 0COOMHA JOOMjeHOT
pelema.

EVALUATION OF INDIVIDUAL PARTS OF THE DOCTORAL DISSERTATION:

The dissertation as a whole, as well as its individual parts, has a well systematized structure and exposition
plan. The candidate revealed not only a mathematical precision in her work, but also a high level of
creativity and a fine writing style. The introductory expository part of the dissertation is well organized; it
contains all relevant definitions and theorems needed to understand all further parts of the exposition. The
second and third chapter of the dissertation contain research results that are particularly of high quality and
belong to contemporary scientific fields. The exposition of the results is clearly and precisely organized into
logical sections. In the second chapter a complete historical overview of generalized stochastic process
theory and their classification is provided. The research goal is clearly formulated and motivated. The very
results of the research (representation theorems of processes, Wick products, Colombeau algebras) are
precisely stated, on a high theoretical level, with many illustrating examples. The third chapter of the
dissertation also contains a precise formulation of the aims of applications to stochastic equations involving
singularities. Contemporary motivations for solving the stochastic Dirichlet problem are given, which appear
in the fileds of physics, financial mathematics and medicine. The procedure of solving the Dirichlet problem
is clearly and precisely specified, and a complete analysis of the properties of the obtained solution is
provided.
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3AK/bYUYIIA OJHOCHO PE3YJITATHU UCTPAKNBAIbA:

Pesynratu y apyroj TiaBu IucepTanyje ce 0OIHOCE Ha CTPYKTYPHE OCOOMHE W PETpe3eHTAIH]y YOIIIITESHIX
CTOXAaCTHYKUX Ipoleca NehUHHUCAHMX IMPEKO pasHUX BpCTa HENMpeKuAHOCcTH. 3a mpouece Thma | cy
U3Be/IeHe CTPYKTYPHE TeOpeMe Y BHJY XaoC eKCIaH3Mje HaJ| IPOCTOPOM OeJIor IIyMa, ca Koe(HuIijeHTHMa
eKCIaH3uje y BUJAY YONIUTEHUX JAETEPMUHHCTHYKUX (QYHKIHja, W ca BpeAHOCTHMA Yy XWIOEPTOBOM
npocropy. 3a mpouece tuna ||, n3BeneHa je pemnpeseHaTnuja y BHIY KOHAYHE CyMe IUCTPUOYLIMOHHUX
M3BOJa KIIACUYHHX CiIydajHUX mporeca. Ca CTaHOBHIITA IPUMEHE, CIIEIUjaTHO Cy NMPOYYaBaHU IayCOBCKH
MPOLIECH, ¥ YOIIUTEHHU NPOLECH KOjU MMajy BPEeJHOCT y Tauku y cmuciy JlojamjeBuya. Pesynraru tpehe
rJlaBe JucepTalyje ce OJHOCE Ha IPUMEHY NOOMjeHHX CTPYKTYpHHX TeopeMa C LHJbEM Jia ce pele
CHHTYJIapHE CTOXAacTHYKe AudepeHnrjanHe jeqHadynHe. VI3MOXKEeHH Cy TOCTYIaK M TEOpHjCKa OCHOBaA 3a
pemaBame eMMITHIHOT J{HpHXIIeoBOT MpodaeMa ca CTOXaCTHYKAM KOS(hHIMjeHTHMa M PyOHHM YCIIOBHMA.
Jara je u aHanm3a ocoOnHa MOOHMjEHOT pelIera: JOKa3aHO je Ja Pelickhe HeTPEeKUIHO 3aBHCH Of pyOHIX
ycrmoBa W KoedHIHMjeHaTa oOmeparopa, a MaTeMaTHYKO OYCKHBAKE pEIIeHha jEIHAKO je pelIemy
onrosapajyher gerepMUHICTHYKOT [IMpHXiIeoBor mpodema.

CONCLUSIONS AND RESULTS OF THE RESEARCH:

The results in Chapter 2 of the dissertation refer to structural properties and representation of generalized
stochastic processes defined by various types of continuity. For processes of type I, structural theorems are
obtained in terms of a chaos expansion in white noise space, where the coefficients of the expansion are
deterministic generalized functions, with values in a Hilbert space. Processes of type Il are proven to have a
representation as a finite sum of distributional derivatives of classical stochastic processes. Especially, for
the purpose of applications, Gaussian processes are studied, and processes which have a point value in sense
of Lojasiewicz. The results of Chapter 3 of the dissertation are the applications of the obtained structural
theorems in order to solve singular stochastic differential equations. The procedure and the theoretical
fundament for solving the elliptic Dirichlet problem with stochastic coefficients and boundary data are
exposed. The analysis of the obtained solution is also given: it is proved that the solution is continuously
dependent on the boundary data and coefficients of the operator, while the mathematical expectation of the
solution is equal to the solution of the corresponding deterministic Dirichlet problem.

1

OLIEHA HAYNHA IIPUKA3A U TYMAYEIbA PE3YJITATA HCTPAXKNBAIbA:

OO6nact K0joj mpHIaga TeMa AUcepTalrje ce JaHac cMaTpa jeTHoM of Bojaehux MmaTtemaruukux obmactu. To
je Teopuja Oenor nryma y OKBHpPY OCCKOHaYHOAMMEH3HOHAIIHE aHAlM3e M HheHAa NPHMEHA Ha CTOXACTHYKEe
jennaunHe. JloOWjeHH pe3ynTaTH y IUCEPTAllMju Cy AaKTyeJIHH M Ha BHCOKOM TEOPHUjCKOM HHBOY,
OpUTHHAJIHU Cy, KBaJWTETHH, W OJl M3Yy3ETHOI 3HAYaja 3a CaBPEeMEHE TOKOBE Hayke mTO 00e30ehyje
peneBanTHOCT Te3e. KomOMHalMja MeTOAa Koja je KopuiheHa y UCTpaXuBamy je cama 1o ceOM M3y3eTHO
3HaYajHa jep chaja BHIIe 00JacTH MaremaTuke Hrp. TeopHjy KonaparujeBux mnpocropa u Bukosor
npousBojia ca Kojgom000oBuM anredpama, a y BEJIMKO] MEPHU c€ KOPUCTE U MeToze (DYHKI[MOHAIHE aHAIN3e Y
OKBHUPY TEOpHje CTOXAaCTUYKHUX mporeca. [Iprka3 CBUX pe3ysiTaTra UCTPAXHBamba je J00pO OPraHU30BaH 1o
JOTMYKMM LelrHaMa, GopMynanuja pesyirara je MaTeMaTHYKH NpELHU3Ha, a JaTe Cy M HHTEPECaHTHE
MOTHBALMje ¥ WIYCTpaluje Kpo3 mpuMmepe. Tymaueme JHOOHjeHHX pe3yNiTaTa je KOPEKTHO H3BEICHO, Y3
JeTaJbHy aHaJIn3y Koja Mpy»a OArOBOpE Ha BENMKU OpOj MUTambA.

EVALUATION OF THE PRESENTATION AND INTERPRETATION OF THE RESEARCH RESULTS:

The field the dissertation belongs to is considered as one of the leading mathematical disciplines of today. It
is the white noise theory in frame of infinite dimensional analysis and its applications to stochastic
equations. The results obtained in the dissertation are up-to-date and on a high theoretical level, they are
original, of high quality and of remarkable importance for contemporary scientific progresses. The
combination of methods used in the research is rather important for itself, because it is a combination of
several mathematical fields e.g. the Kondratiev space theory and the Wick product are combined with
Colombeau algebras, and methods of functional analysis are being used in the framework of stochastic
processes. The presentation of the research results is well organized into logical sections, the formulation of
the results is mathematically precise, and also some interesting motivations and illustrations by examples
are provided. The interpretation of the obtained results is correctly deduced, with a detailed analysis
providing answers to a large number of questions.
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VIl  KOHAYHA OHEHA JOKTOPCKE JUCEPTAIIMJE:

FINAL REVIEW OF THE DOCTORAL DISSERTATION:

1. Jla 74 je nucepTanuja HaNmMcaHa y CKJIaay ca o0pa3yioikemheM HABEJCHUM Yy IPUjaBH TeMe

VYBumoM y oOpa3nokeme HAaBEISHO y TNPHjaBH TEME MOXE Ce YTBPAWTH JAa je TUcepTaldja HalncaHa y
HOTIIYHOCTH Yy CKJIaIy ca IPOrpaMOM HCTpaKHBamba HABEJCHUM Y NPHjaBH TeMe H 1a Cy TOOHjeHH pe3yiTaTH
KOjH Cy IpeaBulaHu y MIPHjaBH TEME.

Is the dissertation written according to the annotation given in the application form?

According to the submitted report concerning the plan and the program of the doctoral dissertation, we confirm
that the thesis is done according to this report and that the results which are obtained in the thesis are those which
were planned.

2. Jla 1 nucepTanuja caap:ku cBe OMTHe eJieMeHTe
Hucepranuja cagpxu cBe OUTHE eIeMEHTE Koje Tpeba Ja nMa TUCepTalija H3 MaTeMaTHKe.
Does the dissertation contain all essential elements?

The dissertation contains all important and essential characteristics for a dissertation in the field of Mathematics.

3. ITo yemy je nucepTanuja OPUrHHAJIAH JONPUHOC HAYIU

VY nucepranuju cy Ha OprMHaJaH HAa4YMH YBEJECHH HOBU IPOCTOPU Ca XaoC eKCIaH3MjaMa Kao M CTPYKTypHE
TEOpHje YOIIUTEHHX CTOXACTHYKHX Ipoleca WITO je KOpUIIheHO y pellaBamby CTOXAaCTUYKUX NApIHjATHHX
IudepeHnIrjaTHAX jefHaunHa. Pe3ynTatu y Be3U ca jeqHaunHaMma KojuMa je rmocBeheH HajBehn nmeo mucepramnuje
Cy OprHHAJHHU pe3ynTaTH ayTopa. Jucepranuja caapXd MOJCPHY JIUTEPATypy M NpeAcTaB/ba 3HauyajaH HAy4HH
JONPHHOC NPOyYaBaky CTOXACTUYKUX MPOLeca M CTOXaCTHYKHX jeJHAYHHA.

Why is the dissertation an original contribution to science?

In the dissertation new spaces with chaos expansions as well as the structural theorems for generalized stochastic
processes are introduced in an original way. This is used for solving stochastic partial differential equations. The
results related to equations, making the integral part of the thesis, are the original contribution of the author. The
dissertation contains a modern literature and presents an important scientific contribution to the investigation of
stochastic processes and equations.

4, Henocraum qucepranuje 1 HbUX0B YTHIAj HA Pe3yJTAT HCTPAKUBaKHA

Jucepranuja HeMa HeJOCTaTaKa.
Deficiencies of the dissertation and their impact to the research results

The dissertation does not have any deficiency.




IX  HOPEMJIOT:

Ha ocHOBy yKymHe oOIlleHe AucepTalyje, KOMHUCHja MpeAjaxke Ja ce MOKTOpCKa IucepTalyja MpUXBaTH a
KaHAUIATy ogoOpu ogOpaHa.

RESOLUTION:
Based on the final evaluation of the dissertation, the commission board recommends to accept the doctoral
dissertation and to allow the candidate the defense.
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